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Abstract: This paper concerns the one-dimensional compressible Navier-Stokes system with temperature-
dependent heat conductivity in R with large initial data. We prove that velocity and temperature are
uniformly bounded from below and above in time and space when the heat conductivity coefficient
takes k = &(1 + 6°) for all b > g In addition, we show that the global solution is asymptotically
stable as time tends to infinity.
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1. Introduction

This paper concerns the Cauchy problem of compressible fluids in one space dimen-
sions. The motion of a perfect polytropic ideal heat-conducting fluids can be written in the
following form [1]:

pt + (pu)y =0,
(P”)t + (P”Z + P)y = (V”y)y/ 1)
(o(e+ 3u?))e + (o(e+ 3u?)u+ Pu)y = (key)y + (puiy)y,

where t > 0 and y € R are the time variable and spatial variable, respectively, where the
unknown p > 0 denotes the density of the flow, u the velocity, and e the internal energy.
Both pressure P and internal energy e are generally related to the density and temperature
of the flow according to the equations of state: P = P(p,0) and e = e(p,0). Parameters
1 = u(p,0) denote the viscosity coefficients, and x = x(p, 6) is the heat conductivity.

To solve the Cauchy problem, we transform Problem (1) into Lagrangian variables. To
this end, we introduce the Lagrangian symmetry variable

! p(t, z)dz,
y(t)

X =

where y(t) is the particle path satisfying y/(t) = u(t,y(t)). The Lagrangian version of
System (1) can be written as

O = Uy, (2a)

i+ Py = (), (2b)
1/[2 Oy Uy

(e+2>t+(Pu)x— (KU—Ht - >x, (20)

P=R0O/v, e=cy,0. (2d)
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We consider a perfect gas for Navier—Stokes flow in this paper, that is,
0
P = R;, e = cy0, 3)

where R is a positive constant, and c, is the heat capacity of the gas. System (2) is supple-
mented with the following initial condition:

(u, v, 0)]1—0 = (uo, vo, 6p), xER, 4)
and the far-field condition:

lim (v(x,t),u(x,t),0(x,t)) =(1,0,1), t>0. (5)

|x| =00

Let us review some results on System (2) in different situations. When y and « were
constants, the existential results in bounded domains for large initial data were obtained by
Kazhikhov et al. [2-4]. Regarding initial boundary value problems in bounded domains,
see [2,5-9] for a thorough discussion of System (2) with initial Condition (4) and far-field
Condition (5). Furthermore, the existence and uniqueness of global solutions, and the
regularity are known [2,5-10]. Moreover, the asymptotic behavior of the global solution
was studied as time tended to infinity; see [11-14], among others. For the Cauchy problem,
the global existence of a solution was obtained by Kazhikhov [15]; then, Li [16] gave the
asymptotic behavior of solutions to System (2) with initial Condition (4) and far-field
Condition (5).

We could obtain compressible Navier-Stokes Equations (2) from the celebrated Boltz-
mann equations for monatomic gas with a slab symmetry by using the Chapman-Enskog
expansion. Then, viscosity coefficient ;1 and heat conductivity coefficient « are functions
of density and temperature; see Chapman and Cowling [17] or Vincenti and Kruger ([18],
Chapter X) for a thorough discussion of these issues. When the coefficients depended on
special volume and temperature, for the one-dimensional full compressible Navier-Stokes
equations of ideal polytropic gas whose viscosity coefficient and heat conductivity coef-
ficient satisfying u = jih(v)6%, x = &h(v)#”, Liu, Yang, et al. in [19] obtained the global
nonvacuum classical solutions with a smallness mechanism (i.e., 7 — 1 small). Wang and
Zhao in [20] obtained the global nonvacuum classical solutions with smallness assumptions
for b. Later, in 2016, Wang and Zhao [21] gave the large-time behavior of the solutions under
the assumptions that Ch(v) > v + 072, 1/ (v)?>v < Ch(v)® and that b was small enough.
Duan, Guo, et al. [22] proved the existence and uniqueness of a strong global solution for
ideal polytropic gas flow, with = 1 + p* and x = 6F. Kazhikhov [15] gave frameworks
when y and « are constants. However, if the viscosity coefficient depends on temperature,
Kazhikhov’s method is invalid. Li, Shu, et al. [23] proved the global existence of strong
solutions to a compressible Navier-Stokes system with degenerate heat conductivity in
unbounded domains. However, the asymptotic behavior of a solution with large initial
data is still open.

When viscosity was a positive constant, and only heat conductivity depended on
temperature, i.e.,

p=p, x=re, (6)

Jenssen and Karper [24] proved the global existence of a weak solution to initial-
boundary value problem (IBVP) (2) under the assumption that b € |0, %), Pan and
Zhang [25] extended it to b € [0,00). Li and Guo [1] established the global existence
of strong and classical solutions to free boundary Problem (2) for b € [0,00), and the
expanding rates of the interface were also studied. Recently, Li, Shu, et al. [23] proved the
global existence of a solution to Cauchy Problem (2) for b € [0, c0). Chen and Zhang [26]
proved global existence to free boundary problems. Cai, Chen, et al. [27] obtained the
asymptotic behavior of the initial boundary value problem of System (2). However, the



Symmetry 2023, 15,112

30f23

asymptotic behavior to the Cauchy problem is still open and our focus. The research
on numerical and applications in engineering to system of (2) and it’s related models,
see [28-31].

The mission of this paper is to establish the uniform bounds from below and above of
velocity and temperature to the Cauchy problem, and the large-time behavior of strong
solutions with ¥ = &(1 + 6°).

