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Abstract: Magnetohydrodynamics are widely used in medicine and biotechnology, such as drug
targeting, molecular biology, cell isolation and purification. In this paper, we prove the existence of a
global strong solution to the one-dimensional compressible magnetohydrodynamics system with
temperature-dependent heat conductivity in unbounded domains and a large initial value by the
Lagrangian symmetry transformation, when the viscosity u is constant and the heat conductivity «,
which depends on the temperature, satisfies x = z6”(b > 1).

Keywords: compressible MHD equations; temperature-dependent heat conductivity; global strong
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1. Introduction

Magnetohydrodynamics (MHDs) is the coupling of fluid dynamics to electromag-
netism. MHD finds its way into a very wide range of physical objects, medicine and
biotechnology. For example, the physical applications include levitation melting, the cast-
ing and stirring of liquid metals, and aluminum reduction. The applications in medicine
and biotechnology include drug targeting, molecular biology, and cell isolation and purifi-
cation; see [1,2]. The compressible planar MHD flows, which are uniform in the transverse
directions, read as

pt + (pu)y =0,

(pu)t + (pu® + P+ 3[b[*)y = (Auy)y,

(ow)t + (puw —b)y = (pwy)y, )
(b)t + (ub —w), = (vby)y,

(pe)t + [u(pe +P+ 3[b[?>) —w- b]y = (rey)y + (Auuy + pw - wy +vb -by),.

where t > 0 and y € R are the time variable and the spatial variable, respectively, where
the unknownsp > 0, u € R, w € R2, b € R? and e denote the density, the longitudinal
velocity, the transverse velocity, the transverse magnetic field, and the internal energy of
the flow, respectively. The parameters A(p, 0) and u(p, 6) denote the viscosity coefficients,
v = v(p, 0) is the magnetic diffusion coefficient of the magnetic field, and « = «(p, 6) is the
heat conductivity. All the parameters are generally related to the density and temperature
of the flow.

For technical convenience, we transform the problem (1) into Lagrangian variables. To
this end, we introduce the Lagrangian symmetry variable

! p(t, z)dz,

Jy(t)

X =
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where y(t) is the particle path satisfying y'(t) = u(t, y(t)). The Lagrangian version of the
system (1) can be written as

vt*uX/
ur+ (P+ 1), = (M),
Wby = () )

(vb); —wx = (5*)x,

et + Puy = (%5 Y) + 212 + Dlwy | + Lby|?

In this paper, we consider a perfect gas for magnetohydrodynamic flow, that is,
6
P = RE' e = cy0, 3)

where R is a positive constant and ¢y is the heat capacity of the gas at a constant volume.
The system (2) is supplemented with the following initial condition:

(u/ 'U, W/ b/ 6)|t=0 = (uol UO/ WO/ bO/ 60)/ X E R’ (4)
and the far-field condition

im (v(x,t),u(x,t), w(x,t), b(x,t), 6(x,t)) = (1,0,0,0,1), t>0. (5)

[x|—o00

Many works in the literature have studied system (2). The existence and uniqueness
of local smooth solutions were proved in [3]. When y and «x are constants, for perfect
gases with small smooth initial data, the existence of a global solution was proved in [4],
Chen and Wang [5] established the existence and uniqueness of global solutions to the free-
boundary problem and initial boundary problem; for other existential results, see [6-8]. The
large-time behavior of the solution was studied in [9-11], where the exponential stability of
the solution was established.

When x depends on v and 6, y is a constant, under the technical condition that x (v, 6)
satisfies

C 1 +07) <«x(v,0) =x(0) < C(1+67)

for some g > 2. Chen and Wang in [12] obtained the existence, uniqueness and the Lipschitz-
continuous dependence of global strong solutions to the initial boundary problem with
large initial data, satisfying

0 <infyy < Uo(x) < sup vg < o0, po,uo,Wo,bo,Qo € Hl,ianO(x) > 0.

A similar result was obtained in [10] for real gas. Fan, Huang and Li [6] obtained
a global existence theorem with vacuum and large data. Hu and Ju proved the global
existence of a solution for the case x = k67, (g > 0) in [7].

