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Abstract: Considered herein is the initial-boundary value problem for a semilinear parabolic
equation with a memory term and non-local source wy — Agw — Agw; + fot gt —1)Agw(T)dt =
lw|P~1w — Uiﬁl Jp lwl? *1w’}%dx’ on a manifold with conical singularity, where the Fuchsian type
Laplace operator Ap is an asymmetry elliptic operator with conical degeneration on the boundary
x1 = 0. Firstly, we discuss the symmetrical structure of invariant sets with the help of potential well
theory. Then, the problem can be decomposed into two symmetric cases: if wy € W and IT(wg) > 0,
the global existence for the weak solutions will be discussed by a series of energy estimates under
some appropriate assumptions on the relaxation function, initial data and the symmetric structure of
invariant sets. On the contrary, if wy € V and I1(wp) < 0, the nonexistence of global solutions, i.e.,
the solutions blow up in finite time, is obtained by using the convexity technique.

Keywords: pseudo-parabolic equation; non-local source; cone Sobolev spaces; blow-up

1. Introduction

In this paper, the author studied the initial boundary value problem for the following
semilinear parabolic equation with non-local source and conical singularity

t
wy — Agw — Agwy + / gt —1)Apw(T)dT
0

1 g
= |w|P~lw - = / |w|p_1w@dx’, x € intB,t > 0, 1)
B| /B X1
Vpw-v =0, x €dB,t >0, (2)
w(x,0) = wo(x), x € intB, ©)]

where the initial data wy(x) € 7:[;(;% (B) \ {0}, where B = [0,1) x X, 9B = {0} x X and X
is an (n — 1)-dimensional closed compact manifold. v is the unit normal vector pointing

dx%dx’ < +o00. Moreover,

the Fuchsian-type Laplace operator A in (1) is defined by (x19x,)? + 8%2 +---+02 and
is an asymmetry elliptic operator with conical degeneration on the boundary x; = 0, and
the divergence operator divy is defined by x10y, +9dx, + - - - + dy,. The corresponding
gradient operator is denoted by Vg = (x10y,,0x,,...,0x,). In the neighbourhood of 9B,
we will use the coordinates (x71,x") = (x1,x2,...,x,) for 0 < x; < 1,x" € X. The function
g represents the relaxation function (or kernel of the memory term). The problem (1)—(3)
can be decomposed into two symmetric cases: if wg € W, then w € W. On the contrary, if
wy € V,wehavew € V.

This type of equation describes a variety of important physical processes, such as
the analysis of heat conduction in materials with memory and viscous flow in materials
with memory, and arises in the model of phenomena in population dynamics, biological

toward the exterior of B. We also assume that the volume |B| = [
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sciences [1] and nuclear sciences [2]. In recent years, the nonlinear heat equations and thin-
film equations with a nonlocal source |w|P~ 1w — ‘1@ Jq |w|P~1wdx have attracted many
authors’ attention (see [1,3-16] and papers cited therein). Not only were the existence
and uniqueness results obtained, but some other properties of solutions, such as blow-up,
asymptotic behavior and regularity, were also investigated. For example, Soufi, Jazar and
Monneau [3] considered the initial boundary value problem for the following semilinear
parabolic equation:

1
wr = Aw+ |wf — — [ |w|Pdx. 4
They constructed a symmetrical situation: for the case 1 < p < 2, Soufi et al. [3]
obtained a blow-up criterion by using the maximum principle. For the case p > 2, Jazar
and Kiwan in [4] established the blow-up result in finite time with the initial energy being
non-positive. Qu et al. [7,8] considered the p-Laplace equation

w; — div(| Vel 2Vw) = [w]! —

/Q |w|Tdx, (x,t) € QA x (0,T) 5)
with a nonlinear source. For Equation (5), the authors obtained the nonexistence of global
sign-changing weak solutions in the case of a slow diffusive type (p > 2). At the same
time, the fast diffusive type (1 < p < 2) was also studied. More recently, Guo et al. [9]
established a non-extinction result for the changing sign solutions with negative initial
energy. Their results gave an answer to Equation (5), unsolved in [8] for 0 < g < p — 1. For
more works on the above problems, we refer the reader to [10-16] and references therein.

Another interesting type of model is the evolution equation with conical singularity
(see [17-27]). Chen et al. established some classic inequalities on the cone Sobolev spaces
in [17,18]. On this basis, they obtained the existence and blow-up results using potential
well methods for the following equation on a manifold with conical singularity [19],

w; — Agw = w|w|P~!, x € intB, t > 0. (6)

Later, Li et al. [20] studied the global existence and finite time blow-up of weak
solutions for a class of semilinear pseudo-parabolic equation with conical singularity.

In the absence of memory term (g = 0), the model (1) is reduced to a nonlocal semilin-
ear equation with damping terms Agw;, which appears in the study of thermodynamics,
hydrodynamics, filtration theory, etc. (see [28,29]). Regarding the qualitative properties for
parabolic Equation (1) without g, many authors have focused attention on this equation for
quite a long time. Di and Shang [21] considered the nonlocal nonlinear parabolic equation

wy — Agw — Agwy = ww|P~ — L/ |w|p*1w%dx’, x € intB,t >0 (7)
B /B X1
with conical degeneration. The authors studied global existence, nonexistence and general
decay of the solutions by constructing a modified method of the potential well.
Regarding the works mentioned above, we remark that for the nonlocal semilinear
pseudo-parabolic equation with conical degeneration, most experts have been concerned
with the global well-posedness of initial-boundary value problems without the kernel
of the memory term g (see [20,21]). However, to the best of our knowledge, there is
little information involving the global existence and blow-up phenomenon of the above
problems with the memory term g on a manifold with conical singularity. Majdoub and
MIliki in [30] considered local existence and uniqueness for the nonlinear integro-differential
equations of parabolic type under the effect of an additive fractional Brownian noise with
Hurst parameter H > max{1/2, N/4}. El-Borai et al. [31] studied the existence, uniqueness
and stability of solutions for the fractional parabolic integro-partial differential equations
without any restrictions on the characteristic forms when the Hurst parameter of the
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fractional Brownian motion is less than half. Hence, the goal of the present work is to study
the global existence and blow-up phenomenon for the initial-value problem (1)-(3).

