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Abstract: Information entropy indices are widely used for numerical descriptions of chemical struc-
tures, though their applications to the processes are scarce. We have applied our original information
entropy approach to filling fullerenes with a guest atom. The approach takes into account both
the topology and geometry of the fullerene structures. We have studied all possible types of such
fillings and found that information entropy (∆hR) and symmetry changes correlate. ∆hR is negative,
positive or zero if symmetry is increased, reduced or does not change, respectively. The ∆hR value
and structural reorganization entropy, a contribution to ∆hR, are efficient parameters for the digital
classification of the fullerenes involved into the filling process. Based on the calculated values, we
have shown that, as the symmetry of the fullerene cage becomes higher, the structural changes due
to the filling it with a guest atom become larger. The corresponding analytical expressions and
numerical data are discussed.

Keywords: information entropy; symmetry; topology–geometric relations; Jahn–Teller effect;
fullerenes; endofullerenes; classification algorithm

1. Introduction

Information entropy (or Shannon entropy) and related quantities are widely used in
structural and mathematical chemistry for numerically assessing the complexity of chemical
objects [1–12]. One of the most common approaches deduces information entropy values
from molecular graphs by counting atom types and their populations [13,14]. It treats a
molecule as a system of subsets (atom types), whose number corresponds to the number of
the signals in NMR spectra [14,15]. As previously found [13,15–17], such a partition of the
fullerenes correlates with their symmetry point groups within a certain series of related or
isomeric compounds. As the symmetry point group of the molecule becomes higher, its
information entropy becomes lower, as was exemplified with the fullerene isomeric series
of C60 [16] and C84 [15]. Moreover, information entropies of oligomers (C60)n congruently
oscillate with the rotational symmetry numbers depending on the odd/even number of a
homolog in the series [18]. Correlations between the symmetry and information entropy
could be also found in the case of crystalline compounds [12,19].

In general, the information entropy characterizes the complexity of the molecules
more accurately than symmetry [8,20]. Importantly, these estimates may relate to physic-
ochemical processes [7,21–24] and, therefore, may be applicable to searching for correla-
tions between the molecular structure, macroscopic properties, activities, performances,
etc. [4,5,8,11–13,15–17,25–29].

The inner cavity, as an empty space which can be filled with guest atoms, is one of the
attractive features of fullerenes [30,31]. The atoms can be trapped by the fullerene cages
during fullerene synthesis [32], or high-pressure/high-temperature techniques can be used
to introduce guest species inside the yet synthesized fullerenes [33]. In the last case, the

Symmetry 2022, 14, 1800. https://doi.org/10.3390/sym14091800 https://www.mdpi.com/journal/symmetry

https://doi.org/10.3390/sym14091800
https://doi.org/10.3390/sym14091800
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0002-6928-5070
https://orcid.org/0000-0002-9989-7203
https://doi.org/10.3390/sym14091800
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym14091800?type=check_update&version=1


Symmetry 2022, 14, 1800 2 of 19

formal chemical reaction occurs (X is a guest atom and N denotes the number of carbon
atoms in the fullerene cage that is filled):

X + CN → X@CN (1)

Such filling leads to changes in molecular/physicochemical properties and reactivity
(e.g., [30,34–41]) and is accompanied with the slight extending of the fullerene cage [35,39]
(with rare exceptions when the fullerene cage becomes more compact [42,43]). These
changes have been scrutinized both theoretically and experimentally, and such studies
usually include background discussions on the symmetry of the formed endofullerenes.
However, their symmetry has never been addressed in a separate study. Encouraged by
our recent advances in numerical descriptions of exohedral fullerene compounds with
information entropy [13,17,18], we have decided to fill this gap.

In the present work, we consider typical cases of the formation of endofullerenes with
single atoms inside in the aspect of the symmetry changes. For this purpose, we apply our
original information-entropy-based formalism to the analysis of chemical processes [44].
Note that we do not look for correlations between the structural descriptors and the
observed physicochemical properties. We instead focus on the interpretation of information
entropy values in the context of digitalizing structural chemistry.

2. Preliminary Remarks
2.1. Mathematical Description of Fullerene Molecules

Fullerenes are very attractive models for structural chemistry studies, as their molecules
are constructed in line with strict mathematical regularities. The topology of fullerenes
has been discussed in a book [45] and in a comprehensive review [46], so here we make
some important remarks on the relations between the topology, geometry and symmetry of
the molecules.

Fullerenes are molecular objects, and their topology can be represented as molecular
graphs [45,46]. The last ones in fullerene science are called Schlegel diagrams, which are
introduced as the plain projections of polyhedra representing fullerene molecules (see
examples in Section 4.5). Analyzing the corresponding adjacency matrices allows for the
sortation of vertices over inequivalent types. For this purpose, the paths between the
vertices are analyzed, and vertices are distributed over the topological orbits [45,46]. The
exhaustive description of this topological approach can be also found in our studies [15,18].