In this paper, we consider the Cauchy problem for (2)—(4) with the far-field condi-
tion (5). Assume that the heat conductivity coefficient x satisfies

w=f, x(0) = 6", (6)

for simplicity, let A = y = v = R = ¢y, = & = 1. The global existence of a solution
to Equations (2)—(4) with the far-field condition (5) is obtained for the Cauchy problem
with b > 1. For the unbounded domain, which loses compactness, v(x,t),0(x,t) are not
vanishing as |x| tends to infinity. This brings a lot of difficulty.

It needs to be emphasized that the well-posedness problem of (2)—(4) with (5) is a big
open problem with a large initial when p, x are both dependent on v and 6.
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Notation 1. (1) For p > 1,L” = LP(R) denotes the LP space with the norm || - ||pp. Fork > 1
and p > 1, Wi = WKP(R) denotes the Sobolev space, whose norm is denoted as || - ||y,
HY = WE2(R). Qr = [0, T] x R.

(2) Throughout this paper, the letter C denotes a positive constant, which may be different from
line to line.

The following is the main results of this paper.

Theorem 1. Assume that y and «x satisfy (6) for some positive constants i and &. If the initial
data (vg, o, by, wo, 0)(x) are compatible with (2)—(4) together with the far-field condition (5),

satisfying
(vo — 1, ug, by, wy, 6g—1)(x) € H! x H? x H? x H% x H?, (7)
and there are constants v, 0, such that
0<v<uy(x), 0<8<b(x). 8)
Then for any T > O, there exists a unique global strong solution (v, u, b, w, 0) satisfying

(01, 0,0, 8- (0B + Jo (01 1, 0,0~ 1)(,5) 3 s < €
1(u, b, w, 0 =1)(-, 1)1
Jrfg || Uxt, Uxx Oxt, Oxx, Dxx, bxt, Wxy, th)('/S)H%Z(R)dS <C,

©)
here and below, we denote C as some constant that depends on T.
If in addition to the initial data, (vo, 1o, by, wy,Op)(x) satisfies
vo(x) € CY%, ug(x) € C*H%, by € C*H%, wy € C*F%, 6y € C21, (10)

for some o € (0,1) has a unique global classical solution (v, u, b, w, 0)(x, t) such that, for any
fixed T > 0,

ve CHUI(R % [0,T]), u e CF*H3(R x [0,T]), b e CPH1+3 (R x [0, T]),
we CPHIHI (R x [0,T)), 6 € C2H1H5 (R x [0, T)), (11)

and for each (x,t) € R x [0,T), (v, u, b, w, 0)(x,t) satisfies (9).

Based on the local existence, the existence of a global solution will be established by
extending the local solution in time with the help of the global a priori estimates stated
in (9). It is clear that (9) is sufficient to extend the local strong solution to global one by
a standard continuity argument. Assume that there exists a finite maximal time T* for
the unique strong solution (v, u, b, w, 0)(x,t) of (2). Then estimates in (9) assure that
(v, u, b, w, 0)(x, T*) satisfies the conditions in local solution for the initial data. Applying
the estimates in (9) for (2) with initial time T*, which extends the existence of a strong
solution to the time interval [T*, T* + T ) for some T; > 0. This contradicts the assumption
that T* is the maximal existence time.

We now outline the main ideas and difficulties in our problem, comparing to previ-
ous results. The existence of strong solutions for the initial-boundary problem and free-
boundary problem can be easily obtained due to pioneering works, e.g., Kazhikhov [13],
Chen and Wang [5,12], and Fan [6]. In our case, we will follow the basic framework laid out
in [14] with extra attention to the new difficulties. The key step to prove the global solution
is to obtain the bounds of v(x, t) and 6(x, t) from below and above. Jiang proved the uni-
form positive lower and upper bounds on v(x, t) in [15] by a decent localized version of the
expression for v(x, t) when « is a constant to one-dimensional compressible Navier—Stokes
equations. Li and Liang deduced the uniform positive lower and upper bounds on the



