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Abstract: In this manuscript, the Cauchy problem of the modified Helmholtz equation is researched.
This inverse problem is a serious ill-posed problem. The classical Landweber iterative regularization
method is designed to find the regularized solution of this inverse problem. The error estimations
between the exact solution and the regularization solution are all obtained under the a priori and
the a posteriori regularization parameter selection rule. The Landweber iterative regularization
method can also be applied to solve the Cauchy problem of the modified Helmholtz equation on the
spherically symmetric and cylindrically symmetric regions.

Keywords: modified Helmholtz equation; ill-posed problem; error estimation; Landweber iterative
method
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1. Introduction

The modified Helmholtz equation ∆u(x, y) − k2u(x, y) = f (x, y) also named the
Yukawa equation was first proposed in [1]. It has a very important application in practical
problems, such as in the Debye–Huckel theory, the linear Poisson–Boltzmann equation
and implicit marching schemes for the heat equation. In nuclear physics, the free-space
Green’s function is usually obtained by solving the Yukawa potential equation. In physics,
chemistry and biology, when Coulomb forces are damped by screening effects, the Green’s
function is also known as the screened Coulomb potential. For the boundary value of the
modified Helmholtz equation, there are many applied fields, especially in microstretch
elastic materials [2] and in the thermoelastodynamics of microstretch bodies [3,4]. In the
past few years, there have been many studies on this inverse problem of the modified
Helmholtz equation. If the right term of the modified Helmholtz equation is unknown,
we need additional data to identify the right term, which is called the inverse problem
of identifying the unknown source. Information about the unknown source identifica-
tion can be found in [5–8]. On the other hand, in practical problems we often use the
Cauchy data on some boundaries of the modified Helmholtz equation to determine the
field inside the object or the function value that is not easy to measure on other boundaries.
For example, in the nondestructive testing of conductive materials, we cannot directly
measure the potential inside the material, but we can invert the potential and boundary
shape inside the object by measuring the potential u(x, y) and normal derivative ∂u

∂v on
the surface of the material. This is called the inverse problem of the Cauchy problem of
the modified Helmholtz equation. The Cauchy problems associated with the modified
Helmholtz equation have been studied by using different numerical methods, such as
the Landweber method with the boundary element method and the conjugate gradient
method [9], the method of fundamental solutions (MFS) [10,11], the iteration regularization
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method [12], Tikhonov type regularization [13], Quasi-reversibility and truncation meth-
ods [14–16], the Fourier truncation method [17], a mollification regularization method [18]
and so on. However, beyond these references, there is only one Cauchy data reference. For
other Cauchy data, there are few results for the modified Helmholtz equation. Therefore,
in this paper, the Cauchy problem of the modified Helmholtz equation is studied as follows:

∆u(x, y)− k2u(x, y) = 0, x ∈ (0, 1), y ∈ R,
u(0, y) = ϕ1(y), y ∈ R,
ux(0, y) = ϕ2(y), y ∈ R.

(1)

We will use the Cauchy data ϕδ
1(x) and ϕδ

2(x) to solve the solution u(x, y) for 0 < x ≤ 1.
The measurable Cauchy data are ϕδ

1(y) and ϕδ
2(y) which satisfy

‖ϕδ
1(·)− ϕ1(·)‖ ≤ δ (2)

and
‖ϕδ

2(·)− ϕ2(·)‖ ≤ δ, (3)

where δ > 0 represents the measurement error level.
Due to the linear property, we can divide (1) into two Cauchy problems:

∆ f (x, y)− k2 f (x, y) = 0, x ∈ (0, 1), y ∈ R,
f (0, y) = ϕ1(y), y ∈ R,
fx(0, y) = 0, y ∈ R,

(4)

and 
∆g(x, y)− k2g(x, y) = 0, x ∈ (0, 1), y ∈ R,
g(0, y) = 0, y ∈ R,
gx(0, y) = ϕ2(y), y ∈ R.

(5)

Because u = f + g, we only need to research (4) and (5), respectively. Problems (4)
and (5) are both ill-posed problems, and the Landweber iterative regularization method is
applied to solve them. The Landweber iterative regularization method can also be applied
to solve the Cauchy problem of the modified Helmholtz equation on the spherically sym-
metric and cylindrically symmetric regions.

This article is organized as follows. Section 2 gives some necessary knowledge.
Section 3 constructs the regularization methods, and the a priori and the a posteriori
error estimates between the regularization and the exact solutions are given, respectively,
by choosing appropriate regularization parameters. Section 4 gives a simple conclusion.

