symmetry

Article

(7,a)-Nabla Reverse Hardy-Hilbert-Type Inequalities on

Time Scales

Ahmed A. El-Deeb 1*

check for
updates

Citation: El-Deeb, A.A.; Baleanu, D.;
Awrejcewicz, J. (7,a)-Nabla Reverse
Hardy-Hilbert-Type Inequalities on
Time Scales. Symmetry 2022, 14, 1714.
https://doi.org/10.3390/
sym14081714

Academic Editors: Aviv Gibali and

Sergei D. Odintsov

Received: 2 July 2022
Accepted: 8 August 2022
Published: 17 August 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Dumitru Baleanu

2,3 4,%

and Jan Awrejcewicz

Department of Mathematics, Faculty of Science, Al-Azhar University, Nasr City, Cairo 11884, Egypt
Institute of Space Science, 077125 Bucharest, Romania

Department of Mathematics, Cankaya University, Ankara 06530, Turkey

Department of Automation, Biomechanics and Mechatronics, Lodz University of Technology,

1/15 Stefanowski St., 90-924 Lodz, Poland

*  Correspondence: ahmedeldeeb@azhar.edu.eg (A.A.E.-D.); jan.awrejcewicz@p.lodz.pl (J.A.)

W N e

Abstract: In this article, using a (7y,a)-nabla conformable integral on time scales, we study several
novel Hilbert-type dynamic inequalities via nabla time scales calculus. Our results generalize
various inequalities on time scales, unifying and extending several discrete inequalities and their
corresponding continuous analogues. We say that symmetry plays an essential role in determining
the correct methods with which to solve dynamic inequalities.

Keywords: Holder inequality; Jensen inequality; time scales; nabla calculus

1. Introduction

Hardy [1] proved the classical discrete double series inequality of the Hilbert type: If
{am},{by} > 0and =2, a} < coand Y2, b} < oo, then we have

1 1
Anbm T = )\ [ v .9 )\°

< ) )
m+n sin"< an) (mlbm) ' @

n=1m=1 p \n=1

[l o]

Unless all the sequence {a,,} or {b,,} is null. Hardy also established the following
integral analogous of the inequality (1):

/Ooo /Ooo l@?é@dxdy < si:;r(/(;m 19P(§)dx> g (/Ooogr”(g)dx) %, 2)

Unless ¢ = 0 or ¢ = 0, where & and g are measurable non-negative functions, such that
Jo 07 (&)dx < coand [;° g¥ (€)dx < coand p > 1, p’ = p(p — 1), with the best constant
L, in (1) and (2).

’ In [2], Pachpatte established the following Hilbert-type integral inequalities under
the following conditions: If h > 1,1 > 1, and f(¢) > 0, g(g) > 0, for ¢ € (0,¢) and
T € (0,¢), where ¢ and { are positive real numbers and define ¢(s) = fos f(g)dg and
G(g) = [y g(t)dt, fors € (0,¢) and ¢ € (0,7), and ®, ¥ are two real-valued non-negative,
convex, and submultiplicative functions defined on (0, 0], then

/OC /OC stdx < %hl(ég)% </0§(§_s) (ﬂhl(s)ﬁ(5)>2ds)%

<( ‘C-n (G’—1g<x>)2dx) ! )
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and

([l (20))a)

where

and

/0§ /OC P(S)Q(x)q;(i(;))‘I’(G(X))dsdx < %(C@)% (/05(5 ) (p(s)qp(ﬁ(s)>)2ds>%

(ffe0(a0v(sw) ) o) Lo

For more results on Hilbert-type inequalities and other, please see [3—6]. See also [7-13]. Aswe
know that time scale T is an arbitrary, non-empty closed subset of the set of real numbers R,
and the jump operators, forward and backward, are defined by o(¢) :=inf{t € T : 1 > ¢},
p(¢) :=sup{t € T : 1 < ¢}. For more details, see [7]. The following relations are used.

