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Abstract: In this article, with the help of Leibniz integral rule on time scales, we prove some new
dynamic inequalities of Gronwall-Bellman—Pachpatte-type on time scales. These inequalities can
be used as handy tools to study the qualitative and quantitative properties of solutions of the initial
boundary value problem for partial delay dynamic equation.
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1. Introduction
In [1], the authors discussed the following results:

() ro(t)
e < ato+ [ [ Sienlfena@en)

+/0g S2(x, 1)@ (©(x, 1))dx]dnds,

(0) o)
we s [ [ sienirene©e el )

S
+ [ S20r @ (@ 1)dxlande,

rog,t)) <

and

0(0) (1)
a(frt)+/0” /Ol“ S1(6,m)[f (6, m)E(O(¢,1))@(O(¢, 1))

+ /0 "0 m2(O@(x 1))@ (O, 1))dxldrde,

rog,t) <

where O, f, & € C(; x I,,R}), a € C({,Ry) are nondecreasing functions, I;, I € R,
0 € Cl(I;,I;),8 € C'(I, I,) are nondecreasing with 8(¢) < ¢ on Ij, 9(t) < t on I,
31, 3 € C(LRy), and T, {, @ € C(Ry,R,) with {T,{,®}(®) > 0 for ® > 0, and

@lim I'(®) = +oo.
—>+00
Recently, Gronwall-Bellman-type inequalities, which have several applications in the

qualitative and quantitative behavior, have been developed by many mathematicians and
several refinements and extensions have been made to the previous results; we refer the
reader to the works of [2-13].
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Time scales calculus with the objective to unify discrete and continuous analysis was
introduced by S. Hilger [14]. For additional subtleties on time scales, we refer the reader to
the books by Bohner and Peterson [15,16].

Theorem 1 ([16]). Suppose ITon [a,b], is V-integrable then so is |I1|, and
b b
[ 1wy < [ineie

Theorem 2 ([11] Leibniz Integral Rule on Time Scales). In the following by A®(o,¢) we mean
the delta derivative of A(o, ) with respect to o. Similarly, AV (o,¢) is understood. If A, A® and
AV are continuous, and u,h : T — T are delta differentiable functions, then the following formulas
holds Vo € T*.

(0) A (0)
) UT; A(Q,g)Ag] —/ulzgj A (0,6)A¢ + 1™ (0)A(e(0), h(e)) — u(0)A(v(e), u(0));

Vo e
- /lz " A (0, 0)A¢ + 7 (0)A(p(0), (@) — u¥ (o) Alp(e), u(0));

h(o)
W [/u@) Aee)Ae 0)

h(e) A h(e)
i | [ MeoVe] = [ A%00) Ve + @A (), he) ~ 1 (@A (e(e), u(0)
u(e) u(e)

(0 v (o)
(iv) [/k Y Ao o)Ve| = /h Y AV (0,0)Ve+ 1Y () A(p(0), h(0)) — u¥ (@) Alp(a), u(a))
u(e) u(o)

In this article, by employing the results of Theorems 2, we establish the delayed time
scale case of the inequalities proved in [1]. Further, the results that are proved in this paper
extend some known results in [17-19].

2. Main Results

We start with the following basic lemma:

Lemma 1. Suppose Ty, T are two times scales and a € C(Q = Ty x Ty, R.) is nondecreasing
with respect to ({,t) € Q. Assume that S, ©, f € Cy(Q,Ry), 1y € CL(Ty,Ty) and 1 €
C},(T,, T2) be nondecreasing functions with 1 (¢) < € on Ty, ©a(t) < t on Ty . Furthermore,
suppose I', ¢ € C(R4,Ry) are nondecreasing functions with {T',{}(®) > 0 for ® > 0, and

lim T(®) = 4o0. If O(L, t) satisfies
O— 400

7 (l) ro(t)
r@n) <alt)+ [ [T S(6n)f(emeOlsm)anas 0

for (¢,t) € Q, then

u(l) o)
o, <t {c e+ [T [* st mrecnaac), @

for0 <€ </¢,,0 <t <ty, where

v Ag
Joy C(T71(¢))

and ({1,t1) € Q is chosen so that

+oo A
G(v) = ,0 >0y >0, G(+00) = / 6

W Ty T O

(aem+ [ [ siensicnarac) e bom(c).
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Proof. First, we assume that a(¢,t) > 0. Fixing an arbitrary ({y, ty) € ), we define a
positive and nondecreasing function ¢(¢, t) by

u(l) rul)
p(t,0) =allo to) + [ [ 7 S(6.m) (6 mE(Ols,m)anAg @

for0 </ </y<¥t,0<t<ty<ty,then go(&), t) = QD(E, to) = ﬂ(fo, i’o) and
o(,1) < T (p(6,1)). ®)

