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1. Introduction

A fundamental problem in the theory of differential equations (ordinary and partial)
is the determination of a solution that verifies certain initial conditions.

Regarding Cauchy problems, certain questions arise: Does a solution exist (even locally
only)? Is this unique? In this case, the solution continuously depends on the initial data,
that is, is the problem well posed? The concept of a well-posed problem is connected with
investigations by the famous French mathematician Hadamard [1]. The problems that are
not well-posed are called ill-posed problems. The theory of ill-posed problems has been the
subject of research by many mathematicians in the last years, with applicability in various
fields: theoretical physics, optimization of control, astronomy, management and planning,
automatic systems, etc., all of which have been influenced by the rapid development of
computing technology.

Tikhonov [2] answered certain questions that are posed in the class of ill-posed prob-
lems, such as: what does an approximate solution mean, and what algorithm can be used to
find such an approximate solution? This involves including additional assumptions. This
process is known as regularization. Tikhonov regularization is one of the most commonly
used for the regularization of linear ill-posed problems. Lavrent’ev [3,4] also established
a regularization method. Based on this method, Yarmukhamedov [5,6] constructed the
Carleman functions for the Laplace and Helmholtz, when the data is unknown on a conical
surface or a hyper surface. Carleman-type formulas allow a solution to an elliptic equation
to be found when the Cauchy data are known only on a part of the boundary of the domain.
Carleman [7] obtained a formula for a solution to Cauchy-Riemann equations, on domains
of certain forms. Based on [7], Goluzin and Krylov [8] gave a formula for establishing the
values of analytic functions on arbitrary domains. The multidimensional case was treated
in [9]. The Cauchy problem for elliptic equations was considered by Tarkhanov [10,11].
In [12], the Cauchy problem for the Helmholtz equation in an arbitrary bounded plane
domain was considered. Certain boundary value problems and the determination of nu-
merical solutions was investigated in [13-25]. In [21] is studied the Cauchy problem of

Symmetry 2022, 14, 1682. https:/ /doi.org/10.3390/sym14081682

https://www.mdpi.com/journal /symmetry


https://doi.org/10.3390/sym14081682
https://doi.org/10.3390/sym14081682
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0003-1224-6764
https://orcid.org/0000-0003-2699-1490
https://orcid.org/0000-0001-7938-063X
https://doi.org/10.3390/sym14081682
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym14081682?type=check_update&version=2

Symmetry 2022, 14, 1682

20f16

a modified Helmholtz equation. An efficient D-N alternating algorithm for solving an
inverse problem for Helmholtz equation was investigated in [18]. The Cauchy problem for
elliptic equations, was studied in [2-11] and then it was investigated in [12,26-37].

In this article, based on previous works [30-32,37], we find an explicit formula for an
approximate solution of the Cauchy problem for matrix factorizations of the Helmholtz
equation in a three-dimensional unbounded domain of R3. The approximate solution
formula requires construction of a family of fundamental solutions of the Helmholtz
operator in space. This family is parametrized by some entire function K(z). Relying on
the works [30-37], we obtain better results, due to a special selection of the function K(z).
This helped us to obtain good results when finding an approximate solution based on the
Carleman matrix.

Let

C = (Cl/ CZ/ 53) € RS/ n= (7711 12, 773) € R?’/
0'=(01,0) €R?, o' =(m,m) €R?,

and Q) C R? an unbounded, simply connected domain, having the boundary 9Q) piecewise
smooth, such that dQ) = £ |J D, where D is the plane 573 = 0 and X is a smooth surface
lying in the half-space 73 > 0.

The following notations are used in the paper:

, z=ivVa2+a2+n3, a>0,

r=p=ql, a=y'-7

X1
Jdr = (agl,agz,ags)T, dr — XT, XT = ( X2 ) transposed vector yx,
X3

W) = (Wi(Q),...,Wa ()T, *=(1,...,1)eR", n=2" m=3,

w 0 - 0
E(w) = _ — diagonal matrix, w = (wy, ..., wy,) € R".
0 0 0 wy

P(xT) is an n x n matrix, having the elements linear functions with constant coeffi-
cients from C, such that

P*(x")P(x") = E((xI* + A*)2"),

where P*(xT) is the Hermitian conjugate matrix of P(x) and A € R.
Next, we consider the system

P(3)W(C) =0, n€Q, )

where P(0;) is the matrix differential operator of order one.
Additionally, consider the set

sQ) ={w:0 R},
where W is continuous on Q = QU () and W satisfies (1).