(i) For T =R, then

o(¢) =p(c) =¢, ulg)=v(c) =0, (c)=08"(c)=10(c),

(6)
[ eenc= [ o@ve= [ st
(ii) For T = Z, then
oclg)=¢+1, plg)=¢—-1, ulg)=vig) =1,
94(c) = AB(g), ©Y(c) = Vd(g), .

b b—1 b b
/ 8(c)Ag =) 8(c), / 8(c)Vg= Y B(c).
a c=a a

¢=a+1

For more details on the conformable nabla calculus, see [3].

We suppose that CCj; denotes the set of all /d-continuous functions ¢(¢, () in ¢ and ¢
and CClld is the set of all functions in CCj; for which both the first partial derivative VZl
and the first partial derivative V, exist in CCyy. Similarly, we can define CC,.

In order to obtain our result in this paper, we need the following lemmas.

Lemma 1 (Reversed Dynamic Holder’s Inequality). Suppose u, v € T with u < v. Assume ¢,
g € CCL([u, 0] x [u,v]1,R) be integrable functions and % + % = 1with p <1, then

4% 0

1
v » 1
[ [eensenwmvie = [ [ [ eeoreivid

’ [/ / 8(r,x) |qVerZX} " ®)

Proof. This lemma is a direct extension of the (Lemma 9, [14]). O
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Lemma 2 (Reversed Dynamic Jensen’s inequality). Let r, x € Rand —oo < m,n < oo. If
8 € CCL(R, (m,n)) and @ : (m,n) — Ris concave, then

<P(f L2 8(rx V}lrvazx) . L7 [2e(8(r, x) vzlrv@x' )
f f VarVax f f VarVax
Proof. This lemma is a direct extension of the (Lemma 10, [14]). O
Definition 1. @ is called a supermultiplicative function on [0, 00) if
®(50) = @(5)@(Q), forall §,T>0. (10)

In this paper, we establish a (,a)-nabla conformable integral inequality of Hardy—
Hilbert type on a time scale. In special cases, we will recover some dynamic continuous
and discrete inequalities known in the literature. Symmetry plays an essential role in
determining the correct methods with which to solve dynamic inequalities.

Now, our main results will be presented.

2. Main Results
First, we suppose the following assumptions:

(S1) T be time scales with xo, &y, (g, 80, xe €T, (£ =1,...,n).
(S2) B(se, Xg) are non-negative, nabla integrable functions defined as [xo, &¢)T % [X0,C¢)T
(t=1,...n).

(S3) 19/(5;,)@) have partial V- derivatives 19 (s;,)(/) and 19 (Sp,)(/) with respect to s,
and )/, respectively.

(S4) All functions used in this section are integrable according to V, sense.

(55) 195(55/ Xé) € Clzd([XOr gé)']l’ x [XO/ C()T’ [Or oo)) (6 =1... /n)‘

(S¢) pe(Ge, T7) are n positive nabla-integrable functions defined for ¢, € (xo,5¢)T,
T € (X0, X0)T-

(S7) pe(gy) and g¢(T7) are positive nabla-integrable functions defined for ¢y € (xo,5¢)T,
7 € (X0, Xe)T-

(Sg) ®;and ¥y, (¢ = 1,...,n) are n real-valued, non-negative concave and supermulti-
plicative functions defined on (0, o).

(S9) &y and {y are positive real numbers.
(S10)s¢ € [x0,Ge) and x¢ € [xo, Co)7-
(S11)8(X0, xe) = Be(se, x0) =0, (£ =1,...,n).
\AYA Vi, Vi
(S12)8, " (Se,)ce) 8,2 " (se, Xo)-
¢
(S1)Pe(se xe) = [ 30 peleo)qe(t) VageVae.
X0
(514)O¢(s0, x¢) fxo fX’ 9e(ce, ) VagiVat.
(S15)Pe(se.xe) = [y J3 pelcew)VaseViT.
(S16)@¢(se, x¢) = m Sos S pelce, w)0e(se, w) Vg Vi
2217335 Eﬁ(l, 001) oy =1—wapa=Y) apanda’ =Yy ja,=n—a, ({L=1,...,n).
18)U < Py <
(S19)h = 2.
(S20)Ti-1 7 =&
(Sa1)he 21
(S22)8¢(c¢) € Clylxo Eelr, (€ =1,...,n).
(S23)¢/ is a positive real number.
(824)@s(s¢) = [1: 9(5e)Vase-
(S25)s0 € [x0,Ce)T-
(S26)pe(gy) are n positive functions.
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(S27)Pu(se) = [ Pz’ c0)Vase
(S28)@¢(s0) = sy Sy PLe0)B(50) Vice-
(829)9¢(x0) = 0.
The first important inequality is stated in the following theorem:

Theorem 1. Let Sy, S4, S5, S14, S¢, S15 and Sg be satisfied. Then, for Sq9, S1g and Sy, we find that

&1 o n L D(Oy(sy,
/ / / / 171 Pe(Oc(se, x0)) . VIsuVixn...VIsiVix (1)
Xo “/Xxo Xo I «
aYp_q a; (s¢ = x0)(xe — Xo)

L(élglr .. «/':T-n]/n)

I 1(/54/ p(Se) —se)( (Q)_Xé)(Pé(SﬁrXf)cpf(m)>ﬁ V”sgvamfé

L(glglf"'/‘:nyn _ </ [/Q <q)g Py SZIXZ))) (vgsevgxz> g

X0 Py(se, xe)

where

Proof. From the hypotheses of Theorem 1, S14, 515, and Sg, it is easy to observe that

Pe(5eTe)
S
St X pe(ce, w)Vag Vit

Py(se, xe) [0 [X PZ(Ge,Te)(MQ Té))Vzng T
@@ilsx) = @ 0 o )

Jro s pelee ) (FE23) VeV ).

= Dy(Py(sy, O]
e(Peloe x2) Z( Sos S pelee, @) Vage Vit

Using inverse Jensen dynamic inequality, we obtain that

Dy(Py(se, x0)) SM(E / / 194(% )\ or. o7
D > , — - . (1
0(©¢(se, x0)) Py (50, x0) pe(Ge, )@ olen o VigeViT. (13)

Applying inverse Holder’s inequality on the right-hand side of (13) with indices «,
and f, it is easy to observe that

@, (Py(sp, x0)) 1S e dlco, )\ \ P i
q’z(@e(szl?ce))2%[(%-%0)()@—?@)] f</xo /XO <P£(Geffz)q>z<M>> V;/Gevgfe) . (14)

1
?

Using the following inequality on the term [(s; — xo0) (x¢ — x0)] *,

noo1 noq 1
lelm/ > <oc ) Mnu) , (15)
we get that
[17_1 Pe(Or(se, x0))

(06 Y1 ag (50— x0)(xe — Xo))

1
@y (Py( SK/?CE (/ / ( <W(€M£))>“f T T >’3‘
> ,T) Q| ——% Vaic/ViT .
(1:[1 Py(se, xe) pelee )P Pe(Ge, ) seerat

(16)

o
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Integrating both sides of (16) over s, x from xo to &y, {y (¢ =1,...,n), we obtain that

SIS Sn rCn n_D(O(sy,
/ / / / [T/ Pe(O(se, x¢)) VYV xn - VsV
Xo “Xo Xo “Xo N1 «
aYj—1 7;(5¢ = x0) (xe — X0)

norse ol ‘Pe(Pz(Se/Xe))< s m( (l%(%fe)))ﬁ‘ v o ) »
2 T D A N 7 @ T N vg Va v Va 17
H/ / /XO/ pe(Ge, )Py c/Vaty seVaxe. (17)

w10 Jxo Pe(se xe) Xo pe(Ge, o)

Applying inverse Holder’s inequality on the right-hand side of (17) with indices a/
and By, it is easy to observe that

(SISt Sn rCn n®y(0,(sy,
/ / / / [T/—1 Pe(O(se, x0)) VsV VI Vi
Xo “Xo Xo “Xo " 1 «
& Y0y 7, (50 = x0)(xe = Xo0)

ST [ (b’ wst)’e )
(=1

x0 Jxo Py(se, xe)

=

Qe ¢ [Xe %(cy,
X (/ / (/ / (Pe STy ¢E<M)> VgGeVWTe> VaSzVaX/z>
=1 \ /X0 Xo Xo pe(ce, )

