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Abstract: This work considers the influence of concrete creep on track irregularities and establishes
the dynamic motion equation of the train-track-bridge coupling system. The track irregularity is
obtained by superposition of the initial geometric irregularity and additional geometric irregularity
of the steel rail caused by creep. When high-speed railway trains pass through bridges; the vertical
acceleration and vertical displacement of continuous beam bridges are related to the train’s operating
speed, and the influence of creep camber is relatively small. At the same time, considering the
randomness of track irregularities, the dynamic responses of the train track bridge coupling system
under the action of random track irregularities are analyzed, and the dynamic responses of trains
at different operating speeds are obtained. The deterministic and uncertain dynamic responses of
the train track bridge system were compared and analyzed to verify the accuracy of the Karhunen
Loéve expansion (KLE)-Point estimate method (PEM) calculation results. The results indicate that the
random characteristics of track irregularities have a significant impact on train dynamic response.
Based on the random system vibration analysis and considering the safety and comfort indicators of
high-speed railway trains, the creep deformation limit of a continuous beam bridge with a length
of 48 m + 80 m + 48 m is obtained to be 19 mm. This is the first time that the dynamic responses of
train-symmetry-bridge system are calculated by considering concrete creep and the creep-induced
track irregularity, which has certain significance for understanding the dynamics of train -bridge
system. In addition, the proposed creep threshold is also of great significance to ensure the safety
of traveling.

Keywords: concrete creep; track irregularity; train-track-bridge system; vibration analysis

1. Introduction

Nowadays, China’s high-speed railway technology is at the top level globally, and
efforts are being made to build high-speed railways domestically [1]. Prestressing tendons
distributed in the box volume of a simply supported girder bridge will be prestressed
at various locations in the girder. The prestressing tendons cause the pre-compressive
stress to vary regularly along the height of the girder, so that the girder will deform
vertically upward at various locations with this action [2,3]. Bridges account for a large
proportion in high-speed railway lines, and the structure of bridges is mainly divided
into continuous beam bridges and simply supported beam bridges. Compared to simply
supported beams, the advantages of continuous beam bridges are their large span, strong
integrity, low track unevenness, and small beam end deformation angle [4]. Therefore,
continuous beam bridges have great competitive advantages in the construction process
of high-speed railway large-span bridges. High speed railway trains operate at high

Symmetry 2023, 15, 1846. https://doi.org/10.3390/sym15101846 https://www.mdpi.com/journal/symmetry

https://doi.org/10.3390/sym15101846
https://doi.org/10.3390/sym15101846
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0002-1636-4111
https://doi.org/10.3390/sym15101846
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym15101846?type=check_update&version=2


Symmetry 2023, 15, 1846 2 of 11

speeds and require high levels of safety and comfort, thus requiring high levels of track
smoothness [5]. Especially for continuous beam bridge structures, which use large volume
concrete, the shrinkage and creep of prestressed concrete can cause arch deformation of the
bridge, which will affect the smoothness of the bridge deck [6].

If the bridge deformation and disease due to creep, settlement and girder misalign-
ment, etc., will have a serious impact on the high-speed railroad train operation, driving
safety [7]. The effects of creep can lead to a vertical upset in which the track changes
periodically and regularly, and the effects of creep can continue to develop and exacerbate
the vertical upset [8,9]. At the same time, in addition to creep, tracks and bridges are also
affected by construction technology, pavement processing, temperature and humidity, so
track unevenness is random [10].

In order to ensure that the smoothness of the track meets the requirements for design-
ing high-speed railway train operation, it is necessary to study the safety and comfort of
high-speed railway trains caused by track irregularities caused by bridge creep deformation
after track laying [11]. At the same time, track irregularity has random characteristics,
requiring random vibration analysis of the high-speed railway train track bridge coupling
system [12,13].

In order to ensure that the smoothness of the track meets the operational requirements
of high-speed trains, it is necessary to study the impact of track irregularities caused by
bridge creep deformation on the safety of high-speed railway trains. The train track bridge
coupling system is a complex system that involves the intersection of multiple disciplines
and numerous random factors, such as the randomness of track irregularities, bridge param-
eters, and earthquakes [14,15]. However, in previous studies and specifications, the impact
of track irregularity randomness on high-speed railway train operation was not considered,
which led to the lack of authenticity of the vehicle bridge coupling system studied [16,17].
The most common calculation method for random vibration is the Monte Carlo method,
but its disadvantage is that it requires a large number of calculation samples, which restricts
its practical application. The running safety of the train track bridge coupling system were
also investigated, but the initial unevenness of the track in this part is not random [18].
In practical situations, the initial unevenness of the track has random characteristics, and
the randomness of the track will have random characteristics on the dynamic response of
the vehicle body [19,20]. Therefore, it is necessary to considering the randomness of track
irregularity, the vibration of the train track bridge system can more accurately and truly
reflect the actual motion state of the train [5].

