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Abstract: Mathematical modeling in epidemiology, biology, and life sciences requires the use of
stochastic models. In this paper, we derive a competitive two-strain stochastic SIR epidemic model
by considering the change in state of the epidemic process due to an event. Based on the density-
dependent process theory, we construct a six-dimensional deterministic model that can be used to
describe the diffusion limit of the stochastic epidemic on a heterogeneous network. Furthermore, we
show the explicit expressions for the variances of infectious individuals with strain 1 and strain 2
when the level of infection is increasing exponentially. In particular, we find that the expressions
of the variances are symmetric. Finally, simulations for epidemics spreading on networks are
performed to confirm our analytical results. We find a close agreement between the simulations and
theoretical predictions.
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1. Introduction

Infectious diseases caused by pathogens such as viruses and bacteria can spread
between humans or animals. In real life, the emergence of new diseases and the persistence
of existing diseases endanger human health and bring huge economic burdens to society.
A century earlier, Kermack and Mckendrick had developed an SIR epidemic model for the
single pathogen [1]. Since then, a very large number of models for epidemiology, biology,
and life sciences have been formulated, analyzed, and employed [2—4].

Pathogens of diseases can be represented by multiple variants, and called by the
general name strains. The presence of multiple strains of a pathogen makes it more difficult
for us to combat the disease. For example, Haemophilus influenzae is represented by six
serotypes: a, b, ¢, d, e, and {, as well as some variants that are not typeable. Dengue virus
has four serotypes. COVID-19 has five variant strains, namely the Alpha variant, Beta
variant, Gamma variant, Delta variant, and Omicron variant [5,6]. There have been many
researchers who have studied multistrain infectious diseases and focused on symmetry in
infectious diseases [7-9]. In particular, the interrelationship between different strains, such
as competition, mutation, superinfection, and cross infection, has attracted much attention.
For example, Ackleh and Allen argued that there is a competitive exclusion and coexistence
of strains in gonorrhea and other sexually infectious diseases [10].

In addition, most mathematical models that describe the spread of multistrain diseases
assume that all members of a population are uniformly mixing and ignore individual
heterogeneity. A more realistic way is to consider the transmission of diseases through
contacts between people, with these contacts describing a network of interactions [11-14].
There have been many examples of using networks to study epidemic models with multiple
strains [15-17]. Yao and Zhang developed a two-strain SIS model on heterogeneous
networks with demographics for disease transmission [16]. Chung and Lui proved the

Symmetry 2023, 15, 1813. https:/ /doi.org/10.3390/sym15101813

https://www.mdpi.com/journal /symmetry


https://doi.org/10.3390/sym15101813
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/ 0000-0001-9362-5859
https://doi.org/10.3390/sym15101813
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym15101813?type=check_update&version=3

Symmetry 2023, 15, 1813

20f17

local asymptotic stability of the interior steady state of a two-strain influenza model with
sufficiently close cross-immunity [17].

Observed epidemics are noisy and unpredictable, which motivates the use of stochas-
tic epidemic models [8,18-20]. Firstly, under the same initial conditions, standard models
based on ODEs predict the same results. By contrast, stochastic models can predict the
variability of the level of infection by capturing the chance nature of the event. Secondly,
the interaction of stochasticity with the natural oscillatory behaviour of epidemics can
lead to a range of phenomena that differ from deterministic models. El Hajji considered a
mathematical dynamical system involving both deterministic and stochastic SIR epidemic
models with nonlinear incidence rates in a continuous reactor [20]. For the deterministic
model, a profound qualitative analysis was given. For the stochastic model, the long-time
dynamics were concluded using the Feller’s test combined with the canonical probability
method. Chen and Kang studied a stochastic multi-strain SIS epidemic model by introduc-
ing Lévy noise into the disease transmission rate of each strain [8]. They found that Lévy
noise can cause the two strains to be almost guaranteed to become extinct, even though
there is a dominant strain that persists in the deterministic model. Unfortunately, they
can only get the properties of solutions to the stochastic differential equation, such as the
stochastic stability of the disease-free equilibrium and the existence of the unique positive
solution. We are still unable to obtain the transient dynamics of the disease and analyze the
variability of the level of infection. In addition, a wide body of literature has demonstrated
that stochastic models can generate very different dynamics compared with deterministic
models; however, heterogeneous differences have rarely been elucidated. Here, we offer an
analytical insight into the confounding roles of stochasticity and network structure in the
dynamics of infection.