Notations:

(1) Forp > 1,LP = LP(R) denotes the L? space with the norm || - || . For k > 1 and
p > 1, WkP = WP (R) denotes the Sobolev space, whose norm is denoted as || - ||y,
H* = WK2(R). For k > 1and p > 1, DF?(R) denotes the homogeneous Sobolev
space, the norm of f € D*P(R) is || f¥|| € LP(R). Qr = [0, T] x R.

(2) For the sake of simplicity, we denote various positive constants independent of time
T and depending on time T with C and C(T), which may be different at different
occurrences.

Definition 1. (Global strong solution) For any (x,t) € ([0,00) X R), (v,u,0) is called a global
strong solution if

v—1¢€ C([0,00), H'(R)),

8 —1 € C([0,0), H2(R)) N L2([0,
u € L*([0,00), H2(R)) N L2([0, o

Utrut/GtGLz([ ,00), DI2(R)),

o WAy, 7

and (v, u, 0) satisfies both System (2) almost everywhere in R x (0, 00) and Initial Value (4) almost
everywhere in R.

The existence and uniqueness of local solution can be proven with a fixed-point
theorem; see Tani [32], who proved the existence of local solution if the initial (4) and
far-field Condition (5) are satisfied, and y, x are locally Lipschitz-continuous functions on
(v,0). As a special case of the result in [32], the following theorem gives the local existence
for our problem.

Theorem 1. Assume that y and «x satisfy (6) for some positive constants ji and x. If the initial data
(vo, 1o, o) (x) are compatible with far-field Condition (5), satisfying

(vg — 1, ug, 6o —1)(x) € H' x H? x H?, 8)
and there are constants v, 3, 0, 0 such that
0<v<u(x) <7, 0<0<6(x) <0, 9)

then there exists a unique local strong solution (v,u,0)(x, t) to (2) on R x [0, Ty] for some C > 0
depending on the initial data, and T satisfies

C1<o(xt) < C(Tl) cl< U(x t) < C(Ty),
101,10 1ClBg + o I0 =1, 0- 1), >||§1 >ds <cm),  ao
||(u/ 6 — 1)('/ t)H2 + fO || Uxt, Uxt, Uxx Oxt, Oxx ( H ds < C(T1>-

if the initial data further satisfy
vo(x) € CI%, uy(x) € C*H%, 9y € C2He, (11)

then v € C1T%% (R x [0, T1]), u € CTT*1H5 (R x [0, Ty]), and 6 € C2T*1+5 (R x [0, Ty)).
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Thanks to this local existence result, the existence of a global solution is established by
extending the local solution with the help of the global a priori estimates stated in (12) (see
Theorem 2). It is clear that (12) is sufficient to extend the local strong solution to global one
by a standard continuity argument.

The following are the main results of this paper. Some uniform estimate results and
the large-time behavior of the solutions are obtained when the heat conductivity coefficient
is in nondegenerate form with the temperature.

Theorem 2. Assume that the initial data (vo, ug, 6g) satisfy (8), (9), k = &(1+ 6°) (nondegenerate
case) for b € (3,00). Let (v, u, 0) be a solution to (2)~(4) together with far-field Condition (5).
Forany T > 0, there exists a unique global strong solution (v, u, 0) satisfying
_ _ . 2 t o N . 2
1011, 0= AlFey + B 1010 0= D<€
||(”/ 6 — 1)("t)HH2(R) + fO H(Uxt/ Uxx, Uxt, Uxx, Oxt, 9xx)('/ S)”LZ(R)dS <C.

Moreover, there exists a positive constant C depending only on y,x, R, ¢y, v, 8, and the initial
value; the following uniform estimate holds

C1<O(x,t)<C, Cl'<olxt)<C, (13)
and large-time behavior is obtained
lim (0 = 1, 1, 0 = 1)(®) lLomy + | @x, 1, (Dl 2(my) =0, (19
forany p € (2, 00].

Remark 1. Jiang [12] and Li [16] proved the results in Theorem 2 when x was a constant. Jiang
obtained the positive upper and lower bounds of v(x, t), and Li proved that 6(x,t) was bounded
from below and above, and the solution was asymptotically stable as time tended to infinity for large
initial data.

Remark 2. The global existence of a solution and large time were obtained in Theorem 2 for
x = &(1+ 6Y). The global existence for k = &6° could also be obtained, but Large Time (14) failed
for this case in our method.

We now outline the main ideas and difficulties in our problem compared to previous
results. The existence of strong solutions can be easily obtained due to pioneering works,
e.g., Tani [32], Kazhikhov [4], and Jesssen and Karper [24]. For the large-time behavior
of such a solution, obtaining the uniform positive lower and upper bounds of v(x,t) and
0(x, t) is a great challenge due to the strong nonlinearity of x = &(1 + 6?). Jiang obtained
uniform positive lower and upper bounds on v(x, t) in [12] with a decent localized version
of the expression for v(x,t) when x was a constant. Li and Liang deduced the uniform
positive lower and upper bounds on temperature 0(x, t) in [16] with a smart test function
method. However, there methods could not be applied to our case, since it is difficult
to obtain the uniform bounds of the high-order estimate (||6y|| 12(r)), and bounds of 6
from below and above. To overcome such a difficulty, motivated by [1,25], we obtained
the high-order estimate Y (t) = sup,;7 ||6°6x||;2 with an iterative method. The crucial
techniques of proofs in [25] could not be adapted directly here since their arguments
depend on bounded domain and boundary conditions that were different from ours, and
we could not obtain L”(p > 1) norm of 6 — 1 under the far-field condition in this paper
with an unbounded domain. In combination with the above methods in the literature, we
discuss it withg a space separation technique and iterative method that could obtain the
global existence of a solution. Then, combining the lower bound of the temperature when
t € [0, Tp| induced by the comparison principle and the lower bound when t € (T, o)
obtained from a well-designed continuation argument for some suitable fixed Ty € [0, 0),
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the positive pointwise boundedness of 8(x, t) from below and above independent of time
and the large-time decay behavior of solutions could be obtained.