There are algorithms connecting the topological parameters of Schelegel
diagrams [45,46] with the expected symmetries of the fullerene molecules. Deduced from
the topology, the symmetry of a certain fullerene corresponds to the highest one possible for
this topological structure. In most cases, this ideal symmetry coincides with the actual one
found on the level where geometry (spatial arrangement of atoms) is considered. However,
on this level, reductions in symmetry can take place due to the Jahn–Teller effect (we
scrutinize this case in Section 4.4). This reduction makes topologically equivalent atoms
spatially inequivalent. To account for this geometrical inequivalence, one must perform a
separate study of the symmetry based on the Cartesian coordinates of the atoms that make
up the molecule. The coordinates for this purpose are usually obtained from high-level
quantum chemical computations (e.g., [16,47]).

In brief, the symmetry of a fullerene molecule is deducible from its topology. However,
it is better analyzed with the geometry of the molecule in order not to miss possible
Jahn–Teller symmetry reduction. Herein, the topologies of the fullerene molecule in the
high-symmetry and reduced-symmetry states are identical.

2.2. Information Entropy Formalism Applied to (Endo)Fullerenes

To apply information entropy formalism, the molecule must be presented as the set
of the elements, atoms or bonds. We prefer to deal with representing molecules as sets of
atoms due to two reasons [7]. First, the distribution of the molecule’s atoms over atom types
corresponds to its NMR spectrum, i.e., there is a direct correspondence to experimental
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techniques. The second reason deals with a particular case of the chemical structure of
endofullerenes. The atom placed inside has no covalent bonds with the fullerene cage.
Hence, the molecular graph of endofullerene contains one isolated vertex, and considering
the edges of this structure seems impractical.

Therefore, we treat (endo)fullerenes as sets of atoms which are distributed over atom
types based on their geometries obtained in previous studies.

2.3. Topological Stability of the Fullerene Cages in Endofullerenes

Another note on endofullerenes deals with chemical aspects of their formation. When
formed, the topology of the fullerene cage does not change. This regularity is rarely vi-
olated, and the corresponding cases are far from the objects under the present study, as
they deal with further chemical transformations of the already formed endohedral com-
plexes (e.g., the compression of endofullerenes with reactive fillings [38,48,49], the chemical
reactions of metal carbide endofullerenes [50] and cage-opened fullerene derivatives [51]).

3. Computational Details
3.1. Information Entropy Indices for the Analysis of Chemical Processes

The fullerene molecules are represented as the sets of N1 atoms of the 1st type, N2
atoms of the 2nd type, . . . and Nn atoms of the n-th type, where n is the number of atom
types, and Σ Nj = N is the total number of carbon atoms in the cage. The distribution of
the atoms over atom types depends on both the topologies and geometries of the fullerene
molecules that allow reflecting their symmetries [16]. The information entropy of the
molecule (h) equals the sum of the logarithms associated with each atom type [16,44]:

h = −
n

∑
j=1

Nj

∑n
j=1 Nj

log2
Nj

∑n
j=1 Nj

(2)

Herein, we use two as the base of the logarithms, which is conventional [7] and allows
for expressing all information entropy values in bits. Single atoms have zero information
entropy according to Equation (2) (n = 1 and Nj = 1).

Following Ugi and Gillespi [52], the chemical reaction is considered the ‘isomerization’
of one molecular ensemble (ME) to another. Hence, the change in information entropy
upon the chemical process equals the difference between the hME values of two ensembles,
products and reactants [14,44,53]:

∆hR = hprod
ME − hreact

ME (3)

The information entropy of each ME is calculated as:

hME = HΩ +
m

∑
i=1

ωihi (4)

where ωi is the fraction of the i-th molecule in ME:

ωi =
Ni

∑m
i=1 Ni

(5)

and HΩ is the cooperative entropy:

HΩ = −
m

∑
i=1

ωi log2 ωi (6)

The HΩ is an emergent parameter that arises due to the mixing of molecules when
they form the ensemble. It is independent from the molecular structure of the ME members
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(hi) and is defined only by their sizes (ωi). HΩ = 0 in the case of monomolecular ME (when
ω = 1).

A combination of Equations (3) and (6) provides the following expression for informa-
tion entropy changes in a chemical process:

∆hR = Hredistr + Hreorg (7)

where the first term is the redistribution information entropy, reflecting the difference in
the size of the molecules in MEs of products and reactants:

Hredistr = Hprod
Ω − Hreact

Ω (8)

The second term, called reorganization information entropy, depends on both hi and
ωi, i.e., on structure and size, respectively:

Hreorg =
prod

∑
i

ωihi −
react

∑
j

ωjhj (9)

The last term can be further divided over two contributions:

Hstr
reorg =

prod

∑
i

hi −
react

∑
j

hj (10)

Hstr+size
reorg =

react

∑
j

(
1−ωj

)
hj −

prod

∑
i
(1−ωi)hi (11)

Using this formalism, we can separately assess the changes in information entropy
that correspond to molecular size and/or molecular structure. In Equations (7)–(11),
the upper indices ‘str’ and ‘size’ indicate the references to molecular structure and size,
respectively. Redistribution entropy Hredistr (Equation (8)) depends only on the size of the
reaction participants. The explanatory remarks to this approach can be found in our key
work [44] (the corresponding chemical and mathematical justifications are presented in
earlier works [14,53]).