In this paper, we will study a competitive two-strain stochastic SIR epidemic on a
configuration model network. Using probability-generating functions, we obtain a six-
dimensional stochastic model. Based on the density-dependent process theory, we derive
analytical expressions for the variances of the early development phase of an epidemic on
a network given its degree of distribution. In particular, we find that the expressions of the
variances are symmetric. Simulations of the evolution of epidemics in various networks
are implemented to confirm the usefulness of our analysis.

2. The Competitive Two-Strain Stochastic SIR Model

We use the configuration model network with the degree distribution py. The proba-
bility generating function of degree distribution py is defined as g(x) = Y pxx¥, x € [0,1].
The average degree is yp, yp = Z}I(Vi 1kpr = ¢'(1), where M is the maximum degree.
Individuals are classified according to their disease states S, I, J or R, and their degree on the
network. Fork =1,...,Mand t > 0, let [S¢](¢) be the number of susceptible individuals
of degree k at time ¢. Similarly, [Ii](¢) and [Ji](t) are the numbers of individuals of degree
k infected by strain 1 and strain 2 at time ¢, respectively. For t > 0, let [SS](t), [SI](t) and
[S]](t) be the numbers of S—S,S —Iand S —J pairs at time t, respectively. Let

([S11(E), - -, [Sal (1), 1) (1), -, [IM](E), (] CE), -, Um] (), [SS](E), [ST](E), [STI(E)).

The state space of W(t) is

H = {(81) -+, [SwL [, ya) Ul U], 1SS] 111, 1871) = 14 1, U 2 0,

Sk + [ + U] < N, k=1,...., M, [S5], S11, S]] > 0,[S8] + [SI] + S]] < uoN},

where N is the total population size and Nj is the number of individuals of degree k. Let
[S](t) = Sy [Se) (1), [1]() = SpLy [ (#) and [J](t) = SpL, [Jk] (1) Thus, [S](t), [1](t) and
[J](t) are the total numbers of susceptibles infected with strain 1 and strain 2 at time ¢,
respectively.
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To derive the two-strain SIR model, we must consider the neighbourhood of each
node. Firstly, we make the following assumptions.

(i) The distribution of neighbourhoods with x susceptibles, y infected with strain 1 and z
infected with strain 2 around a susceptible node of degree k follows a multinomial, that is
Py ok =C ps_sph peoy(1—ps_s —ps_1—ps—p) ¥V

with
Ps—s = 158 Ps—1= b1 Ps—j = b1
L KIS’ Lek[sd” " Sek(si]
For infectious nodes, we only focus on the susceptible neighbors. Thus,
(if) the distribution of neighbourhoods with x susceptibles around an infectious node with
strain 1 of degree k follows a binomial, that is
pl — cxp¥ (1 _ )k—x
xk = “kPI-s Pi-s
with
pg= o0
5T k[’

(iii) the distribution of neighbourhoods with x susceptibles around an infectious node with
strain 2 of degree k follows a binomial, that is
Pi,k =Cipj_s(1— prs)
with
b 1]
=5 k(]

The process {W(t)} is a continuous time Markov chain. Let

h=([S1],-- -, [Sml (]~ I 1) - - Ul [SS] [ST], [ST])

denote a typical element of H. There are four basic events: the infection of a susceptible
node by an infectious node with strain 1 or strain 2, and the recovery of an infectious
node with strain 1 or strain 2. Susceptible individuals are infected by one of their infected
neighbors with strain 1 at rate 7y or with strain 2 at rate 7. Those infected with strain
1 recover at rate 71, and those infecteds with strain 2 recover at rate 7,. There are four
types of jump for {W(t)},; for the transmission event (a susceptible node of degree k has
x susceptible neighbours, y infected neighbours with strain 1, z infected neighbours with
strain 2), the jumps are given by

lkl :(—(51k,...,—5Mk,(51k,...,(SMk,O,...,0, —2x,x—y, —Z),
lkz :(—(slk,...,—5Mk,0,...,0,51k,.. '/5Mk/ —2x, —]/, X —Z),

where 6, (m = 1,..., M) is the Kronecker delta symbol. For the recovery event (an
infectious node of degree k with strain 1 or strain 2 has x susceptible neighbours), the jumps
are given by

lk3 Z(O, .. .,0, —51k,. cey —5Mk,0,. . .,0,0, —x,O),

lk4 :<0/-"/0/0/”-rOr_§lk/-'~/_5Mk/O/0/ —x).