Taking A-derivative for (4) with employing Theorem 2(iv), we have

(t)
) = [T @O EENHOm 0, 1)y

to

(t)
20 [ @m0, mE (T pm o), n) A

fo

IN

()

(T @@, @) T O [ S@mO.NfEEO,NA. 6

0

IN

The inequality (6) can be written in the form

P2 (L1) 20§
T (o6, 0) < T (0) /to S(n(6),n)f(m(l),n)dy. )

Taking A-integral for Inequality (7), obtains

Gle(61))

IN

u(l) o)
Glotto )+ [ [ Semflemanae
0 to

IN

() roa(t)
Glaltoto)) + [ [ (e mflsmnac.

Since (4, ty) € Q) is chosen arbitrary,

(l) rn(t)
ot <6 fcaen)+ [M [T stmsicmonsd. ®

From (8) and (5) we obtain the desired result (2). We carry out the above procedure
with € > 0 instead of a(¢,t) when a(¢,t) = 0 and subsequently lete — 0. O

Remark 1. If we take T = R, ¢y = 0and tg = 0 in Lemma 1, then, inequality (1) becomes the
inequality obtained in ([1] Lemma 2.1).

Theorem 3. Let ©, a, f, 7y and T, be as in Lemma 1. Let 31, Iy € Cpq(Q, R). IfO(, t) satisfies

() rm(t)
rewn) < aeo+ [ [ sienlieni©sn)

+ /; S (x, 1)2(O(x, 1)) Ax]AnAg, )

for (¢,t) € Q, then

7 (€)

O((,t) < rl{cl (p(z,t) ),

[ siemsenanc)t a0
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for0 < ¢ <¢y,0 <t <ty, where G is defined by (3) and

T(t) ) .
P(«’@t)ZG(a(&t))f/eo /to %1(917)(/;%z(xrn)Ax)AnAg (11)

and ({1,t1) € Q is chosen so that

( (4, t) + /to q)A;yAg) € Dom(Gil).

Proof. By the same steps of the proof of Lemma 1 we can obtain (10), with suitable
changes. 0O

Remark 2. If we take S5 (¢, t) = 0, then Theorem 3 reduces to Lemma 1.

Corollary 1. Let the functions ©, f, 1, S, a, T and T be as in Theorem 3. Further suppose that
q > p > 0are constants. If ©(L, t) satisfies

10
e1(¢,t) < a(lt) Jr—/1 / (¢, 1O (g, 1)
+ /[ Sa(x, )0 (x, 1) Ax]AnAg, (12)
o

for (¢,t) € Q, then

1

a(l) o) [
o <{pen+ [ [T senrenanc}, 13
where
=p ¢
p(l,t) = (a(L,t)) 7 +/ / (/ %z(x,iy)Ax>A17Ag.
ly to Loy
Proof. In Theorem 3, by letting I'(®) = @7, {(®) = ©F we have
v Ac v Ag q < q9-p ’7—)
G(v :/—2 v —v, ), v>0v9>0
©)= ) T i) wei 4P ’ ’
and

we obtain the inequality (13). O

Theorem 4. Suppose T, {, @ € C(R, Ry be nondecreasing functions with {T', {, @} (©) > 0 for
© > 0, ©(4, t) and with the conditions of Theorem 3, satisfies

7 () o)
LOt) < a(lt)+ /to S1(e,mIf(6,m)E(O(g,1))@(O(c, 1))

Lo
+f 9 S, (0 1)Z(O(x, 7)) Ax] A, (14)

for (¢,t) € Q, then

oo <t o (Frpen+ [ [ sienrenand )b as



Symmetry 2022, 14, 1804 50f 13

for0 < ¢ <¥¢,,0 <t <tq, where Gand p are as in (3), (11), respectively, and

v Ag
Jog @(T1(G71(c)))

and ({1,t1) € Q is chosen so that

F(v) =

,0 >0 >0, F(400) = +o0, (16)

[Epen + [ [ Suen e manac| € Dom(F ).