In brief, we list the information entropies used in the work and their designations. The
h and hME values characterize the complexity of the molecules and molecular ensembles,
respectively. The hME value contains cooperative entropy HΩ as a part. This is an emerging
parameter that reflects the effect of uniting molecules in the ensemble. The information en-
tropies with delta signs on designated with capital letters correspond to chemical processes
(∆hR and its components Hredistr and Hreorg).

3.2. Structures of (Endo)Fullerenes for Analysis and Symmetry Determination

As mentioned in Section 2.1, the molecular graphs are necessary to obtain the informa-
tion entropies of the fullerene molecules. To define the symmetries of the (endo)fullerenes,
we used our previous works on (endo)fullerenes, whereby their structures were obtained
with reliable density functional theory methods [16,17,38,39]. The symmetry point groups
of chemical objects in this and our previous studies were determined in program Chem-
craft [54].

4. Results

In this work, we consider three main cases of the process presented with Equation
(1). The cases differ in what happens with the symmetry of the original (empty) fullerene
cage (Figure 1). It can be served, increased or decreased depending on the chemical
features of the interacting guest atom X and fullerene host CN. Herein, the topology of the
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fullerene cage does not change after filling. Additionally, we focus below on the analytical
expressions for ∆hR and its components by providing numerical results.
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simplifying characteristic Equations (7)–(11): (a) the information entropy of the atom 
equals zero, hX = 0; and (b) the cooperative entropy of the molecular ensemble of the 
products is zero because the single product is formed under reaction (1), 𝐻ஐ௣௥௢ௗ = 0. The 
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Figure 1. Three cases of the endofullerene formation (Equation (1)) depending on the relations
between the symmetries of empty and filled fullerene cages.

4.1. Introducing X into the Fullerene Cage: Ommon Analytical Expressions

Before starting a study, we briefly demonstrate the calculations of the information
entropies of fullerene molecules using C60 (Ih) and C70 (D5h) as examples (Figure 2). Their
partitions are 1 × 60 and 3 × 60 + 2 × 20, respectively. The substitution of the populations
of atom types to Equation (2) leads to the h values for these fullerenes, equal to 0 and
2.236 bits.
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Figure 2. The partitions of the molecules of the two most abundant fullerenes over atom types. The
C60 (Ih) fullerene’s atoms are shown in one color, as all of them belong to one atom type (left). In
the case of C70 (D5h), atoms of different atom types are shown in different colors and designated
with Latin letters (center). The attributions of C70’s atoms are shown in a structural formula that
corresponds to the top view on the molecule in the direction of its C5 symmetry axis (right).

In the case of introducing X into the CN cage, we have the following input data for
simplifying characteristic Equations (7)–(11): (a) the information entropy of the atom equals
zero, hX = 0; and (b) the cooperative entropy of the molecular ensemble of the products is
zero because the single product is formed under reaction (1), Hprod

Ω = 0. The symmetry of
the cage does not change (Figure 3) because atom X takes the position in the mass center of
the cage, which coincides with the intersection of symmetry elements, if any.
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Considering the above, we obtain:

Hredistr =
N

N + 1
log2 N − log2(N + 1) (12)

Hreorg = hX@CN −
N

N + 1
hCN (13)

Hstr+size
reorg =

1
N + 1

hCN (14)

Hstr
reorg = hX@CN − hCN (15)

If the symmetry does not change, the partitions over atom types for X@CN can be
simply represented as 1 × 1 + {partition of CN}. This allows rewriting Equation (13) as:

Hreorg = log2(N + 1)− N
N + 1

log2 N (16)

Thus, Hreorg = −Hredistr and ∆hR = 0 (according to Equation (7)).
We present the work on the approach on endofullerenes in Table 1. Note that Hredistr

depends only on the size of the filled fullerene, so this value is insensible towards the
structural differences in the cases below. As the symmetry does not change upon the
encapsulation, we may compare the structural effects of trapped atom X for different
fullerenes. From the chemical point of view, as the fullerene cage becomes larger, the
impact of trapped atom X on the system becomes smaller. In terms of information entropy,
it means that Hreorg decreases with increasing N, which is observed in the calculated values
(Table 1).

4.2. Introducing X into a Zero-h Fullerene Cage While Serving Initial Symmetry

Fullerene C60 (Ih) is the most prominent fullerene among other member of the fullerene
family. It is the only fullerene molecule having zero information entropy calculated via
Equation (2) due to the equivalence of all atoms [16]. Therefore, the case of hCN = 0 deserves
separate attention. The C60 cage is very stable, and, if there are no special interactions
between the introduced guest atom X and the cage (e.g., charge transfer), the guest atom
holds the position in the mass centrum of the cage. The cage is negligibly extended and
serves its initial icosahedral symmetry. The mentioned situation is typical for the formation
of noble gas endofullerenes [35–37,39].
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Table 1. Information entropy indices of filling typical fullerenes (Equation (1)) with conserved
symmetry (herein, all values are in bits).