In this work, the continuous beam bridges are considered as the research object to
study the creep deformation of concrete materials in prestressed concrete continuous beam
bridges, as well as the influence of random factors on the safety of high-speed railway
trains. This is the first time that the dynamic responses of train-symmetry-bridge system
are calculated by considering concrete creep and the creep-induced track irregularity. This
paper first introduces the theory of Karhunen Loéve expansion (KLE) [21] method and
point estimation method. The KLE method is used to express the track irregularity and
input it into the train track bridge coupling system, and then the point estimation method
(PEM) is used to calculate the random response results [22], which is called KLE-PEM
method for short. Taking the 48 m + 80 m + 48 m continuous beam bridge and CRH2
train as the mock object, the random dynamic response of the train is analyzed through
numerical simulation, and the running safety and comfort of the train are analyzed.

2. Random Vibration Theory Based on KLE-PEM

The randomness of orbital unevenness is represented by the KLE method. Among
the many methods for representing random processes, the KLE method is undoubtedly
an effective method, which has the advantage of obtaining expressions with sufficient
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probability information with fewer random variables. According to the literature [1], the
basic expression form of the KL expansion is

r(x, θ) = r(x, θ) +
M

∑
n=1

√
λnξn(θ)ϕn(x) (1)

where, r(x,θ) is represented as a Gaussian random process and ξn(θ) is represented as a set
of unrelated random variables that follow a standard normal distribution. λn and ϕn(x) are
represented as eigenvalues and eigenfunctions, respectively, and the value of M determines
the precision of the random field representation.

Point estimation will be used to calculate random responses. According to the theory of
point estimation, the expectation of the stochastic system Y and variance can be calculated
using the following equation

E[Y] ∼=
n

∑
i=1

E[gi(Xi)]− (n− 1)g(c), (2)

Mz2 = D[Y] ∼=
n

∑
i=1

{
[gi(Xi)− µ]2

}
− (n− 1)[g(c)− µ]2, (3)

with µ = E[Y], Mz2 represents the variance of Y.
According to E[gi(Xi)] and E

[
[gi(Xi)− µ]2

]
in Formulas (2) and (3), the following

equation can be derived:

[gi(Xi)] =
r

∑
l=1

ωGH,l√
π

gi

(√
2xGH,l

)
, (4)

E
[
(gi(Xi)− µ)2

]
=

r

∑
l=1

ωGH,l√
π

[g i

(√
2xGH,l

)
− µ

]2
, (5)

where r is the estimated number of points for the Gaussian-Hermite integral, while xGH,l
and ωGH,l are respectively Gaussian-Hermite’s abscissa and weights of Hermite, the specific
values of the list integration points, are shown in Table 1.

Table 1. Point Gaussian Hermite integration abscissa and weight coefficients [23].

Point 1 2 3

xGH,l −1.22474 0 1.22474
ωGH,l 0.29541 1.18146 0.29541

3. Expression of Track Irregularity Based on KLE

Track irregularity samples are obtained by actual measurement of railway tracks or
power spectral density conversion [24]. Using a large number of spatial samples, the
eigenfunctions and eigenvalues represented by the KL expansion with uneven orbits can
be derived. Firstly we suppose that the orbital unevenness

∼
z R(x, θ) is a Gaussian random

process that can be expressed by KLE as:

z(x, θ) = z(x) +
m

∑
k=1

√
λkξk ϕk(x, θ), (6)

With ξk represents a set of random variables that are independently distributed from
each other. Typically, Track irregularity is a zero mean stochastic process. However, since
the deformation of the rail caused by bridge creep is considered in this article, the track in
this article, unevenness is a random process with zero non-mean, i.e., z(x) = zcreep(x) is
the deformation of the rail caused by the creep of the bridge.
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After obtaining the track unevenness sample, the dynamic response of the train-track-
bridge coupling system can be obtained by calculating the unevenness amplitude in the
transformation model and acting on the wheel-rail force of the train-track-bridge coupling
system as an external excitation. When the point estimation method is used for random
response calculations, the zero point can be used as a reference point. When the response of
the random system is calculated by the point estimation method, the k-th random variable
corresponding to the l-th Gaussian point can be expressed as:

∼
z k,l = zcreep(x) +

√
2xGH,l

√
λk ϕk(x), (7)

where, zcreep(x) is the deformation of the track, λk and ϕk are, respectively the eigenvalues
and eigenfunctions (normalized) of the KLE

Taking the displacement response of a certain time t of the bridge as an example, the
corresponding response R(k, l, t) of the system can be obtained by calculating the orbital
uneven sample corresponding to the Gaussian point of each random variable as the orbital
uneven sample of the system Arrive. The corresponding response for a zero-uneven sample
is R0(t). The expectation and variance of the response can be achieved by putting all the
R(k, l, t) and R0 into Equations (2) and (3):

Mean·(t) ≈
m

∑
k=1

r

∑
l=1

ωGH,l√
π

R(k, l, t)− (m− 1)R0(t), (8)

Var·(t) =
m

∑
k=1

r

∑
l=1

ωGH,l√
π

[R(k, l, t)−Mean·(t)]2 − (m− 1)[R0 −Mean·(t)]2 (9)

Except for the non-zero Gaussian point of the k-th random variable, all other samples
of orbital irregularities are zero amplitude irregularities, i.e., R(k, (r + 1)/2, t) = R0(t). The
standard deviation of the response can be obtained by the following formula:

Std.D(t) =
√

Var·(t), (10)

where, Std.D(t) is the standard deviation of the response.

4. Dynamic Response Analysis of Uncertain Systems
4.1. Validation of KLE-PEM Method

Multi-rigid-body dynamics is used to establish the vehicle model, the track plate,
base plate and bridge structure are established by beam and plate unit, and the upper
structure is linked to the lower structure through the wheel-rail coupling relationship,
which constitutes the train-rail-bridge system [25]. The model used in this paper is the
same as that in the literature, in which the field test results are compared with the numerical
simulation results, and it is found that the two are in good agreement, which verifies the
correctness of the model. In summary, it shows that the model and numerical framework
established in this paper are reliable.

In this section, 10,000 track irregularity samples are obtained by trigonometric series
method to simulate the train track bridge coupling system with Monte Carlo method, and
verify the accuracy, adaptability and superiority of KLE-PEM method. The parameters and
layout of the bridge structure have been explained in Ref. [26]. The train adopts the CRH2
model of the Chinese high-speed multiple unit train, consisting of 2 multiple units and
6 trailers, with a total of 8 car bodies. The parameters of the train are shown in Table 2, and
the main parameters of the bridge are shown in Table 2. The running speed of the train is
300 km/h, and the length of the approach bridge on both sides of the bridge is 100 m. The
purpose is to eliminate the rail boundary effect in the roadbed section, and it is assumed
that the approach bridge section is rigid. The parameters of track irregularity consider their
randomness, while other bridge parameters do not consider their randomness. Figure 1
depicts the time history response of the vertical acceleration in the span of a continuous
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beam bridge, with its horizontal coordinates representing the operating time of the first
wheelset passing through the left side of the bridge.

Table 2. Main Parameters of Bridges.

Parameters Units Numerical Value

Elastic modulus of bridge N/m2 3.45 × 1010

Elastic modulus of track plate N/m2 2.06 × 1011

Cross section mass moment of inertia m4 12.744
Poisson’s ratio — 0.2

Mass per unit length kg/m 2.972 × 104

Beam unit length m 0.64
Damping ratio — 0.05

First natural frequency Hz 2.25
Second natural frequency Hz 4.81
Third natural frequency Hz 5.65

Fourth natural frequency Hz 5.93
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From Figure 1a,b, it can be observed that the mean and standard deviation curves of
bridge acceleration obtained by the KLE-PEM method tend to be consistent with the curves
simulated by the Monte Carlo method. The error in the mean and standard deviation of
the responses calculated by the two calculation methods is very small, and this error is
objective and within the permissible limits of the calculation methods. Generally speaking,
this shows that the stochastic response of the bridge calculated using the KLE-PEM method
has high accuracy and computational efficiency.

