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Abstract: The main aim of this study is to define degenerate Genocchi polynomials and numbers of
the second kind by using logarithmic functions, and to investigate some of their analytical proper-
ties and some applications. For this purpose, many formulas and relations for these polynomials,
including some implicit summation formulas, differentiation rules and correlations with the earlier
polynomials by utilizing some series manipulation methods, are derived. Additionally, as an ap-
plication, the zero values of degenerate Genocchi polynomials and numbers of the second kind are
presented in tables and multifarious graphical representations for these zero values are shown.
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1. Introduction

Recently, many mathematicians, particularly Carlitz [1,2], Kim et al. [3], Sharma et al. [4,5],
and Khan et al. [6-8], have studied and delivered diverse degenerate variations of many
unique polynomials and numbers (such as degenerate Bernoulli polynomials, degenerate
Euler polynomials, degenerate Daehee polynomials, degenerate Fubini polynomials, de-
generate Stirling numbers of the first and second kind, and so forth). It is noteworthy that
studying degenerate variations is not always most effective when limited to polynomials,
but also prolonged to transcendental features, like gamma functions. It is likewise terrific
that the degenerate umbral calculus is delivered as a degenerate version of the classical
umbral calculus. Degenerate versions of special numbers and polynomials have been ex-
plored by way of various techniques, such as combinatorial strategies, producing functions,
umbral calculus techniques, p-adic analysis, differential equations, unique capabilities,
probability principles, and analytic variety ideas. In this paper, we focus on degenerate
Genocchi polynomials and numbers of the second kind. The intention of this paper is to
introduce a degenerate version of the Genocchi polynomials and numbers of the second
type, the so-called degenerate Genocchi polynomials and numbers of the second type,
made from the degenerate exponential characteristic. We derive a few express expressions
and identities for those numbers and polynomials. Further, we introduce degenerate
Genocchi polynomials of the second kind attached to Dirichlet character x and establish
some properties of these polynomials.

Let p be a fixed odd prime number. Throughout this paper, Z,, Qp, and C, will
denote the the ring of p-adic integers, the field of p-adic rational numbers, and the
completion of algebraic closure of Q,, respectively. The p-adic norm | . |, is normalized
as | plp=p ' = % Let UD(Zy) be the space of Cp-valued uniformly differentiable
functions on Z,,.
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For f € UD(Zp), the p-adic invariant integral on Zj, is defined as (see [8-11])

= [, F@dno(@) = lim Zf OoE +pVZ,)

= lim = Y (@), 1)

For f € UD(Zj), the fermionic p-adic integral on Z, is defined by Kim as follows

(see [11])
PN -1
La(f) = [, A = Jim | T SEDF, )
From (1) and (2), we have
w—1
Io(fw) = 1o(f) = ZZ f11) (weN), (3)
=0
and
~1(fw) = (1) —22 )T f(a) (w EN). (4)
For any non-zero A € R (or C), the degenerate exponential function is defined by
(see [4-7])
&(2) = (1+A2)%, el(z) = (1+A2)1. (5)
By binomial expansion, we get
2 = L ©oagy ©)

Note that
hm et 5 (z 2 6“’ = ¢,

In [1], Carlitz considered the degenerate Bernoulli polynomials given by

w

1+Az%22ﬁum 5= (AER). 7)

=
(1+Az)%—1

Here, { =0, Bu, 1 = Bw,a(0) are called the degenerate Bernoulli numbers.
The degenerate Genocchi polynomials G, (&; A) are defined by (see [12])

2z = z¥
—_— 8
ex(z) +1 iz WZ )
In the case when ¢ = 0, G, (A) = G, (0; A) are called the degenerate Genocchi numbers.
From (8), we note that
hm Z Guw(E; /\) 22 ¥(z)
w! kmm()+1A

2z = z¥

_ g i
eZ+1 ‘= ZGW(@W!' (9)
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where G, (&) are called the Genocchi numbers.

The partially degenerate Genocchi polynomials are defined by the generating function
as follows (see [13])

>\>—‘
3
N
S

2log(1 + Az) o2
ez +1 - Z Gw,)\(g)i

Atthe point § = 0, G,y = G, 1 (0) are called the partially degenerate Genocchi numbers.
The new type of degenerate Changhee—Genocchi polynomials are defined by (see [14])

(10)

w

2log, (1+z)
24z

e z
(142 = ) CCua(®)2 (11)
w=0
In the case when ¢ = 0, CG,» = CG, (0) are called the new type of degenerate
Changhee-Genocchi numbers.

