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Abstract: In this article, by using some algebraic inequalities, nabla Holder inequalities, and nabla
Jensen’s inequalities on timescales, we proved some new nabla Hilbert-type dynamic inequalities on
timescales. These inequalities extend some known dynamic inequalities on timescales and unify some
continuous inequalities and their corresponding discrete analogues. Symmetry plays an essential
role in determining the correct methods to solve dynamic inequalities.
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1. Introduction

The form of the established classical discrete Hardy—Hilbert double series inequality [1]
is given as follows: If {a,,} > 0, {b,} > 0,0 < Y7, ah < cand 0 < Yo bl < oo, then
we have

1 1
Y Y <2 (va) (L), (1)
n=1m=1 m+n SIH% n=1 m=1
wherep >1,g=r/p-1.
The continuous versions of inequality (1) is given by:

/OOQ /Ooo f(;f(yy)dxdy < S;;(Awfp(X)dx) : (/Ooo gP’(x)dx) %, @)

unless f = 0 or ¢ = 0, where f and g are measurable non—negative functions such that
Jo" fP(x)dx < oo and [;°gP(x)dx < co. The constant - n, in (1) and (2), is the best

possible.

In [2], Pachpatte proved thatif f € C[[0,x],R*], ¢ € C![[0,y],R*] with f(0) = g(0) =0
and p, g are two positive functions defined for t € [0,x) and T € [0,y), with P(t) =
fo T)dt and Q(t fo T)dt fors € [0,x) and t € [0,y) where x, y are positive real
numbers. Let @ and Y be two real-valued non-negative, convex, and sub-multiplicative
functions defined on [0, o). Then
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mq =1

s stdt< L(x,y) (fo x—s < (s <D<fl((:> )

(wo-afoon() a)
o= (552 ([ (252 )

In [3], Handley et al. proved that if {a,, } ({ = 1,2,. ..,n) are n sequences of
non-negative real numbers defined for my = 1,...,ky with a;9 = az9...a,0 = 0. Let
{pe,m,} be n sequences of positive real numbers defined for m, = 1,...,ks, where k; are
natural numbers. Set Py, = z’;jf Pes,- Let @, (£ = 1,2,...,n) be n real valued non-
negative convex and sub-multiplicative functions defined on (0, c0). Let ay € (0.1), and set
w)=1-—a,a=Y7 ;ayanda), =n—a. Then

®)

where

Ky nd n kg v A\
-y Hﬁzl—f(‘”*ﬂez gM(kl,...,kn)H< Y. (kg—mg+1)<pé,mécbg< a””f‘) ‘) 4)
my=1 n / (=1 Nmy=1 Pem,
Yoy oy
where
Mk k) = o TT( 8 (QE(PZWW)%
Trevey - 7 I —— .
) me=1 N Pomy

Moreover, in the same paper [3], the authors proved that if f, € C!(]0,k/],R])
¢ =1,...,n,with f,(0) = 0. Let py(y) be n positive functions defined for &, € [0, x/]
(=1,...,n).5et Py(s;) = [y pe(Ee)dE, for sy € [0, x], where x; are positive real numbers.
Let @, ay, aj, &, and a’ be as in Equation (4). Then

fxl X H?:] (Dﬂ(f(sf))d

R e . TR
n /
< Y- “ésf) (5)

1
) v e
< L(xlw--rxn)HZ:l (foxz(xﬁ - 5@) (p[(sg)(Dg(f(( ) ) édsé) ’

1

=

where

In [4], Pachpatte established the following Hilbert-type integral inequalities under
the conditions: If h > 1,1 > 1, and f(t) > 0, g(¢ ) >0, fort e (0,x) andT € (O y) where

x and y are positive real numbers and define £ (s fo t)dt and G(¢ fo T)dT, for
s€ (0,x)and t € (0,y). Let P, Q, ®, ¥ and ' are defmed asin (3), then

Jx gy wd dt < Lhl(xy %<f0 <Fh I(s )f(s))zds)%

<(Ww-n(c- 1g<t>)2dt) g

(6)
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and
ey S)zL‘I’t(G(t))dsdt< L(x,y)<f0x(x—s) P(S)CP(F,EZ%))st)% )
<(f=n(awx 5(3))2&)2
where
o3 () o) (f (§2) @)
and
e Q(t)cps<f+ GIL{CGIPWR TR} < Fas) <p(s) q>( f(s>)>2 ds)%
2 1 ®)
<(Bo=o(awx(s0)) )
and
N nglq’e(Fe(SMe))l ds,dty . dsydty
(+5t 2600)”
> L(x1Y1,- -+, XnYn) 1 )
g § ( T (xe = s0)(ye — fe)(r]é(szf tf)@(%))ﬁédsmtg)ﬁ[.
where

1
X Yo (Dy(Py(sy,t “
o =P (42 )

Over the past decade, a great number of dynamic Hilbert-type inequalities on timescales
has been established by many researchers who were motivated by some applications, see
the papers [5-17].