The corresponding state transition rates of { W (t) } are given below: a susceptible node
of degree k (the node has x susceptible neighbours, y infected neighbours with strain 1, z
infected neighbours with strain 2) is infected by one of his infected neighbors with strain 1
at rate

Q(h/ h+ lkl) = le[sk]Pf,y,z,k’.
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a susceptible node of degree k is infected by one of his infected neighbors with strain 2
at rate
(b + lip) = ©z[SPS, .

an infected node of degree k with strain 1 recovers at rate
q(h b+ Lig) = 1[I P
an infected node of degree k with strain 2 recovers at rate
q(h, b+ Iiy) = 12 Jl] P

Let § = [Sk]/N, iy = [l]/N, jx = [Ji)/N (k =1,...,M), it = [SS]/N, 9, = [SI]/N

and 9, = [SJ]/N. Note that, for a given degree k, the intensities of the jumps of {W(t)}
have the following form

h
9+ 1) = Npy, () m =1 4 he H
with
~ ~ 2 2 2 2 A A N _ ~ ps
51k1 (Sl,---,SM,IL---,ZM,]1,- - MU, 01,02) = T1YSk xyzk
N N 2 2 2 2 A A A o N ps
,Blkz(sll' “/SMlzll" '/ZM/]1/' "/]M/ ulvl/vz) - TZZS]( x,y,zlk/
A A ~ ~ 2~ ~ A A N _ ;‘\pl
ﬁlk:;(sl/' '-/SMllll'- '/ZM/]1/- "/]M/urvllvz) - ’Yllk x’k/
B, (8 St T v, 1,01, 02) = Yol P!
|PVACE VERENESY Vs VRN Mr]lr*-'/]M/ s V1,02 _’)/2]]{ x,k’
where

~ 2 'y 'y ~ 'y 'y k—x—y—
ps :cxw< i )( o )y< o2 )Z(l_ R S ) xys
yak k Yo MSm Yon M Yon MSm Y MSm LM Ly, M ’
_ . o x ) k—x
Py=CGle—=) (1- = ,
Yo Mim Yo My

P = (En ;um) (1 T ;]> ‘
The deterministic process is denoted by w(t) = (s1(t),...,sm(t),i1(t), ..., im(t), 1 (t), -,
i (8),u(t), 01 (£), 02(£)), where () = [S¢(8)/N, i(t) = (KI(E)/N, e (£) = (8 /N (k =
1,...,M), u(t) = [SS](t)/N, v1(t) = [SI](t)/N and v,(t) = [S]](t)/N. Given the initial
conditions N"TW(0) = (s1(0),...,sm(0),i1(0),...,im(0),1(0), ..., jm(0),u(0),v1(0), v2(0)).
Based on the work of Kurtz [21], w(t) is the solution of

dzgit) = Z :Blkl(w)lkl + 2 .Blkz(w)lkz +2ﬁlk3(w)lk3 +2ﬁ1k4(w)lk4
k,x k,x

kx,y,z kxy,z

_ 55 55 - Bl . 5]
=1 Y, yscPy a0 ) kP o+ Yo iPrdis + 72 ) kP glka
kx,y,z kxy,z k,x k,x

Thus, we get the following deterministic system
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dsy, U1 Uy
— = —mns — THNs ,n=1,...,M,
dt S s, 2 Y, MSm
din 0 .
— = — ,n=1,...,M,
dr Tlnsnzm — Tiiln, 1
dj (%] .
£=Tznsnz o —Yoju, n=1,..., M,
m m
du Uvy
—— =21 )_m(m—1)sy 7—21@27}1 n———z,
dt m (Z:mTﬂSm) (EZmTﬂSm) (1)
dvl U%
—:lem(m— 7—lem —_—
dt m (Zm ms m (Zm msm)z
0102
—n ) m(m—1)sy———— — 7101 — 1101,
; (Xm msm)2
dUQ U%
—:TZZm(m— Sm 7—@27;1 —_—
dt m (Zm ms m (Zm msm)z
0102
—1 ) m(m—1)s———— — Ty — Y203.
; (T m5m>2

Using the result of Kurtz [21], as N — oo, we know that for every T > 0,

lim sup | N“'W(t) —
N—oog<i<T

w(t) |= 0 almost surely,

where w(t) is the solution of a deterministic system (1) with initial condition w(0) =

N~'W(0). Further,

VN({NTWO} - (w()}) = V),

where = denotes weak convergence and {V(t)} = {V(t)

Gaussian process.