In practical applications, compared with the case (¢(t) = 0), the problem (1)—(3) can
describe some physical phenomena more accurately. Naturally, we want to know what
will happen to the qualitative properties of the solutions for the problem (1)-(3), and
in particular whether the appearance of the memory term g(t) will have and influence
on the blow-up results of reference [21]. This question is a very interesting and eye-
opening. In mathematics studies, the memory term fot g(t — 1)Apw(t)dT, damping term,
non-local source |w|P~ 1w — ﬁ I5 |w|p_1w%dx’ and conical singularity simultaneously
appear in the initial-boundary value problem (1)—(3), which causes some difficulties in
the method of the proof when we consider the qualitative theory of the solutions. In
particular, the interactions among the above terms mean that it requires a rather delicate
analysis. Thus, we need to utilize some new skills and methods to overcome these above
difficulties. In doing so, the first intention of this paper is to prove the global existence of
the solutions with the number of a priori estimates by the combination of potential well
and monotonicity-compactness methods. Another goal in this paper is to investigate the
finite time blow-up phenomena of the solutions by means of the perturbed energy method
and integro-differential inequalities.

This article is organized as follows. In Section 2, we recall the cone Sobolev spaces,
introduce some function spaces and important lemmas and state the main results of this
paper. In Section 3, we give some properties associated with the potential wells and the
symmetric structure of invariant sets to the problem (1)—(3), which is useful in the process
of our main results. In Section 4, we give the proofs for the results of global existence and
finite time blowup for our problems. Finally, the main results are summarized and we
briefly illustrate the results of the paper with one example.

2. Preliminaries and Main Results

In this section, we will recall the cone Sobolev spaces and some basic notations,
concepts and lemmas.

Definition 1 ([17]). Let B = [0,1) x X be the stretched manifold of the manifold B with
conical singularity. Then, the cone Sobolev space H},” (B) form € N,y € Rand 1 < p < oo,
is defined as

Hp(B) = {v € Wi (intB)|wv € 137 (X)),

for any cut-off function w, supported by a collar neighborhood of (0,1) x dB. Moreover,
the subspace 7—[;1,67 (B) of H}," (B) is defined by

Hy) (B) = [w]Hy g (XP) + [1 - w]Wg™" (intB),

where X = R x X as the corresponding open stretched cone with the base X, WS1 P (intB)
denotes the closure of C§° (intB) in Sobolev spaces and W (X) when X is a closed compact
C* manifold of dimension 7 that containing B as a submanifold with boundary.

Definition 2 ([17]). Let B = [0,1) x X. Then v(x) € L} (B) with1 < p < coand vy € R if

_ dx
p — nl.= PEM g < +o0.
||v(x)HLg(B) /]B;x1|x1 o(x)| O oo
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(B),0(x) € L (B) with p,q € (1, +00)

ASRSTE

Lemma 1 ([18], Holder’s inequality). Let u(x) € L
and % —I—% = 1. Then

/|u dxldx < /| dxld %/| dxld o ®)

For convenience, we denote

(122 = [y T Jul”y

L

—/|u 1dxx—/g<>

'“‘w\:

(g Vau)(®) = [ gt =0 Vau(t) - Vau(o)ls o

2

7:12,’071 (B) := {u(x) € H;/%(B)WBu -v=00n0dB}

with the norm

2 2 2
u n = (U n + V u n
Il g = Il + 19501
The space 7—2;3( B) with the norm |Ju|| b b ) is a Banach space, where the norm
20

[lu|| .xn is equivalent to the norm ||V]Bu\| T
Aim 17 (8)

Lemma 2. Let u(x),v(x) € 7:[5(;71 (B). Then,

/ UA]Budﬂdx’ = —/ Vgl - Vﬁvdﬂdx’. 9)
B X1 B X1

Proof. See the Appendix A. O

Lemma 3 ([19], Poincaré inequality). Let B = [0,1) x X be a bounded subspace in R} with
XCR"Land1 < p < +oo, vy €R. Ifu(x) € 7—2;3([8%) then

[uC) Ly @y < el VUL 5) (10)
where Vg = (x10y,,0x,," - - ,0x, ) and the constant c, depends only on B.
_1n 0,2
Lemma 4 ([19]). For1 < p < 2., the embedding i 20 (B) = ’H,p’(’)’ (B) is continuous.

Moreover, we give the following assumptions to the problems (1)-(3).
(A1), so the constant p satisfies

1<p<+oo,ifn=12
n—+2 .

1 A = */ >3/

<p<n_2 p*ifn>

where p* is the critical Sobolev exponent.
(A;) The relaxation function g : R* — R is a differentiable function satisfying

J(1) <0, 1—;<>1—/O g()dT=7>0, (11)
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and

* (p+D(p-1)
/0 g(t)dt < P+ (-1 +1° (12)

Now, we give the weak solutions of problems (1)—(3) as follows:

ith wi(x,t) € L2(0, T; Flyé (B)) is

Definition 3. The function w(x,t) € L®(0, T; ”F[;é( B)
(x) € §( B) \ {0} and w(x, t) satisfies

) w
called a weak solution of (1)—(3), if w(x,0) = wo(x ;
t

(wt, 0)2 + (VBw, VBU)Q + (VBwt, VIBU)Z — (/0

- (\w\r]*lw_ B /| w—dx o), (13)