The rest of the paper is organized as follows. In Section 2, we give some a priori
estimates, and prove the uniform positive lower and upper bounds of v(x, t) independent
of time. In Section 3, on the basis of the local existence of the solutions and the a priori
estimates in Section 2, we prove the global existence of solution with a standard conti-
nuity argument. In Section 4, we give the asymptotic behavior of the global solution for
k= &(1+6).

2. A Priori Estimates

In this section, we perform a sequence of estimates. We proved that volume v(x, t)
was pointwise bounded from below and above independent of time. This is a key step in
the proof of both the global existence and asymptotic behavior of the solution. Assume that
(v, u, 0)(x,t) is the unique strong solution of (2), defined on R x [0, Ty] for some T > 0.

Lemma 1. There are positive constants eg and C independent of T, such that

sup <1u2_|_R(U—1nU—1)—|—cz,(9—ln9—1)>dx
0<t<oo R 2

2 b\ n2
[ [ ouy [ (1+67)6y

— t - < 1
+u/0 /Rvgdxd +x/0 /R LRt < o, (15)

Let Qp(t) = {x € R|0(x,t) > M > 1}; we derive from (15) that
*  Jo,l0—1dx<C [y (0—Inb—1)dx <C,

©  Jaja, 10— 1dx < C [y, (6 —In6—1)dx < C.

Proof. By using Equation (2c) and a far-field condition, we obtain after a straightforward
calculation that

(% (% (%

b 2
c09t+Ru"6 —k(mg)g"> —I—ﬁ(ux) . (16)
X

Multiplying (2a) by R(1 — v~ 1), (2b) by u, (16) by (1 —6~!), and adding them together,
we obtain

1, U2 (1+6Y)62
(2u —I—R(U—lnv—l)+cz,(9—ln9—1)>t—|—yv—l—K920
0 1+ 6%)02
:g(””x)x—R(u)x+Rux+k((1—61)( +07) ") . (17)
[y v v X

Using Taylor’s theorem, (8) and Sobolev’s imbedding theorem (H! — L), we have

1
/R <2u% + R(vg —Invg — 1) + ¢4 (g — In 6y — 1))dx < C(1+ |[(vo —1,u0,600 — 1)H%{1)

Integrating (17) over R and using far-field Condition (5) obtains (15). The proof of
Lemma 1 is finished. O

For some positive integer k, let ¢ € W (R) be defined by

1, x<k+1;
=1 k+2—x, k+1<x<k+2;
0, x>k+2.
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For simplicity, we denote ) := (k, k + 1] for Cauchy problem. Then, the bounds
of v(x,t) dependent on T can be obtained. We prove the pointwise bounds on a specific
volume into two parts, when t € [0, T| and t € (T, o) for some suitable T.

Lemma 2. There exists a positive constant C, such that
CHT) <ov(x,t), (18)
forall (x,t) € R x[0,T].

Proof. For any x € (), we have the following local representation via Lemma 1:
k+1
/k [(0—1Ino—1)+ (6 — In6 — 1)]dx < e, (19)
which, together with Jensen'’s inequality, yields
k1 k+1
< /k v(x, H)dx <, a1 < /k O(x,t)dx < ap, (20)

where 0 < &1 < 1 < &y are two roots of
x—Inx—1=e¢p.

Moreover, it follows from (19) that, for any ¢t > 0, there exists some by (t) € [k, k + 1],
such that
(v—Inv—1)+ (0 —In6 —1)(bk(t),t) < ep,
which implies
wy < o(be(t),t) <ag, wp < O(be(t), 1) < ap. (21)

A V”x &9 = fi(Inv); — R9 , we write (2b) as

Letting 0 =
Ut = Oy. (22)

Multiplying (2b) by ¢ gives

o= [ 2) ()

Integrating over (x, o) (x € ()) with respect to x and recalling (2a) and the definition
of ¢, we have

Y _ (Pux _RE /°° &_Rj
/x[qm]tdy = <v U)er <v Pxdy
RO k+2 (fu, RO
= 1 ———/ — — — |dy, € (. 23
plinely = 50— [ (P - Sy xeon @)

Furthermore, integrating over [0, ¢], one has

© t
/x (1o — u)(de = ﬁ(lnv —Inwyp) —/0 &ds

g

ilx _ T)dyds, x € . (24)
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Denote

B, t) = w0exp { 1 [ () — ulw 1))y |,

—exp{ //km{ Ux _RY }dyds} (25)

Taking the exponential on both sides of (24), the following relation appears:

1 1 t RO
= - > )
Bx, HhY(t) o(xt) P {/0 ﬁvdS}f x €y, t>0 (26)
Multiplying (26) by w and integrating over (0, t), we infer

exp{?/ot zg;z;ds} = l—i-I;/Ot B(exff;;)(s)ds

Substituting the above identity into (26), we obtain

v(x,t) = B(x,t)Y(t) + R [P Bl HY(Y) 0

—_— > 0.
7 Jo Blx,5)Y(s) (x,8)ds, x€Qy, t>0 (27)

Since

/x°°(u(y, t) — Mo(y))q’(y)dy’ < (/Qk uzdyf * (/Qk ”%dyf =l

we deduce from (25)