2. Statement of the Cauchy Problem

We formulate now the following Cauchy problem for the system (1):
Let f : ¥ — R" be a continuous given function on .
Suppose W(7) € S(Q)) and

W(n)ls = f(n), nex )
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Our purpose is to determine the function W(#) in the domain () when its values are
known on .

If W(n) € S(Q), then

W@ = [ L GHWnds, $e0, )
Q)

where
L(p, M) = (E (1_'3()\1’)00) p* (Bg))P(tT),

t = (11,2, t3) is the unit exterior normal at a point # on the surface 0Q) and I'3(Ar) denotes
the fundamental solution of the Helmholtz equation in R3(see, [38]), that is

ei/\r (4)
Ié()\?’) = —47_”.
Let K(z) be an entire function taking real values for real z (z = a +ib, a,b € R),
satisfying
K(a) #0, sup‘pr(p) (z)’ = B(a, p) < oo,
b>1
Q)
—oco<a<oo, p=0,3.
Define
1 T K(z) } cos(Aa)
Y(n, (A ——/Im[ da, for . 6
(17 C ) 27T2K(§3)0 Z—€3 ﬂ2+062 ’7#5 ( )
Consider ¥(#,{; A) in (3) instead I'3(Ar), where
¥(1,8A) = Ta3(Ar) + G, 5 A), @)
G(n,C; A) being the regular solution of Helmholtz’s equation with respect to 7, including
the casep = C.
We obtain
W@ = [ Lo GHWnds, Seo, ®
Q)
where

L(p,5:0) = (E(¥(1,:2)0°) P* (3) ) P(ET).

We generalize (8) for the case when the domain (2 is unbounded.
Hence, in what follows, we consider the domain Q C R3 be unbounded.
Suppose that (1 is situated inside the layer of smallest width defined by the inequality

0<m3<h, h:%, p>0,

and 0Q) extends to infinity.
Let
Or={n:n€Q [y <R} QF=0\Qg, R>0.

Theorem 1. Let W(1) € S(Q)). If for each fixed { € Q) we have the equality

lim [ L(y,5;A)W(y)dsy =0, )
RaooOoo
R

then (8) is satisfied.
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Proof. Fix { € Q), || < R. Using (8) we obtain

J LG Wpdsy = [ Lin &)W (o)ds,
20 a0k

+ [ Lo GAWGnds, = W@+ [ Lo GAWmds;, £ O

0y 0

Using (9), we obtain (8).
Also assume that the length d() satisfies the following growth condition

/eXP[_dOPO|’7/H dsy <o, 0<pp<p, (10)
30

for some dy > 0. Suppose W(7) € S(Q) satisfies

(W(n)| < explexppa|y|], p2<p, 1€ (11)

We consider in (6):

K(z) = exp {—dipl (z — Z) —dyipg (z — Zﬂ,

h ) h 12
K(g3) = exp {d Cos p1 (@3 - 2) + dq cosipg (gg - 2)}, (12)
0<p1<p, 0<f3<h,
where i
d=2cexp(m|C']), di > 70;1 ¢>0, d>0.
cos <p02>
Then (8) is valid.
Let { € Q be fixed and 7 — oo. We estimate ¥(1,{; M), W,] = 1,2 and
]
w. To estimate w, we use the equality
913 a1
o¥(y, GA) _o¥(p,GGA)os 0¥, GA)
Really,

exp [—dim (z - l;) —dqipg <z - Z)} ‘
=expRe [dipl (z — Z) — dqipg (z - Z)]

:eXP[—dpl\/mcospl<rl3_h> _dlpomcosp()(q h)}

2 372
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As T us T
_ig_&.igﬂ.f<f,
2 e 2 o 2 2
T o1 h pp T T
_ < B« )< o
2= p2_p0(y3 2>_p 252
Consequently,

h h h
[ - > .
cosp(:yg, 2> >0, cosp0<173 2) _cosi2 >85>0
It does not vanish in the region () and

[¥(1,5;A)| = Olexp(—ep1]n|)], €>0, 5—00, 1€QUQ,

‘W =Olexp(—ep1[7'])], €>0, 700, ypeQUoQ, j=12
]
‘W‘:O[exp(emlﬂ’)], €>0, 700, 7€QUIN.