4.2. Comparison of Train Certainty Analysis and Uncertainty Analysis

This section will compare the deterministic analysis and uncertainty analysis of train
dynamic response. The bridge models selected for the deterministic and uncertainty analy-
sis of vehicle dynamic response are both continuous beam bridges and simply supported
beam bridges, with a total of 7 spans and a length of 304 m. The train adopts the CRH2
model of China High Speed Multiple Unit, as shown in Figure 2, and the bridge and train
parameters are in Ref. [26]. The main difference between deterministic analysis and uncer-
tainty analysis of train dynamic response lies in the initial unevenness of the track. The
track irregularity in deterministic analysis is obtained by selecting 10 random tracks with
initial irregularity and additional irregularity superimposed to obtain track irregularity;
The uncertainty analysis of track irregularity is achieved by obtaining the initial random
irregularity of the track using the KLE-PEM method, and then adding it to the additional
irregularity to obtain the track irregularity.
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The KLE-PEM method can be used to obtain the mean and standard deviation of
the train track bridge coupling system. According to the probability distribution function
of normal distribution, the probability of value distribution within the range of (mean
value − 3 times standard deviation, mean value + 3 times standard deviation) is 99.73%,
which is used to determine the extreme value response of the train. Therefore, the dynamic
response of the vehicle body is determined by selecting the maximum absolute value of the
mean plus or minus three times the standard deviation.

The calculation results are shown in Figure 3, which contains the values of the vertical
acceleration of the front and rear bogie bodies that are indeed analyzed qualitatively and
stochastically. From Figure 3a, it can be seen that the vertical acceleration of the vehicle body
above the front bogie has the same trend in both deterministic and uncertainty analysis.
However, the maximum acceleration for uncertainty analysis is 0.41 m/s2, while the
maximum acceleration for deterministic analysis is 0.29 m/s2, which is 41.4% higher. From
Figure 3b, it can be observed that there is a difference in the trend of qualitative analysis
and uncertainty analysis for the acceleration of the vehicle body above the bogie. The
maximum vertical acceleration for uncertainty analysis is 0.61 m/s2, while the maximum
acceleration for certainty analysis is 0.48 m/s2, which is 27.1% higher.

In summary, the dynamic response of the train does differ significantly between the
qualitative and uncertainty analyses, and the response obtained from the stochastic analysis
is significantly larger than that obtained under determinism. Rather than assuming fixed
values, stochastic analysis uses probability distributions to model uncertainty. As a result,
the response in a stochastic analysis will vary from simulation to simulation, leading to a
wider range of possible outcomes. Therefore, considering the random vibration analysis of
the train track bridge coupling system can more accurately reflect the actual operation of
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the train, and the results can provide theoretical suggestions for the design and construction
of high-speed railways.
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4.3. Response of Trains

The different operating speeds of trains will have different dynamic responses to the
train track bridge coupling system. When a train passes through a bridge, it will vibrate
the bridge, and resonance phenomenon will occur at a specific operating speed. This will
affect the service life of the bridge, as well as the safety and comfort of train operation. This
section uses three train operating speeds of 250 km/h, 300 km/h, and 350 km/h to study
the random dynamic response of the train track bridge coupling system at different speeds.
An analysis was conducted on a 7-span simply supported beam bridge and continuous
beam bridge system. The train adopts the CRH2 model of the Chinese high-speed multiple
unit train, consisting of 2 high-speed trains and 6 trailers. The parameters of the bridge and
train are explained in Ref. [26].

The external excitation of the train track bridge coupling system is generated through
track irregularity, which in this section is the superposition of the initial irregularity of the
steel rail and the additional irregularity caused by bridge deformation. The initial irregular-
ity of the steel rail is considered for its randomness, and the initial random irregularity of
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the track is obtained through the KLE-PEM method. The additional irregularity is selected
from the residual deformation caused by the creep of the bridge from six months to ten
years. A total of 12 additional irregularities are selected, and then stacked to obtain the
track irregularity.