Proof. Assume thata(/,t) > 0. Fixing an arbitrary (g, fp) € ), we define a positive and
nondecreasing function ¢(¢, t) by

a(l) ra)
ot) = ator)+ [ [M Sienlc @@ )
+ [ 9aGumz @G m)axlanas 17)

for0 </ </y<¥{,0<t<ty<ty,then (P(fo, t) = q)(ﬂ, t()) = a(fo, i’o) and
O(L,t) <T Hg(Lt)). (18)
Taking A-derivative for (17) with employing Theorem 2 (i), gives

T (t)
o () = B0 [ im0, 0O ), 1)e O (0) )

to
7 (€)

*J, 3200 m)E(O(x, 1)) Ax] Ay

20 [ @ [fm oz (T emo,m)e(T om )

IN

+

Tl ([
0

to
| ’ %z(xrn)C(Fl(fp(xw)))Ax} Ay (19)
(0L (T (p(m(0), B(1)) x

/;(t) @O s (T @) + [ S20ma o

IN

From (19), we have

(0, t) (t) o B
ey < 1O LT sm@mn[fmome(r (owm e, ))

Taking A-integral for (20), gives

cloen) < Glotwn)+ [ M sien e (1 pen)

G
+ /E %z(x,n)Ax] Anhg
0

IN

clatto )+ [ [ sutem [ fleme(r pem)

(9
+ /Z S2(x, U)Ax] AnAg.
0
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Since (¢, ty) € ) is chosen arbitrarily, the last inequality can be rewritten as

st <pen+ [ [ siensene(r o) @

Since p(/, t) is a nondecreasing function, an application of Lemma 1 to (21) gives us

ottty <6 (B e+ [T [ siensenannd ). @

From (18) and (22) we obtain the desired inequality (15).

Now, we take the case a({,t) = 0 for some ({,t) € Q. Letac({,t) = a((,t) + ¢,
for all (¢,t) € Q, where € > 0 is arbitrary, then a.(¢,t) > 0 and ac({,t) € C(Q,R;)
be nondecreasing with respect to (¢,t) € Q). We carry out the above procedure with
ae(L,t) > 0 instead of a(¢,t), and we get

ot < r—l{c—l (F‘l [F(pe(&f)) + /[: ; /j(t) gl(g'”)f(g'”)MAgD}

where
T1 / 9
pe(l,t) = G(ac (¢, 1)) /t ( /g %(m)&c) AnAg.
0 0

Letting € — 0", we obtain (15). The proof is complete. [

Remark 3. Ifwe take T = R, ¢y = 0and ty = 0 in Theorem 4, then, inequality (14) becomes the
inequality obtained in ([1], Theorem 2.2(A_2)) .

Corollary 2. Let the functions ©, a, f, 31, S2, 71 and 1 be as in Theorem 3. Further suppose that
q, p and r are constants with p > 0,r > 0and g > p +r. If ©(, t) satisfies

o1(¢,t) < a(lt) ,1)OP (¢, n)O" (¢,

0o < o+ M [ senienercneen
+ [ %260 m@ G maxisnac, 3)
s 40

for (¢,t) € Q, then

1

g—p-r —r (all) ru) =
ot < {pe 0¥ + L= [ aiensemonse T, e

where

pie) = (e, + 2 [ s o ([ sa00max)anc

Proof. An application of Theorem 4 with I'(®) = @1, {(©) = O, and @(®) = O" yields
the desired inequality (24). O

Theorem 5. Suppose T, {,@ € C(Ry,Ry.) be nondecreasing functions with {T,{,@}(®) >0
for ©® > 0, (4, t) and with the conditions of Theorem 3. If © (¢, t) satisfies

F@(1) < alth)+ /ZO /to f(&mE(@(em)@(©(6 1))