(B))-

g(t—1)Vpw(T)dr, VBTJ>2

» o=
ISV

forany v € L*(0, T; H,),

Considering the non-local source |w|P~ 1w — UiT\ I |W|p71w5%dxl of problems (1)—(3),
it is easy to obtain that

d d
dt/ T /wt o

t
Al ABw+ABwt+|w|Hw— [ 8t = Dasw(nir
0

dx dx

1 1 1 4.7

|B| / ‘ d } X1 o

:/ Vmebdx’—i——/ VBw'v%dx’
1

/ t—T/ Vpw v 1dxdr+/|w|” ! dxldx’
X1

/\ -1 &dx’/ @dx’
|]B| X1 B X1

(14)

From the above equation, the function [ w dx o dx' is a constant for all t € [0, T), which
means that

I1(wp) :/Bw%dx’:/Bwodx—?dx’. (15)

Next, we introduce the following functionals and potential well sets on the cone

Sobolev space ﬁ;é (B):

1 1 +1
J(@(t) = 5(1—0)|Vewl?y ———]wl/" (16)
2 e p+1 lfjf(]}s)
T(w(t) = 1—0)|Vew|?y  —|w|/Ts (17)
L7 (B) L7 (B)

p+1
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— o2 1o
£0) = [[ ol g, 7+ (50 Vaw)() + T wlt)

¢ 1
= well?. . dt+ = Vew)(t
Jy el g 7+ (g0 Vam)(h (18)
T N P p——)
defined on ﬁ;g (B). The Nehari manifold is defined as
Nllﬂ
N = fw e iy (B)T(w) =0, |Vawll 5 #0). (19)
2
. ~1,1%
d = inf{sup J (yw), w € H, (B)), | Vpwl|| 5 # 0}, (20)
¥>0 / Lz (B)
W = {w € Hy ¢ (B)|Z(w) > 0,7 (w) < d} U{0}. 1)
V = {w e 7y (B)|Z(w) < 0,7 (w) < d}. (22)

Onehas0 < d = inf J(w).
weN

Lemma 5. Assume that (A1) — (Ap) hold. Let w(x,t) be the solution of the problem (1)—(3).
Then, the energy functional £(t) defined by (18) is non-increasing, that is,

E'(t) <o. (23)
Proof. See Appendix A. [

Now, for 6 > 0, we define some modified functionals and potential well sets as follows:

0 1 +1
T5(w) = =(1—x)|Vew|?, ———[w|/" (24)
2 e Pl m)
Ts(w) = 6(1 =) ||Vew|?y,  —[wlPfs . (25)
L} (B) P (B)
p+1

The Functions J5(w), Zs(w) are also associated with the integral kernel function g(7).

_ L3 _ .,
N = {w € g (B) Zo(w) =0, | Vswll 5 #0}- 26)
e
llwll _n_
e +1
where C, = sup W .For 0 < § < =, we define
L} (B)

Ws = {w € Hy¢ (B)|Zs(w) > 0, T5(w) < ds} U {0}, (28)
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Vs = {w € Hy¢ (B)|Zs(w) < 0, T5(w) < dys}. (29)

Remark 1. The potential depth is given by

. ~1,%
ds = inf{sup J;(yw), w € H,5 (B), |Vpw| » # 0}
720 Ly (B)
Fixing w € ﬁ;o% (B) with HVBwHL%(B) # 0, it follows from the next Lemma 6 that there exists
2

a unique positive constant v* satisfying y*w € Ny, and Js(yw) takes the maximum at -y = y*.
Hence, the potential depth d is also be defined as

ds = f
5= wlen/\/(;j‘S()

We are now in a positive to state our main results as follows.

Theorem 1 (Global existence). Let p and g satisfy (A1)- (Ap). Suppose that wy € 7?[;0% (B),
wo € W and I1(wg) > 0. Then, problems (1)—(3) show a global weak solution

w(x,t) € L®(0, o0; ﬁ;é (B)) with wy(x,t) € L2(0,00; H;g( B))

and w(t) € W for 0 < t < oo.

Theorem 2 (Finite time blow-up). Let the assumptions (A1)-(Ay) hold. Suppose that £ (wy) <

d, wy € 7?[;(? (B), wo € V and I1(wy) < 0. Then, the weak solution w(x,t) of the problems
(1)—~(3) blows up in finite time, that is, there exists a T* € (0, 00) such that

hm./Hw an v =t

3. Properties of Potential Wells and Symmetric Structure of Invariant Sets

In this section, we will give some properties about the potential wells defined above.
In particular, Lemmas 6-8 are similar to the results of [20].

Lemma 6. Assume w € 7—7;? (B), and ||V]Ew|\2% # 0. Then:
’ Ly (B)
(1) lim.7 (yw) =0._lim 7 (yw) = —

(2) There exists a unique v* = y*(w), such that %J(’yw) ly=¢+ = 0.

(3) J (yw) is increasing on 0 < «y < v*, decreasing on v* < 7y < oo and takes the maximum at
T=7"

4) Z(yw) > 0for 0 < ¢ < v*, Z(yw) < 0 for y* < ¢ < o0, and Z(y*w) = 0.

Lemma7. Letw € Hzo (B). Then:
10< ”va”L?( B) < T(8), then Zs(w) > 0. In particular, if 0 < ”VBwHL%(B) < T(1), then
2 2

Z(w) > 0.
(2) If Zs(w) < O, then ||VBw||L%(B) > I'(6). In particular, if Z(w) < 0, then |Vgw|| » >
2

L7 (B)
T(1).

@) If Zs(w) = O and || Vyw| ) # 0, then | Vwl| y  >T(9).

(B (B)
% #Othenj()>0f0r0<5<pTH,J(w):0for

%
2
@) If Z5(w) = 0 and ||Vguw||

6 =" 7 (w) < 0foré > *’;1.

