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Abstract: The motion of a Brownian particle in the presence of Coulomb friction and an asymmetric
spatial potential was evaluated in this study. The system exhibits a ratchet effect, i.e., an average
directed motion even in the absence of an external force, induced by the coupling of non-equilibrium
conditions with the spatial asymmetry. Both the average motion and the fluctuations of the Brownian
particle were analysed. The stationary velocity shows a non-monotonic behaviour as a function of
both the temperature and the viscosity of the bath. The diffusion properties of the particle, which
show several time regimes, were also investigated. To highlight the role of non-linear friction in the
dynamics, a comparison is presented with a linear model of a Brownian particle driven by a constant
external force, which allows for analytical treatment. In particular, the study unveils that the passage
times between different temporal regimes are strongly affected by the presence of Coulomb friction.

Keywords: ratchet models; Coulomb friction; diffusion properties

1. Introduction

Ratchet models (or Brownian motors) are systems where non-equilibrium conditions
can be exploited to extract work from random fluctuations [1]. Due to the breaking of tempo-
ral and spatial symmetries, even in the absence of an external drive, these systems present
a spontaneous average net drift, which would be forbidden in equilibrium conditions.
Several different sources of non-equilibrium dynamics can be considered: time-dependent
forcing, as in flashing ratchet [2]; correlated noise [3]; slow relaxation in glasses [4]; dissipa-
tive interactions as in granular systems [5,6]; the presence of velocity-dependent forces [7];
and even the self propulsion in active matter systems [8].

An intriguing example of a force that depends on the velocity of the particle is rep-
resented by Coulomb (or dry) friction, which takes into account the energy dissipation
contribution due to the slipping on a surface. This force can be introduced into a Langevin
equation as a constant-magnitude force whose sign is opposite to the particle velocity. The
interest in this model was first raised by de Gennes in one of his late papers [9] and by
Hayakawa in [10]. As mentioned in [9], examples of physically relevant situations where
the interplay between Coulomb friction and Brownian motion can have an interesting
role are a micron-size solid particle under thermal noise and a macroscopic particle on
a vibrated surface. The stochastic equation for the particle velocity under the action of
dry friction has been widely studied, and some analytical results have been also obtained
in the absence of spatial potential, in particular, via a path integral approach [11], from
the Fokker–Planck equation that can be solved to obtain the time-dependent propagator
and the particle velocity correlation function [12], or even in the presence of an external
force [13], or in periodically driven systems [14] and in the presence of an elastic band [15].
Other studies have focused on the issues related to the definition of entropy production
in these systems [16]. In the specific context of models of Brownian motors, the role of
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Coulomb friction as a source of non-equilibrium able to induce a ratchet effect has also been
investigated in different systems [7,17,18], with experimental realizations in the context of
driven granular gases [19,20].

As mentioned above, in order to induce a directed motion, an asymmetric spatial
potential is crucial. This introduces a coupling between positions and velocities, making the
problem not analytically tractable. Here, this case is studied with extensive numerical simu-
lations with a focus on the dynamics of an underdamped Langevin equation in the presence
of an asymmetric periodic potential and Coulomb friction. In particular, in Section 2, the
model and its main parameters are introduced. The average ratchet velocity is investigated
as a function of the viscosity and of the temperature of the thermal bath, showing that there
are optimal values maximising the ratchet effect. In Section 3, the diffusion properties of
the system are considered, investigating the behaviour of the position variance and the
mean square displacement (MSD) for a wide range of parameters. A simple diffusive
behaviour at large times is found in the variance, while a more complex scenario is observed
for the MSD due to the presence of different time regimes. In Section 4, a comparison is
presented of some of the observed trends, with those relative to an analytically solvable
model consisting of an underdamped Brownian particle driven by a constant external force.
In order to further deepen the system behaviour, the effect of the Coulomb friction on
the average first exit time from a parabolic potential well is also investigated. Finally, in
Section 5, a summary of and comments on our findings are presented.