C (ep) < B(x,t) < C(ep). (28)

Moreover, integrating (27) with respect to x over [k, k + 1] gives

Ygt)/kkﬂ (x, t)alx/kk+1 B(x,t) (1+/ IBJC)?(T)dT>dx'

Hence, we have
1
Y(t)

where (15), (20), and (28) were used, as well as the following simple fact:

t
< Clan) + Clay a3, 00) | Y(lr)dr, (29)

k+1 k+1
J deSC(eo) | 00x 1) < Cllz o). G0

Applying the Gronwall’s inequality to (29) gives

— <
Y(t) S C(T,(Xl,DQ,EO), (31)
which implies that, for any positive integer k and (x,t) € [k,k+ 1] x [0, T], from (27),
we have
C YT, a1,a2,e0) < v(x,t). (32)

From (29), there exists a suitable constant N > 0, such that v(x,t) > C~1(T) when
k < N. Combining the fact v(x,t) — 1 as |x| — oo, one has v(x,t) > 1 —e whenk > N
and € small enough. So, the bounds of v(x, t) from below are obtained in R x [0, T]. [
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Lemma 3. Forany t € [0, T|, and positive constants C(T), it holds that
6 > C(T). (33)
Proof. Letf = %, and rewrite Equation (16) as follows:
0 Ruy 1 K(é)éx) 2
—_—— = - — Z —x, 34
62 vl oy ( 002 * ) (34)
So,
~ ROu, 6% (x(0)0y 16?2
0 = + — > —
CyU o \ 00 N Co¥
B <K(é)9_x> _ 2«(0)0;  pbtui N ROuy
- v ), cov0 CoU )
_ (x(0)0:\  2x(0)67  @b* 2 Ruy
B Cp0 ¥ cvvé Cp0 x ﬁé
2\ Ng2 702 2 2
_ (K“’)"x) _2x(O% (ux - 13_) L (35)
U/, cp0b CyU 2416 4ficyv
which implies
_ 0)0 R? 0)0
< (M08 & s < (M) e (36)
U ), 4ficyv v /),

Define the operator L := —a% + (@()x)x and

[

L6 <0 on [0,00) xQ,
0]i—0>0 on Q, (37)
0x500>0 on [0,00),

where 8(x,t) = C(T)t + maxg 0y — 0(x, t); then, with the comparison theorem, we obtain

min 8(x,t) >0,
(x,t)€Qr

which implies

1
bxt) 2 C(T)t + maxg 0y 2 C(T). (38)

This completes the proof of Lemma 3. [

Now, in order to obtain the uniform upper and lower bounds of v(x, t), we first show
the exponential decay of Y (t), and use Representation (27) to obtain the following uniform
bounds on v(x, t).

Lemma 4. There exists a positive constant C independent of t, such that
Cl<o(xt)<C, VxeR, t>0. (39)

Proof. By using (28), one can first prove, by repeating the argument used in [12], the
following estimates:

t t—s
— inf 0(s,-)ds < C— ——
/s [k+11r,1k+2] (5-)ds < C
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forall 0 <s <t < T. Then, one can obtain, with Jenssen’s inequality,

//km[ Ur _gY }dyds

k+2 4,2 k+2 Gd p
< —
- //k+190 //1<+1Uys
< c- R ik g, )/ L ayds
- 2 Js [k+1k+2) k+1 © Y

k+2 -1
< C——/ 6(s, - (/ vdy) ds
[k+l k+2] k+1

< c- / nf 6(s,-)d
- 20(2.5 [k+11k+2] ( )S

t

< C—%S, 0<s<t<T. (40)

Recalling the definition of Y (t) yields that

p-<

Y(t) < Ce™, 8 < Ce €9, wi>0, t>5>0. (41)

On the other hand, for a point by (t) € [k, k + 1] via Lemma 1 implies that
x 1
/ 6310, |dx
bi(t)

k+1 sz 7 k+1 i 3
(/k 062 x) </k ”9’“)

- 3
= \/@(/ - dx) kil o2, 1),
O

, 002 kk+1]

D=

6 <x,t>—e%<bk<t>,t>\ <

k=0,4£1,- - -. By using Young’s inequality, we have

02
C(le,b)—C(az)/ s T max () < 0(x1)
< Clap)(ap, b —I—C/ % —sdxmaxv(-,t). (42)
Oy

Hence, inserting (28), (41), and (42) into (28), one has
t 92
o(x,t) < Ce “ + C/ e Clt=9) (C(zxz, b)+C [ —sdxmaxo(., t))ds,
0 0, 027 a,
Applying Gronwall’s inequality and (15), we conclude
v(x,t) <C, Vx ey, t>0. (43)

Now, we prove the lower bound of v(x, t) independent with T. The proof is divided
into two parts, when t € [0, Tp] and t € (T, o), for some suitable fixed Ty € [0, c0).
When t € [0, Tp], we know that v(x,t) > C(T) via Lemma 2. Regarding t € (Tp, ),
integrating (27) over [k + 1,k + 2|, using the estimate in Lemma 3, we have

0 < CeCtiC /0 t iégds. (44)
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It follows from (20), (28), and (41)—(44) that

Ly(t 62
ont) = G f YE;(Q;—cé zedx)d

> C—C —-C 2 e~ Clt=s) de
> 7 e 9 + /o xds

> C10—C11€ Cge (ct) /2/ / x dde—C9//2/Rv€2
3
> Cio— Y Ji
i=1
> Cqo. (45)

Obviously, via (15), we have J;, [, — 0 as t — co. We also have

t/2 02
]3—C9// dxds Cg/ "dxds%O t— oo.