A timescale T is an arbitrary, nonempty closed subset of the set of real numbers R.
Throughout the article, we assume that T has the topology that it inherits from the standard
topology on R. We define the forward jump operator ¢ : T — T for any ¢t € T by

o(t):==inf{s € T:s > t},
and the backward jump operator p: T — T forany t € T by
p(t) :=sup{s € T :s < t}.

In the preceding two definitions, we set inf @ = sup T (i.e., if ¢ is the maximum of T,
then o(t) = t) and sup @ = inf T (i.e., if ¢ is the minimum of T, then p(t) = t), where @
denotes the empty set. For more details on time scales calculus see [11].

A point t € T with infT < t < sup T is said to be right-scattered if o(t) > ¢, right-
dense if o(t) = t, left-scattered if p(t) < t, and left-dense if p(t) = t. Points that are
simultaneously right-dense and left-dense are said to be dense points, whereas points that
are simultaneously right-scattered and left-scattered are said to be isolated points.

The forward graininess function y : T — [0, 0) is defined for any t € T by pu(t) :=
o(t) —t.

If F : T — Ris a function, then the function 7 : T — R is defined by F7(t) =
F(o(t)),Vt € T, thatis F7 = F oo. Similarly, the function F* : T — R is defined by
FP(t) =g(p(t)), vt € T, thatis f P = F op.
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The interval [4, b] in T is defined by
[a,blp ={teT:a<t<b}.

We define open intervals and half-closed intervals similarly.

A function f : T — R is said to be right-dense continuous (rd-continuous) if / is
continuous at all right-dense points in T and its left-sided limits exist at all left-dense points
in T.

In a similar manner, a function F : T — R is said to be left-dense continuous (ld-
continuous) if /- is continuous at all left-dense points in T and its right-sided limits exist at
all right-dense points in T.

The delta integration by parts on timescales is given by the following formula:

b b
| 8t r st =g®)r o) -g@ra - [ g7 erima, (10)

whereas the nabla integration by parts on timescales is given by

[ 0F V=@ ) - g@r@ - [ #orov.an

The following relationships will be used.
(i) T =R,then

/abF(t)At:/ahF(t)Vt:/ubF(t)dt (12
(ii) If T = Z, then
o) =t+1, p()=t—1, ut)=v(t)=1,
FA(t) =AF(t), FY(t)=VF(), )
/ahF(t)At:l:Z;F(t), /ahf(t)wzt_aflr(t),

where A and V are the forward and backward difference operators, respectively.

Next, we write Holder’s inequality and Jensen’s inequality on timescales, where CCj4
denotes the set of all /d-continuous functions F (x,y) in x and y, and CClld is the set of
all functions in CCj; for which both the first partial derivative V1 and V; exist in CCy;.
Similarly we can define CC,.

Lemma 1 (Dynamic Holder’s Inequality [7]). Suppose u, v € T with u < v. Assume |,
g € CCL([u, 0] x [u,v]1,R) be integrable functions and % + % = 1 with p > 1 then

2 g 0lwrwe < |2 g peree)|
19

X {fi’ i Ig(r,t)lqu} !

This inequality is reversed if 0 < p < land if p < 0orq < 0.
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Lemma 2 (Dynamic Jensen’s inequality [7]). Letr, t € Rand —co < m,n < 0. If [ €
CCL(R, (m,n)) and ® : (m,n) —» R is convex then

Ju Jo FOVIVEN ) o o(F (1) VIV
U < : (15)
J. [, Vrvt N f Vth
This inequality is reversed if ¢ € Cj4((c,d),R) is concave.
Definition 1. @ is called a super-multiplicative function on [0, 00) if
P(xy) = ©(x)®(y), forall x,y > 0. (16)

In this paper, we prove some extensions of the nabla integral Hardy-Hilbert inequality
to a general timescale. As special cases of our results, we will recover some dynamic
integral and discrete inequalities known in the literature. Symmetry plays an essential role
in determining the correct methods to solve dynamic inequalities.