Fullerene CN
(Partition) a hCN hX@CN Hstr

reorg Hstr+size
reorg Hreorg Hredistr ∆hR

C20 (Ci) b

(10 × 2)
3.3219 3.4399 0.1180 0.1582 0.2762 −0.2762 0

C36-15 (D6h)
(3 × 12) 1.5850 1.7214 0.1364 0.0428 0.1793 −0.1793 0

C50-271 (D5h)
(3 × 10 + 1 × 20) 1.9219 2.0235 0.1015 0.0377 0.1392 −0.1392 0

C70-1 (D5h)
(2 × 20 + 3 × 10) 2.2359 2.3112 0.0753 0.0315 0.1068 −0.1068 0

C84-20 (Td)
(1 × 12 + 3 × 24) 1.9502 2.0195 0.0693 0.0229 0.0923 −0.0923 0

C84-24 (D6h)
(3 × 12 + 2 × 24) 2.2359 2.3019 0.0660 0.0263 0.0923 −0.0923 0

a The designations of the fullerene isomers are according to Atlas [45]. b The case of filling C20 (Ci) with enhancing
symmetry is described in Section 4.4.

All carbon atoms in X@C60 (Ih) remain equivalent, and its partition is 1× 1 + 1× 60, or
1 × 1 + 1 × N in the general case for similar X@CN. For the information entropy of X@CN,
we can write:

hX@CN = log2(N + 1)− N
N + 1

log2 N (17)

and it is obvious that hX@CN = −Hredistr, cf.: Equation (12). We obtain the same equations
for Hredistr and Hreorg as in the case above; therefore, ∆hR = 0. However, the components of
Hreorg differ:

Hstr
reorg = log2(N + 1)− N

N + 1
log2 N (18)

Hstr+size
reorg = 0, (19)

i.e., there are no structural changes simultaneously depending on the molecular size and
molecular structure.

In addition to zero-h fullerene C60, we consider other carbon molecules having h = 0,
which can form complexes in a similar way (with placing guest atom in the central position).
These are the hypothetical fullerene-like molecules C24 (Oh) and C48 (Oh), containing
polygons untypical for fullerenes (tetra- and octagons) [47,55], and synthesized cyclo [18]
carbon C18 has a D9h symmetry [56] (Figure 4). The numerical results obtained for C60 (Ih)
and these structures are shown in Table 2.

Symmetry 2022, 14, x FOR PEER REVIEW 7 of 20 
 

 

(2 × 20 + 3 × 10) 
C84-20 (Td) 

(1 × 12 + 3 × 24) 
1.9502 2.0195 0.0693 0.0229 0.0923 –0.0923 0 

C84-24 (D6h) 
(3 × 12 + 2 × 24) 2.2359 2.3019 0.0660 0.0263 0.0923 –0.0923 0 

a The designations of the fullerene isomers are according to Atlas [45]. b The case of filling C20 (Ci) 
with enhancing symmetry is described in Section 4.4. 

4.2. Introducing X into a Zero-h Fullerene Cage While Serving Initial Symmetry 
Fullerene C60 (Ih) is the most prominent fullerene among other member of the 

fullerene family. It is the only fullerene molecule having zero information entropy 
calculated via Equation (2) due to the equivalence of all atoms [16]. Therefore, the case of ℎେಿ = 0 deserves separate attention. The C60 cage is very stable, and, if there are no special 
interactions between the introduced guest atom X and the cage (e.g., charge transfer), the 
guest atom holds the position in the mass centrum of the cage. The cage is negligibly 
extended and serves its initial icosahedral symmetry. The mentioned situation is typical 
for the formation of noble gas endofullerenes [35–37,39]. 

All carbon atoms in X@C60 (Ih) remain equivalent, and its partition is 1 × 1 + 1 × 60, or 
1 × 1 + 1 × N in the general case for similar X@CN. For the information entropy of X@CN, 
we can write: ℎଡ଼@େಿ = logଶ(𝑁 + 1) − 𝑁𝑁 + 1 logଶ 𝑁 (17) 

and it is obvious that ℎଡ଼@େಿ = −𝐻௥௘ௗ௜௦௧௥, cf.: Equation (12). We obtain the same equations 
for Hredistr and Hreorg as in the case above; therefore, ΔhR = 0. However, the components of 
Hreorg differ: 𝐻௥௘௢௥௚௦௧௥ = logଶ(𝑁 + 1) − 𝑁𝑁 + 1 logଶ 𝑁 (18) 

𝐻௥௘௢௥௚௦௧௥ା௦௜௭௘ = 0, (19) 

i.e., there are no structural changes simultaneously depending on the molecular size and 
molecular structure. 

In addition to zero-h fullerene C60, we consider other carbon molecules having h = 0, 
which can form complexes in a similar way (with placing guest atom in the central 
position). These are the hypothetical fullerene-like molecules C24 (Oh) and C48 (Oh), 
containing polygons untypical for fullerenes (tetra- and octagons) [47,55], and synthesized 
cyclo [18] carbon C18 has a D9h symmetry [56] (Figure 4). The numerical results obtained 
for C60 (Ih) and these structures are shown in Table 2. 

 
Figure 4. Carbon structures having all atoms equivalent and, hence, zero information entropy: 
synthesized cyclo[18]carbon C18 (D9h) and hypothetical fullerene-like cages C24 (Oh) and C48 (Oh). 