3

We now choose p; with the condition p, < p; < p. Hence, (10) is satisfied and (8)
is true. [

Condition (12) can be weakened.
Denote

So(Q) ={W(n) : W(n) € S(Q), [W(n)| < exp[O(expplml|)], 7 — o0, 1€ Q}.  (14)

Theorem 2. If W(1) € S,(Q) satisfies

h /
Wil < Cexplecosps (10— 5 ) explonl'D,
(15)

Cconstant, ¢>0, 0<p; <p, #n €,

then (8) is true.
. . h. .
Proof. Divide () by a line 773 = 5 into the domains

h h
012{17:0<173<2}and02:{17:2<;73<h},

Consider the domain (). We put

Kq(z) = K(z) exp [—51’1’(2 — Z) — d1ip (Z - Zﬂ’ (16)

p<Tt<2, 6>0, 6 >0,

in (6), K(z) being defined in (12) and we obtain that (10) is valid.
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Really,
Xp | —iT z—ﬁ — 018 z—ﬁ
P g) " MP\FT g
= exp [—5’(\/ a2 + a2 COST<173 — Z)]
= exp[—&T\/ a? —|—1x2} < exp[-dexpt|y'|],
T T h T _h h h
_T<_ 1< _ D) <tZ <2 ~ ) > Z> )
7 = T4 _T<773 4) _72 < 2andCOST(773 4) _cosr4 >0y >0
We denote the corresponding ¥ (17, ; A) by Y71 (17, A).
Since

h
— ] >
COST<773 4> >0y, €M)y,
then for fixed € ()4, € 1 J9); we have

[¥*(1,5;A)| = Olexp(—do exp(T|y'])], n—00, p<7T<2p,

oY ;A
ngI) = Olexp(=do exp(zlif|)], 7 —oe0, p<T<20, j=12
]
oY+ (n, ;A
‘5(37735)’ = Olexp(—dp exp(t|n’])], 71— 00, p<T<2p.
Suppose W(17) € Sp(0)) satisfies
[W(n)| < Cexplexp(20—¢)|1'|], €>0, ne. (17)
Consider 7 in (16) satisfying 2p — e < T < 2p.
We obtain that (16) is valid in ()1, and we have
W@ = [ LinGAWds,, Ceon. (18)

a0,
where
Lp, &N = (E(¥ 0, 61)°) P*(3g) ) P(ET).
If W(n) € Sp(Q) satisfies (15) in ), then for 2p — e < T < 20 analog we have
W@o) = [ L GAWds, e (19)
a0,

where

L0y, GiA) = (E(Y~(1,54)0°) P*(3) ) P(tT),
and ¥~ (1, {; A) itis given by (6), in which K(z) it is replaced by the function K;(z):
Ky(z) = K(z) exp [—éir(z —hy) — byip <z - Zﬂ, (20)

where - "
+Z/ §<773<h, E<€3<h], 6>0, 6 >0.
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The integrals converge uniformly for § > 0, and W(#) € S,(Q). We consider § = 0
and we find

= [LonanWinds, teq, Gy, e
o0

where

L(p,&0) = (E(¥01,8:0)9°) P* () ) P(ET),

Y, 5A) = (Y (1,5A))o=0 = (Y~ (1,5 A))o=o-

Here, ¥(17,; A) is given by (6), and K(z) by (16), for § = 0. According to the continua-
tion principle, Formula (21) is valid for every ¢ € (). Using (18) and (21) holds for every
61 > 0. Supposing 4 = 0, Theorem 2 is proved. O