Using Fubini’s theorem, we observe that
¢1 G Sn Cn nﬁ D)(Oy(s ’
/ / / / H/_] [( [( l XZ)) lvzsnvgxn V/YS]VQX]
Xo x
(06 Yoz (50— x0) (xe — Xo))
L(ClCl/ ey Cn]/n)

X zi[l (/xi/ /j(@e —s0) (8o — xe) (PE(SZ/XZ)(DZ (W))ﬁ VVSeVuM)

Using the fact &y > p(&y), and gy > p(y), we get that

=

SIS Sn [Cn n L ®(0(sy,
/ / / / [T/ Pe(Or(se, x¢)) VYV xn - VsV
Xo “Xo Xo “Xo w1 «
aYj—1 77 (80— x0)(Xe — X0)

L(¢1C1, -+, CulYn)
X H (/XO /Xo (Ge) —s0)(p(Ze) = x0) (Pe‘(sz,Xz)q)g<1M5M(é)>>ﬂ vaévaM) 3

pe(se, xe)

This completes the proof. [
Remark 1. In Theorem 1, if T = R, v = 1, we get the result due to Zhao et al. [8] (Theorem 2).

As a special case of Theorem 1, when T = Z, v = 1, we have p(n) = n — 1, and we get
the following result.

Corollary 1. Let {as,x,m,my, } and {ps;,x,me,my, }, (£ = 1,...,n) be n sequences of non-
negative numbers defined for ms, = 1,... ks, and my, = 1,...,ky,, and define
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ms/ mm

Aserérmswmw = 2 2 aS[,Xg,mgé,mW
mg[ mw
Msy My,
Psb?(lzmswm;({, = Z Z ps€,)((,mgz,mqé- (19)
Mgy My,
Then,
ki kXZl kszn kxzn H?:l q)f(ASe/M,ms[,mw)
o -
Msy My Msy My 1 [
<‘X Z:?:l a[(msgm)(g))
Clks kyys - ks k)
&, a B\ &
Sf'X[/mSé//mXé; “\ B¢
. H (Z 3 (kg = (s, = D)y, = (= 1) P, @ ) )7
Msg Mxy SeXeMs, My,
where
n 8 Dy (P m g )\ \ P! B
= CAT SR M My 4
C(kslkm,...,ksnkm)H(ZE( - )> )
(=1 ms, My, S0 XeMsp, My,

Remark 2. Let 8,(¢e, T), pe(6e, ), Pe(Ge, Te), and 04(ce, T¢) change to 8(ge), pe(6e), Pe(se)
and 8¢ (sy), respectively, and with suitable changes, we have the following new corollary:

Corollary 2. Let Sy, S23, Soa, Sa6, So7 be satisfied. Then, for S1g, Sao and Sas we find that

/61 . /é’n I[T/—; Pe(Oc(s)
X0 X0 n 1
<lX 24:1 DT[ (SK - XO))

froer-srn () )

1
G & 7
/ ¢ (‘Pel(jpf(sz))) ngZ) ¢
X0 0(s¢)
Remark 3. In Corollary 2, if we take n = 2, By = %, then the Inequality (21) changes to

o _P1(01(s1)P2(02(52)) . o o B
fXO o (( —Xo) + (Sz—?co)) stasz L6 62) <f p(&r) =s1)

2 1
(s51)® bis1) Vs ’ (21)
piis1 pi(s1) a°1

2 \4
(f p(&2) Sz)(Pz(Sz)T(zﬁZ;)) stz>
where

v =[] (M) W) ([ () w)

T Vis1... Visy (20)

>L*(§1,...,§n)ﬁ(

=1

where

L) = 11

=1
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Remark 4. In Corollary 3, if we take T = R, v = 1, then the inequality (22) changes to
D1 (01(51))P2(Oa(s2))

1 1
fo fo (s1+s2)72

> 1 &) (S @ s (s 242 )) dsl) @)

X ( 062(52 —52) (Pz(sz)‘f’GZ(sz )) dSz) :
where

2(s2

This is an inverse of the Inequality (4), which was proved by Pachpatte [15].

dsydsy

—

N

Corollary 3. In Corollary 2, if we take By = "L the Inequality (21) becomes

/C / [Tizy @0(O(s0) V)s,...VIs

—n

(Zel (se — Xo)) v

L0 e (8)) )