+ [ 9200 mE (@G0 m)@(@Ge 1)x | A 25)
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for (¢,t) € Q, then

o) <t et (e + [ [Moienscnand )} eo

for0 < ¢ <¥¢,0 <t <ty where

ottt =BGt + [ [ saten ([ satuman)arag

and ({1,t1) € Q is chosen so that

n(0) )
[Po(&t)Jr /f /t 91(917)f(g,17)A77Ag} € Dom (F ).
0 0

Proof. Assume thata(/,t) > 0. Fixing an arbitrary ({y, ty) € ), we define a positive and
nondecreasing function ¢(¢,t) by

7 (f)
o) = ator)+ [ [MSitenlicni@eno©s)
0
+ [ 9a0emE@Ge )@@ m)axanas
0
for0 </ </fy<¥t,0<t<ty<ty,then go(éo, t) = QD(K, to) = Ll(éo,fo), and

06, 1) <T ' (p(41)). (27)

By the same steps as the proof of Theorem 4, we obtain
_ Tl(/ 1
p(lt) < G { a(fo, to) +/ /t Flema (T (g(s,m))
0
Jr/f %z()m)w F’ (qv()c,ﬂ)))Ax} AUAG}-
0

We define a nonnegative and nondecreasing function v (¢, t) by

o(,t) = Gla(loto)) /to Flema(r(elem)]
+/(§ %‘z(x,n)CO(F‘ (qv(x,n)))Ax} Anlg
then v(£y, t) = v({, ty) = G(a({y, kp)),

p(L,t) < G Mo(4,1)] (28)

and then

S < 0 [ SO, rn0,ne(r (6 em(,0)

fo

st ) e

(t)
r%(é)w(r—l (G‘l(v(fl(ﬂ)ﬁz(t))))) [ si@m@mirme,n

fo

IN

+ / 1) Ax]|Ay,
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or
o™ (4, 1) w(t)
<
oI (G T(w((, b)) — 7 (£) /fo S1(n (), n)[f(u(l),n)
7 (£)
+ ), Selum)ax]sy
0
Taking A-integral for the above inequality, gives
7)) ro(t) G
Fo0) < Feto )+ [ [ sutem |fem + [ Sa0omax|arac
0 0
or
o(f,t) < F_{ (G(a(fo, to)) +/ / [f (5. m)
) to
+ /g %z(x,n)Ax]AnAg}' (29)
0

From (27)—(29), and since (¢, tp) € Q) is chosen arbitrarily, we obtain the desired
inequality (26). If a(¢,t) = 0, we carry out the above procedure with € > 0 instead of a(¢, t)
and subsequently let € — 0. The proof is complete. [J

Remark 4. If we take T = R and £y = 0 and tg = 0 in Theorem 5, then, inequality (25) becomes
the inequality obtained in ([1], Theorem 2.2(A3)).

Corollary 3. Let the functions ©, a, f, 31, S, T and 1p be as in Theorem 3. Further suppose that
q, p and r are constants with p > 0,r > 0and q > p +r. If O(L, t) satisfies

QL) < allt)+ /EO /to Fle,m® (1)@ (¢, 1)
+ /é S20x,m)OF (x, 1)@ (x, 1) Ax|AnAg, (30)

for (¢,t) € Q, then

—p—r ) ) —p-r
o, t) < {Po(é,t) + 1P / / %1(glf7)f(g,f7)A17Ag} , (31)
q Lo ty

where

q=p=r —p—r [l ) G
pult,) = e+ L2 g0 ([ satumar) anse
0 0 0

Proof. An application of Theorem 5 with I'(®) = ©7,((0®) = ©F, and @(©) = O yields
the desired inequality (31). [

Theorem 6. Suppose I, {, @ € C(Ry, R, ) be nondecreasing functions with {T',{,@}(©) > 0
for ® > 0, ©(¢, t) and with the conditions of Theorem 3. If © (¢, t) satisfies

rewn < aen+ [ [ siene@(n) x

{f (6, mE(®(g, 1))+ //j %‘z(x,n)Ax] AnAg, (32)
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oMLt < T

_|_

IN

+

for (¢,t) € Q, then

ot <t ot ( [amen+ [ [ enscnand )} e

for0 <€ <¥¢,,0<t <ty where

v Ag

G = [ a1

+o0
,0 > 19> 0,G1(400) = / = +o0 (34)
o

Ag

derlﬁa%@ﬂ

T(t) () ~
m(f,t):Gl(a(&t)H/ ./t0 %1(€,77)</;%z(>c,17)Ax)AnAg (36)

A 70

Fi(v) =

,0 >0 > 0,F(400) = +o0 (35)

and ({5, tp) € Q) is chosen so that

|:F1(p1<£/t))+./€:(e) /jm %1(g,11)f(€,17)A;7Ag] e Dom(F; ).