2. Main Results

In this section, we state and prove the main results that extend several results in the
literature.

Theorem 1. Let T be timescales with ty, x4, y¢, Se, t¢ € T, (£ =1,...,n). Assume wy(sy, ty) €
C2([to, xo)T X [to,ye)T,[0,00)) (€ =1,...,n), where x; and y, are positive real numbers. Define
Qu(sy, ty) = S‘*’ ftg‘ w(&p, 7)) VEWNV Ty. Let py(Ey, Ty) be n positive, left -dense continuous func-
tions deﬁnedfor &o € (to,se)T, T € (to, te)T and define Py(sy, ty) = fto pe(&e, ) VEN T
Let &y (¢ =1,...,n) be n real-valued, non-negative concave and super multlplzcatwe functions
defined on (0,00) Then for s, € [to,x¢)1, tr € [to,ye)T, L -+ /31 =1,0< B, < 1,and
Y ai[ = % we have that

1 VSnvtn cee VSlvtl

E

’ [T/ @o(Q(se,tp))
w o

Yy 5 (se—to)(te — fo))

foo

17
> L(x1y1, -, XnYn) v

Be ﬁ
T (S o) =0 o) = ) (potse ti0e (424 ) ) v,

1
X Yo (Dy(Py(sy,t “e ay
L(x1Y1, .-, XnYn) = (/ / ( ZP/s/te)é))) Vsth)

Proof. From the hypotheses of Theorem 1, it is easy to observe that

where

K Ty

Pyse te) [ [ pelte ) (‘;f((tf%) )erVTg)
Jo ftif pe(te, ©) Vit V1,

Ji ftff pete, @) (94755 Vit w>
fto pe(tey, T) Vi,V

Dy(Q(se,te)) = q’e(
(18)

> ®y(Py(se )Py (
By using inverse Jensen dynamic inequality, we obtain that

S ty
O (yspty)) > 2lPelsete)) /é “pilte cm(p/(tg’”))wgw. (19)

Py(se,te) iy (te, T0)
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Applying the inverse Holder’s inequality on the left-hand side of (19) with indices «/
and By, it is easy to observe that

Qy(Q(se,te)) = M[(Se—fo)(w—%)ﬁ (/t:[ /t:/ (Pé(tz/Tz)CDz(am))MWNU) - (20)

Py(se, tr) pe(te, )

e

1
By using the following inequality on the term [(sy — to)(t; — to)] *,

n n l l
[Tmi > ( Lo ) (21)
(=1 =
we obtain that
[T7_1 @o(Q(se, tr))

(:x Yot a; (50— to) (b — to))

1
L @y (Pe(sy tr)) (/Sf/tf( < (%W))ﬁé )‘5@
> te, Tp)® Vi,VT (22
g Py(sg, ty) pelte m)®e po(te, ) e 22

o

=

Integrating both sides of (22) over s, t, from ¢y to x4, v, (¢ =1,...,n), we obtain that

IT/—1 @o(Q(se, )

tz to - f fon

Vs, Vi, ... Vs Vh

I

<‘X Z?:l ,X%(SE - tO)(tﬁ - tO)) (23)
; Be ﬁ
>0 Sy J 2ol ( S (Pz(tz, ), (‘;jj((fj;jf )) VtzVTg> VsVt

Applying the inverse Holder’s inequality on the left-hand side of (23) with indices a,
and By, it is easy to observe that

/x1 /y1 / /yn H?—l Dy (Qy(sy,ty)) Vs, Vt,...Vs1VH
-
te Jto ty Jto :
(04 i a; (50— to) (b — tO))

1
(Y (PP SME))) . )f
Vs, Vit 24
/ 1</to /fo ( Py(se, ty) v @
n t Be
UL (a3 s
=1 \Jto Jio to Jio pe(te, )

Using Fubini’s theorem, we observe that

/xl /ylu./x” /y" H?:l Dy(Q(sy, ) Vs, Vt,...Vs1Vt
- .
to Jto ty Jio ‘
(xEr 2ttt 10)

=

2 L(xlyl/' . '/ley?’l)

X H (/X[ /W (x¢ —s¢)(ye — tr) (Pe(se,tz)@(p g:/’:f;))MVSszz);[-
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By using the fact x;, > p(x;), and y; > p(y,), we obtain that

/x1 /yl. N /xn /yn HZ:1 Dy (Qy(sp,ty)) Ve, Vi, ... Vs Vh
T ..
to Jto to  Jto 1
(“ Yoy 2 (50— to) (b — fo))

2 L(xl]/lz . -rxnyn)

X H </w /y[ (x¢) = s0)(p(ye) — fe)(Pe(Ser t£)®£<p éjj::f;))MVngtg)ﬁl[.