Now, we show the properties of potential wells d(¢) in the following lemmas.
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Lemma 8. d () satisfies the following properties:
(1) d(8) > A(8)T?(5), for A(8) = (% - #)(1 —Kk)6and 0 < 6 < pTH Moreover, we have

p+1
0= (3T G @) &

() }i_l‘)l(l)d(é) = O,d(pTH) =0,and d(5) <0 foré > pTH.

p+
—1

(3) d(9) is increasing on 0 < 6 < 1, decreasingon1 < § < PEL nd takes the maximum d(1) = d.
S g 2

Lemma9. Let w € ﬁ;é (B) and HVBWHL%(IB) # 0. Assume that 0 < J(w) < d and 61 < &,
2

are two roots of equation Js(w) = d(6). Then, the sign of Zs(w) is unchangeable for 61 < § < 65.
Proof. Assuming that the sign of Zs(w) is changeable for 6; < § < &,, then we choose
5 € (61,62) and Z5(w) = 0. Thus, by the definition of N;, we can obtain that w € N;. Thus,

we have J;(w) > d(5). By using Lemma 8 (3), d(§) > d(61) = d(6,) = Js(w), which
contradicts with J5(w) > d(8). O

Lemma 10. Suppose that wg € V, then we have

w(t) € V, vt € [0, T). (31)
d<( r 1 Y™y veeloT) (32)
2(1—-x) p+1 e e

LY ()
Proof. See the Appendix A. [

Now, we give the symmetric structure of invariant sets corresponding to the problem (1)—(3).

Lemma 11. Let w(x, t) be the weak solutions of problems (1)—(3). Assume that w € 7?[;0% (B),
0 <e<d,d1,0psatisfy d(6) = eand 61 < &y. T is the maximal existence time.

(1) If T (wg) = e and Z(wpy) > 0, then w(x,t) € Wy fordy < 6 < bpand 0 < t < T.

(@) If T (wo) = eand Z(wy) < 0, then w(x,t) € Vsfordy <6 < dpand 0 <t < T.

4. Proofs of the Main Results

In this section, we prove the main results by making use of the family of potential
wells introduced above.

Proof of Theorem 1. Let {¢;(x)} be the eigenfunctions of the Laplace operator subject to
Neumann boundary value condition

— Ag; = A, x € intlB,
{ BYj i¥j (33)

VBIIJ]"VZO, x € JB.

The eigenfunctions {¢;(x)} are orthogonal in 7—7;(? B) and L; 2 (B) scalar product. Now, we
construct the following approximate solution wy, (x, t) of problems (1)-(3):

Xt =Y ajp(H)pi(x),m=1,2,...,
=1
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which satisfies
(Wmt, $j)2 + (Vewm, V)2 + (VBwmt, VBY))2
t
— ([ 8t = D) Vswu(0)dr, Vay;) | = (foul” 0

- H}'ﬂ/ |wm\p*1wm%dx’, ¥i)2,s=1,2,.... (34)
B 1

m

um(x,0) =) (wo, ;)29 (x).

j=1

. . . L5 . . c e
It is easy to obtain wy,(x,0) = wo, — wq in H,'; (B) as m — +oo. This gives an initial
value problem of an ordinary differential equation system

ajm(t)ujajm(t)uja]m yy / ) tj (T)dT
_ dx
= (nl?Yeon = [ ol n S, g, 59)

&jm (0) = (wo, ¥))2-

[B]

It is easy to find that the above problem admits a local solution.Next, we show that the
sign-changing weak solution w(x, t) of problem (1)—(3) can be approximated by the function
Wy (x, ). Multiplying (34) by a/,, (), summing for s, and integrating from 0 to ¢, we obtain

1
[ ol T + 3 (g 0 Vawa) () = T @wal0)). 36)
20
By (34), we can find J (w;,(0)) — J (wp); then, for sufficiently large m, we have
1
/ Jeome 25, T+ T on) + 5 (80 Vaem) (1) < (37)
20

From (37) and Lemma 11, we can find w,(t) € W for 0 < t < oo and sufficiently large m.
Hence, by (37) and the definition of 7 (w), we obtain

t
2 p—1 2
w AT+ —/——||Vpw +7Iw <d, 38
Jy Ty 74 g IVmonl?y |+ o (m) < (38)
for sufficiently large m and 0 < t < co. From the definition of W, we have 7 (wm) > 0,
which yields
/ Jeomel 1y T+ Pl \Vpwnl?s <d, 0<t<oo, (39)
Ayde 2(p+1) L} (B)
for sufficiently large m. Then,
2 1
IVpwnl? < 2PFV4 o<t <o, (40)
L7 (B) p—1

/meu g <A 05 <o, 1)

20
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_ pldx dx 1

[ leonl? |7 de’:/lwmip“fld ¥ = w1,
B X1 B X1 LP+1( )

" (42)

ptl
L2 (B) p—1

Therefore, there exists a w and a subsequence still denotes {w,,} for which m — oo,
such that

Wy — win L=(0, oo; 7—7;3 (B)) weakly star and a.e. in intB x [0,00),

Wit — Wy in L2(O, 0; ﬁ;é (B)) weakly,

np

|wWm|P Ywy — |w]P " win L®(0, oo;LE(IB%)) weakly star.
P
In (34), we fixed s, letting m — co. Then, we have
(wt, ¥j)2 + (Vw, VeY))2 + (Vew:, VBY))2
([ st~ 050, sp;). = (ol o @

1 ' _ dxl
L

and
(wt, 0)2 + (VBZU, VBU)Z + (V]Bwt, VBU)Q
t
— — = =Ly
(/O gt T)vﬁw(T)dT,va)z (Jo| P~ Y )
\IB%|/| w—dx U)Z,VUELZ(O,T;ﬁ;g(B)).