2. Auxiliary Results

Using the method of Fourier transform, the Fourier transform of the exact solutions
of (4) and (5) can be formulated as follows

f̂ (x, ω) = cosh(
√

ω2 + k2x)ϕ̂1(ω), (6)

ĝ(x, ω) =
sinh(

√
ω2 + k2x)√

ω2 + k2
ϕ̂2(ω). (7)

Using the method of inverse Fourier transform, we obtain the exact solutions of (4),
(5) as follows

f (x, y) =
1

2π

∫ +∞

−∞

[
cosh(

√
ω2 + k2x)ϕ̂1(ω)

]
eiωydω, (8)

g(x, y) =
1

2π

∫ +∞

−∞

[
sinh(

√
ω2 + k2x)√

ω2 + k2
ϕ̂2(ω)

]
eiωydω. (9)
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Now, we suppose that the solutions of (4) and (5) satisfy the a priori bound as follows:

‖ f̂ (1, ω)‖L2(R) =
∥∥∥cosh(

√
ω2 + k2)ϕ̂1(ω)

∥∥∥
L2(R)

≤ E1, (10)

‖ĝ(1, ω)‖L2(R) =

∥∥∥∥∥ sinh(
√

ω2 + k2)√
ω2 + k2

ϕ̂2(ω)

∥∥∥∥∥
L2(R)

≤ E2. (11)

Lemma 1. For 0 < h ≤ 1, 0 < α ≤ 1, and n ≥ 1, the following inequalities hold:

(1− h)nhα ≤ (n + 1)−α. (12)

Proof. Denote ρ(h) = (1− h)nh; then ρ′(h) = −n(1− h)(n−1)h + (1− h)n. Setting ρ′(h) =
0, we have h = 1

n+1 . Note that ρ(0) = ρ(1) = 0, ρ(h) has a unique maximum value at
h = 1

n+1 . Therefore,

ρ(h) = (1− h)nh ≤ 1
n + 1

.

Therefore, we can obtain

(1− h)nhα ≤ [(1− h)nh]α ≤ (n + 1)−α.

Lemma 2. When α ≥ 0, sin(α) = eα−e−α

2 , sin(αx) = eαx−e−αx

2 and cosh(α) = eα+e−α

2 , we obtain
the following inequalities:

1. eα

2 ≤ cosh(α) ≤ eα;

2. sinh(αx)
α ≤ eαx, sinh(α)

α ≤ eα;

3. sinh(αx)
sinh(α) ≤ eα(x−1).

Proof. The proof is simple, we omit it.

3. Landweber Iterative Regularization Method

From (8) and (9), when ω → ∞, cosh(
√

ω2 + k2x) and sinh(
√

ω2+k2x)√
ω2+k2 grow exponen-

tially and approach infinity. At this time, the noise level of the actual measurement data
will increase exponentially, resulting in a significant change in the direct resolution. In
other words, there is a big gap between the actual situation and the exact solution sought.
Therefore, problems (4), (5) are ill-posed. If we want to restore the stability of solutions,
we need to use the regularization method. In this manuscript, the Landweber iterative
regularization method is applied to obtain the regularization solutions for (4) and (5). The
Landweber iterative regularization method is applied to solve a lot of the ill-posed problem,
as one can see in [19–24].

Due to (6), we obtain

1

cosh(
√

ω2 + k2x)
f̂ (x, ω) = ϕ̂1. (13)

We define the operator K̂: f̂ → ϕ̂1, and if it is a multiplication operator, then (6) can be
rewritten as the following operator equation:

K̂ f̂ = ϕ̂1. (14)

Owing to the kernel function K̂ = K̂∗ = 1
cosh(

√
ω2+k2x)

, K is a self-adjoint operator. The

Landweber regularization method is used to find the regularization solution of K̂ f̂ = ϕ̂1.
We replace the operator equation f̂ (x, ω) = (I − aK̂∗K̂) f̂ (x, ω) + aK̂∗ ϕ̂1(ω) with the opera-
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tor equation K̂ f̂ (x, ω) = ϕ̂1(ω), and obtain the following iterative format:

f̂ 0(x, ω) = 0, f̂ m(x, ω) = (I − aK̂∗K̂) f̂ m−1(x, ω) + aK̂∗ ϕ̂1(ω),

where a is the relaxation factor and satisfies 0 < a < 1
‖K‖2 .