This completes the proof. [
Remark 1. In Theorem 1, if T = R, we obtain the result due to Zhao et al.’s [9], Theorem 2.

As a special case of Theorem 1, when T = Z, we have p(n) = n — 1, we obtain the
following result.

Corollary 1. Let {as, t,,mq,m, } and {ps; tome,m, }, (€ =1,...,n) be n sequences of non-negative
numbers defined for ms, =1,...,ks,, and my, = 1,..., ks, and define

ms 0
— (4
AS({,t[,mg;[/m[é - tht me aS( ty, mfé,mw

_ y s My (25)
PSg,t[,msé,mt(‘ = th[ me Psy.te, Mty iy, -

51 ktl Ksn Kty

Z Z o Z Z H?:l CDE( Slrt(rmswmt[)

1
Mg, My Mgy, Mpy, @
1M (tx Y4 ﬂéz;(ms‘fmt‘)>
> Clhsikty, . ks ke,)

(kg as BN 3
’ Me, — _ 0,0, Ms, My, By
% ( Y Y (ks = (ms, = 1)) (ks = (me, = 1)) (Pslzt(/ms(/mtg D, (PH>> )
0=1 \ms, my, / sty

ks, ke, :

U q> P s ﬁl B
Clkoykiy - Ko k) =H<ZZ(“‘”W>> )4

0=1 \ms, niy, ps, Eg s Mg,

Remark 2. Let wy(ty, ), pe(te, ), Pe(te, ), and Qp(ty, T;) change to wy(ty), pe(ts), Pe(se)
and Q) (sy), respectively, and with suitable changes, we have the following new corollary:

Corollary 2. Let w;(&;) € Chlto, xi]r, (¢ = 1,...,n), where x; positive real number, and
define Qy(sy) = f:f wy(&p)VEy, then for sy € [to, x¢)T, a% + é =10 < By < 1,and
Y “i[ = % Let py(&p) be n positive functions defined for &y € (to, x¢)r ({ = 1,...,n) and
define Py(s;) = tff pe(&p)V &y, where xy are positive real number and let @y be n real-valued
non-negative, concave, and super-multiplicative function defined on (0, 00). Then

fX1 L [%n HZ:] @g(ﬂg (SZ)
t

0 to

1 Vs,... VSl
("‘ 22121 a%(sé - tO)) (26)

Be
> L*(xy,...,x0) TT7, (L?(P(xé)_SZ)<W(SZ)¢Z(;}; ssj)))> VSe) ,

e
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where

Corollary 3. In Corollary 2, if we take n = 2, By = & then the inequality (26) changes to

e @1(01(51))<b2(02(sz)—)2v51v52 > L**(x1, %0 <ft —51)(Pl(sl)q’(wl(sl)))zVSl)

NI—=

000 (51 — ko) + (52— t)) p1(51)1 o
<(Roteten) ) (pasrw (22 ) 0s2)
where
e o [ (RO ) (7 (B )
fo 1(s1) to Py(s2)
Remark 3. In Corollary 3, if we take T = R, then the inequality (27) changes to
1
o <I>1(Q1(isll_)i_)i2)(22(52))dsldsz > L**(xq,x2) <f0 X1 —s1) <P1(Sl)q)<‘;,}]1((§i))>)2dsl> 1 .
2

2
(0 =) (et (12 ) ) o)
where
N <1>1<P1<sl>>>1 )1< & (sz(Pz(Sz)))l )1
L™ (x1,x :4/ ( ds / ———=) ds
s =a( 7 (Pp) ) (1 (Pnr”) o
This is an inverse of the inequality (7) which was proved by Pachpatte [4].