2. Langevin Equation with Coulomb Friction and Ratchet Effect

The system consists of a unitary mass inertial particle in one dimension in con-
tact with a thermal bath in the presence of both an asymmetric spatial potential and
a nonlinear velocity-dependent friction force. The model is described by the following
Langevin equation{

ẋ(t) = v(t)
v̇(t) = −γv(t)−U′[x(t)]− ασ[v(t)] +

√
2γT ξ(t),

(1)

where x(t) and v(t) are the position and velocity of the particle, respectively; γ is the
viscous friction coefficient; U[x(t)] is an external potential (the prime denoting a derivative
with respect to x); α is the constant amplitude of the Coulomb friction; σ(v) is the sign
function (σ(0) = 0); ξ(t) is white noise with 〈ξ(t)〉 = 0 and 〈ξ(t)ξ(t′)〉 = δ(t− t′); and T is
the bath temperature (we take the Boltzmann constant kB = 1 throughout the manuscript).
The spatial potential is chosen as the ratchet potential

U[x(t)] = sin[x(t)] + µ sin[2x(t)], (2)

where µ is the parameter that introduces the spatial asymmetry. Note that the term
sin(2x) keeps the potential periodic. For µ = 0 the potential is symmetric, and no ratchet
effect occurs. This model was first studied in [7], where different velocity-dependent
friction forces were considered and the form of the non-equilibrium generalized fluctuation-
dissipation relation was investigated.

As shown in [7], the system (1) does not satisfy the detailed balance condition due
to the presence of both the nonlinear velocity-dependent dry friction and of the ratchet
potential (2). As discussed in [21], the issue of recovering detailed balance in Langevin
equations with non-linear velocity-dependent forces requires the introduction of a non-
Gaussian thermal bath and a multiplicative noise. The out-of-equilibrium dynamics of
the system can instead be exploited to induce the ratchet effect, namely a finite non-zero
particle average velocity 〈v(t)〉 in the stationary state.

In the following, the analysis obtained from the numerical integration of the stochastic
differential Equation (1) via the Euler–Maruyama algorithm [22] with time step dt = 10−3

is presented. The code has been written in the Python programming language. The stability
of results for dt ≤ 10−3 has been checked. The simulation’s reduced units are provided
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as follows: the potential periodicity ∆x = 2π is the space unit, the potential depth ∆U is
the energy unit, and the inverse of the friction coefficient γ−1 is the time unit; the velocity
unit is given by γ∆x. In [7], the stationary velocity of the particle was studied at fixed
values of the friction coefficient γ = 0.05 and temperature T = 10, finding a maximum
for µ = 0.4 and α = 1. Here, we extend the investigation of the model and present the
complementary analysis by fixing the asymmetry parameter and the amplitude of dry
friction and exploring a wide spectrum of T and γ values.

Results are presented in the contour plot of Figure 1a. Quite interestingly, a non-
monotonic behaviour of movement along both the temperature T and the friction coefficient
γ axes (see columns and rows) is evident. This observation is further clarified by panels (b)
and (c), reporting the average velocity as a function of γ and T at fixed T and γ, respectively,
extracted from the row and column of the chart in panel (a) denoted by the blue lines. This
means that optimal choices of these parameters, such that the system reaches its maximal
velocity and the ratchet effect is most enhanced, are possible. In particular, the figure
reveals that at fixed µ and α, any choice such that γT ∼ 1 (see darker diagonal) results in a
maximum ratchet effect. The explanation behind this non-trivial phenomenon relies on
the two-fold role played by the temperature: on the one hand, thermal fluctuations allow
the particle to explore the spatial potential so that the ratchet effect can actually take place;
on the other had, for too-large values of T, the white noise is enhanced and the particle
dynamics is less affected by the presence of the spatial potential, thereby damping the
ratchet mechanism. The friction coefficient γ plays a similar two-fold role: it contributes
to the amplitude of the random force, as does the temperature, allowing the particle to
explore the periodic potential, but it also represents the viscous friction experienced by the
particle, which hinders the dynamics.