: t > 0} is a zero-mean

Lets = YM sy, i = YM i, and j = YM | j,. Lumping together the differential
equations for sy, iy and j,, we obtain

ﬁ = — T{0] — TV

ar 101 202,

g = TU — Vi

TR Tt

ﬂ = TUy — Y2j

ar 202 — 2],

du Uvy

— ==-271 )y m(m—1)spy 7—2'(2 m wn—s,
dt ; (Zm msm) 2 (Zm msm)2
doq 0% 2)
— =1y m(m— —— -7y m e —

dt ; (Emm m) Z (Zm msm)z

0102
—T ) m(m—1)sy——— — 7101 — 1101,
» (S mm)?
2

@:TZZm(m— Sm 7—1‘22771 Lz

dt — (me Sm) (X mSm)

0102
-1 ) m(m—1)sy———""= — T2 — 1202
; (Zm msm)2

Inspired by the literature [18,22], we will reduce a relatively low dimensional network-

based epidemic model by using the probability generating function. Let 6 = [S1]/(Npy) =
s1/p1 represent the probability that a node having degree 1 remains susceptible at time ¢.
The infection down each link is assumed to be independent, thus we have [S;] = Np;6*
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and [S] = N Y p0* = Ng(8). Further, we have s, = pi0%, s = ¢(6), L ks = 0¢(6) and
Y k(k —1)sp = 62¢"(0). Thus, system (2) becomes

o _ __nn v

e~ 'g(6)  g(e)

g = 17U — Y1l

Q- an T

4 _ Uy — V2]

a2 2] .
du _ g"(0) g"(0)

(e () A X
do; _ 8" () 28" () 8" ()
A T Mge T Mg(e T P (e T T MY
dv, 8" () 28" (0) " ()
T Tzlwzg’(G)z — Tzvzg/(G)z - 71017728,(0)2 — QU2 — 202.

Let W(t) = ([S1](t)/pr, [1](8), [1](#), [SS] (1), [STI(#), [S]](£)) and @(t) = (6(t),i(t),
j(£),u(t),v1(t),v2(t)). Instead of {W(t)}, we simply need to consider process {W(t)}.
For the transmission event (a susceptible node of degree k has x susceptible neighbours,
y infected neighbours with strain 1, z infected neighbours with strain 2), the jumps are
given by )

lkl :(—51](/}71, 1, 0, —2x,x -y —Z),

Ip =(=61x/p1,0,1, —2x, —y, x — 2),
For the recovery event (an infectious node of degree k with strain 1 or strain 2 has x
susceptible neighbours), the jumps are given by

k3 :(0/ _1/ 0/ 0/ —X, 0)/

1
Ty =(0,0,-1,0,0, —x).

The intensities of the jumps of {W(t)} are given by

Bi, 51/ pui,j 1, 01,02) = TuySkPy g
'BikZ (Sl /Pll {, ¢, ﬁ, @1, 232) = T2Z§kp3§y,2,k’
Bi,, (31/p1,1,,0,01,02) = mikPyy,
Bi, (31/p1, i, 0,01,02) = majkPL

Given the initial condition N"'W(0) = (6(0),i(0),;(0), u(0),v1(0),v2(0)), where
0(0) = s1(0)/p1, i(0) = ¥, im(0) and j(0) = X, jm(0). Similarly, as N — oo, for
every T > 0,

lim sup | N"'W(t) —@(t) |= 0 almost surely,

N_>°°0§t§T

where w(t) is the solution of a deterministic system (3) with initial condition @(0) =
N~'W(0). Further, we have

VN({NTW} - (@()) = (V)

where = denotes weak convergenceand {V(t)} = {V(t) : t > 0} is a zero-mean Gaussian
process with variance function given by

2() = Var(V(1)) = M) | [ M7 w6 (- w) a] ), @
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where

M(t) = exp </Ot B(u)du>

B(t) = VE(t).

F(t) is the vector field of system (3), and

with

Gt)= ), B, (@) Inla + Y B, ( lk21k2+2151 lk3lk3+2ﬁz @)l (5)

kaxy,z kxy,z
It follows that %.(t) satisfies

dz(r)

1 = GO +BOZ() + (t)B(t)"

with initial condition £(0) = 0. Thus, £(t) can be computed numerically.