We choose
— 1 2
K(z) = CEYeTT: exp(0z), )
1 T
K((3) =y exp(003), 0<i3<h, h=—,
(2n)? P
in (6) and we obtain
O oG 7 exp(cz?) cos(Aa)
¥, (1, 5A) = / TR T v (23)
The Formula (8) becomes:
= [ Lo G Wipds,, ¢eQ, 4
where
Lo(1,G2) = (E(‘YU(U,Q;A)UO)P* (ag))p(tT).
3. Regularized Solution of the Problem
Theorem 3. Let W(1) € S,(Q) satisfying
(W) <M, 5 eD. (25)
If
Wo@) = [ Lo(n, GAW (s, 1 €0, 26)
b
then ,
W(Q) = We(@)] < Kp(A,0)e*Me™™5, £ €0, (27)

IW(Z)  IWe({)
9g; ag;

where Ky(A, {) are bounded on compact subsets of O).

<Ko (A, 0)0PMe B, o>1, (€Q, j=1,3 (28)
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Proof. From (24) and (26), we obtain

/LUU,CA W (s ds,7+/L017,§A) (7)ds,

= Wo(0) + /Lo(ﬂ, GAW(y)dsy, € Q.

D

Now using (25), we obtain

(W(Z) =W ()] <

[ Lot @ nWinds,
D

(29)
< [ILetnGOIWldsy < M [|Lo(, &) ldsy, €<
D D

alij(?'(;/]’ é;A)

on;

Next, we estimate the integrals / Yo (1,0 A)|dsy, /
]

D D

dsy, j = 1,2 and

/‘ I¥ol1,E: 1) 45, on the part D of the plane 5 = 0.

903
Separating the imaginary part of (23), we obtain

eo(iy%-éé) [7<€U(MZ+“2)(_“% + 'B% + 2'31) COS yiq

Yo(1,5A) = 2712\ —1 2
() (o + 1) (o} + £2)
(30)
—o(u*+a?) (9,2 20 2 .
e ( w1ﬁ21 + a?p — B3B) Sm’ylxl)cos()\a)da
(af +B1)" (a1 + ) “
where
y=20m3, aj=a"+a’, B=13—03 P1=13—3+2h
Given equality (30), we have
/ ¥, (7,5 A)|dsy < Kp(A,0)o%e 8, o>1, [eq. (31)
D
Now using the equality
o¥o (17,5 M) aTa(Ufg A) 9s 2(y; _C)a‘Fa(U/QA)
. ] ] ’
an; ds 617] ds (32)
s = a2, ji=12,
the equality (30) and (32), we have
/ W ds; <K,(A,Q)o%e ™8, o>1, (e€Q, j=12 (33)
D

7"

Now, we estimate the integral / ‘ M ‘ds
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Taking into account equality (30), we obtain

0¥ (1,0 A) 2
/‘ "a% ‘ds,7 <K, (A Q)o%e ™%, o>1, [€Q, (34)

From inequalities (29), (31), (33), and (34), we obtain (27).
Now we prove the inequality (28). Taking the derivatives from equalities (24) and (26)
with respect to { i j =13 we obtain:

() _ /ww(q)dsﬁ/ww(md%

ag; a¢; ag;
(35)
IWe(0) /aLa(ﬂ,C;/\) ;
= 4% ds ’ € Q/ - 1/3
From (25) and (35), we have
IW(Z) 9 W() / Lo (17, GG A)
— < || —=="—W(y)ds
D
(36)
< [P g < [P,
/e 0
(e, j=1,3.
To prove (36), we estimate/ Mo, &iA) dsy,j =1,2,and /‘W dsy, on
ag; 93
the part D of the plane 173 = 0.
For the first integrals, we use:
Yo (17,5 M) a‘YU(q,é A)ds ( ‘_C)a‘YU(U,é;/\)
9G; os oG T o5 (37)
s=a%, j=1,2.
Applying equality (30) and equality (37), we obtain
/ W dsy < Kp(A, o2 8, o>1, [€Q, j=12 (38)
D ]
Now, we estimate the integral / ‘ M ‘dsﬂ.
Taking into account equality (30), we obtam
/“W" 1,6M) ‘dsq <Kp(A, Q)02 7B, o>1, €. (39)

Using (36), (38) and (39), we obtain (27). O
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Corollary 1. Forevery ¢ € Q),

: _ _IWe(D) _ dW(D) .