(a) (b)

(c)(c)

Figure 1. Average ratchet drift vs. temperature T and friction coefficient γ. (a): Contour plot for the average
ratchet velocity 〈v(t)〉 as a function of the temperature T and the friction γ. Parameters: α = 1.0, µ = 0.4. The
blue horizontal and vertical lines highlight the 〈v(t)〉 values at fixed T and γ used to plot panels (b) and (c),
respectively. (b) and (c): Trend of 〈v(t)〉 as a function of γ at fixed T = 10.0 and T at fixed γ = 0.05, respectively,
as extracted from panel (a).

3. Diffusion Properties

Here, the analysis of the fluctuations around the average motion and of the diffusion
properties is presented. These quantities are relevant to highlighting the role of dry friction
in the dynamics of the Brownian particle. We focus on the position variance Var[x(t)] =
〈x(t)2〉 − 〈x(t)〉2 and the MSD ∆(t, t0) = 〈[x(t)− x(t0)]

2〉 .
The position variance Var[x(t)] is reported in Figure 2, for various choices of tempera-

ture T (panel (a)) and friction coefficient γ (panel (b)) at fixed γ and T, respectively. The
variance is stuck to a constant parameter-dependent value at small times as the particle
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is trapped in the potential well. This phenomenon resembles the dispersionless diffusion
regime described in [23], which has recently been reconsidered in [24,25]. If the system
parameters allow the particle to eventually escape from the initial potential well, it starts ex-
ploring other regions, and a diffusive regime Var[x(t)] ∼ t sets in. The diffusion coefficient
Dm characterising such a regime was measured and is reported in the insets of Figure 2. As
intuitively expected, Dm shows a monotonic trend with T and γ, from low values due to
the trapping action of the potential towards the overdamped prediction D = T/γ in both
cases (see insets of panels (a) and (b)).

(a) (b)

~t ~t

Figure 2. Variance vs. temperature T and friction coefficient γ. Position variance Var[x(t)] for various choices
of temperature T at fixed γ = 0.05 (panel (a)) and for various choices of friction coefficient γ at fixed T = 10
(panel (b)) up to simulation time t = 106. The insets report the ratio between the measured diffusion coefficient
Dm and the asymptotic underdamped one D = T/γ. Other parameters: α = 1.0, µ = 0.4.

The MSD instead shows a plateau, followed by diffusive and ballistic regimes due to
the interplay between particle fluctuation and ratchet potential. As shown in Figure 3a,c
one can identify several regimes: (i) a first initial ballistic regime due to inertial effects;
(ii) a plateau regime, whose duration depends on the values of friction coefficient γ and
temperature T; (iii) a diffusive regime; (iv) a final ballistic regime due to the directed motion
induced by the ratchet effect. In order to analyse the dependence of the time duration of
such regimes on the model parameters, we focus on the crossover times for the passage
from ballistic to diffusive tbd and from diffusive to ballistic tdb extracted from the intercept
between the curves∼ t or∼ t2 fitting two consecutive regimes. The measured values can be
appreciated from Figure 3b,d. An interesting non-monotonic behaviour of tdb as function
of both T and γ appears. As already underlined, this occurs because the temperature
increase above a certain threshold allows thermal fluctuations to play a dominant role,
making the spatial potential less effective and hindering the occurrence of the ratchet
mechanism. This therefore leads to a larger time for the final ballistic regime to set in.
Regarding the behaviour of the crossover time from the initial ballistic regime due to inertia
to the intermediate diffusive regime, from the inset of Figure 3b, one observes a continuous
growth as a function of T, while from the inset of Figure 3d, a non-monotonic trend as
function of γ is apparent. Indeed, as the viscous friction γ is increased at fixed temperature,
the inertial effects become negligible, making the passage to diffusion very rapid. On the
contrary, an increase in T at fixed γ results in a longer inertial regime. These behaviours
will be reconsidered in the light of the simple constant force model discussed in Section 4.
Finally, note that for the range of parameters investigated, one can clearly identify the first
crossover time tbd only in a few cases, so one cannot comment on its general behaviour.