3. Early Growth Behaviour

We analyze the variances of the prevalence of infections with strain 1 and strain 2
during the early development of the epidemic. A linearizing system (3) allows us to get a
new system

@o__©uw _m
gt g
g—rv — 71

Q- an T,

ﬂ—rv — Y27

ar 202 — 2],

du g"(1) g"(1) (6)
E——Zﬁ /(1)01—21' /(1)02,
doy [ g¢"(1)

W - |:T1 g,(l) 1 —7|%1,

dop [ g¢"(1)
@ o e

@)
where 11,7, > 0. Based on system (6), it follows that
di _ o1 — Y1l = 11
ar g Tt =ni,
&
ar . RYv2T 2] =1

Thus,

7. rn+72.
U] = ——1, Vg = —].
T (%]

Moreover, we know that
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do, _[_¢"(1) _ _
a |:Tl (1) T — 71|01 ="nv,
do, g"(1)
ar {Tz (1) — T = 72|V2 = 1202,
Hence,
§'(1) g'(1)
OO N I TR
So, we have
g -g),
g"(1) —g'(1) .
I VR
Using system (6), we then work out the early behaviour of the other variables,
. Nt 2t 72.
Q(t) - 1 r]g/(l) l( ) rzg/(l)](t)l
oy 28" (A1) 28" (W (24 72)
u(t> - g (1) 7’1g’(1) l(t) ng/(l) ](t)/ (8)
1 1) — /1 )
o) = SO Wi,
1 1) — /1 )
ealt) = SO0,

It follows from (5) that

kxyz kxy,z

pS _ A u * (%] y U2 z
ek Tk \eg'(e)) \6g'(8)) \6g'(6)

(1 v o k—x—y—z
6g'(6) 08'(6) 05'(6) ’

G(w) =7 2 yskpaf,y,z,le + 10 Z ZSkpf/y’Z/sz + 71 Zikpag,klé + 72 ijpi,kT‘l’
k,x k,x

where
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and
S1k _d 2x01 (y—x)d1x 201k
p? 1 P1 p1 1
5
—p%" 1 0 —2x xX—y -z
0 0 0 0 0 0
= B _px 0 4x2 2x(y — x) 2xz '
P1 Yy
(y—x)d1x _ _ N2 _
o x—y 0 2x(y—x) (x—y)® z(y—x)
z0 2
Tik -z 0 2xz z(y — x) z
S 0 %% 2x0y You (z=x)d1
p? p1 p1 p1 P1
0 0 0 0 0 0
6
—# 0 1 —2x -y X—z
2= Zo 9 _2x 4x? 2x 2¢(z—x) |
pP1 Yy
Yo _ 2 _
w0 -y 2xy y y(z—x)
(27}7% 0 x—z 2x(z—x) y(z—x) (x—2)?
O 0 0 o0 0 0 0 0 0 0 0 0
O 0 0 o0 0 0 0 0 1 0 0 X
=19 0 0 0 0 of%h~ 00 0 0 0 o0
0 X 0 0 x2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 X 0 0 xZ
Thus, we can obtain
1 01 T 02 01 02
Gu=——>x+—-——7 Gn=06n=-Tt—, Gu=06n=-T",
p18'(0)  p1g'(0) g'(0) g'(0)
01 02
Guu=Gu =0, Gi5=G51 =T, Gis6=G6e1 =24,
g'(0) g'(0)
: g"(0
Gn=nv1+mi, Gp=Gxn=0, Gu=Gp=-27 (072 uvy,
1 1
g"'(0)
G5 = Gsp = T1 275U — T101 — T vy + 7101,
¢'(6)? g'(0)2"
g"(6) .
G = Ge2 = —T1 2(0)2 0102, Gaz = 02 + 72J,
g"(0) "(6)
G3y = Gg3 = 21> ~5uvy, Gzs = Gsz = — 17550102,
g'(6)? g'(0)?
g"(0) g"(0) ,
G3p = Ge3 = T2 =755 UV2 — 202 — T2 U5 + 7202,
8'(6)? §'(6)2?
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g"() > " () g"(0) > " ()
Gy =41 (07 u“v1 +4m g’(T)zuvl + 41 (07 u“vy + 4T2gl(T)2uvz,
e 0 80 §"(0) » "'(0)
G45 = G54 =27 g/(9)3 uovy — 27 Wu U1+ 21 g’(9)3 uv10y,
_~ ., 8"0) §"0) - §"(0) »
Gy = Ggs = 279 g/(9)3 U0y + 210 g/(e)s uvy — 270 g/(e)a ucvy,
" 9 " 9 1! 9 " 9
Gss = 11 g/(é)guzm — 27 g,(é)z uv% — Tlgg/((g))Z uv1 + 1 i”(é)g v{’
g"(6) g"(®) » g"(6 2. 5l
+31 7 (0)? nitnn+n FIGE vivy + ng,(T)zUWz +m k,zx'x Py ys
e 8O o g'(6) 8"(0) 8"(0)
Gsg =G5 =11 g/(e)svlvz +70 g,(e)zvlvz -7 g/(9)3 U107 + TZW
8" (9) g"(6)
+ TZWU]'Z)Z - TZWUU]UZ,
" 9 1 9 " 9 " 9
Ges =T ‘;((g)gvlv% +7 5,((9))2 0102 + T g/(é)g uZz;z — 272?((5)3 uv% )
g"(0) 5 g"() 2. 5]
+1 70 v; + 3T2g/(9)2?)2 + vy + 7 ;x jikPy g