Symmetry 2023, 15, 80

4 of 14

temperature 6(x, t) in [16] by a smart test function method and space separation technique.
This approach cannot be applied to the case when x = #(1 + 6°) to (2), since with the strong
nonlinearity, it is difficult to obtain the bounds of 6(x, t) and v(x, t) from below and above.
Another main reason is that the full pressure p + b?/2 in MHD does not have the simple
special structure as the pressure p in the Navier-Stokes equations. To overcome such a
difficulty, motivated by [7,17-19], we obtain the high-order estimates on 6(x, t) and v(x, t).
It should be pointed out that the crucial techniques of proofs in [19] cannot be adapted
directly here since the domain is unbounded and it loses compactness. In this paper, we
obtain the lower bound of the temperature when t € [0, T| is induced by the comparison
principle.

2. Some Priori Estimates

In this section, we will perform a sequence of estimates, which are stated in the
following as lemmas. In particular, we prove the volume v(x, t) is bounded from below and
above. This is a key step in the proof of global existence. Assume that (v, u, 6, b, w)(x, t)
is the unique local strong solution of (2)—(4) with the far-field condition (5) defined on
R x [0, T] for some T > 0.

Lemma 1. There is a positive constant eg and C independent of T, such that

sup (1(u2+w2+vb2)+(v—lnv—1)+(9—ln9—1))dx
0<t<o0 R 2

o 2 9h92 2 bZ
+/0 /R(Z;Jr 092" —i—tfé‘—l—?}g)dxdtgeo, (12)

where the constant ey depending only on || (vo — 1,10, 00 — 1) || 1 (r), 2, 0-

Proof. Multiplying (2); by (1 —v71), (2)2 by u, (2)3 by w, (2)4by b, and (2)5 by (1 —671),
and adding them altogether, we obtain

1., 5 5 u2  0be>
((u +w” +vb )+(vlnvl)+(91n91)> + =+ —
2 ¢ 1% v0
2 2 b2
wy by o uux, o ub -1, 070%
1= (e (e (-0 TR ) (13)

using Taylor’s theorem, (6), and Sobolev’s embedding theorem (H L < L), we have

/R (;(u% + w3 4 v9b3) + (vg — Invg — 1) + (6) — In 6y — 1)>dx
S C(l + ||(U() — 1, uo,W(),bo, 90 — 1)”%11(]1%))

Integrating (13) over R x [0, 00) and using the far-field condition (5), we obtain (12).
This finishes the proof of Lemma 1. O

Lemma 2. There exists a positive constant C such that

t 2
Cl<o(xt)<C+C max 6(x,t) + ﬂdt, (14)
0 x€lkk+1] 2

Proof. For any x € R, denoting k = [x], we have by Lemma 1

k+1
/k [(0—Inv—1) + (6 — In6 — 1)]dx < e, (15)
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which together with Jensen’s inequality yields

k+1 k+1
ny < / v(x, fdx < wap, a1 < / 0(x, t)dx < ap, (16)
k k

where 0 < a7 < 1 < &y are two roots of
x—Inx—1=¢.

Moreover, it follows from (15) that for any ¢ > 0, there exists some by (t) € [k, k + 1]
such that
(v—Inv—1)+ (0 —In6 —1)(b(t),t) < ep,

which implies
ap < o(be(t), 1) < ag, aq < O(be(t), 1) < ar. (17)

Letting o = % - % - "72 = (Inv); — % — b we write (2); as

Uy = Oy. (18)

Integrating (18) over [k, x] x [0, f] leads to

/kx(u —up)dy = (Inv — Invy) — /Ot (9 + bzz>ds - /otg(k's)ds'

v
which gives
t(e b’
v(x,t) = Bi(x, t)Yy exp/O <v + 2)ds, (19)

where
X

B 2 ) exp { [ (o) = m)y |,

Yy (t) £ exp { /Ota(k,s)ds}.