  

Figure 4. Carbon structures having all atoms equivalent and, hence, zero information entropy:
synthesized cyclo[18]carbon C18 (D9h) and hypothetical fullerene-like cages C24 (Oh) and C48 (Oh).



Symmetry 2022, 14, 1800 8 of 19

Table 2. Information entropy indices of zero-h carbon species forming complexes with X with
conserved symmetry.

Carbon Molecule hCN hX@CN Hstr
reorg Hstr+size

reorg Hreorg Hredistr ∆hR

Fullerene C60 (Ih) 0 0.1207 0.1207 0 0.1207 −0.1207 0
Fulleroid C24 (Oh) 0 0.2423 0.2423 0 0.2423 −0.2423 0
Fulleroid C48 (Oh) 0 0.1437 0.1437 0 0.1437 −0.1437 0

Cyclocarbon C18 (D9h) 0 0.2975 0.2975 0 0.2975 −0.2975 0

4.3. Introducing X into Maximum-h Fullerene Cage

Symmetric fullerenes are the main products of arc-discharge fullerene synthesis [57].
Moreover, there are examples of fullerenes with no symmetry, whose molecules are at-
tributed to the C1 symmetry point group (e.g., see [58–61]). Additionally, the majority
of the hypothetical fullerene structures belong to this type [16,45]. For these fullerenes,
information entropy achieves its maximal value for a given N (which corresponds to the
partition of the molecule N × 1) [16]:

hCN (C1)
= log2 N (20)

The application of Equation (20) to expressions (7)–(11) after some simplifications af-
fords the same equations for Hredistr and Hreorg, as in the two cases above, and, consequently,
∆hR = 0. The components of Hreorg are the following:

Hstr
reorg = log2(N + 1)− log2 N (21)

Hstr+size
reorg =

1
N + 1

log2 N (22)

As can be seen, they differ from the case of the zero-h fullerene, as the reorganization
entropy is divided over two contributions (Hstr+size

reorg = 0 in the case of hCN = 0). As for the
comparison with the case of Section 3.1, here, Hstr+size

reorg achieves its maximal value due to
condition (20). Some typical numerical examples of this case are collected in Table 3.

Table 3. Information entropy indices of maximum-h fullerenes filled with X (systems with
C1 symmetry).

Fullerene CN hCN hX@CN Hstr
reorg Hstr+size

reorg Hreorg Hredistr ∆hR

C60 5.9069 5.9307 0.0239 0.0968 0.1207 −0.1207 0
C70 6.1293 6.1497 0.0205 0.0863 0.1068 −0.1068 0
C80 6.3219 6.3399 0.0179 0.0780 0.0960 −0.0960 0
C90 6.4919 6.5078 0.0159 0.0713 0.0873 −0.0873 0

4.4. Introducing X into the Fullerene Cage with Initially Reduced Symmetry

Some of the fullerenes, especially nonconventional structures, reveal Jahn–Teller sym-
metry reduction [47]. We do not discuss here its molecular–orbital reasons, and we instead
focus on the consequences that are important for the present study. The topology of
the fullerene cage undergoing the effect remains the same, but spatially, the structure is
distorted; therefore, the actual symmetry becomes lower compared to the ideal symme-
try deduced from the topology [16,47]. The C20 fullerene is a typical example of such a
fullerene. Its ideal symmetry is Ih, but it is reduced to the Jahn–Teller effect to Ci [62].
(Note that the actual symmetry of C20 is questionable because different quantum–chemical
approximations predict different symmetries, C2, C2h, Ci, D3d and D2h [47]. All of them are
lower than Ih. We use the Ci symmetry structure as obtained in our previous work [62].)
Other representatives of fullerenes of this type are listed in Table 4.
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Table 4. Information entropy of fullerene structures with Jahn–Teller symmetry reduction and their
endohedral complexes, in which the effect vanishes.

Fullerene CN Idealized Symmetry Actual Symmetry hideal
CN

hideal
X@CN

hCN

C20-1 Ih (1 × 20) Ci (10 × 2) 0.0000 0.2762 3.3219
C24-1 D6d (2 × 12) C2 (12 × 2) 1.0000 1.2023 3.5850
C26-1 D3h (1 × 2 + 2 × 6 + 1 × 12) C1 (26 × 1) 1.7759 1.9386 4.7004
C40-1 D5d (4 × 10) Ci (20 × 2) 2.0000 2.1166 4.3219
C76-2 Td (1 × 4 + 2 × 12 + 2 × 24) S4 (3 × 4 + 4 × 8 + 2 × 16) 2.1148 2.1873 2.9848
C80-7 Ih (1 × 20 + 1 × 60) C3v (1 × 2 + 1 × 6 + 6 × 12) 0.8113 0.8972 2.8766

Filling the C20 (Ci) cage with noble gas atoms (He or Ne) leads to expanding the
cage but does not change its symmetry, i.e., He@C20 and Ne@C20 are also Ci symmetry
structures [35–39]. However, if metal species such as Nd, U, Pm+, Np+, Sm2+, Pu2+,
Eu3+, Am3+, Gd4+ or Cm4+ play the role of guest atoms, the C20 cages obtain icosahedral
symmetry. A metal guest takes the place at the center of the cage, so the formed X@C20
structures are Ih-symmetric [63]. This is reflected in Figure 5.
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Figure 5. Formation of X@C20 (Ih) from C20 (Ci) and X. The attributions of carbon atoms in the
fullerene cages are shown with Latin letters.