uvy

Using (7) and (8), we linearise G with respect to (i, ) at (0,0). Then, we can obtain

matrix G, where

T /N l' T N l'
Gl] - 718‘ /Zg 1+ 728‘ /zg ]r G12 = G21 = _Tl
P18 P g

! /

8 —8,
g/2 4

g// _ g/
Giz3=G31=—1 87,2]; Gu=G6Gn =0, Gs5=Gs1=1q

g// _g/ g//
Gi6 = Ge1 = 727]} Gy = (Tlg, -1+ ’Yl)i, Gy =Gz =0,

(& —¢)mg" + (m1 — Tl)gl]i

g//(g// _g/) )
2

Goy = Gy = —271 i, Gp5=0Gs= g/z
/!
G = Ger =0, Gz3 = (Tz‘z, - T +’Yz>jf
NN/
Gay = Gg3 = —2m g(gglzg)]., Gas = Gs3 =0,
" _ o[ e + — )]
Ga = Gz = & =8I zgg/2 (12— w8,
I 5 " + 1 . "5 " + 1 )
Gus = 47, 8 g)(g 8 447, 8 g)(g &)
8 8
g///(g// _ g/) . g///(g// . g/) '

Gas = Gsg = —214 47 i, Gap=Ges =21 7

7
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nm_ ol 4 of "_ oy o
Gos = 7, 8" —8 gi)(g g). +%kzlekpik,
X
Gs6 = Ges = 0,
m_ ol 4 of " _ ol o
G = 1,8 —8 gg)(g g)]ﬂzkzxz]kpi’k'
X

Here, we have used the fact that ¢’'(0), ¢’ (6) and ¢’ (6) will become ¢’(1), ¢” (1) and
¢"" (1) with the use of the early growth assumption. Write ¢(") = ¢(")(1), n = 1,2,3. Next,

we calculate } , xzikpik and Yy, x° jkpa{,k

Note that q
Sk _ k—14
ET: —kpkg 0,
do T o) rn+v. rnt7.
= — —01 — Uy = — 1— .
dt g/ g/ g/ g/
Thus,
ds k—171+ 71, 172+ 72
B g1 I g gk 7272
it Pk 7 i — kpy 7 ] )

It follows from (9) that
. . rn+m t k—1- —y1a
ir(t) =i (0) —l—kpkig, A (0(t—a))*ti(t —a)e"""da

rn+m
/

%kk
P 8

/O {(0(t — ))FLi(t — a)e~da,

, . rp + t 1. _
() = i (0) + kpi 2 g,’” /0 (0(t — )k 1j(t — a)e 12"da

2+ 72
g/

~

[~ kpk

[ @t =) - apenda,

where e "% is the probability that an infective of age a with strain 1 is still infective,
and e~ 72" is the probability that an infective of age a with strain 2 is still infective.

Now consider the neighbourhood around such an infective with strain 1. Every
infectious individual of degree k must have been infected by one of their infected neighbors,
leaving k — 1 individuals who are potentially susceptible. If the infection of the central
node happened a time a ago, then each of the k — 1 potentially susceptible neighbours has
an independent probability e~ 1” of avoiding infection from the central node. In addition,
the neighbouring node of degree [ has a probability of 8/~ of avoiding infection from any
other source. Summing over /, then, gives the general expression

t
ikpi,k:kpkrl;_i/’h /O (Ot — a))Ti(t — a)e ™"

e (-5

In the early growth phase of the infection, we assume that  ~ 1 and ¢/(0) ~ ¢'(1).
Hence,
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t
Yibl = ¥ kp T [ g
k,x k,x 8 0