Corollary 4. In Corollary 2, if we take f; = ”7*1 the inequality (26) becomes

/"1'“ iy Pe(Qelse) o Vs,
.
to

Jty —n
<Z?1 (s¢— fo))

> L0, ) ﬁ (/tox((f?(xé) —5¢) <Pz(54)q>e(w((sg))>)nvse>ﬂ

(=1

n—1

where

n ) —(n-1) =1
L*(Xl,--',xn) :nﬂ% </x[ (W) VSZ) 1.
(=1 \’to

Py(s¢)

Theorem 2. Let T be timescales with ty, x4, ys, s¢, tg € T, (0 = 1,...,n). Let wy(Ep, p),

pe(&e, ), (é‘g, Tg) ag, and By be as  Theorem 1 and  define
Qu(se te) = p/(é/ ) fto pe(&e, ) wi (8o, 1) VEN Ty for Gy, s € (to, X)) Tes te € (o, Ye)T,
where xp and y, are posztwe real numbers. Let &, (¢ =1,...,n) be n real-valued non-negative

concave and super-multiplicative functions defined on (0, oo). Then

npa g [T7—1 Pe(se, te)Pe(Qu(se, te))
to

to Jto

1 vs;«lvtn .. V51Vt1

<04251 07[( ¢ —to )(tz—fo))w (29)

1
B

> 117, [(xz —to)(yr —to } (fto “lo(xe) —s0)(0(ye) — te) (pe(se, te) Py (welse, fé)))ﬁKVSszO '
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Proof. From the hypotheses of Theorem 2, and by using inverse Jensen dynamic inequality,
we have

Dy(we(se te)) = q’e(M tffftffsz(tz,Tz)Qe(tz,Tz)erVTé>

(30)
> m ;f ftif pe(00, )Py (wi(te, 7)) VE VT

Applying the inverse Holder’s inequality on the left-hand side of (30) with indices a;
and By, it is easy to observe that

O (Qy(sp, b)) = (sp —to)(ty — to)] % (/: /: (WW’ )Py (we(te, Te)))ﬁfvthTé) /57.

_ [
Py(se,ty)

1
By using the inequality (21), on the term [(s; — t)(t; — tg)] ¢ we obtain that

1

PE(SZ/ tZ)cDZ(QE(SZ/ tZ)) - > (/S/Z /tﬁ (Pé(tb T[)q)g ((Ué(tel Tg)))ﬁ[Vt[vQ) P (31)
o to Jto
(v2s = )t~ 10))

Integrating both sides of (31) over sy, t; from g to x, y, ({ = 1,...,n), we obtain that

v e T Po(se t)®p(Q(s g
/ / / / Hf_l Z(E Z) Z( Z([ E))lethn...Vslvn
to to Jtg Jtg " 1 o
(42 A s~ 1) —t0) )

1

1 X rYe s¢ oty %

= | I/ / (/ / (pé(tf,’rg)(bg(wg(tg,q)))vao'ﬂ7'rg> .
(=17t Jto to Jto

Applying the inverse Holder’s inequality on the left-hand side of (32) with indices «/
and By, it is easy to observe that

S [ IT7_1 Pe(se, te)@e(Qe(se, tr))
to Jito

fo Jto

T VSnvtn o vslvtl

WYy o (se—to)(te — fo)) (32)

1

oy, sy
> H?Zl l:(Xg — to)(yg — to):| ( e[ toé ftif (pg(tg, TZ)(D[ (wg(tg, Tg)))ﬁévthTgVngtg)

to Jio

=

By using Fubini’s theorem, we observe that

/x1 /yl'“/xn /yn IT7_q Pe(se, te)®e(Q(se, te)) Vs, Ut Vs, Vh
=Vs, Vi, ...
t t tO t(] w
(v &= )t~ 1))

«

1

n By

> {(xz —to)(ye — to)} g (/t:[ /tow(xz —50) (Yo — te) (pe(se, te) Py (we(se, fe)))ﬁ[VSNfa

(=1

By using the fact x;, > p(x/), and y, > p(y,), we obtain that
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X1 (Y1 Yn Py(sp, t0) Py (Qp(sp, t
/t /t /t /t [Ty Pelse te)@e(Qelse mﬂsnwn...wlvn
0

<0éZ;g 1a; (50— fo)(tz—to))

14

1

> IT e~ o)~ o) i (L7 0 =50 o) = t0) (puls t) e (ol 10)P 5,91 )

=

This completes the proof. [
Remark 4. In Theorem 2, if T = R, we obtain the result due to Zhao et al. [9], Theorem 3.

As a special case of Theorem 2, when T = Z, we have p(n) = n — 1, we obtain the
following result.