So, we can take a large enough Tj to ensure that C15 > 0.
Therefore, by combining (43), (29), and (45), one has

C (k) <v(x,t) < C(k),

Due to the far-field condition, we obtain (39). This completes the proof of Lemma 4 (i.e.,
part of (13) in Theorem 2). O

3. Proof of Global Existence

In this section, we apply the results obtained in Section 2 to prove Theorem 2. Moti-
vated by [1], we give the estimate on sup,_;, ¢ [p(1+ 020)02dx, which is the key step in
the proof of Theorem 2.

In our case, nonlinearity x on 6 requires further attention on the control of 6. For this
purpose, one of the main ingredients in this paper is the following lemma-refined estimates
on temperature. In order to obtain the higher-order estimates to the solution, we follow the
framework introduced in [1], and define the following two functionals

Z(t) = sup uix(x,t)dx, Y(t) = sup (1+62b)932((x,t)dx. (46)
0<t<T/R o<t<T /R

These two functionals are useful in depicting the tangled relations of the higher order
and upper bound of 6. First, we have that the following lemma holds.

Lemma 5. For some positive constant, we have

sup 6 <C+ CY2b+13—¢5/ 47)
Rx[0,T]

sup |uy| < C+CZ8. (48)
Rx[0,T]

forany (x,t) € Qr.
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Proof. For a small constant §, via the Gagliardo-Nirenberg inequality, we infer that

sup|9_1|2b+3—5 = sup (_/ (|9_1|2b+3—5)xdy>
R R x
< c/ 10— 1122200, |dx
R
< c/ (1 + 620)62dx + c/ 16— 1[20+4-20x
R QMUR/Qum
< c/ (14 62)62dx + Csup 0 — 1|2h+3*25/ 16— 1|dx
R R Qum
+Csup |6 — 1|2b+2*25/ |6 —1|%dx
R R/Qm
< C+esup|f—1/23 4 Cy, (49)
R
which implies
supf <sup|0—1|+1
R R
< C 4 CYmiss, (50)

where we used the fact that [§ — 1/% < C(1 4 6?"), Lemma 1 and Young inequality.
Regarding (48), we have

sup|ux|2§/u§dx+2/ [ty 1y |dx
R R R

1 1 1 1
2 2 2 2
< (/Rude) (/Ruixdx) +2</Ru)2cdx) (/Ru%xdx>
! % %
1
<C222/2d)</2d></2d>
< + ( Ru X Ruxx X Ruxx X

<C+Czi

This completes the proof of Lemma 5. [

In addition, we have the following key estimate.

Lemma 6. For a positive constant C,0 < t < T and b > 2, it holds that

T
/sup|9—1|b+1dt§C (51)
0 R
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Proof. Through the Gagliardo-Nirenberg inequality and Lemma 1, we infer that

T
/sup|9—1\b+1dt:/ sup(|9—1\b+1)2dt
0 R 0

1
T 7 5
g/ (/ |9—1”+1dx) </ 9—1|’719§dx> dt
0 R R
T % %
g/ (/ |0—1|b+1dx> sup|9—1|%(/ |9—1|“9§dx> dt
0 QM R R
1 1
T 5 ]
+/ (/ |9—1|b+1dx> sup9—1|(/ |9—1|b3e§dx> dt
0 R/QM R R

T
< s/ sup|9—1\b+1dt+c/ |9—1|b—29,%dxdt+c/Q 10— 1|"-302dxdt
0 T

T
<s/ sup|9—1\b+1dt+c/ 9 )9211 dt
0
T
Se/ sup |0 —1|"*1dt + C. (52)
JO R

Here, we use the fact that, for b > 2 and x = &(1 + 6), we have

_ 1+0°
0" 202 dxdt < / dxdt,
/QT * Qr 62

and forb > 1

0P =362dxdt < c/ ;dxdt+c/ R gt
Qr 0

It yields that
T
/ sup |6 — 1/71dt < C. (53)
0 R

Then, the proof of Lemma 6 is completed. O

The following lemma gives estimates on the L2 norm of vy.

Lemma 7. Forany t € [0, T|, there exists a constant C independent of time; it holds that

sup | vldx+ / 0v2dxdt < C + CY7755, (54)
o<t<T /R Qr

Proof. First, integrating (2b) multiplied by %" over R, we obtain that, after using (2a),

S L Ger s
5 Rvd R <) dx + Rutvdx

2
_R/ "v"d —R/ vad +;t/ ”Z"dw/ﬂdx

uv
< X - X X / X
<C Rwd dt/ x4+ [ Zdx, (55)

which together with (15), which yields

/ xd +/ xdxdt<C+sup6/ xdxdt<C+CY2b+3é
RU
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We have the following relationship between the high-order estimates on u(x, t) and Y.