(e amem e

t

_ r +/’)/1 kak/ i(t_a)ef’)/lﬂ
8 X 0

<Y (" N 1) (e ™) ¥ (1 e 19)F 1 ¥gq
X

t
= LI (k1) (k=2 [ e
k

t
+ r ;_/,Ylle(k o 1)Pk/ ef(T]Jrr]Jr'y])ada
k 0

er+’)/1< g/// g// )Z
Tg 2n4+n+m u+n+m/’

Similarly, for an infective with strain 2, we can obtain

. = 2 + Y2 t _
Y %Py = szkpki,y/ j(t —a)e "
k,x k,x g 0

x (" - 1) (e ™) (1 — e 2) g

X

N 7.2 _|_ ,.)/2 ( g/// + g// ) )
- g 20 +1r+72 T+ +7 I
Therefore,

"n_ "

" =8 m I / g
Gy =ts— 8 |g" —
=0 g” {g §+s +%(ZTlJﬂl +m

/!
+ 8 )]1
T+r+m

g/// g//
T )] i
241+ Tm+rn+m

1 !

Gee = T2gg7/23 {8/" -¢'+¢+ ’Yz(

It is not hard to find that matrix G can be written as Gyi(t) + Gyj(t), where

" / 7 !

% 8gj28 —Tlggjzg 0 0 T ggTZg
"_ " (ol _ o "n_ ol " _ ’
P 0% -1 +m 0 o fe=g) (=g [mg" +Hn—n)s]
g g g g
0 0 0 0 0
Gl == " 1" / 1" ! v " " 1" /
— — + —
0 _o7, 8 (é;/z g) 0 4@ g)g(ég ) _o7 8 <§/2 g)
o o ] gll ‘/H
g—g  (&'=¢)[mg"+(n-n)¢] o, 8788 (5" )" ~¢"+8 1+ (8" ~8) (3t * )
(5! I I 0 27 g2 T I
0 0 0 0 0
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’ " ’ n

o g’;zg 8 gjzg 0 0 o gg;g
0 0 0 0 0 0
| e 0 nfomem mfEE ol i)
G2 == 0 0 72_[,2 g// (gg/iz_gl) 4T2 (g// _gl)g(lzg///+gl/> O 721—2 g/// (ggll/z_g/)
0 0 0 0 0 0
"ot n_ ot " ’ "ol ol "o (" —¢" ¢ "o 731/ 78/”
ngg;g 0 (8"=¢ )[Tzi/j‘(’Yz—Tz)g] 72728 (é;/z—g) 0 (8"-8)(8"~8"+8 Hh(ilz s >(Tz+’2+72 +272+r2+72>
In addition, matrix B(t) is the Jacobian matrix of system (6),
o 0o o0 0o - -3
0 -7 0 0 T 0
0 0 -7 O 0 ()
B = 2 g// 2 8//
0 0 0 0 - le - TZ?
0 0 0 0 r 0
0 0 0 0 0 s
Substituting G(t) = Gyi(t) + Gpj(t) and B(t) = B into (4) yields the expression
for X.(t),
Z(t) = Za(8) +2a(h),
where X1 (f) and X, (t) satisfy
M1 (t) — BE(f) —Z(HBT =1 [exp(rlt)(jl — exp(BH)Gy exp(Bt)T} (10)
and
rEa(t) — By (t) — Zo(t)BT =7 [exp(rzt)é2 — exp(Bt)Gy exp(Bt)T] . (11)
Now we can solve (10) and (11) for X(t). Because of the complexity of the expressions,
we only show the variances of the proportion of infected individuals with strain 1 and
strain 2 as below,
i
Var(i) = T [2r1 (11 4 291)e M — pige 2N oy (1 + 291)e¥ 1 — 2(ry + 1) %
(i) rwlg’z(ﬁ+271)(71+’Y1)2N{ 1 [2r1(r1 +271) 171 Y1(r1 +271) (r1+m1)%e"]

(8" +28") 73 + [(2r1 +371)8' + (3r1 +41)8" — (1 + 1)g"Im1 + (n +21) (n + 1) + 8" —&")

X
(o +r+71)2m +7r1+71)

(12)

x (¢ —¢)+rn(n+m)mug —g") —mng {Zwl +271)(g" — g')eln—mt

+mlg'n +2m(g —g") +¢mnle M + (n+m)2u(g — ") — g’%]e”t} }
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Var(j) = J {TS [Zrz(rz + 272)e(’2_72)t - rzfyze_zwt +72(r2 + Zyz)ezm —2(rp + 72)2er2t]

127282 (r2 + 272) (12 + 712)2N

(8 +28" )73+ [(2r2+30)g' + (B2 +412)8" — (n+ 1)g" |12 + (n+2n)(n+ ) (¢ +§" —3§")