Corollary 5. Let {as,,t,,my,m;, } and{ps; tpme, m, }, (€ =1,...,1) be n sequences of non-negative
numbers defined for ms, =1,..., ks, and my, =1,...,ky,, and define

_ s Mty
AS(,t[ﬂﬂsf,mtf I Sy ms/ ey thz me sty my, iy, Psotomy, my, s (33)
P = Y
Sede sy, My, = th[ me Ps,teme, my, -
Then
ks, kit k. k n
i Zl i’: f: [T Psfft/:,mswmtf qDé(As[,t[,ms[,mté)
R T
Mgy My Mgy, Mty a
(’X i lxlé(msfmtz))
n 1 ks Ky Be i
kslktl ! (Z Z ksz msk‘ - 1))(kl‘1;‘ - (mtz -1)) (pslzté’/mswmt[ @, <a9zlt4,ms[,mt4>) )
f 1 Mg, Mg,

Remark 5. Let wy(ty, ), pe(te, T), Po(te, T¢) be defined as above and

ty
Qu(sp, ty) = G50 tz /t pelte, T)we(ts, T) Vi,V

changes to wy(ty), pe(te), Pe(sy), and

1 S
Q(se) = —— / te)we(te) Viy.
o(se) 5,60 e pe(te)we(t) Vi
respectively and with suitable changes, we have the following new corollary:

Corollary 6. Let wy(&;), pe(&e), Pi(&r), ap and By be as Corollary 2 and define Qy(s;) =
ﬁ f;f pe(Eo)we(&r)VEy for &psp € (to, xg)T, where xy are positive real numbers. Let Oy be n
real-valued, non-negative, concave, and super-multiplicative function defined on (0, c0). Then

A [T/ Pe(se)q%(ﬂz(sq v

0 to

Moo V51
<o< WO fo)) (34)

> TT7 (x — (fto —Sz)(Pé(sz)%(we(sz)))mVSK)ﬁlé
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Corollary 7. In Corollary 6, if we take n = 2, B, = 1 then the inequality (26) changes to

% Pl(51)P2(52)¢1(Ql(51))¢2(22(52)>V51Vsz > 4[(x1 — to) (x2 — to)] "

to Jio ((s1 —to) + (s2 —t0)) , ) , % (35)
X ( tg‘l (p(x1) —s1) (P1(s1)q>1 (wy (51))) V51> <ft’;2(p(x2) —$7) (p2(52)<1>2 <w2(52)>) Vsz) .
Remark 6. In Corollary 7, if we take T = R, then the inequality (35) changes to
v pxo P1(51)Pa(s2)P1 (O D, (O -

x <foxl (x1 —51) (Pl (51)®1 (w1 (s1) )>2d51> <fo X2 =82 <P2(Sz)¢z (wz(Sz))>2d52) %-

This is an inverse of the inequality (8) which was proved by Pachpatte [4].

Corollary 8. In Corollary 7, let p1(s1) = pa(s2) = 1, then Py(s1) = s1, Pa(s2) = sa. Therefore,
the inequality (35) changes to

Y (x D1 (Q1(s1))P2(Q2(s2)) Vs Vs, > 4[(x) — t PR
0 (5150) 71 ((s1 — to) + (52— t0)) 51Vsy > 4[(x1 — to) (x2 — to)] -

X ( ftzl (p(x1) —s1) <q>1 (w1(51)))2V51> : < ftzz (p(x2) —52) <q>2 (w2(52)> >2V52) 2-

Remark 7. In Corollary 8, if we take T = R, then the inequality (37) change to

4[x1x]

/x1 /xz (O] Ql S1 q>2(02(52))d dSz
5152

I(s +sz)
2 1 2 1

X (/OX1 (x1—s1) <q>1 (wl(Sl))) dSl) i (/Oxz(xz —53) <<I>2 <w2(52)>> d52> "

This is an inverse inequality of the following inequality which was proved by Pachpatte [9].

[ [ o

L(s+1t)

([m-sn(oton) ) ([u-n(v(s0))a)"

Corollary 9. In Corollary 6, if we take By = =1 (¢ = 1,...,n) the inequality (34) becomes.