From (34), we obtain w(x,0) = wp(x) in 7-7,2:3 (B),t € (0,T). By density, we find that
(B)

w(x,t) € L®(0, 00; 7-7;(? (B)) (with wi(x,t) € L*(0, o0; ﬁ;é B))) is a global weak solution
of the problems (1)-(3) with Z(w) > 0 and J (w) < d for 0 < t < co. The whole proof of
this theorem is completed. [

Proof of Theorem 2. Assume by contradiction that the solution w(x, t) is global. Then, we
consider ¥ : [0, T] — R* defined by

D= [ Ne@Ry des (M-l (45)
Hy g (B) ; (B)

20

We see that ¥ (t) > 0 for all t € [0, T]. Furthermore,

Y (t) = . 2
(1) = w(®)]? 2w ”wOHﬁ;’g(E)
(46)
—2/ ), wr(T 2dT—|—2/ Vew(T), Vew-(T))2dT,

and
Y(t) = 2/ wwtﬁdx’—i—Z/ VBwVBwtﬁdx’. (47)
B X1 B X1
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Replacing v by w in (13), we obtain that
dxy ,
(w,w)y + (Vpw, Vywe)a // (t — t)Aw(t)dTw(t)— . dx
1
TI(w
~IVsuly ol - S, )
Ly (B) LV (B) Ly (B)
This implies
1 d 2
¥ 2// (= 7)dw()dreo(t) z||va||
49)
1 IT(w dx (
2l -2 |(B|°) ||w\|P% ™ g
L (®) L} (8) M1
Therefore, we have
P () - P2
dx X1 5.0
// (t — 1) Aw( )drw() d
IT(wy dx
sl el - |(E| ), 4]
Ly (B) LPH (B) y 1
_p+3 /t
i 2 @), we())d
t 2
+2 /0 (Vi0(7), Vawe(7) adr]
dxq
// (t — 1) Aw( )d'cw() — | Vew|? .
2
IT(u dx
+||w||”j - T ol xjdx’}
+(p+3 —(T—t .
(p+3){H() - [¥(t) ol (B)}

A Wl )

H(t) = /t ||w||2ﬂ dT—l—/(: HVBwHi%(B)dT)
() ey i [l i) 61
-[ /0<w<r> we(e)adt+ [ (Taw(r), Vawoe(e))adr]

Applying the Schwarz’s inequalities, we have from (51) that H(t) > 0. Moreover, combin-
ing (50) and (51), we obtain

where

¥(O¥" () - L0 w (102 > w(h6 (),

| 52)
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where y p
G(t) :2/ wwtﬂdx'—i—Z/ VwVpw Ly’
B X1 B X1
t 5 (53)
—(p+3 / w n AT
(r+3) [ el

2,0

Making use of (1), (18) and (53), we deduce from I'T(wp) < O that

Gy =2 [ |w|v+1dﬂdx'—z/ gy - 2000 e
B X1 B X1 B L

(B)
t
2 [ 2t — ) Agw(t)drw(t) Tl (54)
B Jo X1
t
— +3/ 2, dt
) [ el

For the forth on the right (54), we obtain

—/B/Otg(t—T)ABw(T)dTw(t)ﬂizldx’
- et ) / VBw(T)VBw(t)%dx’dT
:/Otg(t—r)/BVBw(t)VB [w(t) — w(t)]

t
t—1)||Vgw(t)||*y dt.
+ [ =Dy e

dx (55)

X1

dx'dt

By (54) and (55), we find

t dx1
G(t) > — +3/ 2, d+2/ et 971V
(t) (p+3) A ”wTH#'Z(B) T Elwl P

2,0

- 2(1 - /Otg(t - T)dT) HVBWHZ% -

+2/Otg(t—r)/BV]Bw(t)VB [w(2) —w(t)]’%dx'dr

dt + 2/ |w|p+ldﬂdx’
B

t
> —(p+3) [ el g

2,0 )

t
2
21~ /0 g(t—7)dr) \|va||L2% -

[P [T _ >
2P [ st = O Vse() - Vel dv 56

5 s DIVawly ]

L2 (B)

= <20p+1)[; [ gt= DI Taw(r) - Vu()l, o

2

1 f 1 +1
+71_/ t—1)dr)||Vaw|?y - ——[w|",
5(1- [ stt=n)r)] auly pHuwan )}

t
— _ _ 2
+p-1)(1- [ st T”T)”VW”L;(B)

t
gD Vgul?y .
Ly (B)

~(p+3) [ ler

2 n Tt — ——
7,2 (B) p+1.Jo
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Using Lemma 5, we obtain
E(t) < £(0).

Thus,
t
G = —2p+DEO) +(p=1) [ llwel?,, dr
0 Hyg (B)

t
. . o 2
+p-1(1- [ g ”df)W%z"”L;(B)

b
p+1Jo

=2+ {55 (1 [ s 9swly

1

~ Gy sOEVaully |- €0}

t
T)dt||Vew 2n

t
+ —1/ wel?. . dt
(=) el

=2+ ) {5 (1 [ s 9swl?y

- (;,Jrl)l(p_l)/otg(r)dflvmw|li§(m] —5(0)}

t
+(p—-1 / we|?, . dr.
) el
If £(0) < 0, using the assumption of (A;), it follows that
G(t) > 6,
where 6 > 0. If 0 < £(0) < d, using the assumption of (A;), we have

t 1 t
0<1—/O g(r)dr—m/o g(tydr <.

By the Lemma 10, we see that
1 1-x
d<(5-—=)IIVew|?y .
(G=p71)IVewlly

This implies G(t) > 6 for 6 is a positive constant.
From what has been discussed above, we have

Y)Y (t) - ijLB‘If’(t)2 > ¥ (t)6.
By (45), there exists a positive constant A > 0 such that
¥(t) > A, for t€]0,T).
Then, we deduce that

_pt3

(o) (1) - P

Y ()% > A6.