We define Q); as
Q£:{<élrg2/g3)60/ q>032¢ qzmSXlP(@/)r 0<£<q}'

Here, ({’)— is a surface. We remark that the set Q) C Q) is compact.

Corollary 2. If { € Q, then the families of functions {W({)} and {91/\8/2(@} converge
j

uniformly for o — oo, that is:

Me(0) W@

WO S WE), T = T

Remark that E; = Q\(Q); is a boundary layer for this problem, as in the theory of
singular perturbations, where there is no uniform convergence.
Suppose that the surface X is given by the equation

m=9(), ' €R?
where (") satisfies the condition
|¢'(n')| < C < oo, C=const.

Consider
g =maxy(y’), I=max\/1+y2(").

Theorem 4. If W(1) € S,(Q) satisfies (25), and the inequality

[W(n)| <9d, 0<6<1,neX, Xasmooth surface, (40)
then
g g
IW(Q)| < Kp(A, Q) AM RS, o1, [eq. (41)
IW(E) < KA, )M 52522 c>1, (€O
ag; | = ' ' 42)
i=1,3.
Proof. Using (24), we obtain
/La n,GAW(y dsv+/Lg 0, GA)W(ndsy, € Q. (43)
We estimate the following
0l = /LU(M;A)W(W)dSq + /LU(U/C})\)W(W)dSr;, Teq. (44)
b D




Symmetry 2022, 14, 1682 11 of 16

Given inequality (40), we estimate the first integral of inequality (44).

1o, &0 Weplds,

z

/La 1GAW()ds| <

(45)
<6 [ILotn, &) ds;, e
z

We estimate now the integrals /|‘I’g(17, 0 A\)|dsy, /‘W dsy,j = 1,2 and
i
p p

dsy on X.

/‘ Yo (1,5 A)
13
Using (30), we have

/m 0,0 M)ldsy < Ky(A, )02’ =8, o>1, req. (46)

From (30) and (32), we have

a‘PU(ﬂ/ g))\)

< o(*=33) =12
[|Z S e < KA, oo, geq jo12 @)
z
Using (30), we obtain
/‘a‘fga;;,g)x ‘d <K,(A, )02 B), o1, (eq. (48)
3

From (46)—(48) and applying (45), we obtain

/Lg 1, GAW(n)ds,| < K,(A, 002078, ¢>1, feq. (49)
The following is known
GAW(p)dsy| < Ko(A,D)o*Me 3, o>1, (€. (50)

Now using (44), (49) and (50), we have

K,(A, Q)02
W(Q)| < #(&‘WZ M) S, o1, (eq. (51)
Choosing
1. M

we obtain (41).
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We compute now the partial derivative from Formula (24) with respect to {j, j = 1,3:

aW(g) :/MW(U)dSq+/MW(U)dsﬂ

ag; ag; ag;
(53)
oW, (Z) /aLU(Tllgl‘A> ;
= + W(n)dsy, e, j=1,
a, a, (n)dsy, ¢ j
Hee MWe(0) _ [ Lo, 5N)
(% a ;7/ ;
= W(n)dsy,. 54
Now we have
dLy( 17,§ )\
ds
9Ly (1,3 A) IWe(Z)
W(n)dsy| < (55)
l/ ag; T a¢;
¥ /MW(q)dsq, {eq, j=173.
ag;
D
Given inequality (40), we obtain:
oL (17,3 M) dLg (17,55 A
l [ EALE s, < [ |2E g as,
] 5 ]
(56)
<sf e &M ss  req, j=T3.
ag;
z
To prove (56), we estimate now / No(n,6:2) ds,, j=1,2and / ‘W dsy on
9g; (3
a smooth surface X.
Given equality (30) and equality (35), we obtain
/ W dsy < Ko(A, g)aze“(‘?z‘ég), c>1, CeQ, j=12 (57)
¥ J
Taking into account (30), we obtain
/’B‘I’aaﬂg’g/\ ’d <K,D(/\ g) o(q? 53) c>1, é’te (58)
3
From (57) and (58), bearing in mind (56), we obtain
/ aL”(gC'f;)‘) W(n)dsy| < Ko(A, Q026 @-8), ¢>1, CeQ, (59)
b

j=1,3.
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We have
/MW(U)dSq < Kp(A, 0)2Me %, o>1, [€Q,
J ag; (60)
j=1,3.
From (55), (59) and (60),we obtain
WQ)|_ KoM DP o
< q o
i=13.