=1
L*(&, ..., &) = niT - </Ce (qm(sg)))(nl)vzsf)ng‘
=1

where

X0 Py(sy)

Theorem 2. Let S1, Sy, S5, S¢, So, S15, and S1¢ be satisfied. Then for S1g, S1g and Sog, we have that

g C Cn [Cn
Xo “YXo Xo “Xo
(“Zz 12 (50— x0) (xe — Xo)>

n

Xo “JXo

rXT/ S 1l Bi—y 514
— — —s — Sy, B(sy, VsV, .
1 [(Cf X0) (e XO)} (/ / (0(Ze) —s0)(0(Ze) — xe) (Pe(se, x) P (B¢ (50, X0))) ¢ Xﬁ)

(=

Proof. From the hypotheses of Theorem 2, and using inverse Jensen dynamic inequality,
we have

1 X
S(O(se, xe)) = D¢ </ / Pe(Ge,Te)@z(GZ,Tf)VZGNZTe)
Pe(se, xe) Jxo xo
// pe(o0, 1) P (00(g0, 1)) Vg Vit  (24)
SZ/X€

Applying inverse Holder’s inequality on the right-hand side of (24) with indices ay
and By, it is easy to observe that

y(Op(s0,x0)) > 515,577 (50 = x0) (xe — X0) )] (fXO *(pe(ge )Py

1
N
(W(QW@)))MVMV;?T() "
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1
Using the Inequality (15), on the term [(s; — xo0)(xs — X0)] *, we get that

Po(se, x0)Pe(Oc(se,xe))

(oc Y1 a; (50— x0) (e — m)) a (25)

1

: By
(f;é X (peler, )P (90(se, Tg)))B‘VZggVZ{TO
Integrating both sides of (25) over sy, x; from xo to &, ¢y ({ =1,...,n), we get that

SRS Py(sg, x0)Pp(Oy(sy,
/ / / / TT/_1 Pe(se, x0)Po( e(zxz))lvgsnvgxn VsV

(w& L ,—Xo)(Xe—X0)>

n S¢ X[ Brry .y 3
> I/ / / /x Pe(6e, )P (0e(ce, 1)) Vi Vit
(=1 0

Applying inverse Holder’s inequality on the right hand side of (26) with indices «,
and f, it is easy to observe that

 Po(sy, x0) @ (Oy(sy,
f f fén féon TT7_1 Pe(se, xo)®o( Z(f%ﬁ))lsznVZXn Vis1Vix

o

aYj 037(5 — X0)(x¢ = Xo)
> 1Ty [(sz — X0)(&r = Xo } (f f Ses S (pe(se, t) e (8e(ser )))""
ﬁi
VacVit V) SFVaXK) .

Using Fubini’s theorem, we observe that

f f f fgn [T/ Pe(se, x0)®r(Op(sy, X))
(06 Yot a; (se = xo)(xe — Xo))

1

>T17, {(‘:E_XO)(Q_XO} (f f & —50) (80 — x0) (pe(se x0)@e (e (50, x0))) >

1 stnvg?(n v’yslva)(l

v”s/vm> "
By using the fact &y > p(&,), and gy > p(gy), we get that
J8 G i TT7—1 Pe(se, x0)Pe(Oc(se, x0))
az?_1;<sf—xO><x@—xO>)
> 1T {(Ce—XO)(Ce— ] (f S5 0@ —s0)

(p(Ze) — Xé)(PK(SZI)Q)CI)Z((?[(SE,XZ)))ﬁ/v’ysévﬂ)Q) B¢

1 VZSnVZXn V7S1V,ZX1

o

This completes the proof. [

Remark 5. In Theorem 2, if T = R, we get the result due to Zhao et al. [8] (Theorem 3).
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As a special case of Theorem 2, when T = Z, v = 1, we have p(n) = n — 1, we get the
following result.