Figure 4 respectively describe the acceleration response of the vehicle body above
the front and rear bogies at different train operating speeds. From Figure 4, it can be
observed that the acceleration of the vehicle body above the front and rear bogies of the
train increases with the increase of creep camber at the determined operating speed. In
Figure 4a, the acceleration of the vehicle above the front bogie increases with the increase
of operating speed. When the train operates at a speed of 350 km/h and the creep camber
reaches 22.5 mm, the vertical acceleration of the vehicle reaches a maximum of 0.82 m/s2.
In Figure 4b, the acceleration of the vehicle above the rear bogie increases with the increase
of creep camber, reaching a speed of 300 km/s and a camber of 22.5 mm, the maximum
vertical acceleration of the vehicle body reaches 1.37 m/s2. According to the Chinese
standard for operational comfort, it is recommended that the vertical acceleration of the
vehicle body should not exceed the limit of 0.13 g (=1.275 m/s2). From Figure 4b, it can
be seen that the train running speed is 250 km/h, and the corresponding creep camber
amplitude for an acceleration of 1.275 m/s2 is 19 mm. Overall, stochastic analysis can
be used to effectively calculate the relationship between creep and response, which is
important for ensuring traffic safety.
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Figure 5 describe the wheel load reduction rate of the CRH2 model train, and it can
be seen from the figure that the wheel load reduction rate increases with the increase of
roughness amplitude. And at a train speed of 250 km/h and a creep camber of 22.5 mm,
the maximum wheel load reduction rate is 0.63. According to the standard, the wheel
load reduction rate is less than the standard limit value of 0.6. Based on Figure 5, it can be
seen that the vehicle speed is 250 km/h, the creep camber is 21 mm, and the wheel load
reduction rate reaches 0.6.
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Table 3 shows the limit values of camber on continuous beam bridges under different
operating speeds of high-speed railway trains, taking into account the random charac-
teristics of track irregularities. Taking into account the safety and comfort indicators of
high-speed railway trains, combined with Table 3, it can be concluded that the creep cam-
ber limit of continuous beam bridges is 19 mm. Based on the random characteristics of
track irregularity, when high-speed railway trains operate on a continuous beam bridge
of 48 m + 80 m + 48 m, considering the safety and comfort indicators of the train, a limit
value of 19 mm is given for the creep camber of the continuous beam bridge. If this limit is
exceeded, it may have a negative impact on travel safety and passenger comfort.

Table 3. Camber limit on continuous beam bridges.

Parameter Speed (km/h)

250 300 350
Safety indicators 21.1 mm 21.3 mm 21.5 mm

Comfort indicators 19.0 mm 21.6 mm 21.8 mm

5. Conclusions

This chapter analyzes the dynamic response of the train track bridge coupling system
under random track irregularities. A train, bridge, and track model was established
using finite element method. Considering the randomness of track irregularity, the KLE
method is used to represent the stochastic process of initial track irregularity, and then the
track irregularity is obtained by superposition with the additional track irregularity. The
random response, including mean value and standard deviation, is calculated by the point
estimation method. Verify the calculated results with the Monte Carlo simulation results
through numerical simulation, and study the dynamic response of different train operating
speeds. The main conclusions are as follows:
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(1) By comparing with the Monte Carlo method, the accuracy of the KLE-PEM method
was verified, and the KLE-PEM method has higher computational efficiency.

(2) There is a significant difference between the deterministic dynamic response analysis
and the uncertain dynamic response analysis of the train track bridge system. The
uncertainty dynamic analysis of the train track bridge system can more accurately and
effectively reflect the actual situation of the train during operation.

(3) The vertical acceleration of the vehicle body above the front bogie of the train increases
with the increase of train operating speed; The vertical acceleration and wheel load
reduction rate of the vehicle body above the front and rear bogies increase with the
increase of the upper creep camber; Based on the safety and comfort indicators of train
operation, the creep upper arch limit of a 48 m + 80 m + 48 m continuous beam bridge
is given as 19 mm.

Overall, the study of the response of vehicles under creep and random track irregulari-
ties, and the derivation of a limit value of creep late arching under a probabilistic angle, are
of some guidance significance for the design of continuous girder bridges of high-speed
railroads from the front-end of the design to the back-end of the operation.

In this paper, based on the acceleration of the vehicle body and the wheel weight
reduction rate, a threshold value of the creep probability is proposed to ensure the safety
and comfort of the vehicle body operation, and it is analyzed for different speeds and
different deformation conditions of the upper supply. However, this paper does not
propose effective solution measures and further analysis for the creeping upper arch
situation. After considering the randomness of creep and track irregularity, how to better
control the continuous girder bridge from the source is a problem that the authors need to
continue to study.
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