Proof. Suppose thata(¢,t) > 0. Fixing an arbitrary (¢, to) € Q), we define a positive and
nondecreasing function ¢(¢, t) by

n(t) (o)
o(tt) = altot)+ [ [T Sile @@ n)f(e @ 1)
Ly to
€ ]
+ /ZO S2(x, 1)Bx | AnAg
for0 </ < /¥y <4t,0<t<ty<ty then (p(fo, l’) = (p(é, fo) = a(ﬂo, to),

O, t) <T Hg(£,1)) (37)

and

2o [ s @[ o) [ et o.m))

(6)
B S2(x, n)Ax] Ay

DO o0 m0)] [ @@ [faone(r omw,mn)

7 (4)

, I2(x, ﬂ)Ax] Ay,
0

then

Doy, (t) _
s < 0 [ @@ ©ne (e o,0)
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Taking A-integral for the above inequality, gives

Gi(p(L 1)) < Gi(g(01) +/T " /to ) 6me(T (olem))
+/€0 S2(x, 1) Ax]AnAg
then

Gi(g(t,t) < Gila(to,to)) + / /to n]feme(r et )
+/€O Sa2(x, 1) Ax]AnAG.

Since (£, tp) € Q is chosen arbitrary, the last inequality can be restated as

Gitott.t) < puet+ [ [ sutenstene(r oten)mnas @)

It is easy to observe that p; (¢, t) is positive and nondecreasing function for all (¢,t) € (),
then an application of Lemma 1 to (38) yields the inequality

ot <6 (B Ao+ [ [ siensensad). e

From (39) and (37) we get the desired inequality (33).
If a(¢,t) = 0, we carry out the above procedure with € > 0 instead of a(¢,t) and
subsequently let e — 0. The proof is complete. O

Remark 5. If we take T = R and £y = 0 and ty = 0 in Theorem 6, then, inequality (33) becomes
the inequality obtained in ([1], Theorem 2.7).

Theorem 7. Suppose I, {,@ € C(Ry, R, ) be nondecreasing functions with {T',{,@}(©) > 0

for ® > 0, ©(¢,t) and with the conditions of Theorem 3 and let p be a nonnegative constant. If
O(¢, t) satisfies

TO1)) < allt) +/£O /to 1)@ (c, 1) X
{f(g,v)é(@)(g,n)) + /eo %‘z(x,n)Ax] AnAg, (40)

for (¢,t) € Q, then

ot <t ot (5 [+ [ [ oienscnand )} @

for0 <€ <¥¢,,0 <t <ty where

_ v Ag _ +0c0 AQ _
Gl(v)—/vo w,vzv0>o,cl(+w)_L0 g =t @

and Fy, py are as in Theorem 6 and ({,tp) € Q) is chosen so that

{Fl(pl(é,t))—k-/:(m /:(t) %1(9,17)f(9,77)A17Ag] € Dom (F").

Proof. An application of Theorem 6, with @(®) = O yields the desired inequality (41). [
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Remark 6. Taking T = R. The inequality established in Theorem 7 generalizes ([19], Theorem
D (withp =1,a(¢,t) =b(l)+c(t), bo=0,tg =0, 31(5, 1) f(c,17) = h(g, 1), and 31(g, 1)
(S S200m8x) = 3(5, 1))

Corollary 4. Suppose T, {,@ € C(R,Ry.) be nondecreasing functions with {I',{,@}(©) > 0
for ® > 0, ©(4, t) and with the conditions of Theorem 3 and let p be a nonnegative constant, and
q > p > 0 be constants. If © (¢, t) satisfies

@61 < a(tt) +—/g /t 7O (g, 1) X
SlemEelem) + /z 0 %z(x,n)AX] pisg @)

for (¢,t) € Q, then

_1

ot < (R [apiem+ [ [ oensenanad T w

for0 <0 <00 <t <ty where

a-p &
p1(6,t) = [a(L, )] +/ / (/ %z(x,ﬂ)Ax>AﬂAg,
2 to by

and Fy is defined in Theorem 7.