Corollary 4. Let {asx,m,my, } and {ps,x,me,my, }, (€ = 1,...,n) be n sequences of non-
negative numbers defined for ms, = 1,...,ks,, and my, = 1,...,ky,, and define
1 Msy My

Z Z Asy,xgme iy, Psg,xeme, my, s

AsérX(rms//me P
) . SeXeMsp My, Mg, My,

Msy My,

PS@,X[,WIS[,W!XZ = 2 Z Psexeime, my, - (26)

Mgy My,
Then,

n
Kyxn H[:l PS[/Xg/msi/m)(é q’f(AS[/Xg/msé/mxf )

k}(l ks
qul me o 'Zm:ln me T
(a):?l D}é,(msgmw))
ks,

Hﬁ 1(k54k)g) (qu[ me (k54 - (msg - 1))(1{7(4 - (mXé - 1))

1
ﬁ[ By
Psexems, iy, Pe\ Bsg,xoms, my, :

Remark 6. Let 8¢(co, /), pe(Se, ), Pe(Ge, T0) be defined as above and

X
Ou(se xe) = Pione) / pe(ge, )0 (5o, T)VaciVat
v(se, X0)
changes to 8¢(c¢), pe(ce), Pe(s¢), and
Ou(s0) = 575 . Prle0®ilen) Vi
e(s0) = 5,05y ), Prieo®ele)Vage

respectively, and with suitable changes, we have the following new corollary:
Corollary 5. Let Sy, S23, Sa6, Say and Sog be satisfied. Then, for S1g, Soo and Sas, we find that
& Gn Py(sy)®y(O©
[ / it P ®e®clse) o o, 27)
(“Zz 1,;%( _XO))

-0 ([0t 50 (pasomu(as0)) vis)

X0

1
n By

(=1

Corollary 6. In Corollary 5, if we take n = 2, By = %, then the inequality (21) changes to

f fgl hils (( 52);;(@?5(51))){ 2)(>®§<52>) Vis1Visy > 4[(& — x0) (& — x0)]
0 2 — A0

(f p(S1) _51>(Pl(sl)ch(ﬁl(Sl)))zngl) (f p(82) —Sz)<pz(52) (28)

D, <0z(sz)> )ngsz) %-

Remark 7. In Corollary 6, if we take T = R, v = 1, then Inequality (28) changes to
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& §1 Py(51)P2(52)®1(O1(51))P2(@2(s2))
0

(51 +s2) 2 dsndsy > 4[]

2

X ( 1 —s1) (Pl (s1)®q (191(51)))2d51) (29)

< J5?2 (52 —52) (Pz(sz)q’z (192(52)> >2dsz> y

This is an inverse of Inequality (5), which was proved by Pachpatte [15].

Corollary 7. In Corollary 6, let p1(s1) = pa(s2) = 1, then Py(s1) = s1, Pa(s2) = s,. Therefore,
Inequality (28) changes to

& & D1 (01 (51))P2(O2(s2)) Vs,V > 4[(F — N
b b (s152)1((s1 — x0) + (52— x0) "~ 1Vis2 > 46~ x0) (&~ 20)]

(f p(1) —51)<<I>1 (191(51))>2V3s1> (30)

(f p(&2) — 52) (q>2 (ﬂ2<s2>) >2sz2) .

Remark 8. In Corollary 7, if we take T = R, then, the Inequality (30) changes to

/(31 /él @1 @1 Sl @2(@2( ))ds dSz [6162] !
(s152) 71 (s1 + 52)

X (./f] (61 —s1) (q’1 (191(51)))2%1)% (/fz (G2 —s2) (q>2 (192(52)>)2d52) %

This is an inverse inequality of the following inequality, which was proved by Pachpatte [8].
¢ [F2OE))Y(GW)) 4eay L
= [6¢]
o Jo (sx)"'s+x) S 2

x (/f(é—sn(@(ﬂ(s)))zdsf ([ew(v(s0)) o)

Corollary 8. In Corollary 5, if we take By = =1 (¢ = 1,...,n) Inequality (27)

N|—=

/’C /5” IT/—1 Pe(se q’z((@z(sé)v Vs,
. a
X0

(Zzl (se — 0)) a

> 01 [ (& — xo) ™t (/X?(P(Q) —5¢) (Pe(se)q’e (W(Se))) nnlW’Sz)

(=1

_n_
n—1

Theorem 3. Let Sy, S4, S2, S9, S11, S7, S13, S3, S12, Sg and Syy be satisfied. Then, for S1g we

have that
D)(y(sy,
JE S e, Olsoxe)) Gy V. VI Vi
(% Y (s — xo)(Xe — Xo)
G L,
(glgl ‘;Inyn) - (31)

v,,zva . ﬁ
x ITi=q (f f (0(Ge) —s0)(p (C(Z)—Xz)<r’ (Se)W(Xz)q’e<WM))

oy
VisVy Xﬁ) ,
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where

1 !
Co & (Dy(Py(sy Xz)))? )“‘
At V’YS VY .