(57)

(58)

(59)

(60)
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Then, B
(¥~ (1)
= () 2w oo - PR ) (61
< (_ pT_l A0¥ T (1) < 0.

v () < (0) + [‘P*”%l(o)}'t 62)
or -
3 _ N -
Y(F) > ¥ () [‘P(O) - PTllf’(o)t} i (63)
We choose T large enough such that
4Y(0)
T> —————.
~ (p=1¥(0)

Thus, from the last above inequality, it follows that the interval of existence of solutions

4%(0) )} . Hence, there exists T* € [0, T|, such that

w(x, t) must be contained in {0, =0¥(0)

Y(t) —» fooast — T~

ie.,

t
/ ||w(T)||2~1ﬂ dt — +ooast — T*.
0 Hy5 (B)

This contradicts our assumption.This completes the proof of this theorem. [

5. Conclusions

In this work, we consider the initial boundary value problem for a class of pseudo-
parabolic equations with power nonlinearity and nonlocal source on a manifold with
conical singularity. Some new results of global existence, blow-up and blow-up time under
the condition of 7 (wp) < d are obtained. The blow-up results of problems (1)—(3) with
arbitrary initial energy will be the direction of further research. From Theorems 1 and 2, we
can moreover obtain the following exact conditions for the global existence of solutions for
problems (1)-(3):

Let wy € 7—7;? (B) and J (wp) < d. Then, the sign of Z(wy) plays a critical role in the
solutions of problems (1)—(3), namely

(1) When Z(wg) > 0, the problem (1)—(3) admits a global weak solution
w(x,t) € L®(0,00; Hy 2 (B)) with wy(x, t) € L(0,00; Hy ¢ (B)).

(2) When Z(wy) < 0, there is no global weak solution for problems (1)—(3), such that the
solution of problems (1)—(3) blows up in finite time in the sense of

t
lim / lw(t)|2,,  dT = +oo.
0 H, 7 (B

t—=T*— 20

Example 1. As an example, with g(t) = b/(1+t)2(0 < b < §) and p = 2, conditions (A1)
and (Ap) are satisfied. For the initial boundary value problems (1)—(3), we take specific functions
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wo(x) = —sinx and let B = [0, 1), obviously, wy € Hzé (B). After some simple calculation, it
implies ||w0x\|%2(3) = 1(1+s52), ||wo||23(B) = L(sin?1+4), [T(wy) = —2 < 0and
1 2 1 3
E(wo) = (1= x)IVewollz2 ) — zllwolls g
2 ®) 3 (B) 64)
“laona+ 2 L1 4g
4 2 9 ’
T(wo) = (1 — )| Vw0l 22z — ol dse
1 sin2, 1., (65)
= E(l —x)(1+ 5 ) — g(sm 1+4).

—~

Hence, we see from (64), (65) that € (wy) < 0and Z(wq) < 0. Then, the conditions of Theorem 2 are

satisfied. Hence, there exists a T* € (0, 00) such that fot ||w(r)||2~1% dt — ocoast —t — T*.
H, g (B
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Appendix A

Proof of Lemma 2. Here, we first suppose u(x), v(x) € C{(B). From the definition of Ap,
it follows that

/ vA]Budﬂdx'
B X1

dx dx
= /Bxlaxl(xlaxlu) ~vx—1ldx’ + /}B(aizu + 402 u) ~vx—11dx’

dx1
= /Bax] (105, 1) - vdx + /B(aizu +o 03 u) ~vx—1dx’

= / div (x10x, 1, axzu,- . ,M) -odx
B X1 X1 (Al)
Ox, U Oy, U
= —/ (%1051, —2—, -+, =2=) - Vodx
B X1 X1

= _/IB (x%axlu,a,(zu,- -, 0x,u) - Vo—
— dxy g
=/ (x10x,1, Oy 14, - -+, Oy, 1t) - (X10x,0,05,0, - - -, Ox,, V) “ dx

= —/ VBu-VBUdﬂdx’.
B X1

Finally, since C§°(B) is dense in ﬁ;g (B), the equation above holds in case of u(x),v(x) €
L ®). O
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Proof of Lemma 5. Replacing v by w; in (13), it is easy to obtain
dr [t 2 1 2dx1
gl ||wT||N1,% T+ [ Vsl Sl
/ l 1| (A2)
p+1
£ dx1 ’
—/ g(t—T)/ Vpw:(t)Vpw(t)—dx'dt =0
0 B X1
For the last term on the left side of (A2), it follows that
f dxq !
/ g(t—1) /VBwt(t)VBw( T)— dxd
dx1 ’
_/ (t— 1) /vat [Vaw(r) - Vew(t)] “Ldvdr
1
dxy ,
+/ g(t—T)/ V() Vaw(t) Thdxde
_ 1 - 2dx1 /
=-3 g(t dt/'va T) — Vgw(t)| x—ldx}dr
- = 2451 4 A3
+2/0 g(T) dt/B|VBw(t)| “ dx}dr (A3)
14 t 2dxy
- Eﬁ[/o g(t T)/BWW(T) Vaw(t)25 d]
1 d t del ’
taaiL ) s [ Vs taxar]
t
+%/O g’(t—T)/B\VBw(T)—VBw(t)|2dx—?dx’dT
1 del /
38(0) [ Ve ()P tay.