Thus, multiplying (19) by ﬁ, one has
5

and

tO(x,7)+ 7’%2
= — 2 2
o(x, 1) = By(x, ) Yi(t) (1 + /0 BT d'f) (20)
Since
1 1
x k+1 2 k+1 2 2
[t~ wotnay| < ([ ) ([ ) <c
here, we have
C M <Bi(xt) <C (21)
Moreover, integrating (20) with respect to x over [k, k + 1] gives
1 k+1 ; k41 5 ! 0(x,7) + vzﬁ Ay
N 1\ /t - It D 0 NN [\ 7
v o enan= [ B )( " B oY% ) §
which yields
1 Bl
C*1§—§C+C/ — dr, 22)
%) o (o) ‘
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which we have used (16), (21), and the following simple fact:

k+19(x, T) By (x, T) k+1
_ 7 < <C.
/k )4 <C /k 6(x, T)dx < C (23)

Applying Gronwall’s inequality to (22) gives

1
cl<_—_<g¢, 24
~Yi(t) — @)

which together with (20), (21) and (24) implies that for (x,t) € [k, k+ 1] x [0, T].

t vb?
Cl<o(x,t)<C+C max 6(x,t) + —dt. 25
sulvt) < 0 xelkk+1] (£) 2 @5

This finishes the proof of Lemma 2. O

Now we give the estimation on 6 from below by the comparison principle.
Lemma 3. There exists a positive constant C such that for all (x,t) € R x [0, T],
C <0(x,t).

Proof. For t € [0, T], letting ® = }, and rewriting the Equation (2)s as

O Uy K(©)0y 2wl o b2
_®2__U®_< et x+?+7+7, (26)
SO
o — O o2 K(©)0,) 0%} ©’wi 0%
: v 0@ /. v v v

_ [(k(©)0;)  2(0)02  ©%u? L O @’w? %}
o v . e v v v v
_ (x(©)0y)  2«(0)82 92(142 o @’w?  ©%b}
o v . 1G] v F 0 v v
_ (k(©)0;)  2«(0)@2 @2 (e— Ly 1 @’w?  ©%b; @)
o v . v® v 20 4p v ’

which implies

O

IN

v 4v — v

(K@)@x)x L1 (K(®)®x>x+c (28)

Define the operator L := —a% + (@() x), and then

v

LO <0 on [0,00) xR,
©]=>0 on R, (29)
O [r50>0 on [0,00),

where O(x,t) = Ct + supg Oy — O(x, t), and by the comparison theorem, we obtain

min O(x,t) >0,
(xt)€Qr
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which implies
6(x,t) > C.

This completes the proof of Lemma 3. O

By using the Lemmas 2 and 3, we obtain the upper bound of v(x, t).

Lemma 4. There exists a positive constant C, it holds

v(x,f) <C.
forall (x,t) € x[0,T].
Proof. Thanks to Lemma 3, we have
bl byl
0% (5,0) ~ "% (1(1),1)

o (¢1) o

2

x b/2
/ 0°/40, 670y ;. ’
bty 0172

1 1

b+1 k+1 gbg2 2 k+1 2
< - - X
< </k 0 dx> </k 00dx>

k+1 9b92 3
< C</ 2dx> max vl/z(x,t),
kK 0%v xelkk+1]

which together with (17) yields that for any ¢t > 0,

k+1 g b 2
max_6(x,t) < C( 1—|—/ d (x,1)).
xe[kk+1] xe[kk+1]

Substituting it into (25), one has

vb?
v(x,t) <C+C max 0(x,t) + —dt
0 xelkk+1]

02v 2

k+1 pbp2 2
§C+C/ (/k 0 Gxdx—i—b) max _v(x,t)dt.
0

x€[kk+1]

Then we just need to prove

t
/ b2ds < C,
0

(30)

(31)

(32)
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and by using the Gronwall inequality, the upper bound of v(x,t) from above can be
obtained. From (12) and the boundedness of 6(x, t) > C, we have the following estimate
forb > 1:

t tork+1
/ blds < c+c/ / Ib[by|dxds
0 0 Jk
tork+1 ) k+1 |bx|2
< C+C// v|b| dxmax9d5+C// —dxds
0 Jk [k k+1]
t k+1 |, |2
< c+c/ max 9ds+c// 1ol s
0 [kk+1] 0 Jk 0
t
< C+C [ max 6%ds, (33)
0 [kk+1]
on the other hand, we have
t
max 0°ds
0 [kk+1]
< C / / 6% dxds + C / / " (6Y)udxds
k+1 pgbp2
< c/ max 0/~ 1ds+c// ﬂdxds
[kk+1]
k+1
+€1/ / 0P vdxds
0 Jk
t t k+1
< C+e max 6°ds + €1 max Gh/ vdxds
0 [kk+1] 0 [kk+1] k
t
< C+e | max 0%ds, (34)
0 [kk+1]

hence, we have

t
max 0°ds <C.
0 [kkt1]