We set the operator Rm: L2(Ω)→ L2(Ω) as follows:

Rm =
m−1

∑
n=0

(I − aK̂∗K̂)nK̂∗ =
1− (1− aK̂2)m

K̂
, m = 1, 2, 3.... (15)

Then the Landweber iterative solution with the measurable data ϕ̂1
δ(ω) is

f̂ m,δ(x, ω) = Rm ϕ̂1
δ(ω) = a

m−1

∑
n=0

(I − aK̂∗K̂)nK̂∗ ϕ̂1
δ(ω). (16)

The following equation can be obtained by induction

f̂ m,δ(x, ω) = cosh(
√

ω2 + k2x)[1− (1− a
cosh2

√
ω2 + k2x

)m]ϕ̂1
δ(ω), 0 < x ≤ 1. (17)

Using the Fourier inverse transform, we can obtain the Landweber iterative regular-
ization solution of problem (4) as follows

f m,δ(x, y) =
1

2π

∫ +∞

−∞
cosh(

√
ω2 + k2x)[1− (1− a

cosh2
√

ω2 + k2x
)m]ϕ̂1

δ(ω)eiωydω, 0 < x ≤ 1. (18)

We define the operator Ĥ: ĝ→ ϕ̂2, and if it is a multiplication operator, then (7) can
be rewritten as the following operator equation:

Ĥĝ = ϕ̂2. (19)

Owing to the kernel function Ĥ = Ĥ∗ =
√

ω2+k2

sinh(
√

ω2+k2x)
, H is a self-adjoint operator.

We set the operator Hm: L2(Ω)→ L2(Ω) as follows:

Hm =
m−1

∑
n=0

(I − bĤ∗Ĥ)n Ĥ∗ =
1− (1− bĤ2)m

Ĥ
, m = 1, 2, 3..., (20)

where b is the relaxation factor and satisfies 0 < b < 1
‖H‖2 . Then

ĝm,δ(x, ω) = Hm ϕ̂2
δ(ω) = b

m−1

∑
n=0

(I − bĤ∗Ĥ)n Ĥ∗ ϕ̂2
δ(ω). (21)

Using the same method, we also obtain the Landweber iterative regularization solution
of problem (5) as follows

ĝm,δ(x, ω) =
sinh(

√
ω2 + k2x)√

ω2 + k2
[1− [1− b(

√
ω2 + k2

sinh(
√

ω2 + k2x)
)2]m]ϕ̂2

δ(ω), 0 < x ≤ 1. (22)

Using the Fourier inverse transform, we can obtain the Landweber iterative regular-
ization solution:

gm,δ(x, y) =
1

2π

∫ +∞

−∞

sinh(
√

ω2 + k2x)√
ω2 + k2

[1− [1− b(

√
ω2 + k2

sinh(
√

ω2 + k2x)
)2]m]ϕ̂2

δ(ω)eiωydω, 0 < x ≤ 1. (23)

Now, under the a priori and the a posteriori rules, we are going to present the error
estimations for problems (4) and (5).
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3.1. The A Priori Error Estimate for Problem (4)

Theorem 1. Let f (x, y) in (8) be the exact solution of problem (4). Let f m,δ(x, y) in (18) be the
regularization solution of problem (4). Suppose (2) and (10) hold. If we choose m = [θ(x)] as the
regularization parameter,

[θ(x)] = (
E1

δ
)2x, (24)

then as 0 < x < 1, we obtain the following error estimate:

‖ f m,δ(x, y)− f (x, y)‖ ≤ C1Ex
1 δ1−x, (25)

here [θ(x)] is the largest integer less than or equal to θ(x), and C1 = (
√

a + ( 1−x
a )

1−x
2x ).

Proof. Using the Parseval formula and the triangle inequality, we know

‖ f m,δ(x, y)− f (x, y)‖ = ‖ f̂ m,δ(x, ω)− f̂ (x, ω)‖ ≤ ‖ f̂ m,δ(x, ω)− f̂ m(x, ω)‖+ ‖ f̂ m(x, ω)− f̂ (x, ω)‖.

Now, we first compute

‖ f̂ m,δ(x, ω)− f̂ m(x, ω)‖ = ‖ cosh(
√

ω2 + k2x)[1− (1− a
cosh2

√
ω2 + k2x

)m]ϕ̂1
δ(ω)

− cosh(
√

ω2 + k2x)[1− (1− a
cosh2

√
ω2 + k2x

)m]ϕ̂1(ω)‖

≤ sup
ω∈R
| cosh(

√
ω2 + k2x)[1− (1− a

cosh2
√

ω2 + k2x
)m]|‖ϕ̂1

δ(ω)− ϕ̂1(ω)‖

≤ sup
ω∈R
| cosh(

√
ω2 + k2x)[1− (1− a

cosh2
√

ω2 + k2x
)m]|δ

≤ sup
ω∈R

∣∣∣ cosh(
√

ω2 + k2x)
√

1− (1− a
cosh2

√
ω2 + k2x

)m
∣∣∣δ.

Applying Bernoulli’s inequality, we obtain

[1− (1− a
cosh2

√
ω2 + k2x

)m] ≤ am
cosh2

√
ω2 + k2x

.