/Xo /Xo ( Py(se, xr) (Make

Proof. From the hypotheses of Theorem 3, we obtain

Glér- &) =TT

(=1

ARV
0(50, X0) / 19 2 gy, 1) Vi Vit (32)

From (32) and Sg, it is easy to observe that

Vo Vi
s 19 ap ta1 T
Pe(se, xe) [ [ pe(ce)qe(Te) (p[(g[)qig(iff))vggzvgu>

St [X pe(enqe(t) VigeVat

Dy (B¢ (s0,x0)) = q’z(

7 7

St (Xt 9,2 ey oy
> @y (Py(se Xf))@(fxo = pé(gﬁ)qem)(m)vag[v Tﬁ) (33)
’ Jos S pe(se)qe(m) Vige Vi
Using inverse Jensen’s dynamic inequality, we get that
D (0¢(s, x0)) = @pf[s(;i(fz Sow S pe(co)qe(Te)
Vi, Vd (34)
9% e Vo, o
q)g( pe(e)qe(Te) )v”gévaw'

Applying inverse Holder’s inequality on the right-hand side of (34) with indices 1/a,
and 1/aj, we obtain

q)flgffs(;f)’(ff)) [(se = x0) (xe — x0)]™

8, (g )\ g
¢ [ oy o
8 </ / (W UL Tg)@g( pe(Ge)qe(Te) )) vuggvﬂ()’) ' (39)

Using the following inequality on the term [(sy — x0) (Xx¢ — X0)] aé, where «; < 0 and

Dy (50, x0)) 2

Ap > 0.
noo 1 n , !
[Tr > (M(DWQ : (36)
=1 =1
We obtain that
" Iy ACH D). (1 i )
Dy(S(sy, > il
51]1 o(Oe(s0, x0)) =560 \@ g — Xo)
Y e

([ (m@w(w)@(‘m))“zvgggm)”_ )

From (37), we find that

ﬁ Dy (O (s0, xr)) _
= (,Xl/ Y ap(se = xo)(xe — Xo))
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n d P ﬂVZZV’?l (g "L') L 9]
o /5/1?(/ / / ( <z €'€>)“‘ T oY ) '
> T, P VaceVate | . (38)
o1 Pe(sexo) ( pel6e)qe(Te) e Pe(6e)qe(Te) aeeyatt
Integrating both sides of (38) over sy, x; from xo to &, {y (¢ =1,...,n), we find that
¢1 gn D, (Y (s ,
/ / / / g( é( a X£)> o V;zysnvg)cn szlva?(l
Xo X0 ¢=1

(i/ Yiq «)(se — xo)(xe — Xxo)

AR v 1

Y q’K(PE(SérXK))( St [ 8, " (go )\
Y g Rl AN R SR
10 Jxo Pe(se xe) x0 Jxo Pelce)qe(Te) e pe(6e)qe(Te) abeVatl eVaxe  (39)

Applying inverse Holder’s inequality on the right-hand side of (39) with indices 1/«
and 1/a},, we obtain

& gl__./g” /g”ﬁ D@ (e(s¢, x0)) V5,V Vi Vi
a a
X0 Jxo Xo Jxo =1
(;, Y (s — x0) Ce — x0)
&l (Dy(Py(sy m))) )
— oAt VWSV 40
( Py(se, xe) (Nake 40)

7V

1
n Se G S¢ Xt 9 (QZITE) m a0
8 / / (/ / (pz(gUW(lf)If(ﬁ>> ngﬂﬁz) VZsNZ;@)
(=1 Xo 7 Xo Xo “Xo pg(gg)qg('rg)