/xl. [P T Pe(s0)®e(Qelse) o Vs,
to to ;1 "
<Z?_1 (se — tO))

n

> 01 [ (2 — to) 71 </t:[ (p(x¢) = s¢) <Pé(5e)®e(we(se))> ' VSe) ”%]-

n—1

(=1
Theorem 3. Let T be timescales with ty, xy, yg, s¢, tg € T, (0 = 1,...,n). Assume wy(sy, ty)
(¢ =1,...,n) are non-negative, left-dense continuous functions defmed on [to, x7)T X [to,yg)jr,

where x; and Yy are positive real numbers and with wy(to, ty) = we(se, to) =0, (L =1,...,n).
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Let py(&p) and q,(ty) be positive left-dense, continuous functions defined for &y € (to,s¢)T,
Ty € (to, tg)']r. Set

t Sy
Py(sy,te) :/t[/t[m(ﬁe)w(w)vé‘evw- (38)

The functions wy(sy, ty) have partial V- derivatives w€V1 (s, ty) and w[Vz (s¢, ty) with respect
s¢ and ty respectively and wvle(Sg, t) = wﬁvzvl (sp,ty). Let @y (£ =1,...,n) be n real-valued
non-negative concave and super-multiplicative functions deﬁned on (0,00). Let ay € (1,00). Set
W)y =1-a;(L=1,...,n),0a =Y japand &’ =Y} ;&) = n—a. Then for s; € [to, x;)T
and t; € [to,y¢)T, we have that

Dy (wy(se ty))

v, H£ .
<0}’ Yoi—q ay(sg —to)(te — to))

to Jito fo

o Vantn ‘e V51Vt1

39
> G(x1y1, ..., XnYn) (39)

Vo4 % LY
xTTj—y (fto i ((xe) = s0)(p(ye) — )(PE(SZ)W(tﬁ)qDE(W)) £V5Nfe>

where ) ,
X Yo [ Dy(Py(sy, t ol i
G(x1Y1,- -, XnYn) = (/ / ( Zpg ész i/”) [Vngtg> )

Proof. From the hypotheses of Theorem 3, we obtain
Sy t(
wy(se, ty) = /t t wevZV] (te, 70)Vt, V1o (40)
0 0

From (40) and Sg, it is easy to observe that

V21
Py(se,te) [y ftif pe(te)ge(T )(Wq(;(n)))VtZVTé
fto pe(te W(Te)VtNTz
(te, )
fto pe(te)qe(T e)(FWWfTZ))VtZVTE).
t fto pe(te)qe(te) ViV

Dy(wy(se te)) = ‘Pe(
(41)

> Dy(Py(sy, tm@(

By using an inverse Jensen’s dynamic inequality, we obtain that

A
D(Py(sy,ty)) /S’ b (“’e (tf,Te')>
Dy(wyp(sy,t > t )P ————m——~ VT 42
o(wi(se b)) PG ) pe(te)qe(Te) Py ROYTC) Vi,V (42)

Applying the inverse Holder’s inequality on the left-hand side of (42) with indices
1/a and 1/4/, we obtain

Op(wilsetr)) > LD (s — to) (e — )]
VoVi

& a  (43)
t l
( fto (PZ t/)Qé(TE)CDE(W)) VtNrg> .

Using the following inequality on the term [(s; — to)(t; — to)] * where &), < 0and
Ag > 0.

L o) 1, &, o
([[12\@ > ;(;am) , (44)

we obtain that
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!

o
Dy (Py(syty)
[Tj—; @o(welse te) = TIj- 17”13/515‘”)’ <,§, ZZ_la’Z(sg—to)(tg—to)>

RS N (45)
t i
X( o (W(tz)qé(’fz) (W)) VfNW) :
From (45), we have that
ACACTA))
., oW (e, ty .
(3t = )0~ 10) ) o

D4 (Py(s0.tr) t V2V (1, 1) A &

s Sy / 0Tt

> ITi- 1W( i I (Pf(tﬁ)q (TZ)‘DZ(M@W(T/))> VtNTz) :
Integrating both sides of (46) over s, t; from ty to xy, y; (¢ =1,...,n), we obtain that

Dy(wy(sy,t
to tzl... tz" tg"H?ﬂ 2( €<€ 0)) “,Vantn...Vﬁth
(3o atts— o)t~ o)) W)

VoVq

1 o
t e
> 1Ty Jy t?%( L (Pz té)W(W)©é(M)> VtNTz) VsVt

Applying the inverse Holder’s inequality on the left-hand side of (47) with indices
1/ap and 1/&2, we obtain

X y yn )
/1/ 1/ / Po(wi(setr)) —VsyVty...Vs1Vh
t t t
o Jto 0 él( Wi 1%( t)(tgﬁ)))
1 /
n X oy A %
(/ f/ ¢ (CDI Py SM(/))) ‘Vslthg> (48)
T Py(se tr)