Inserting (A3) into (A2), we obtain

/\|wf|\~1n T+ = /|v Zd"ldx

P+1/| |p+ldX1d }

+%%[ / gt-7) [ |va<T>—va<t>lz%dX’dT]

e X1 /
Zdt /|V]Bw s odr]

2 dx
— / _ o 71 ’
=5 /O g(t—7) [ [Vaw(r) V]ng(t)| e
1 ) [V WPy <o
78 5 VB x1 <

(A4)

for a regular solution. The proof of the Lemma 5 is completed. O

Proof of Lemma 10. Since wy € V, now we will prove that w(t) € V forallt € [0,T).
Assume that there exists ty € [0, T) such that w(tg) € V. Then, we have

(1= )| Vew(to) |2y > [w(t >||”“
Ly (B) +1 ! (B)
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By the continuity of w(t), there exists at least one s € (0, to] such that
+1
(1=0)lVew(s)?y =lwE)|" . .
Ly (B) L' (B)
Let
P =inf{s € (0,to] : (1—x)|Vew(s)[?y = [y 1.
L7 (B) L7 (B)
p+1
In particular, the regularity of w(t) implies that t* € (0, fo]. Then, we have
1
(1= o)l Vew(t)|?y = ||w(t*)||pl+l
Ly (B) I ()
and w(t) € V, forall t € [0,t*). Next, two cases can be considered.
First case: |Vgw(t*)||?>, =0.
L7 (B)
In this case, by the continuity of w(t), we have
lim |Vgw(t)|?>, =0. (A5)
i m)

On the other hand, the fact that w(t) € V, forall t € [0, t*) implies that || Vgw(t) ||2% #0,
L3 (B)

(1 *K)HV]Bw(t)”zg < Jw®)|Pt L te o). (A6)
L} (B) L7 (B)

By the definition of C,, we find

g
Lo A— =R R T
_n_ 1 n
i@ Vewl”y L7 (B) (A7)
Ly (B
<M vpw|fy .
L} (B)
Then, by (A6), (A7), we have
. 1—x ﬁ
Jim V()] g > (W)

This contradicts (A5).
Second case: ||Vgw(t*)|?, #0.
Ly (B)

By using (20), we have J (w(t*)) > d, which contradicts the fact that J (w(t)) < J (wp) <
d. Hence, in either case, we conclude that w(t) € V, forall t € [0, T). Since

1 P! +1
J(yw) = 571 —0)|Vew|?y, —T—]w|”
2 L?(B)

We obtain

d
T (rw) =7 (1= 0)| Vsl =]
7 e L
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d2 1
— w) = (1—x)||Vgw|?, —py? |w|?,
T ) = (=0 Valy = py ol

2 (B)

p+1
Let %j (yw) = 0, which implies
A=m)[Vewl?y, 1
71 =0,7 L7 UB)) o
l pr— 'y 2 pr—
lol”,
L ®)
An elemeatary calculation shows
d? d?
ijw)) >0, Wj(’_hw) <0
So, we have
2(p+11)
Ly sl p
= o% = — 2
> w| "
L ®)
By Z(w) < 0, we have
721
L1 [ 9IVa0l] S
d < sup T (rw) = T (20) = (5= 55y T
- ol P (A8)
LI ®)

1 1 p+1
< (2(1—1{) p+1)”wH P

L @)
O]

References

1. Budd, C,; Dold, B. Blow-up in a partial differential equation with conserved first integral. SIAM J. Appl. Math. 1993, 53, 718-742.
[CrossRef]

2. Hu, B, Yin, H.M. Semilinear parabolic equations with prescribed energy. Rend. Circ. Mat. Palermo 1995, 44, 479-505. [CrossRef]

3. El Soufi, A.; Jazar, M.; Monneau, R. A Gamma-convergence argument for the blow-up of a non-local semilinear parabolic equation
with Neumann boundary conditions. Ann. Inst. H Poincaré Anal. Non Linéaire 2007, 24, 17-39. [CrossRef]

4. Jazar, M.; Kiwan, R. Blow-up of a non-local semilinear parabolic equation with Neumann boundary conditions. Ann. Inst. H
Poincaré Anal. Non Linéaire 2008, 525, 215-218.

5.  Bebernes, J.; Bressan, A.; Lacey, A. Total blow-up versus single point blow-up. J. Differ. Equ. 1988, 73, 30—44. [CrossRef]

6. Furter, J.; Grinfeld, M. Non-local interactions in population dynamics. J. Math. Biol. 1989, 27, 65-80. [CrossRef]

7. Qu, C.Y; Liang, B. Blow-up in a slow diffusive p-Laplace equation with the Neumann boundary conditions. Abstr. Appl. Anal.
2013, 2013, 5. [CrossRef]

8. Qu, C.Y,; Bai, X.L.; Zheng, S.N. Blow-up and extinction in a nonlocal p-Laplace equation with Neumann boundary conditions. J.
Math. Anal. Appl. 2014, 412, 326-333. [CrossRef]

9.  Guo, B,; Gao, W.J. Non-extinction of solutions to a fast diffusive p-Laplace equation with Neumann boundary conditions. J. Math.
Anal. Appl. 2015, 422, 1527-1531. [CrossRef]

10. Khelghati, A.; Baghaei, K. Blow-up phenomena for a nonlocal semilinear parabolic equation with positive initial energy. Comput.
Math. Appl. 2015, 70, 896-902. [CrossRef]

11.  Cao, Y;; Liu, C.H. Global existence and non-extinction of solutions to a fourth-order parabolic equation. Appl. Math. Lett. 2016, 61,
20-25. [CrossRef]

12.  Li, Q.W.; Gao, W].; Han, Y.Z. Global existence blow up and extinction for a class of thin-film equation. Nonlinear Anal. 2016, 147,

96-109. [CrossRef]


http://doi.org/10.1137/0153036
http://dx.doi.org/10.1007/BF02844682
http://dx.doi.org/10.1016/j.anihpc.2005.09.005
http://dx.doi.org/10.1016/0022-0396(88)90116-7
http://dx.doi.org/10.1007/BF00276081
http://dx.doi.org/10.1155/2013/643819
http://dx.doi.org/10.1016/j.jmaa.2013.10.040
http://dx.doi.org/10.1016/j.jmaa.2014.09.006
http://dx.doi.org/10.1016/j.camwa.2015.06.003
http://dx.doi.org/10.1016/j.aml.2016.05.002
http://dx.doi.org/10.1016/j.na.2016.08.021