Plugging it into (33), we have
t
[ pas<c.
0

Then, combining with (32) and using the Gronwall inequality, it yields
v(x,t) <C. (35)

This is combined with (25) and the fact that C is dependent on T. The proof of Lemma
is finished. [

3. Proof of Theorem 1

In this section, we apply the results obtained in Section 2 to prove Theorem 1. The key
to studying the global existence of the solution is to obtain the high-order estimations as
well as the upper bound of 0(x, t).

Lemma 5. There exists a positive constant C such that
T
/0 /R (12 + 6-162)dxdt < C, (36)

forb > 1andall (x,t) € R x [0, T].
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Proof. For a small constant §, we have

T T
/ sup 0°dt C [ sup(6—2)51dt+C
0 xeR 0 xeR

T

c/o /R(e—z)i|9x|dxdt+c
T

c/ / 6|6y |dxdt + C
0 Jes2)

1 1
T 2 2
C / ( / 9b+2dx) ( / eb—zeﬁdx) dt+C
o \Je>2)(1) R
1 1
T 2 2
C / (sup@hH) < / ebzeidx> dt +C
0 xeR R

1 Tsu ob+14¢ ' 0v—202dxd
p + wdxdt +C, (37)
2 Jo 0o Jr

xeR

IN

IN

IN

IN

IN

IN

here, we use the fact

su 0dx < C su 0 —logh —1)dx <C. (38)
ogth -/(9>2)(t) ogth R( 8 )

Combining (12), (14), (31) and (37) yields

T
/ sup 0°1dr < C, 39)
0 xeR
which implies
T T
/ supbdt < C sup(1+ Gb“)dt <C, (40)
0 xeRr 0 xeRr

Next, integrating the momentum equation (2), multiplied by u with respect to x over
R, after integrating by parts, we obtain

2
1</u2dx> +/ &dx
2\ Jr ; R ©

< /9|ux\dx+1/ Ib|2ux|dx
RO 2 JR
= /9_1|ux|dx—|—/ '”x|dx+1/ Ib|? |1y |dx
R © R © 2 JrR
2
< c/(9—1)2dx+c/(v—1)2dx+1/ ﬂdx+c/b4dx
R R 2JrR © R
2
< C ezdx+c+c/(v—1)2dx+1/ﬁdx+c/b4dx
(6>2)(¢) R 2Jr v R
1 [ u?
< Csup0+C+5 [ —dx,
xeR 2J/r v

where in the last inequality we have used (12), (14), (38). Combining this with (40) gives

T n
/ / 12dxdt < C. 41)
0 R

Finally, if b > 1, we have

T T
/ / 6~ 102dxdt < C / / 6"—262dxdt < C. 42)
0 R 0 R



Symmetry 2023, 15, 80 10 of 14

This completes the proof. [J

The following lemma gives estimates on the L2 norm of vy.

Lemma 6. Forany t € [0, T|, there exists a constant C independent of time, it holds that

T
sup v,%dx—f—/ /GUidxdt <C. (43)
0<t<T/R 0 JR

Proof. First, integrating (2), multiplied by % over R, we obtain after using (2); that

a [ % —/< ) dx+/bbxﬁdx+/ut”ldx

- vaxd —/ 9”de+/bb e+ L /”v"d +/ g
0? R 0° dt

<c/ dx+csupb2/1§dx+b2 xd —7/
R Q’U

xeR

UV x
— / U0x g 4+ / Y gy, (44)

which together with (12), (36) and the bounds of v(x, t), which yields

2
/ xd L[ o 9% dxdt < C + % 1t < C.
R 02 or o° Qr v0

This finishes the proof. [

Lemma 7. Forany 0 <t < T, we have the following estimate

sup | (u2+b2 +w?) dx+/ (U2 + b7 + w? + 12, + b2, +wl)dxdt <C.  (45)
0<t<T/R

Proof. We rewrite the momentum equation in the following form:

u UV 0 0v
=== = - "2"——"+—x+bbx (46)
v

Multiplying both sides of (46) by uxyx, (2)3 and (2)4 by wxyx and by, respectively, and
integrating x over R, one has