For w > 0, the Stirling numbers of the first kind are defined by

= isl(wrl)glr (12)
1=0

where ({)p = 1,and (§)w = ¢(—1)---((—w+1) (w > 1). From (12), it is easy to
see that

)2 (k> 0). (13)

(logl—i—z ZSlwr o 2

For w > 0, the Stirling numbers of the second kind are defined by

=Y Sy(w,1)(&):. (14)
1=0
From (14), we attain that
1,, B z%

This article is structured as follows. In Section 2, we consider degenerate Genocchi
polynomials of the second kind and derive some basic properties of these polynomials
by using different analytical means of their respective generating functions. In Section 3,
we introduce degenerate Genocchi polynomials of the second kind attached to Dirichlet
character y and derive some properties of these polynomials.

2. Degenerate Genocchi Polynomials of the Second Kind

1
Let A,z € Cybe| Az [,< p 7 T. Now, we consider the degenerate Genocchi polyno-
mials of the second kind defined by

-

210g(1 +Az)x a z¥

In the case when ¢ = 0, G, 2 (0) = G, ) are called the degenerate Genocchi numbers
of the second kind.
Note that

lim G, (&) = Gu (@) (w2 0)
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Theorem 1. For w > 0, we have

0§ () L ava o,

v=0

Proof. Using (8) and (16), we have

> z¢  2log(1 +)\z)% 4
wgo Gw,/\(f:)a = W%(Z)

_ log(1+ /\z)% 2z
B Az ex(z)+1

o) (£

& (z)

Therefore, by (16) and (17), we obtain the result. [

Theorem 2. For w > 0, we have
w

=) (‘;’) DyA Gy (85 1)

Proof. Following Equation (8) and (16), we find

> z¢  2log(1 —i—)\z)% 4
wgoGw,A(g)a = W%(Z)

Az ex(z)+1

- (B (Bewens)
:ai(g (V>D,,AVGW (&N )Z,

Therefore, by (16) and (18), we get the result. O

Theorem 3. For w > 0, we have

SR 3 Gl L R C )

Proof. Using the definition (8) and (16), we have

> z¢  2log(1 —I—Az)% 4
wgoGw,A(g)a = W%(Z)

_ log(1+ /\z)% 2 & (2)
B Az ex(z) +14

o
< ( ) AVV'GW v(& A)) %u:

(18)



Symmetry 2022, 14, 1500

50f 15
> z
:Z<ZDV(A )(ZEw/\ ,)
v=0
oo [w—1
w — 1) z¥
= DyA Beo1-v,(8) | 7o (19)
E(VE ()P B ) 55
Comparing the coefficients of z on both sides, we obtain the result.
Theorem 4. For w > 0, we have
w
Guw(§) = ) Gua(§)A“"Sz(w,v)
v=0
Proof. By replacing z with 1 (e’? — 1) in (16), we get
2 = -y
iz _ A
ez+1e VX:%GV)\(g) 1/'
=2 Gua@A ) Salw,v)—
v=0 w=v w
oo w Z(U
= Y [ X G (@A Sa2(w,v) | = (20)
w=0 \v=0
On the other hand, we have
2z > z¥
{z
eZ+1 : _OJ;OG(‘J(g)aﬂ (21)
In view of (20) and (21), we obtain the result. [
Theorem 5. For w > 0, we have
1
S B (1) + Gyl = A“(-1) . (22)
Proof. From (16), it is shown that
o) Za;
Z [Gw,/\(l) + Gw,/\]a
w=1
1 1
~ 2log(1+Az)x 2log(1+Az)x 1
ENOES AR W = 2log(1+A2)1
i w, /\ + Gw A
=0 w+1 w!
Cw! z¥
=2
Z::O w+ 1 w!’
Comparing the coefficients of z, we obtain the result (22). [
Theorem 6. For w > 0 with d € N, we have
d—1
- a+¢ A
Gunl@) =L G0 (515, (23)

a=0
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Proof. From (16), we find

z¢  2log(1 —i—)xz)% 4
MZ:;OGw,A(f:)a = We/\(Z)

~ 2log(1+ )\z)%
(1+A2)7 +1

1 d*l2log(1+/\z)%
d\4=0 1+ Az)7 +1

o o w—1 ﬂ—l—(: A ZW
‘E(‘l 1§)G”<d d))w!'