A similar ideal symmetry restoration within the endohedral complexes may be typical
for other fullerenes, which demonstrate the Jahn–Teller symmetry reduction in the empty
state (e.g., C24-1, C26-1, C40-1, C76-2 and C80-7 [16], the designation after the hyphen is the
number of the isomer according to Atlas [45]). The corresponding information entropy
changes, and their contributions are described with Equations (12)–(16) (Table 5). Herein,
the relation is typical for this type of formed endofullerene (Table 4):

hCN > hideal
X@CN

≡ hX@CN > hideal
CN

(23)

where the upper index ‘ideal’ indicates that the fullerene cage is in the highest symmetry
state possible for the given topology. Due to the above inequality, Hredistr 6= Hreorg; there-
fore, the resulting ∆hR values are negative in contrast to the cases considered above with
unchanged symmetry. The information entropy changes in such processes are calculated as:

∆hR = hX@CN −
N

N + 1
(
hCN − log2 N

)
− log2(N + 1) < 0 (24)

Table 5. Information entropy indices of filling fullerenes accompanied with increasing symmetry of
the fullerene cage.

Fullerene CN Hstr
reorg Hstr+size

reorg Hreorg Hredistr ∆hR

C20-1 (Ci → Ih) −3.0457 0.1582 −2.8875 −0.2762 −3.1637
C24-1 (C2 → D6d) −2.3827 0.1434 −2.2393 −0.2423 −2.4816
C26-1 (C1 → D3h) −2.7618 0.1741 −2.5877 −0.2285 −2.8163
C40-1 (Ci → D5d) −2.2053 0.1054 −2.0999 −0.1654 −2.2653
C76-2 (S4 → Td) −0.7974 0.0388 −0.7587 −0.1000 −0.8587
C80-7 (C3v → Ih) −1.9794 0.0355 −1.9438 −0.0960 −2.0398
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4.5. Introducing X into the Fullerene Cage with X Coordination Relative to the Cage

The last case of process (1) deals with the coordination of the guest atom inside the
cage. This is possible when the guest atom and host cage strongly interact due to the
charge transfer. Endofullerene Li@C60 is a typical synthesized example of such endohedral
complexes (Figure 6) [64–66].
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Figure 6. Formation of Li@C60 (C3v) from C60 (Ih) and Li. Coordination bonds of the Li atom inside
the C60 cage are shown.

Following Sokolov [67], we also consider hypothetical coordination modes of the
trapped atom inside the C60 cage, viz., the orientation of the X atom toward the pentagons,
the atom of the cage and the 5.6 and 6.6 carbon–carbon bonds of the fullerene cage. To
calculate the h values of the formed X@C60 complexes, we deduce the corresponding
partitions from the Schlegel diagrams that account for the inequivalence of carbon atoms
that occurs due to complexation (Figure 7).

As found, the symmetry of the fullerene system is reduced from the initial Ih to Cnv
and CS depending on the coordination of X (Table 6). The symmetry goes down, and this
must be reflected with increasing h values. Indeed, we observe positive ∆hR values for
this case.
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blue. The carbon atoms of different atom types are lettered.

Table 6. Information entropy indices of filling C60 (Ih) with X coordination relative to the cage.

Coordination of X Atom inside C60 Symmetry of X@C60 and Partition Hreorg=Hstr
reorg=hX@C60 Hredistr ∆hR

Pentagon C5v (4 × 5 + 4 × 10 + 1 × 1) 2.991 −0.1207 +2.870
Hexagon C3v (8 × 6 + 4 × 3 + 1 × 1) 3.585 −0.1207 +3.464
5.6-bond CS (5 × 1 + 28 × 2) 5.013 −0.1207 +4.892
6.6-bond C2v (5 × 1 + 28 × 2) 5.013 −0.1207 +4.892

Atom CS (5 × 1 + 28 × 2) 5.013 −0.1207 +4.892

The above considerations are applicable to other fullerenes in the same way. Other
fullerenes have lower symmetries; therefore, endo-atom X may be coordinated towards a
larger number of the substructures of the fullerene cage (but their types are the same as in
the described C60 case of pentagons, hexagons, atoms and 5.6- and 6.6-bonds). Note that
our approach does not distinguish topological isomers X@CN and X . . . CN, i.e., the isomers
differ in the X location, inside or outside the cage. Therefore, the obtained relations are also
characteristic for exohedral fullerene complexes, another class of fullerene compounds [68].
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4.6. Information Entropy Indices of Processes X + CN → X@CN within Series of
Isomeric Fullerenes

A number of isomeric fullerene structures may correspond to each molecular size (N),
and the task of comparing fullerene isomers often arises in fullerene science. Therefore,
we explore this case for two fullerene series taken from our previous works [15,16]. The
original symmetry of the fullerene cage is conserved under encapsulation. As follows from
Section 4.1, ∆hR = 0 and Hreorg = −Hredistr = f (N) are the same for the endofullerene
formation within the isomeric series. Hence, we focus on the Hstr

reorg values, which are
distinctive for the isomers.