1d
¥ R(u§+b§+w§)dx+/R(u§x+b§x+w§x)dx

/ ux;)xuxxdx +‘/ %uxxdx + / szxuxxdx ‘/bbxuxxdx

R v R © R v R

+ / DWW g | / bywoedx| + / b =Wy x|+ / Oxbibux )
R 02 JR v Ja 03

2
_4/ uxx“"bzx_"wxxd +C/ M 02 +0262+92+b2b2+02W2

+b2 + w2 + u2b? + v2b2)dx, (47)

<
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IN

here, we have the following estimate:
/R(u,zcvi + 0262 4 62)dx

C(sup u2 + sup 92) /Rvyzcdx +/ 02dx

xeR xeR

Csupu? + Csup(6 —2)% +c+/92dx
xeR xeR

2 2 2
dx+C / d C+C/9d, 48
e/Ruxx X (€) Rux X+ 0 x (48)

IN

IN

IN

and in the last inequality on the above estimate, we used

supud < [ (1), lax

xeR
% %
c/ 2d> (/ Zd)
(xeRuxxx [ i

e/ u2.dx + C(e) / udx, (49)
JxeR JxeR

IN

IN

and

2

sup(6 —2)3 = sup </°° 9y (6 — 2)+(y,t>dy)

xeR xeR

(/(9 1% |dy) <c/92dx

and inequality (49) also holds both for b, and wy, so fR bb2 + bzv2 + bzu2 + wx )dx <
Csup, eR(b + w2 + u2) have the same estimation. The other terms on the right-hand side
of (47) could be estimated easily.

Putting (48) and (49) into (47) and choosing € to be suitably small yields

IN

d
dt/(u + b2 +w?) dx—l—/ (12, + b2, + w2, )dx

IN

c/]R ux+b§+wx)dx+C+C/R€§dx

IN

C/R(u§+b§+w§)dx+c+cl/}Rebeidx. (50)

Next, motivated by [16], we integrate (2), multiplied by (8 — 2); £ sup{6 — 2,0}
over R to obtain

662
0—2)%d X4
(/( + x>t+/<e>z><) v

,/ﬂ%gux(g 2) +dx+/ (0 —2) +dx+/ (6—2) +dx+/ 9 2)4dx

cSupf)(/R(e—z)ider/R(ui+b§+w§)dx>. (51)
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Noticing that
/ 6h0%dx < / 6°02dx + / ebe,%dx
R 0>2)(t)
b—2p2
< c / " gx+C T .
6>2)( (4 (0<2)(t) 4
We deduce from (51) that

1
2(/(92)idx>t+c2/Rel’9§dx

b-242
< C—I—C/ 0 X { Csupf | (0 —2)2dx+Csupf | (u2+Db2+w?)dx.
xeR /R xeR /R

Adding this to (50) together with Gronwall’s inequality gives

sup [ (12 + b2+ w2+ (0 —2)2 )dx+ / (12, + b2, + w2, +0°62)dxdt < C.  (52)
o<t<T /R Qr

Taking the L?(IR) norm of both sides of (2)3 and (2), yields that the L?(R) norm of by
and w; are bounded. This completes the proof of Lemma 7. [J

Lemma 8. There exists a positive constant C such that

sup / 62dx + / (02 4 02, )dxdt < C. (53)
0<t<T/R Qr

Proof. Multiplying (2)s by 68%;, integrating over R, and integration by parts, we have
/9"9%1 +/ Gt”"d dt
(e (2
R 4 x
_/ (©6,) <u +b2+w Gbgt)dx