Choosing ¢ as in (52) we get (42). O

Suppose now that W(7) € S,(Q)) is defined on X and f;5(7) is its approximation with
anerror 0 < 0 < 1. Then

max|W(ry) — f5(1)] < é. (62)
We put
Wo(o)(©) = [ Lo, GiA)fs(n)ds;, ¢ € 0. (63)
x

Theorem 5. Let W(1) € S,(Q) satisfying the condition (25) on the part of the plane 13 = 0.
Then
1.8 8
‘W@%ﬁ%@@ﬂgKAAQﬁM 2o, o>1, (€. (64)

g g

1—3 =3
<K,(A Q)M 767, o>1, [€Q,

IW() Wy (0)
ag; g

(65)

—
|
—
N
@

Proof. From (24) and (63), we obtain

W(E) = We () = [ Loln, &)W lp)ds,
o)

— [ Lo ) fstmdsy = [ Lo, AW n)ds,
Py

X

+/iAmQMWWM%—ZiAm&MﬁMM%

D

= [ Lot GA W) — fstn sy + [ Lo, &AW (s,
D

z
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and
W) Wee)(D) [ aLs(n,LA)
o7, A —/ a0 W (i7)dsy
Ly (17,5 A) )L ONg(y,x;A)
/ % / 5% (y)dsy
Lo (1,51 1y oLy WCA
+/ ag] dsq / aé] ds’]
D z
auq@A Lo (1, GA) 1y
gf o, — fs(n }dsq<+t/1i%;7 W (i7)dsy,
j=1,3.

Using (25) and (62), we obtain:

[W(Z) = Wo(e) (0)] =

/ Lo (1,5 M{W () — f5(1) sy
>

+

[ Lot G nWinds,

D

< [ILoln, GA W) = f()}ds,
>

+ [ILeln, GIW sy <6 [ILo(n,2A)ds,
D >

M [ILo(n,2; ) ldsy.
D

and

— fs(n) }dsy

W) Wos /amngA
a¢; ag ag;

aLU(U/ C,‘ A)

‘/aLgng)\ "

S
g 1

g

(W (n)|ds, <5/

dLs(n,5;A)

ag;
dLg( 77 GA)
+M/ 3%

We obtain, similarly repeating the proof of Theorems 3 and 4, that

- Ko (A, Q)o?
2

L, (17, M)
ag;

v/

ds,i

j=1,3.

(577 + M)e“’gg.

‘aw@) B Wa(a)(€)| - Ko(A,0)o?
: - 2

W) = fs(n) }dsy

(57T + M)e 8, j=T1,3.
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Considering ¢ from (52), we obtain (64) and (65). [

Corollary 3. For every ¢ € ),

i . anT C oW .
77 Voo (&) = W(E).  Jimy a(g(): aéj@, j=173.

C — o . Wy (5)(0)
orollary 4. If { € Q, then the families of functions {Wa((g)(g)} and BT are
]

convergent uniformly for & — 0, that is:

Wo)(0) _ OW() .
aCj = aéj , j=13.

Wo(s)(0) = W(Z),

4. Conclusions

In this paper, as a continuation of some previous papers, we explicitly found a regular-
ized solution of the Cauchy problem for the matrix factorization of the Helmholtz equation
in an unbounded domain from R3. When applied problems are solved, the approximate

values of W(Z) and avglg(jg)

We have built, in this paper, a family of vector-functions W(, f5) = W (5)({) and
I, f5) _ Mo (©)
9% %

(), at 6 — 0, specially chosen, W, ) () and

, { € Q, j=1,3mustbe found.

, j = 1,3, depending on ¢. Moreover, we have proved that for o =
aWa(é) (é)
ag;
¢ € Q. Such a family of vector functions W5 (¢) and

are convergent to a solution W({)

W(2) Wo(5)(8)
agj 9g;j

are called a regularized solution of the problem. A regularized solution determines a stable
method to find the approximate solution of the problem.
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