1L (mom (o) o))
X T, T S
/=1 to Jio fo Pf ! W Z pé(t()W(Tf) e e

By using Fubini’s theorem, we observe that

/t’“ /tyl.../ /ty”é | P (we(se,te)) Vs V... Vs Vi
o " (s o)1)
> G(x1Y1, -+, XnYn) (49)
n Xp o (Yo w21 (s¢, ty) ar e
Xg </to /to (x¢ _SD(W_t‘])<W(SéW(tZ)¢Z(pi(s@q(g(tg) )> VSthe> :

By using the fact x;, > p(x/), and y, > p(y,), we obtain that
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x oy Ya 1
/1/1 / / Po(we(setr)) Vs, Vit ... Vs VH
to to to to =1 @
& Xy a (s — to) (te — to)

> G(x1Y1, ..., XnYn)
\YAA

T [ 0t =500t =10 (mGsone (“’KW))“I”VWQ)”.

pe(se)qe(te)

This completes the proof. [
Remark 8. In Theorem 3, if T = 7Z, we obtain the result due to Zhao et al.’s [10], Theorem 1.5.

Remark 9. In Theorem 3, if we take T = R, we obtain the result due to Zhao et al.’s [10], Theorem 1.6.

Remark 10. Let a}g(Sg, fg), X¢, Yo, (Ug(t(), i’g), wg(Sg, to), wévl (S[, tg), w;z (Sg, tg), wgvzvl (Sg, fg),
pe(Ge), qe(te) and P(sy, t) be as in Theorem 3. Let @y, g, )y, &, and «” be the same as in Theorem 4.
Similar to the proof of Theorem 3, we have

/X1 /y1 / /y" LACACAD) Vs, Vi, ... Vs VH
to Jto to Jito p= o
1( T )56 — to) (k¢ — to)

< G*(X1]/1, .- -/xn]/n)

% ;1‘[1 (/t:f /my‘ (o(x¢) —s0)(o(ye) — to) <P€(S£W(fz)q>g (M)) JZVSZWI}) w.

where

1 /
Yt ye [ Dy(Py(se, b))\ e
t .
</ / ( Py(se, tr) VseVie

This is an inverse form of the inequality (39).

G* (x1Y1, -+, XnYn) =

Corollary 10. Let T be a timescale with ty, x;, sy € T. Let wy € Cyylto, kelT, (£ = 1...,n)
with wy(ty) = 0, let py(&p) be n positive functions defined for &y € [to,s¢]T. Set Py(sy) =
f:f pe(&e)Véy for sy € [to, x|, where x, are positive real numbers. Let Oy, ay, o), &, and o’ be
as in Theorem 3. Then

Dy (wy(se)) Vsy...Vs
/to /to =1 (a/ S ol (s t0)> 1

> G (x1,..., %) (50)

: /znl </t:[ (p(xe) =5t) (Pé(se)@ <‘;§(<sz1’)) > ) wvsff> a(.

G**(x1,...,%n) = /li (/t:‘ (W)%vsé)ai'

Remark 11. In Corollary 10, if we take T = Z, we obtain an inverse form of inequality (4), which
was given by Handley et al.

where
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Remark 12. In Corollary 10, if we take T = R, we obtain an inverse form of inequality (5), which
was given by Handley et al.

Remark 13. In inequality (50) taking n = 2, xy = ay = 2, then «} = o, = —1,, we have

/txl /tXZIEI q’l(wl(sl))q)l(wz(sz))72V51V52
¢ = <(51_t0)+(sz—t0))

> D(x1, %2) (/tol (o(x1) — 1) (m(sl)q)l (aﬁv(sl)»%vgl)z 51)

X (/t:z (p(x2) — 52) (Pz(sz)q)z (c;ii;) ) ) %V52>2.
where

o= [ (5 ) ([ () =)

Remark 14. If we take T = Z, the inequality (51) is an inverse of inequality due to Pachpatte [2].

Remark 15. If we take T = R, the inequality (51) is an inverse of inequality due to Pachpatte [2].

3. Conclusions

In this article, we introduced some investigations of the nabla Hilbert inequality on a
general timescale, some dynamic integral and discrete inequalities, known in the literature,
are extended as special cases of our results. Symmetry plays an essential role in determining
the correct methods to solve dynamic inequalities.
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