Symmetry 2023, 15, 200 5 of 10

(a)

(c)

(b)

(d)

~t

~t

~t2

~t2

~t2

~t2

Figure 3. Diffusion properties vs. temperature T and friction coefficient γ. (a) and (c): Position mean square
displacement ∆(t, 0) for various choices of temperature T at fixed γ = 0.05 (panel (a)) and friction coefficient γ at
fixed T = 10.0 (panel (c)) up to simulation time t = 106. (b) and (d): Diffusive→ballistic crossover times tdb as a
function of the temperature T at fixed γ = 0.05 (panel (b)) and friction coefficient γ at fixed T = 10.0 (panel (d))
measured from ∆(t, 0). The insets report the measured ballistic→diffusive crossover times tbd. Other parameters:
α = 1.0, µ = 0.4.

4. Constant Force Model

The ratchet effect is characterised by a spontaneous net drift arising from the coupling
of non-equilibrium conditions with spatial asymmetry. A net average velocity can also be
trivially induced with only viscous friction and no spatial potential, applying a constant
external force. Here this simple case is considered, which allows for analytical treatment
and comparison of its diffusional properties with those observed in the ratchet system. One
finds that some qualitative features, such as the several MSD regimes, can be reproduced,
while others cannot, because of the peculiar role of nonlinear velocity-dependent forces.

The constant force model consists of the following underdamped Langevin equation:{
ẋ(t) = v(t)
v̇(t) = −γv(t) + F +

√
2γT ξ(t),

(3)

where F is a constant external force. This can be easily solved, yielding, for the mean
velocity and position,

〈v(t)〉 = v0e−γt +
∫ t

0
dt′e−γ(t−t′)(F +

√
2γT 〈ξ(t′)〉) = v0e−γt + Fe−γt

∫ t

0
dt′eγt′

= v0e−γt +
F
γ
(1− e−γt)→ F

γ
,

(4)
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and

〈x(t)〉 =
〈∫ t

0
dt′ v(t′)

〉
=
∫ t

0
dt′ 〈v(t′)〉 =

∫ t

0
dt′
[(

v0 −
F
γ

)
e−γt′ +

F
γ

]
=

(
v0 −

F
γ

)
1− e−γt

γ
+

F
γ

t→ 1
γ

(
v0 −

F
γ

)
+

F
γ

t ,

respectively, where the arrows denote the large time limit. In order to compare such
behaviors with those found in the ratchet model, for each choice of temperature T and
friction coefficient γ, the constant force is set at F = γ 〈v(t)〉, where 〈v(t)〉 is the average
velocity in the corresponding ratchet system. The velocity auto-correlation function is
given by

〈v(t1)v(t2)〉 = v2
0e−γ(t1+t2) + v0e−γt1

∫ t2

0
dt′′e−γ(t2−t′′)(F +

√
2γT 〈ξ(t′′)〉)

+ v0e−γt2

∫ t1

0
dt′e−γ(t1−t′)(F +

√
2γT 〈ξ(t′)〉)

+
∫ t1

0
dt′
∫ t2

0
dt′′e−γ(t1−t′)e−γ(t2−t′′)[F2 + F

√
2γT(〈ξ(t′)〉+ 〈ξ(t′′)〉) + 2T 〈ξ(t′)ξ(t′′)〉]

= v2
0e−γ(t1+t2) +

v0F
γ

e−γt1(1− e−γt2) +
v0F
γ

e−γt2(1− e−γt1)

+
F2

γ2 (1− e−γt1)(1− e−γt2) + T(e−γ|t1−t2| − e−γ(t1+t2)),

so that, at equal times t1 = t2 = t, one obtains

〈v2(t)〉 −→ F2

γ2 + T.