Before mathematical treatment, we consider some chemical aspects of process (1)
regarding the behavior of information entropy. These processes share one common feature:
the symmetry of the cage is the same in empty and encapsulated states. The difference
between the processes in each isomeric series is due to the symmetry of certain fullerene
molecules. At first glance, it seems that the Hstr

reorg values (calculated via Equation (15))
should be the same for different fullerenes isomers. However, in fact, the Hstr

reorg values for
the selected C60 isomers differ (Table 7). Herein, as the symmetry of the fullerene isomer
becomes higher, Hstr

reorg becomes larger. Note that, as a preliminary example, to find a
pattern, we use a series of only six isomers of C60 that have different symmetries (their
total number equals 1812 [69]). As follows from Table 7, the rotational symmetry number
is not the best mode to quantify the fullerene symmetry. Indeed, σ = 2 for C60 (C2v) and
C60 (C2), but these isomers differently crumble over atom types. For further work, we
need to use some quantity that numerically catches the differences in the partitions of the
fullerene isomers.

Table 7. Information entropy indices of filling C60 isomer with different symmetries.

Isomer Partition σ χ hCN hX@CN Hstr
reorg

C60 (Ih) 1 × 60 30 354.4 0.000 0.121 0.121
C60 (D5d) 2 × 20 + 2 × 10 10 239.3 1.918 2.008 0.089
C60 (D2h) 3 × 4 + 6 × 8 4 168 3.107 3.177 0.070
C60 (C2v) 6 × 2 + 12 × 4 2 108 4.107 4.160 0.053
C60 (C2) 30 × 2 2 60 4.907 4.947 0.040
C60 (C1) 60 × 1 1 0 5.907 5.931 0.024

By scrutinizing isomeric series with N = const, we introduce logarithmic partition
number (χ) for convenience:

χ =
n

∑
j=1

Nj log2 Nj (25)

It characterizes the partition and correlates with σ (Figure 8), and the information
entropies of (endo)fullerenes are expressed with χ (combining Equations (2) and (25)):

hCN = log2 N − χ

N
(26)

hX@CN = log2(N + 1)− χ

N + 1
(27)
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in Table 7 and Supplementary Materials.

Importantly, minimal χ equals zero and corresponds to the lowest symmetry (C1),
whereas χmax = N log2 N corresponds to a high symmetry (Ih in the C60 series). In general,
χ → 0 if the partition of the molecule includes singly populated atom types, i.e., when
n→ N and Nj → 1. In the opposite case, when the atom types are highly populated, we
have n→ 1, Nj → N and χ→ χmax.

Substituting expressions (26) and (27) into Equation (15) provides linear dependence
for structural reorganization entropy on the logarithmic partition number:

Hstr
reorg = log2

N + 1
N

+
χ

N(N + 1)
(28)
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According to the last expression, Hstr
reorg increases with χ (Figure 8). As χ is connected

with a linear equation and with the information entropy of fullerenes and correlates with
their symmetries, we can interpret Equation (28) in terms of both symmetry and information
entropy. As the information entropy of the fullerene become smaller, its symmetry becomes
higher, and the structural changes expressed with Hstr

reorg become larger. In other words,
the information entropy associated with structural changes at the endofullerene formation
depends on the symmetry of the original structure.

To demonstrate that the discussed statements are valid in other cases, we have also
applied them to the series of isolated pentagon isomers of C84. As seen in Figure 8, the
correlations between χ and σ becomes worse in this wider series, but these values remain
symbatic. In general, χ provides more diversified numerical assessing chemical structures
as compared with σ. The use of the logarithmic partition number allows for generalizing the
above cases (substituting χmax and χmin in Equation (28) leads to Equations (18) and (21)
for zero-h and maximum-h fullerenes, respectively).

5. Discussion
5.1. General Remarks

We have applied our original information entropy approach to describe the relations
between chemical structure and symmetry upon filling fullerene cages with guest atom X.
The obtained numerical data are well interpretable in terms of general chemical notions.
Herein, we have operated this total information entropy change both in the process and
its components.

The total change ∆hR allows for discriminating the cases when symmetry is changed
upon the title process; ∆hR is negative, positive or zero if symmetry is increased, reduced
or does not change, respectively. Furthermore, the components of ∆hR correspond to
the types of empty fullerenes and formed endofullerenes, and this correspondence is
unambiguous. Thus, we state here that the type of the (endo)fullerene structure can be
deduced from the information entropy estimates of process (1). It can be performed digitally
using the algorithm based on comparing ∆hR and Hstr+size

reorg values (Figure 9). Information-
entropy-based classifications have been elaborated to sort natural compounds [25] and
interstellar [13] and isentropic molecules [70], and they have operated with numerical
estimates of chemical structures. We propose a scheme (Figure 9) utilizing indices relating
to the process, which involves chemical structures. Such tasks are currently not widespread
in mathematical chemistry. Deciphering the chemical structure based on the information
about its chemical processes is standard for classical (experimental) chemistry. Therefore,
we can assume that the digital task, similar to that one, will arise in chemical sciences in
the nearest future.