Lemma 8. Forany t € [0, T|, we have following estimate:

sup [ 1ldx+ / W2 dxdt < C + CYTi5s, (56)
o<t<T /R Qr

Proof. We rewrite the momentum equation into the following form:

" — fixx _ _yuxzvx RO, n RB;J,(. (57)
v v [ [

Multiplying (57) by uyx, and integrating in x over R, one has

- a2
sup ufcdx+/ %dxdt

o<t<T/R
R
<C+ fux0 xuxdedt‘ ’/ ‘ ‘/ vauxxd dt‘
Jor  ? Qr Qr v
<c+ B xxdxdt+C/ W30 + 02 + %02 ) doxdt. (58)
4 Jor v

According to Equation (2a) and the far-field conditions, one has

T T X
/ sup uldt = 2/ sup/ Uy Uy dydt
U

1 ( o) ( [ )

Hence, via (15), Young's inequality, and the uniform boundedness of v(x, t), we have

the term
2.2
/QT usvydxdt

IN

IN

T
/OsupuZdt sup/ v2dx

0<t<T

1
2
C/ (/ 2dx) </ uxxdx> dt sup | vidx
R 0<t<T /R

2 2
< s/ mdxdtvLC/ u%dxdt( sup /v%dx)
Qr © Qr 0<t<T/R

2

< s/ Yxx gvdt + CY® S 4+ C.
Qr ©

IN

For the other two terms, we have the following estimate

2
/ (6 + 6%0%)dxdt < sup6? / O jear +supf [ Ovidxdt
Qr Qr

Qr vf Qr Qr
< Csup®?+ Csup0Yziss
Qr Qr

< CYZ55 4 C,
Here, we use (15) and Lemma 7. Then, (58) shows that Lemma 8 holds. [

The relation of Y and Z is given in the following lemma.
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Lemma 9. For any (x,t) € Q and positive constant C, we have

Y+ [ (1+6)02dxdt < C+eZ. (59)
Qr

Proof. Define K(v,60) = % + %. Multiplying (16) by K}, integrating over Qr and by

parts, we have

= b
Gthdxdt + £ wthdxdt = /
Qr Co JQr % Qr

)
(’*”x - Reu’“)l(tdxdt.
CyU CyU

(60)
Then, we compute

o (L6006 6o 0"y
‘ v v (1+Db)o*

(. (14690 fo, 6o,
! v * (1+b)o*

(1+6%0,,  20v,u, 20",
v ) 03 (1+b)o°

(1+6%)00,  Ouyy 07 Puy,

- v? o (1+ b)v?

(14 6%)0,
v

th:(

= )t + K.

Hence, we have

20\ 92 b\p2
R Qr

v? 4

1+b K 1 b =
<ot 0 etu,;+99t2uxdxdt_£/ AH 00 g var (61)
or (1+0)0* v ol P

22
+ (” . Reux>thxdt
Qr 0

[

3
i=1

Next, we give the estimate on I;, I, I3. Using Lemmas 1 and 5, the first term can be
estimated as follows:

dxdt

01001, 06,uy
L = / 2 2
or (14+0b)v v

e / (14 6°)02dxdt + C / (0742 4 02)udxdt
JQr Qr

IN

2
< s/ (1+9b)9t2dxdt+sup(9b+3+63)/ Y3 dxdt
Qr Or Qr 0

< ¢ / (1 + 07)62dxdt + CY 535 + C. (63)
Qr
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Then, we turn to estimate I. We divide the proof into three parts through the lemmas
proved in Section 2, Lemmas 5-8, and the interpolation inequality.

o< CJ (<9+0”2b)exuxvx\+<1+02b)|exetvx
T
3
+(6 + 91+2h)|9xuxx|>dxdt =Y D (64)
i=1

We now give the estimate on by (j = 1,2,3) term by term. For term I;, whenb > 1,
one has

IN

I C ((9 + 0122) |0 1y | dxdt
Qr

6302 \? 2
sup |ux| K/ 62" dxdt) (/ Gvidxdt>
Qr Qr Qr
1
2

1
2
+< 93h9§dxdt)< 92+bv§dxdt>]
Qr Qr

1

z

C(1+Z3%) {Y2b+235 + sup 61 < 62+bv§dxdt> ]
or Qr

IN

IN

IN

T .
C(1+z#) [YZHZH —|—sup9b+1(/ sup|9—1\b+1/ Bv2dxdt +
Or 0 R R

1
2
+ evidxdt) ]
Qr
2
C(1+Zg){Y2b+236 +sup9b+1<csup9 v,%dx++Yzb+lsa) }
Qr Qr R

C(1+23) {c + CYszsz—a}

IN

IN

C+ CZ8b1-0) 4 ey < CH CZ28 + €Y
C+eZ+ey

IN A

Here, we use (15), (47), (48), (51), (54), and Young’s inequality.
Regarding Iy,

by < / (1 + 62)(0:6;05 |dxdt
Qr
T
< s/ (1+9b)93dxdt+csup(1+9h)/ sup(9§+92b9§)dt/v§dx
QT QT 0 R R

T
< £/ (14 6%)0?dxdt + Csup(1+6°) / sup (62 + 92h9§)th2b+1376
QT QT 0 R

T
< e / (1 + 0Y)62dxdt + C(1 + Y737) / sup(1 + 62)62dt. (65)
JQr JO R
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For the last term in the right-hand side of (65), we have the following estimate:
T
/ sup(1 4 6%°)62dt
0 R

dxdt

b
< [ (1te)e2axar+c [ 1F0)0%
Qr Qr %

(222),

1

2
< C+Csupp®*?+C <(1 + sup 6?) / ebzeidxdt) X
Qr Qr T

1
2
< /Q (14 6°)(6% +ut + 62u§)dxdt>
T

< C+CYnsT 4 c(1+ Y2b+]3—o‘) (/

Qr

(1 + 01)02dxdt + / (1 + 0%)ubduxdt
Qr

1
2
(6% + sup 6°+2) / uidxdt)
Qr Qr
b+4

< C—|—CY2b+3 5 4 Y2@0+3-3) +€/ (1+9h)9t2dxdt

Qr

1
2
+C(1 + Ys) ( [+ eb)ugﬁdxdt) .
Qr
Then, using (56) and the Gagliardo-Nirenberg inequality, we infer that
%
(1+sup 9%) (/ uidxdt)