X
(412 +72)21 + 12+ 72)

(13)

x (8" =g + 22+ 12)[m(s’ —¢") — 28] {272(@ +272)(8" — g )2t
+mlgn+2n(g - 8") + 812l + (n+ m)l2n(g - 8") - g’"rz]e”t} }

4. Simulation Results

In this section, we present numerical and stochastic simulations to support the the-
oretical results. We fix the mean but differentiate the variance of the degree distribution.
The analytical results only apply to the early growth stage of the infection, which can be
defined as the time when the susceptible individuals have not yet decreased significantly.
This means that, if we want to compare the early growth variances of infectious individuals,
we may have a very short window in which we can do it.

We implement the stochastic simulations to capture the temporal evolution of an
epidemic on a network of size 1000. To get the average early growth behavior, we set the
initial numbers of infected individuals with strain 1 and strain 2 as 10 and 5. Then, we
set the simulation time to zero and let the infection grow from there. We consider two
networks, the Poisson network and the Scale-free network. Table 1 lists the parameter
values of Figures 1 and 2.

Table 1. Parameter values.

Parameters Values Values
(Poisson Network) (Scale-Free Network)
g 6 6
g” 35.964 66.202
g’ 2165 1785.6
i 0.01 0.01
j 0.005 0.005
T 1 1
o 0.8 08
st 1.5 15
T2 1 1
r 3.5241 8.5595
2 3.0193 7.0476

Figures 1 and 2 show the results of the stochastic simulations compared with the
theoretical predictions. Figure 1 shows that the means of the infected individuals with
strain 1 and strain 2 for the two networks. The red solid lines are obtained based on
1000 simulations, and the black dashed lines are obtained by using (7). We can see that the
means of the infected individuals with strain 1 and strain 2 in the stochastic simulations
are consistent with the predicted results in the early growth stage. Specifically, we find that
the growth rates r and r, for the Scale-free network are larger than that for the Poisson
network. Although the average degrees of these two networks are the same, Scale-free
networks have a greater variance and skewness. This is the reason for the difference.

We show the temporal evolution of the standard deviation of the infected individuals
with strain 1 and strain 2 in Figure 2. The pink solid lines are obtained based on simulations,
and the blue dashed lines are obtained by using (12) and (13). Figure 2 shows the period
of time at which we have agreement in the standard deviations of those infected with
strain 1 and strain 2 between the two networks with the predicted results. From Table 1,
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we speculate that the network with lower variance and skewness has a stabilizing effect
during the exponential growth phase; that is to say, those infected in the network with high
heterogeneity always display greater variation about the mean.
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Figure 1. Demonstration of the mean early growth behaviour of the number of those infected with

strain 1 and strain 2 for Poisson and Scale-free networks.
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Figure 2. Demonstration of the standard deviation of the number of those infected with strain 1 and
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5. Conclusions

We have considered the spread of SIR-type two-strain infections in heterogeneous
networks. We focus on the variance of the prevalence of the infection. Using the result
of Kurtz [21] enables us to analyze the stochastic dynamic of the disease using the deter-
ministic limiting system. Furthermore, inspired by Graham and Volz et al. [18,22], we
reduce a relatively low dimensional deterministic network-based epidemic model by using
the probability generating function. Then, expressions for the asymptotic variances of
those infected with strain 1 and strain 2 during the early growth are obtained. This result
provides support for us to understand the early behavior of infectious disease with two
strains. For the numerical scheme, the theoretical results are used to improve the efficiency
of the calculation.

By comparing the results that are derived analytically with stochastic simulations, we
demonstrate that the approximate performance of the mean and standard deviation of the
number of those infected with strain 1 and strain 2 for the SIR epidemic process in the
Poisson network and the Scale-free network. We can get a strong agreement between the
results and simulations, as can be seen in Figures 1 and 2. Furthermore, we show that the
network with lower variance and skewness has a stabilizing effect during the exponential
growth phase; that is to say, those infected in the network with high heterogeneity always
display greater variation about the mean. An implication of this result is that, in the
situation of an outbreak of a disease, if we are able to target the very well-connected people
in the network, then we can decrease the spread of the disease in the population efficiently.

Of course, we only study the simple scenario of the two-strain SIR epidemic spreading
in heterogeneous networks. For mutation, cross-infection, and other forms of interrelation-
ship between strains, we can do further research. In summary, our work provides some
insights into the stochastic dynamics of infectious diseases with two strains.
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