Finally, the time integration of the velocity autocorrelation function yields the MSD

〈[x(t)− x(0)]2〉 =
〈∫ t

0
v(t′)dt′

∫ 2

0
v(t′′)dt′′

〉
=

v2
0

γ2 (e
−γt − 1)2 +

2v0F
γ

[
1− e−γt

γ
t− (e−γt− − 1)2

γ2

]
+

F2

γ2

[
t2 + 2

e−γt − 1
γ

t +
(e−γt − 1)2

γ2

]
+

2T
γ

(
t− 1− e−γt

γ

)
− T

(e−γt − 1)2

γ2 .

(5)

It is interesting to simplify the above expression in the large and small time limits. At large
times t� γ−1, the MSD can be approximated as

〈(x(t)− x(0))2〉 '
v2

0
γ2 −

2v0F
γ3 +

F2

γ4 −
3T
γ2

+ 2
(

v0F
γ2 −

F2

γ3 +
T
γ

)
t +

F2

γ2 t2.

In the opposite limit, t� γ, the exponential expansion around t = 0 leads to the expression

〈(x(t)− x(0))2〉 ' v2
0t2 +

(
−γv2

0 + v0F +
2
3

γT
)

t3 + o(t4).

The previous formulae allow the crossover times to be estimated explicitly. Indeed, one
easily finds that at large times, the passage from a diffusive to the ballistic regime occurs at
a time

tdb =
γ2

F2

(
v0F
γ2 −

F2

γ3 +
T
γ

)
. (6)
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At small times, when v0 6= 0, one instead finds that the initial ballistic regime changes to
diffusion at time

tbd =
v2

0

−γv2
0 + v0F + 2

3 T
.

In order to highlight the different contributions from the non-linear dry friction and
from the potential, we report in Figure 4a the behaviour of the MSD for the constant force
model compared to the ratchet system. We also compute the MSD in the case α = 0 (no
Coulomb friction) and in the case U = 0 (no potential), in order to better understand the
role of the different terms contributing to the dynamics in the Langevin equation. In the
absence of potential, one observes that the first two time regimes are very similar to the
case of the ratchet model, while, as expected, the final ballistic regime does not take place.
On the contrary, in the absence of dry friction, the particle shows a diffusive behaviour
similar to the constant force model. Figure 4b,c propose instead a comparison between
the trend of the crossover times tdb in the constant force model, obtained through (6), and
the one in the ratchet model, which is numerically evaluated. In all cases, one finds a
qualitative but not quantitative agreement, with some differences worthy of attention. For
example, in some cases, as the ratchet model leaves the initial ballistic regime and enters
the diffusive one, the constant force model instead enters a superdiffusive regime ∼ t3

lasting roughly two decades before reaching the final ballistic regime (see inset of panel (a)).
An interesting observation regards the onset of the ballistic behaviour as a function of both
T and γ: from Figure 4b,c, one finds that, for small values of temperature T and viscous
coefficient γ, respectively, the crossover times from diffusive to ballistic regimes are an
order of magnitude smaller in the ratchet model with respect to the constant force model.
This reveals the dramatic role played by non-linear friction in speeding the dynamics of the
system for a range of parameters.

(a)

~t3

~t2

(b) (c)

Figure 4. Constant-force model. (a): Mean square displacement ∆(t, 0) of the constant force model Equation (3)
compared to those computed in the no-potential (U = 0 in Equation (1)), no-Coulomb friction (α = 0 in
Equation (1)), and ratchet model (Equation (1) with α = 1). Points denote numerical results, and the blue solid
line is the theoretical expression Equation (5). The inset reports the theoretical and numerical ∆(t, 0) for a different
force, highlighting the ∼ t3 superdiffusive regime. (b) and (c): Comparison between the computed tdb in the
ratchet and in the constant force model as a function of the temperature T and of the friction coefficient γ,
respectively. The blue dots are evaluated through (6), and red dots are numerically estimated. Parameters: α = 1.0,
µ = 0.4, γ = 10.0 in panel (b); T = 0.05 in panel (c). F = 2.28 · 10−4 is the constant force corresponding to the
T = 10, γ = 0.05, µ = 0.4 ratchet case, while F = 1.0, v0 = 1.0 are the parameters chosen for the inset.
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Characteristic Escape Times from a Single Well