Qr Qr

1
b T ’
C(1+Y2(2b+3—5))(/ ||H2|L°°|uxx||%2dt>
0

<
< C(1+YT (/ /u\ux|dx/ 2 dxdt)
1 1 1
C(l—l—Y”bf3 %) )(/T (/ uzdx)2</ uzdx> /u2 dxdif)2
< —
- 0o \/r R R

< C(1+Y22bf35) sup </ 2dx> (/ /u dxdt>
0<t<T

C (1 LY 2(2bf3—5) ) Y 4(2b-§3—5) Y 2(2b+3—5)

IN

2b+9
< CY®@®+3-9) 4 C,
Then, we can obtain that

W |y o byg2
Ip < C+CYBH33 4+ YA )+ CY« ) +e | (14+607)0rdxdt

Qr

IN

CteZ +ey+ s/ (14 6°)02dxdt,

Qr

Here, we use the fact thatif b > %; then, % <1.

(66)

(67)
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Regarding I3,

Iy < C /Q (6 4 612) |01y |dxdlt
T

1 1

2 2
2 2n2

12 dxdt / 620 dxdt)
(/QT o > ( Qr *

<
: ;
+< / 91+bu§xdxdt) ( / 93b+19,%dxdt>
Qr Qr
: ! :
< C+H CY2@+3-9) 4 sup 't (/ uixdxdt> sup 0% (/ Gb_29§dxdt>
Qr Qr Qr Qr

< C+CY“1’+35 +CY22h+36 < C+eZ+eY.

A T

Here, we use the fact that i 3(26433)

7
2(2b+3-5)
Then, we give the estimate on I,

/ (Ru§ B ﬂ@ux> <(1+9b)9t b 9Py, )dxdt
Or \ CoU  Cpv v v? (14 b)o?

e/ (1+9b)e%dxdt+c/ ((1+ ) g [* + 0u
Qr Qr

I3

IN

+0103 4 (14 010)0u2 + 0% + 6702 ) dxdt

< e/ (1+6")62dxdt + C(1 + sup 6°) / utdxdt
Qr Qr Qr

2
+Csup 6’ +2 sup i \/ xdde— C(1+sup 9b+3)/ %dxdt
Qr Qr Qr

< e / 1+ Gb)Gtzdxdt 4 oYt 4 oy aE Z8 4 oy a4 C
JQr

< C+£Z+£Y+s/ (1 + 6)62dxdt.

Qr

Here, we use the fact that % <1,if b > % and zbi% < %, ifb > %

Adding the estimations of 1, I, I3 and taking a suitable ¢, it holds that

Y+ [ (1+6%)0%dxdt < C+eZ.
Qr

This completes the proof of Lemma 9. [

Next, we give the uniform boundedness of z.

Lemma 10. Forany b € (3,00) and (x,t) € Qr, it holds that

sup | u?dx +/ u2dxdt < C+e,7, (68)
lo,1) /R Qr

Z<C, Y<C. (69)
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Proof. Differentiating (2b) with respect to ¢, multiplying by u;, and integrating over Qr

yields
2 22
[ b+ [ Staxar<ct (””2 L RO 9uzx>uxtdxdt+ C
R Qr v Qr \ v [ v
2
< s/ Ut dvdt + c/ (4 + 02 + u26%)dxdt + C
Qr v Qr
Uy 2
<e / Uit grdt + [ 02dxdt
Qr v Qr
2
+C(sup u20 + sup 6%) / " gxdt + C
Qr Qr Qr ¢
u? 3.1 3
<e [ Syt +czivets 4 CYmes 4+C
Qr v
42
< s/ 2taxdt +C+erZ, (70)
Qr v

Here, we use (59) and the fact that m < %, if b > % This completes the proof
of (68).
Rewrite Equation (2b) as

Hyy -+ <R9> + ,al/lxzvxl
v v X

v
which implies that
z < COZ?ET (/R uzdx + /R u2vldx + /R 02dx + /R 92U§dx>
< C <1 +e7 + sgf(ui +6%) /R v2dx + /R 9§dx>
< c(1+szz+ziyzb+ls—a +Y> < C+esZ. (71)

Substituting (59) into (71), we obtain
Z<C, YLC. (72)
This completes the proof. [

By Lemmas 5-10, we have the following high-order estimates.

Lemma 11. Via the estimations above, for any b € (g, o) and (x,t) € Qr, it holds

supf < C, supluy| <C, (14 6°)0%dxdt < C, (73)
Qr Qr Qr
sup [ (u? +v?)dx —i—/ u2 dxdt +/ (12, + v2,)dxdt < C. (74)
0<t<T /R Qr Qr

It remains to obtain the L?(R)-norm bound of 6;, L?(Qr)-norm bound of 8 and 6y.
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Lemma 12. Forany b € (3,00) and (x,t) € Qr, it holds that

sup [ 6%dx + / 62, dxdt + / 62, dxdt < C. (75)
0<t<T/R Qr Qr

Proof. Differentiating the temperature equation with respect to t, multiplying the result
equation by 6, and integrating over Qt using (73) and (74) gives

d

E/ROtzdx—i-/R(l-i-Gb)H%tdx

< C/R|9xt|(|9t||“x| + [ + [ttt | + 18] [6x] + (6|12 ])dx

< e/Regthc/R(eimi)e%dHc /#9,%u§dx+C/R(u,2c+9t2+u§t)dx

< e/ egtdx+C(supu§+sup9§)/ 9%dx+c/(9%+u§t)dx+c. (76)
R R R R R

Combining this with (66) and (72) , we have

T
/ sup 02dt < C.
0 R
Then, applying the Gronwall inequality on (76) yields

sup | 6%dx + / (1 4 6Y)6%,dxdt < C. 77)
0<t<T /R Qr

Next, we rewrite the temperature equation as follows:

7

(1460 _ 6, + RO _ ﬁuj _ bRo"TOR k9b92xvx
0 % % 0 v

which gives
/R(l 46202, dx < C /R(e% 12+t + 0t 4 0202)dx

< C+Csupb2<C+C /]R 10,01 |dx
R .