Equating the coefficients of z, we get (23). O

(14 Az) %

(1+Az)i”i">

Theorem 7. For w > 1, we have

D, e 1= [y (. .G G
w—1 _2w Z v ()v,A w—v,/\+ w,A |-

v=0

Proof. Using (16), we see

[e)

w
2l0g(1+A2)F = (ea(2) +1) ¥ Gun
w=0 :

2zlog(1+Az) & zV & v & z¥
D v (Uv,/\ﬁwg,o Gw,/\a +) Gw,A(g)a

v=0 w=0

(o] wzw
2 DAY —
ZwZ::o O w!

= = (1/20 (1/) (1)V,AGw—v,/\ + Gw,A) J

On comparing the coefficients of Z;, we get the result (25). [J

Wl
Theorem 8. Let w > 0. Then
w
CGur = Y A 'Gy(A)S1(w,v).
v=0
Proof. Replacing z by log(1 + Az) in (8), we find

( 2log(1+ Az) ; ) _ i Go(\) (log(1 +' Az))Y
(I4+Alog(1+Az))x +1 v=0 v:

(25)

(26)
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= i (i AWVGV(A)Sl(w/V)> Z;w, (27)

w=0 \v=0
On the other hand,

( 2log(1+ Az) ) _ i CG@;Ai- (28)
( " w!

1+ Alog(1+Az)T+1/) &=

By (27) and (28), we obtain the result (26). O

Theorem 9. Let w > 0. Then

w w w
3 Cua@Saw,) = 1 (&) CCaruDin (@) (29)
v=0 v=0
Proof. On changing z with log, (1 + z) in (8), we get

2log,(1+z) i g (log, (1+2))¥
;T(l+z) —E)GV,A@)AV—!

= Y 6@ ¥ Sialwn)
v=0 W=V :

|

2log, (1+z)
2+z

Zw

Gv,u@)sl,uw,v)) = (30)

agk
I

w

On the other hand, we have

2z log,(1+z)
E_ A
(1+2) 242z z

(] Zw (] ZV
= Z cha Z Dv,)\(é)ﬁ
w=0 =0

(1+2)°¢

B (& (o)

v=0 w!
In view of (30) and (31), we obtain (29). O

For r € N, we define the higher-order degenerate Genocchi polynomials of the second
kind given by the generating function

(”’g“”z)}) &)= Y. 6@ (32)

ea(z)+1 w!

When ¢ =0, Gg/)/\ = Gg)/\(O) are called the higher-order degenerate Genocchi num-
bers of the second kind.
It is worth noting that

lim G (&) = G (§) (w>0).

A—0

Theorem 10. Let w > 0. Then

D=1 (4)elth et (33)
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Proof. Equation (32), we see
1 r
v o) (2 (2log(1+Az)7 ) &
EOGM(C)M = ( @il ) e
r—k k
[ 2log(1+ Az)* 21og(1+ Az)* £
N ex(z) +1 ex(z)+1 A
[y ar-omnZ [y g®?
- <(4;0Gw/\ (g) w!) <UZOGV)LV|>
=y (L (e @) (34)
- =\5 v w—v,A v,A w!’
which gives the result (33). O
Theorem 11. Let w > 0. Then
Y (w
GUhE+m =1 ()60 2 @0 &
v=0
Proof. By (35), we note that
1 r
o (r) i _ [ 2log(1+ Az)¥ (&+n)
wgo Cop e+ n)w! N < ex(z) +1 e ()
= (r v &2 zv
= Y GO Loz
w=0 fv=0
=2 (L ()60, @ )2 (36)
w=0 \v=0 :
Comparing the coefficients of z, we get (35). O
Theorem 12. Let w > 0. Then
" v (@) g
@ =1 3 (7)80@nS2atm) (37)
=0 m=0

Proof. From (32), we observe that

i GS?A(,;) = <210g(1+/\Z)A> ler(z) —141]°

w=0 w! e/\(z) +1
- 210g(1+/\z)% " o & o
o ( er(z) +1 ) m;o ( )(e;\(z) 1)
= (ZOGS?AW.> Y (@ ) sz,w,m)Z,)
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~y (i y (‘j)@iﬁll,g@)msz,uz,m))j:, (38)
which complete the proof. [
Theorem 13. Let w > 1. Then
MG (@) = wG) | L (@). (39)

Proof. By applying the difference operator A, to both sides of Equation (32), we get

(o) - oo (2109 1)

ex(z) +1

few

and then we have

1IN T
ad () i [ 2log(1+Az)x 4
w; BB w! ( ex(z) +1 Aaei ()

_ (210g(1 +Az)% ) ’ei(z)z

er(z) +1
00 Zw+1
= Y 600 (40)
w=1 .
Therefore, by (40), we obtain (39). O
Theorem 14. Let w > 0. Then
9 r & w r
00 =1 (4) 60 @ (a1)
v=0

Proof. By applying the derivative operator % with respect to ¢ to both sides of Equation (32),

we have
0 [ & ~n) n2Y) 0 210g(1+/\z)% '
ag(Z%@aﬂ) —a¢(<<>+1> e )
ZOJ
w!