Since the onset of the ratchet effect is related to the presence of the spatial potential,
also affecting the diffusion properties, it is interesting to further investigate the role of
Coulomb friction on the escape time from a parabolic well. In particular, we compare the
behaviour obtained in the ratchet model with that computed for the simple constant-force
model. For the simple Langevin equation with no external force, analytical results are
reviewed in [26]. In the presence of dry friction and the absence of spatial potential, the
problem has been addressed in [27]. Here, a harmonic approximation kx2/2 of the ratchet
potential around one if its minima is considered. The elastic constant k is obtained from a
second-order expansion of the ratchet potential (2) around one of its minima. The average
time 〈te〉 necessary for the particle to reach a distance d from the minimum of the potential
was computed. Distances are expressed in units of d0, which was chosen in such a way that
kd2

0/2 = ∆U, with ∆U the ratchet potential depth (see the inset of Figure 5 for a graphical
depiction). We are interested in showing how the mean escape time 〈te〉 as function of the
escape distance d varies in several conditions. As shown in Figure 5, the smallest mean exit
times are observed in the case of the constant force model. More specifically, at small values
of d/d0, the behaviour for the constant force model is very similar to the harmonic case;
both trends show a saturation, and significant differences only arise upon increasing the
distance from the bottom of the well. On the other hand, the effect of dry friction is much
stronger, and the marked increase in exit times, in the range of explored parameters, seems
to exhibit an exponential behaviour as a function of the distance d/d0. Finally, note that the
very long exit times in the model with dry friction can be related to the extended plateaus
observed in the variance, where the particle remains trapped in the well for long times.

Figure 5. Average escape times. Average escape time 〈te〉 for a harmonically confined Brownian particle with
and without Coulomb friction and constant-force starting at x0 = 0 as a function of the right escape point. The
inset reports a graphical depiction of the harmonic approximation introduced in the main text. For the sake of
clarity, the harmonic potential is horizontally and graphically shifted. Parameters: γ = 0.05, T = 10.0, (k = 2.20)
(α = 1.0). d0 = 1.49 is chosen in such a way that kd2

0/2 = ∆U, with ∆U as the ratchet potential depth for µ = 0.4.
F = 2.28× 10−4 is the constant force corresponding to the γ = 0.05, T = 10, µ = 0.4 ratchet case.

5. Conclusions

In this work, a stochastic differential equation featuring non-linear friction and an
asymmetric spatial potential has been studied. The system is out of equilibrium and shows
the occurrence of the ratchet effect, namely a net average drift, with a non-monotonic
magnitude as a function of the bath parameters, temperature, and viscous friction. The
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diffusion properties of the model have also been investigated, with a particular focus on
the position variance and on the MSD, finding the occurrence of different regimes and
different characteristic times separating such time regimes. Finally, the analysis proved that
the diffusion properties of the ratchet model under scrutiny present strong differences with
respect to a simple Brownian particle with inertia under the action of an external constant
force. Our study contributes by shedding light on some important dynamical features of
systems characterized by the presence of both non-linear friction and fluctuations, which
play a central role in many natural phenomena, from biological molecular motors at the
cellular scale to earthquakes and avalanches at geophysical scales, and in experimental
applications, in particular for nano- and micro-friction such as for nanometer contacts in
the context of micro- and nanomachines [28].

We plan to extend the study of this model to the framework of stochastic thermody-
namics, addressing the interesting issues related to the definition of entropy production
and fluctuating efficiency, in future works.
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