5.2. Dependence of the Strucutral Reorganization Entropy of Encapsulation on the Symmetry and
Size of Fullerenes

The main aim of this proposed concept is developing an information entropy approach
applicable to all molecular compounds. We focus on fullerenes because they are rigid
and symmetric molecules that are very convenient for testing structural descriptors and
linking numerical estimates with chemical notions. Information entropy and symmetry are
concepts closely relating to molecular complexity. High information entropy corresponds
to low symmetry and high complexity of the molecules [2,16].
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The most interesting thing we have found in this work is that the information entropy
of the intact fullerene hCN influences the structural reorganization entropy Hstr+size

reorg of its
filling. This finding is not obvious in the context of chemical intuition, and, therefore, we
discuss it below.

If the symmetry remains unchanged, we have similar substrates involved in the iden-
tical processes, resulting in similar products (Equation (1)). The similarity of the processes
is reflected by the equality of their ∆hR values (∆hR = 0), and this is well understandable.
At first glance, numerical estimates associated with structural changes (Hstr+size

reorg ) for these
processes should also be equal, but, in fact, they are not the same. We rationalize this in-
equality using the logarithmic partition number χ as an auxiliary parameter. The χ number
linearly linked with the information entropy correlates with the symmetry of the fullerene.
As χ becomes larger, the number of equivalent atoms in the molecule becomes larger, and
as the h value becomes lower, its symmetry and the Hstr+size

reorg of the encapsulation become
higher. The latter means that, if the symmetry of the fullerene is high, the guest atom intro-
duces more structural changes when encapsulated and vice versa. In symmetrical fullerene
structures, the number of atom types is low, and they are highly populated. Filling them
with X crashes this uniformity. In contrast, there are many sparsely populated atom types
in low-symmetry structures, i.e., they have some degree of disorder before encapsulation,
and the next additional atom in the system makes a small contribution to the structural
complexity increase.

Thus, the information entropy of the empty fullerene defines the structural reorganiza-
tion entropy of the encapsulation process. Taking into account the fact that information
entropy reflects the complexity of the molecular system, we can propose a stronger version
of this statement: the complexity of the initial structure defines the complexity change
during the chemical reaction. The last sentence should be accepted as the assumption
that requires further justification with other chemical compounds, chemical reactions and
complexity measures.
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Structural reorganization entropy Hstr+size
reorg also depends on the size of the fullerene

cage expressed with N. By analyzing fullerenes with different N (Tables 1–3 and 5), one
can find that the Hstr+size

reorg decreases N. This means that the structural changes relating to
introducing the endo-atom to the molecular system becomes smaller in the background
of the whole. This fits into the previously found regularities for chemical reactions in
homological series of hydrocarbons and their derivatives [14,44].

5.3. Prospectives

The approach used in the present work is quite new, and we are going to extrap-
olate it to other chemical systems and processes involving fullerenes, including chem-
ical processes, e.g., filling fullerenes with two or more atoms, multi-atomic clusters or
small molecules. Such endofullerenes are currently being synthesized (e.g., H2O@C60/70,
He2@C60/70, HeN@C60/70, Sc3N@CN, M2C2@CN) (see works [71–73] and the references
therein). We also think that the approach could be useful for the analysis of exohedral
additions to fullerenes [68,74,75], where information entropy is expected to catch both the
complexity of the addition pattern [74] and the symmetry of functional groups attached to
the fullerene cage [75].

In a recent review, we point out that the information entropy concept is a good value
for interdisciplinary studies, as it has applications in various fields [7]. In the present
work, we have used it only as a structural descriptor, which could be further incorpo-
rated into the studies on planning syntheses [76], self-assembly processes [21–24] and
informational [77–79] and geometrical [80] thermodynamics. This may be insightful for the
interface between structural chemistry, physics and information sciences.

6. Conclusions

We have studied all cases of introducing one guest atom into the fullerene cage,
forming endofullerenes in terms of original information entropy formalism. As has been
found, the calculated total information entropy change reflects the structure and symmetry
changes of the process, whereas its components can be used for the digital identification of
key structural features of fullerenes participating in the process of filling.

We point out the importance of structural reorganization entropy (a part of the total
information entropy change), and it depends on the structure and size of fullerenes. As
the information entropy of an empty fullerene becomes lower, the Hstr+size

reorg value becomes
larger. The latter means that, in terms of symmetry, as the symmetry of the fullerene cage
becomes higher, the structural changes due to filling it with a guest atom become larger.

In the future, we plan to apply the developed formalism to various reactions of organic
compounds (including organic derivatives of fullerenes). The processes studied in the
present work are simple in the following sense: only one atom is specifically introduced to
a chemical system, with minimal symmetry changes and unchanged topology of the cage.
This allows for rationalizing the structural meaning of the contributions to the information
entropy change, which is important for more complex cases.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/sym14091800/s1, Table S1: Numerical data on the formation of
endofullerenes X@C84 associated with Figure 8.
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