>l

© 9 ,
wX::O afou,)A(C )

>l

B Zlog(l—i-)xz)% d :
( ex(z)+1 >3§(1+AZ)

B 2log(1+)\z)% ' 4
= <€A(Z)+1 > (1+Az)4 (14 Az)

- (iﬁj,&(@)j) ( f(lmfj)

= i (i (f) Gg)_V,A(C)(l)V,A> = (42)

>l

—.
w=0 \v=0 w:

By, comparing the coefficients of z on both sides, we get the following theorem. [
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3. Degenerate Genocchi Polynomials of the Second Kind Attached with Dirichlet
Character x

Here, we introduce degenerate Genocchi polynomials of the second kind attached
with Dirichlet character x and establish some properties of these polynomials by applying
the generating function. First, we present the following definition.

Let d € N with d = 1(mod2) and x be a Dirichlet character with conductor d. We
define generalized degenerate Genocchi polynomials of the second kind attached to x
given by the following generating function

Lg .
2log(1 +dAz)A 1)y (a)(1 + /\z)( +2)
(1 —i—/\Z)X +1 a=0

= wgo Gw,;(,)\ (g)% (43)

When § = 0, G, 0 = Gy, (0) are called the generalized degenerate Genocchi
numbers of the second kind attached to y.
We note that

lim %ngljlgﬁz—z:(—lyx(aﬂl—%Az)Q?Q
A=0 (1+)\Z)/\ +1 4=

00 e
— Y limG z
MZZ;O )\IL% w,;(,/\(g) w!
0y d-1 .
== Z%)(—l)ux o(a+0)z 2 Guy(&)=—. (44)
a=

Thus, by (43) and (44), we have
%ig}) Guxa (@) =Gux(d) (w=0).

Theorem 15. Let w > 0. Then

G (€ fﬁ( )Arm w1 (©). (45)

1=0

Proof. From (43), we have

2log(1+Az)7 &=t . ()
(14 A2)% +1 42

> > d—1 ot
:C%ﬂjA§< z ;en%@u+mﬂf>
)

[ee) ZCU
Gy (@) — =
wZ::o “r w!

which proves the identity (45). O
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Theorem 16. Let w > 0. Then

d—1
Gunal®) =4 T (17x(e)Gy, (5 )

Proof. From (43), we observe that

Zlog(1+/\z)%d§(—1)”x(a)(1+Az)@ - ldf(_mx( )M( by

a=0 d a=0 (1 + )\Z) A 4+1

dz i A(a—;@)(dz)“’

|
a=0 w= w:

o w— = a ll+(: i
:E()(d 1;)(_1) X(ﬂ)Gw,g( d ))w'

which complete the proof. [

Theorem 17. Let w > 0. Then

Gupn (T) = i (?)AI/X('Y)IEWO(')’)/}(X(’?)(C+’7)w—l,AdV—l(’7)-

=0

Proof. From (4) and (43), we can derive

2 [ @+ A2 ) (1 + 1) o )i ()

>l

_ (log(1+/\2)> <22221(— r@ At
(

Az 1+Az)% +1

)

~log(1+Az)% Kb (—1)x(a) (1 + Az) T
(1+A2)% +1

Een(S9)

On the other hand, we have

2 [ [ A2 (L ) E Do () ()

= i (i <(;)>?\l/)((7)zd#o(v)/x (1) (& + M)t dp— 1(77)> =

w=0 \I=0 w!
Therefore, by (50) and (51), we obtain (49). O

Theorem 18. Let w > 0. Then

Gur(@ = 1 (4)Guar(@arsa

v=0

Proof. From (43), we see that

1
ZzW 21lo 1+)\ZWd71 (a+8)
ZGW 20 2B AN e ()14 ) "
W (14 Az)2 +1 a=0

(47)

(49)

(52)
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d

i 1+Az)(A>(1+)\z)