Symmetry 2023, 15,122 19 of 19

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Zhou, J. Blow-up for a thin-film equation with positive initial energy. J. Math. Anal. Appl. 2017, 446, 1133-1138. [CrossRef]

Hao, AJ.; Zhou, ]. Blowup, extinction and non-extinction for a nonlocal p-biharmonic parabolic equation. Appl. Math. Lett. 2017,
64, 198-204. [CrossRef]

Sun, EL,; Liu, L.S.; Wu, Y.H. Finite time blow-up for a thin-film equation with initial data at arbitrary energy level. J. Math. Anal.
Appl. 2018, 458, 9-20. [CrossRef]

Xu, G.Y.; Zhou, J. Global existence and finite time blow-up of the solution for a thin-film equation with high initial energy. J. Math.
Anal. Appl. 2018, 458, 521-535. [CrossRef]

Chen, H.; Liu, X.; Wei, Y. Existence theorem for a class of semilinear totally characteristic elliptic equations with critical cone
Sobolev exponents. Ann. Glob. Anal. Geom. 2011, 39, 27-43. [CrossRef]

Chen, H.; Liu, X.; Wei, Y. Cone Sobolev inequality and Dirichlet problem for nonlinear elliptic equations on a manifold with
conical singularities. Calc. Var. Partial Differ. Equ. 2012, 43, 463—484. [CrossRef]

Chen, H.; Liu, G.; Wei, Y. Global existence and nonexistence for semilinear parabolic equations with conical degeneration. ].
Pseudo-Differ. Oper. Appl. 2012, 3, 329-349. [CrossRef]

Li, G; Yu, J.Y;; Liu, W]. Global existence, exponential decay and finite time blow-up of solutions for a class of semilinear
pseudo-parabolic equations with conical degeneration. J. Pseudo. Differ. Oper. Appl. 2017, 8, 629-660. [CrossRef]

Di, H.F,; Shang, Y.D. Global well-posedness for a nonlocal semilinear pseudo-parabolic equation with conical degeneration. J.
Differ. Equ. 2020, 269, 4566—4597. [CrossRef]

Fan, H.; Liu, X. Multiple positive solutions for degenerate elliptic equations with critical cone Sobolev exponents on singular
manifolds. Electron. J. Differ. Equ. 2013, 181, 22.

Alimohammady, M.; Kalleji, M.K. Existence result for a class of semilinear totally characteristic hypoelliptic equations with
conical degeneration. J. Funct. Anal. 2013, 265, 2331-2356. [CrossRef]

Alimohammady, M.; Cattani, C.; Kalleji, M.K. Invariance and existence analysis for semilinear hyperbolic equations with damping
and conical singularity. J. Math. Anal. Appl. 2017, 455, 569-591. [CrossRef]

Alimohammady, M.; Kalleji, M.K.; Karamali, G. Global results for semilinear hyperbolic equations with damping term on
manifolds with conical singularity. Math. Meth. Appl. Sci. 2017, 40, 4160—4178. [CrossRef]

Alimohammady, M.; Jafari, A.A.; Kalleji, M.K. Multiple solutions for non-homogenous degenerate Schérdinger equations in cone
Sobolev spaces. Indian . Pure Appl. Math. 2017, 48, 133-146. [CrossRef]

Luo, Y.B.; Xu, R.Z.; Yang, C. Global well-posedness for a class of semilinear hyperbolic equations with singular potentials
onmanifolds with conical singularities. Calc. Var. 2022, 61, 47. [CrossRef]

Alshin, A.B.; Korpusov, M.O.; Siveshnikov, A.G. Blow Up in Nonlinear Sobolev Type Equations; Walter de Gruyter: Berlin, Ger-
many, 2011.

Dzektser, E.S. Generalization of equations of motion of underground water with free surface. Dokl. Akad. Nauk SSSR 1972, 202,
1031-1033.

Majdoub, M.; Mliki, E. Well-posedness for Hardy-Hénon parabolic equations with fractional Brownian noise. Anal. Math. Phys.
2021, 11, 8. [CrossRef]

El-Borai, M.M.; El-Nadi, K.E.; Ahmed, H.M.; El-Owaidy, HM.; Ghanem, A.S.; Sakthivel R. Existence and stability for fractional
parabolic integro-partial differential equations with fractional Brownian motion and nonlocal condition. Cogent Math. Stat. 2018,
5,12. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/j.jmaa.2016.09.026
http://dx.doi.org/10.1016/j.aml.2016.09.007
http://dx.doi.org/10.1016/j.jmaa.2017.08.047
http://dx.doi.org/10.1016/j.jmaa.2017.09.031
http://dx.doi.org/10.1007/s10455-010-9226-0
http://dx.doi.org/10.1007/s00526-011-0418-7
http://dx.doi.org/10.1007/s11868-012-0046-9
http://dx.doi.org/10.1007/s11868-017-0216-x
http://dx.doi.org/10.1016/j.jde.2020.03.030
http://dx.doi.org/10.1016/j.jfa.2013.07.013
http://dx.doi.org/10.1016/j.jmaa.2017.05.057
http://dx.doi.org/10.1002/mma.4295
http://dx.doi.org/10.1007/s13226-017-0215-x
http://dx.doi.org/10.1007/s00526-022-02316-2
http://dx.doi.org/10.1007/s13324-020-00442-8
http://dx.doi.org/10.1080/25742558.2018.1460030

	Introduction
	Preliminaries and Main Results
	Properties of Potential Wells and Symmetric Structure of Invariant Sets
	Proofs of the Main Results
	Conclusions
	Appendix A
	References