. 2
<Cc+C ( /R eixdx) , (78)

and implies

sup | 6%2.dx <C.
0<t<T /R

We complete the proof of Lemma 12. O

It is clear that we carried out all estimates in (12) of Theorem 2. Then, Theorem 2
follows via the standard procedures. We omitted the details.

4. Proof of Asymptotic Behavior

With Lemmas 7-11 in hand, we study the asymptotic behavior as t — oo of the solu-
tions to System (2) with x = %(1+ 6%) for b € (3, c0) in this section. When b = 0, see Li [16],
who deduced the uniform positive lower and upper bounds on temperature 6(x, t) with a
smart test function.
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The following large-time behavior of global solutions together with Lemmas 7-11
finish the proof of Theorem 2.

Lemma 13. Forall t € [0,00) and b € (3,00), it holds that

cCl<omxt)<c (79)

lim ([[(0—1,1,6 = 1)(8) | y(r) + 1 (vx, 42, 02) (D] 12 w)) = O, (80)

t—o0
forany p € (2, 00].

Proof. Integrating (2b) multiplied by uy, over R leads to

®|d 2 xx
/Odt/ dxdt+// Yax 1 dt

SC/ (supui)/ 2dxdt+sup9/ szdxdtJrC/ /szxdt
Jo

< C/ sup u2dt+C sup 9/ / xdxdt—i— C
Rx[0,00) 6
<C. (81)

Next, multiplying the temperature equation by 0y, and integrating over R leads to

(1+ 6” 02
62dx / (40705
S ek

b—1p2 2
= —bk/ de+k/ L?cexxdx_ﬁ/ L%dx+R/ de' (82)
R 4 R R 0 R ©

(%

Using the Cauchy inequality and Sobolev interpolation inequality gives

/Oo / Qb_leigxxdx+/ oY vaxexxd B / ”?cemcdx+ / Guxexxdx‘dt
0 R (Y JR U JR U JR (Y

<c /0 16el 2 10 2 16 wdtt + C /0 16el 210 o [0 [ 2t

+CA WHMNMMMWMyﬂ+CA [16xx [ 2 ||| 20t
00 1 1 1 1 o
SCA wmmxwmmm%wfﬂwmwmwmnm+c4 (16 | 12 M| x| 20
< s/ / 62, dxdt + C. (83)
0 JR

It follows from (81) and (83) that

© /ld
L7 (| ot

R)| T |ux(.,t)||%2(R)>dt

[T (|0t 0| + 16 Dl )t < €, (59
which gives
tim (e ) 2y + 105 D 2m)) = 0. 5)
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Thanks to the uniform lower and upper bounds of v(x, t), and upper bounds of 6(x, t),
we have

sup [ (v—1)%dx+ sup / —1)%dx

0<t<co /R 0<t<co
<Csup [ (v—Inv—1)dx+C sup [ (6 —Inf—1)dx <C. (86)
0<t<co /R 0<t<oco /R

On the other hand, we have the following estimates for all t > 0:

16 =DCDIEER < CHO=1)C 0 2m)16x ()2
< CllOC D)l 2wy (87)
and
lo-1DCHRE < Cle=1D0 ot Dlee
< Cllost )l (58)
This, combined with (85), shows
Lim {l6(-/ ) = 1llcw) = 0. (89)

Hence, there exists some Ty > 0 such that for all (x,¢) € R x [Ty, o)

<0(x 1) < g (90)

N[ —

Lastly, it follows from the proof in Lemma 3 that there exists a constant, such that, for
all (x,t) € R x [0, Ty
0(x,t) > C(Tp).

Hence, we have
C 1 <0(x,t) <C forall t € [0,00). (91)

Then, combining with Lemma 7, one has

© /d
/O <‘dt||vx(',t>||iz(R) +||vx(-,t)\liz<R)>df§C' (92)
it yields that
Jlim [[ox (-, )| 2z) = 0. ®3)

The pointwise bounds of v(x,t) and 6(x, t) from below and above independent of
time were proven in Lemmas 4 and 13. The asymptotic behavior as ¢t — co of the solutions
was proven in Lemma 13. This completes the proof of Theorem 2. [

5. Conclusions

In this paper, we considered the Cauchy problems to a one-dimensional compressible
Navier-Stokes system with temperature-dependent heat conductivity, and general large
initial data and far-field conditions. We proved that velocity and temperature are uniformly
bounded from below and above in time and space. Further, we proved that the global
solution was asymptotically stable as time tended to infinity for b > % Our approaches
relied upon the maximal principle, and the iteration and energy estimate method. The
conclusions in this manuscript are primitive. However, there are limitations to this con-
clusion because the corresponding results were not obtained when 0 < b < % We can
further study the global well-posedness to System (2) with a viscosity coefficient and heat
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conduction coefficient that are both dependent on density and temperature. However,
there is a great challenge: since we could not obtain an expression for velocity as in (27), the
uniform estimates to velocity and temperature were difficult to obtain with the Gronwall
inequality. Therefore, there were only some small initial value conclusions in this situation.
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