>\>—‘

2log(1+ Az)
(1+Az)% +1

= i (i (Cj) GV,X,A(C)OH,A> Z% (53)

w=0 \v=0
Equating the coefficients of z, we get (51). O
4. Computational Values and Graphical Representations of Degenerate Genocchi
Polynomials of the Second Kind

In this section, certain zeros of the degenerate Genocchi polynomials of the second
kind G, 5 (¢) and beautiful graphical representations are shown.
For A # 0, the first five degenerate Genocchi polynomials of the second kind are:

Goal®d) = 0 Gia@) =1  Gaa®)=;(2-1-1)

Gaaf) = £(3-35-605+207+3),
Gyp(E) = 214 (1—6A3—182\(@—1)@—6¢2+4¢3+11A2(2§—1)).

For instance, Figure 1 shows the plots of some degenerate Genocchi polynomials of
the second kind.

121032 |

8l
5x10 51031

Y

-40 -20 20 40 -1000 -500 500 1000

5x108 - 510311

=109+

Figure 1. Graphs of degenerate Genocchi polynomials of the second kind for A = 1, w = 10 (red),
w = 15 (blue), and w = 20 (orange).

Further, we calculate an approximate solution satisfying the degenerate Genocchi
polynomials of the second kind G, 1 (&) = 0, for A = £1. The results are displayed in
Tables 1 and 2.
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Table 1. Approximate solutions of G, (&) = 0.

w ¢

2 1

3 0.736237, 2.26376

4 0.585786, 2, 3.41421

5 0.49031, 1.82092, 3.17908, 4.50969

6 042671, 1.69175, 3, 4.30825, 5.57329

7 0.383053, 1.59643, 2.85886, 4.14114, 5.40357, 6.61695

3 0.352346, 1.5254, 2.74661, 4, 525339, 6.4746,

7.64765

9 0.330213, 1.47227, 2.65719, 3.88103, 5.11897, 6.34281,
7.52773, 8.66979

10 0.313827, 1.43242, 258614, 3.7812, 5, 6.2188,

741386, 8.56758, 9.68617

Table 2. Approximate solutions of G, _1(&) = 0.

w ¢

2 0

3 —1.26376, 0.263763

4 241421, -1, 0.414214

5 —3.50969, —2.17908, —0.820923, 0.50969

6 —4.57329, —-3.30825, -2, —0.691752, 0.57329

7 —5.61695, —4.40357, —3.14114, —1.85886, —0.596427, 0.616947

8 —6.64765, —5.4746, —4.25339, -3, —1.74661, —0.525404,

0.647654

9 —7.66979, —6.52773, —5.34281, —4.11897, —2.88103, —1.65719,
—0.472272, 0.669787

10 —8.68617, —7.56758, —6.41386, —5.2188, —4, 27812,

—1.58614, —0.432424, 0.686173

The plots of real zeros of G, (), for A = £1 and w = 2,...,10 are presented in
Figure 2.

] ® ® [ ] 4+

(@) (b)

Figure 2. Plots of real zeros of G, +1(&), for w = 2,...,10. (a) Plots of real zeros of G, ({), for
w =2,...,10. (b) Plots of real zeros of G, _1({), forw =2,...,10.



Symmetry 2022, 14, 1500

14 0of 15

References

The stacks of real zeros of Gw,A({,‘), for A = £l and w = 2,...,10 are presented in
Figures 3 and 4, respectively.

~<_ 7
5 “«\H&\ | 05
§ =t ‘
e
~<|

10 00

Figure 3. Stack of real zeros of degenerate Genocchi polynomials of the second kind G, 1(¢), for

., 10.
/ T

\‘\
Y

|

?\5/ o v/

\ ‘ . /‘?/1"5

D ..l. -: :\-\ /A
:L\k\ ". ..'.. |‘ )0.5
£ u\\o\:‘\“

Figure 4. Stack of real zeros of degenerate Genocchi polynomials of the second kind G, _1(¢), for
w=2,...,10.

5. Conclusions

Motivated by [5,13], in this paper, we defined degenerate Genocchi polynomials
of the second kind, which turn out to be classical ones in exceptional cases. We have
also derived their explicit expressions and some identities involving them. Later, we
introduced the higher-order degenerate Genocchi polynomials of the second kind and
deduced their explicit expressions and some identities by using the generating functions
method, analytical means, and power series expansions. Additionally, we introduced
degenerate Genocchi polynomials of the second kind attached to Dirichlet character x and
obtained some properties of these polynomials.
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