By using Fubini’s theorem, we observe that

n
2 (
=1 Xo “Xo

/{:1 /él' a /é” /gﬂ ﬁ PelOnleex) o VasuVaxn...VisiVixi (41)
X0 JX0 g=
' (o}' Y1 ay(se — xo)(xe — Xxo)

G(Clglr- . ~r§nyn)
ARV

x é_lﬂll (/ / (Ge—s0)(&e — Xx0) (Pf(se)qz(?ce)q’e (W»QV%NZ@ W-

Using the fact §; > p(&y), and ¢y > p({y), we get that

¢ &1 Cn Gn M Dy(%(s P
/ / / I ¢(Be(se, xe)) S VisuVaxu...VisiVixi
X0 X0 X0 X0 /=1
<a/ Y1 ap(se = xo) (xe — Xo)

G(élél/ sy gn]/n)
AY

X H </ /Xo (Ge) —se)(p(Ze) — x0) <Pe(Sz)W(Xz)q’z<W)> al[nggVZ)@> a[-

pe(se)qe(xe)

This completes the proof. [

Remark 9. In Theorem 3, if T = 7Z, v = 1, we get the result due to Zhao et al. [9] (Theorem 1.5).
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Remark 10. In Theorem 3, if we take T = R, v = 1, we get the result due to Zhao et al. [9]
(Theorem 1.6).

Remark 11. Let Sy, Sy, So, S11, S7, S13, S3 and Sy be satisfied and let Oy, g, &, a, and o’ be the
same as Theorem 3. Similar to proof of Theorem 3, we have

1 0 Cn fOn M D, (8,(s,
/Xo /Xo /Xo /Xo p Orlsvxe) a’v‘?s"vzx” vﬁrslva)ﬁ
=1
<,§, Y71 ay(s¢ — xo0)(Xe — Xo)

G* (8181, -+, Cnyn)
Vi, Vi,

g zlﬁll (/5/ /Q (0(e) —s0)(o(Ce) — xe) <Pé(56)‘7€()(é)q>g (W> ) éVZsNZm) M-

X0 7o pe(se)qe(xe)

where

¢ P p (P(se x0)) v @

This is an inverse form of Inequality (31).
Corollary 9. Let Sy, S23, Sas, Sa6, S27, S29, S17 and Sg be satisfied. Then, we have that
& D) (9
/ / ¢(Be(s0)) sy Vs (42)
Xo ¢=1
(35—
2 G**(glr' . 'rgﬂ)

" z: ( /Xi[ (plEe) ==2) (pf(sz)@ <19§($§)) ) alést/Z) N

Remark 12. In Corollary 9, if we take T = Z, v = 1, we get an inverse form of inequality due to
Handley et al. [16].

where

Remark 13. In Corollary 9, if we take T = R, v = 1, we get an inverse form of inequality due to
Handley et al. [16].

Remark 14. In Inequality (42), taking n = 2, a1 = ap = 2, then o} = a}, = —1, we have

/ /CZ n ﬂl(sl))(bl(ﬂz(sz))_zV;;YSlVZSZ (43)
X0 p=1 ( XO) (SZXO))

>D<cl,¢z>(/j<p<cl>—s1>(p1<s1> ("w )) sl)
2

X </Xi2 (p(G2) —52) (Pz(sz)q’z (ﬁ;ziiii))) V352> :

ST ,_.
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where

‘@ ¢1<P1<s1>>>1 N CIC) A
e =3 [ | via) ([ (22R) Mo
(61,62) ( ” Py(s1) as1 . Py(s2) as2
Remark 15. If we take T = Z, v = 1, Inequality (43) is an inverse of inequality due to Pach-
patte [2].

Remark 16. If we take T = R, v = 1, Inequality (43) is an inverse of inequality due to Pach-
patte [2].

3. Conclusions

In this article, we presented some investigations of the (1, 2)-nabla Hilbert inequality
on time scales. Some dynamic integral and discrete inequalities, known in the literature,
are generalized as special cases of our results. We obtained the discrete and the continuous
inequalities as special cases of our main results. In future work, I will ask if it is possible to
generalize these results using a g-difference operator.
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