1 <<9§;>>dx+/(<u +b2+w )dx

2R

_ (6%0,)2 (6° ex (12 + b2 4 w2)6b6;
= (L) g e [ (MR Ja

which gives
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by \2
/GbGtzdx+1</ (676:) dx)
R 2\JrR © ;

by \2 b1 2 1.2 2\pb
— _1/ de_/ 0 Gtuxdxdt+/ (ux+bx+wx)9 gt dx
2 Jr 02 R v R v

IN

. L
Csup(luxleb/z)/ (93b/49x)2dx+*/ 0v6%dx
R R 2 JrR

+C /]R 6" 2u2dx + C /R 6" (1t + bt + wh)dx

IN

C / 62002 x / 6v02dx + % / 0°02dx + Csup(0U+2 + 6% (2 + b2 + w2)) + C
R R R R

IN

1
C /R 62092 x /}R o3 + 5 /R 0°02dx + CS%p(GZbJrz 4t bt wh) 4
Next, it follows from (49) and (52) that

T
/ sup(ut + bk +whdt <,
0 xeR
which together with (55), the Gronwall inequality, and (53) leads to

su b 2 T bp2
p | (6°6x)%dx + ; RG Ordxdt < C,

o<t<T /R

where we have used

sup 022 < C+-C [ (6%6)%dx.
xeR R

Combining (57) with (56) implies that for all (x,¢) € R x [0, T],
0(x,t) <C.

Then, combining the bounds of 6(x, t) from below and (56) leads to

T ,
sup | 62dx +/ / 0?dxdt < C.
0<t<T R 0 JR

Finally, it follows from (2)5 that

6"0xx _ 6, + 9% B u?% B bgb;leg N 9b9,;vx by twi,
(4

which together with (30), (49), (52), (58) and (59) gives

T T
/O /}R 02 dxdt < C /0 /]R (02 + 12 + 1t + % + wh + 0% + 6202 )dxdudt

T
< C—l—C/ sup(62 + u?)dt
0 R

C cT 0%dxd LT 02 dxd
+ /O/Rxxt—l-E/O/Rxxxt.

IN

Combining this with (53) and (59), the proof of Lemma 8 is finished. O

(55)

(56)

(57)

(58)

(59)

This finishes the proof to Theorem 1. The pointwise bounds of v(x, t) and 6(x, t) from
below and above are proved in Lemmas 2—4 and 8. So the other estimates in Theorem 1 can

be obtained by a standard energy method.



Symmetry 2023, 15, 80 14 of 14

Author Contributions: Conceptualization, ].Z.; methodology, ].Z. and X.X,; validation, ].Z. and X.X,;
formal analysis, J.Z. and X.X.; resources, J.Z.; writing—original draft preparation, J.Z.; writing—
review and editing, J.Z. and X.X.; visualization, J.Z.; supervision, X.X. All authors have read and
agreed to the published version of the manuscript.

Funding: This work is supported by the National Natural Science Foundation of China (No: 12161087;
No: 11801495), Natural Science Foundation of Jiangxi Province (No: 20212BAB211017), Science and
Technology Project of Education Department of Jiangxi Province (No: GJJ211601, GJJ180833).

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Jeffrey, A,; Taniuti, T. Nonlinear wave propagation. With applications to physics and magnetohydrodynamics. J. Fluid. Mech.
1964, 45, 420.

2. Polovin, R.V.; Demutskii, V.P. Fundamentals of magnetohydrodynamics. Math. USSR-Sb. 1990, 24, 54-62.

3. Vol'pert, AL; Hudjaev, S.I. On the cauchy problem for composite system of nonlinear differential equations. Math. USSR-Sb.
1972, 16, 504-528. [CrossRef]

4.  Kawashima, S.; Okada, M. Smooth global solutions for the one-dimensional equations in magnetohydrodynamic. Proc. Jpn. Acad.
Ser. A Math. Sci. 1982, 58, 384-387. [CrossRef]

5. Chen, G.Q.; Wang, D.H. Global solutions of nonlinear magnetohydrodynamics with large initial data. J. Differ. Equ. 2002, 182,
344-376. [CrossRef]

6. Fan,].S;Huang, S.X; Li, EC. Global strong solutions to the planar compressible magnetohydrodynamic equations with large
initial data and vaccum. Math. Mod. Meth. Appl. Sci. 2012, 10, 1-19.