Proof. An application of Theorem 7 with T(©(/, t)) = OF to (43) yields the inequality (44);
to save space we omit the details. [

Remark 7. Tuking T =R, ¢y =0,tg =0,a({,t) = b(£) +c(t), 31(5, 1) f (g, 1) = h(g,n), and
(6,1 (féo Q7 X,;y)Ax) <(g,n) in Corollary 4 we obtain ([20], Theorem 1).

Remark 8. Tuking T =R, ¢y =0,ty =0,a({,t) = cﬁ, (6, 1) f(¢,n) = h(n), and 31(¢, 1)
(f;o S (x, q)Ax> = g(17) and keeping t fixed in Corollary 4, we obtain ([21], Theorem 2.1).

3. Application

In the following, we discus the boundedness of the solutions of the initial boundary
value problem for partial delay dynamic equation, which maybe describe environmental
phenomena, physical and engineering sciences, of the form:

()P (,t) = A <€/ (L —hy(€),t —ha(t)), /E: B(g, t, ¢(¢ —hi(g), t))Ag) (45)

@({,to) = ar(£), p(fo, t) = ax(t),a1(fo) = ar,(0) =0

for (¢,t) € Q, where ¢,b € C(Q,R,),A € C(Qx R*>R),B € C({xR,R) and h; €
CL(T1,Ry),hy € CL (T, Ry) are nondecreasing functions such that h1(¢) < ¢ on Ty,
hy(t) < tonTp and h(€) < 1, hy(t) < 1.

Theorem 8. Assume that the functions b, A, B in (45) satisfy the conditions

la1(€) +ax(t)| < a(l,t) (46)

|A(c,1,9,0)] < qip%(g,n)[f(g,n)lqvlu o] (47)

IB(x. 1, ¢)| < S20x,1)|9l, (48)
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where a(¢,t),31(c, 1), f(c,n), and S2(x, 1) are as in Theorem 3, q > p > 0 are constants. If
¢ (¢, t) satisfies (45), then

‘H
<

Tl —
o0 < (et [ [ sienrenaac) T w)
where
q—-r
p(l,t) = (a(Lt))
au(l) o) —
S Ax |AnA
+M1Mz/l0 /to »w(w)(Ml/ Sa(x, 1) x) g
and 1
M1 Max———, M2 Max

ten 1—he(e) teh, 1 — ho(t)

and $1(7,8) = S1(y + i (6), & + (1)), S2(1,8) = S, &+ ha (), f(7,8) = f( +
(6), &+ ha(1)).

Proof. If ¢(/,t) is any solution of (45), then
@1(L,t) = a1 () + ax(t)
0t G
+ /é /t A (g, 1,9(¢ —h(¢), 11— hz(’?))//é B(x,n, ¢(x = (x),n))Ax) AnAg.  (50)
0 0 0
Using the conditions (46)—(48) in (50) we obtain
a—p [* [
ot < aet) + T [ [ Siem[flemlols ~ (o) y ~ ()P
0 0
'
+/z 20 1) e m)|” Ax]AnAg. (51)
0

Now making a change of variables on the right side of (51), ¢ — hy1(¢) = 7,41 — h2(y7) =
¢ l—h(f) =1 for £ € Ty, t — hy(t) = 1o(t) for t € T, we obtain the inequality

- u(l) o) - _
o0l < aton+ St [ 50000 0 0letn 0
+M; /g: %(%C)W(%’?WA@ AEAY. )

We can rewrite the inequality (52) as follows:

el < oo+ = (M [ sien|fenioenr
+M; // z 2001l (e )P Ax] AnAg. (53)

As an application of Corollary 1 to (53) with ©(¢,t) = |¢(¢, t)| we obtain the desired
inequality (49). O

4. Conclusions

Using the Leibniz integral rule on time scales, we examined additional generalisations
of the integral retarded inequality presented in [1] and generalised a few of those inequal-
ities to a generic time scale. We also looked at the qualitative characteristics of various
different dynamic equations’ time-scale solutions. Furthermore, in the future, we think to
extend these results in other directions by using (g, w)-Hahn difference operator.
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