7. Hu, Y.X;; Ju, Q.C. Global large solutions of magnetohydrodynamics with temperature-dependent heat conductivity. Z. Angew.
Math. Phys. 2015, 66, 865-889. [CrossRef]

8.  Jiang, S. On the rayleigh-taylor instability for the incompressible viscous magnetohydrodynamic equations. Commun. Partial
Differ. Equ. 2014, 39, 399—438. [CrossRef]

9. Liu, T.P; Zeng, Y. Large time behavior of solutions for general quasilinear hyperbolic-parabolic systems of conservation laws.
Memoirs Am. Math. Soc. 1997. [CrossRef]

10. Wang, D.H. Large solutions to the initial-boundary value problem for planar magnetohydrodynamics. SIAM ]. Appl. Math. 2003,
63, 1424-1441. [CrossRef]

11. Fan,].S;Jiang, S.; Nakamura, G. Vanishing shear viscosity limit in the magnetohydrodynamic equations. Comm. Math. Phys.
2007, 270, 691-708. [CrossRef]

12.  Chen, G.Q.; Wang, D.H. Existence and continuous dependence of large solutions for the magnetohydrodynamic equations. Z.
Angew. Math. Phys. 2003, 54, 608-632. [CrossRef]

13. Kazhikhov, A.V. On the Cauchy problem for the equations of a viscous gas. Siberian. Math. ]. 1982, 23, 60—-64. [CrossRef]

14. Li, K.X,; Shu, X.L. ; Xu, J.X. Global Existence of Strong Solutions to Compressible Navier-Stokes System with Degenerate Heat
Conductivity in Unbounded Domains. Math. Meth. Appl. Sci. 2020, 43, 1543-1554. [CrossRef]

15. Jiang, S. Large-time behavior of solutions to the equations of a one-dimensional viscous polytropic ideal gas in unbounded
domains. Comm. Math. Phys. 1999, 200, 181-193. [CrossRef]

16. Li,J.; Liang, Z.L. Some uniform estimates and large-time behavior of solutions to one-dimensional compressible Navier-Stokes
system in unbounded domains with large data. Arch. Rat. Mech. Anal. 2016, 200, 1195-1208. [CrossRef]

17. Li, Z.L.; Guo, Z.H. On free boundary problem for compressible Navier-Stokes equations with temperature-dependent heat
conductivity. Discrete Cont. Dyn. Syst. 2017, 22, 3903-3919. [CrossRef]

18. Liu, H.X,; Yang, T.; Zhao, H.J.; Zou, Q.Y. One-dimensional compressible Navier-Stokes equations with temperature dependent
transport coefficients and large data. SIAM J. Math. Anal. 2014, 46, 2185-2228. [CrossRef]

19. Pan, R.H.; Zhang, W.Z. Compressible Navier-Stokes equations with temperature dependent heat conductivity. Commun. Math.

Sci. 2015, 13, 401-425. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1070/SM1972v016n04ABEH001438
http://dx.doi.org/10.3792/pjaa.58.384
http://dx.doi.org/10.1006/jdeq.2001.4111
http://dx.doi.org/10.1007/s00033-014-0446-1
http://dx.doi.org/10.1080/03605302.2013.863913
http://dx.doi.org/10.1090/memo/0599
http://dx.doi.org/10.1137/S0036139902409284
http://dx.doi.org/10.1007/s00220-006-0167-1
http://dx.doi.org/10.1007/s00033-003-1017-z
http://dx.doi.org/10.1007/BF00971419
http://dx.doi.org/10.1002/mma.5969
http://dx.doi.org/10.1007/s002200050526
http://dx.doi.org/10.1007/s00205-015-0952-0
http://dx.doi.org/10.3934/dcdsb.2017201
http://dx.doi.org/10.1137/130920617
http://dx.doi.org/10.4310/CMS.2015.v13.n2.a7

	Introduction
	Some Priori Estimates
	Proof of Theorem 1 
	References