Thus, we obtain
‖ f̂ m,δ(x, ω)− f̂ m(x, ω)‖ ≤

√
amδ. (26)

Now, we compute

‖ f̂ m(x, ω)− f̂ (x, ω)‖ = ‖ cosh(
√

ω2 + k2x)[1− (1− a
cosh2

√
ω2 + k2x

)m]ϕ̂1(ω)− cosh(
√

ω2 + k2x)ϕ̂1(ω)‖

= ‖ − cosh(
√

ω2 + k2x)(1− a
cosh2

√
ω2 + k2x

)m ϕ̂1(ω)‖

= ‖ cosh(
√

ω2 + k2x)(1− a
cosh2

√
ω2 + k2x

)m f̂ (1, ω)

cosh(
√

ω2 + k2)
‖

≤ sup
ω∈R
|cosh(

√
ω2 + k2x)

cosh(
√

ω2 + k2)
(1− a

cosh2
√

ω2 + k2x
)m|‖ f̂ (1, ω)‖

≤ sup
ω∈R
|cosh(

√
ω2 + k2x)

cosh(
√

ω2 + k2)
(1− a

cosh2
√

ω2 + k2x
)m|E1.

Using Lemma 2, we obtain

‖ f̂ m(x, ω)− f̂ (x, ω)‖ ≤ sup
ω∈R
|e
√

ω2+k2(x−1)(1− a

e2
√

ω2+k2x
)m|E1.
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Let α =
√

ω2 + k2, A(α) = eα(x−1)(1 − ae−2αx)m. Taking A
′
(α0) = 0, we obtain

α0 = 1
2x ln a[(2m−1)x+1]

1−x . Therefore

A(α) ≤ A(α0) = [
a[(2m− 1)x + 1]

1− x
]

x−1
2x [1− 1− x

(2m− 1)x + 1
]m

≤ [
a[(2m− 1)x + 1]

1− x
]

x−1
2x

≤ (
1− x

a
)

1−x
2x (

1
m + 1

)
1−x
2x .

Thus, we obtain

‖ f̂ m(x, ω)− f̂ (x, ω)‖ ≤ (
1− x

a
)

1−x
2x (

1
m + 1

)
1−x
2x E1. (27)

Combining (26) with (27), we obtain

‖ f m,δ(x, y)− f (x, y)‖ ≤
√

amδ + (
1− x

a
)

1−x
2x (

1
m + 1

)
1−x
2x E1

≤
√

aEx
1 δ1−x + (

1− x
a

)
1−x
2x Ex

1 δ1−x

≤ (
√

a + (
1− x

a
)

1−x
2x )Ex

1 δ1−x.

Note: The above consideration is only the error estimate when 0 < x < 1 and does not
consider the error estimate when the end point is x = 1. At this time, the error estimate in Theorem
1 only shows that it is bounded rather than convergent. If we want to obtain the error estimates of
the exact solution and the regularization solution at x = 1, stronger a priori assumptions must be
introduced. In order to give the error estimation at x = 1, we give the following priori bound:

‖ f̂ (1, ω)‖Hp =
∥∥∥ep
√

ω2+k2
cosh(

√
ω2 + k2)ϕ̂1(ω)

∥∥∥ ≤ E3, (28)

where ‖ f̂ (1, ω)‖Hp is Sobolev space Hp-norm, and p = 0 is the L2-norm.

Theorem 2. Let f m,δ(x, y) in (18) be the regularization solution of problem (4) at x = 1, and the
prior condition (28) holds for p > 0. If we choose m = [θ] as the regularization parameter,

θ =

(
E3

δ

) 2
1+p

, (29)

when x = 1, we have the following error estimate:

‖ f m,δ(1, y)− f (1, y)‖ ≤ C2E
1

1+p
3 δ

p
1+p , (30)

where [θ] is the largest integer less than or equal to θ, C2 =
√

a + ( p
2a )

p
2 .

Proof. Using the Parseval formula, the triangle inequality, (6) and (17), we obtain

‖ f m,δ(1, y)− f (1, y)‖ = ‖ f̂ m,δ(1, ω)− f̂ (1, ω)‖ ≤ ‖ f̂ m,δ(1, ω)− f̂ m(1, ω)‖+ ‖ f̂ m(1, ω)− f̂ (1, ω)‖.

Now, we first compute ‖ f̂ m,δ(1, ω)− f̂ m(1, ω)‖.
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‖ f̂ m,δ(1, ω)− f̂ m(1, ω)‖ = ‖ cosh(
√

ω2 + k2)[1− (1− a
cosh2

√
ω2 + k2

)m]ϕ̂1
δ(ω)

− cosh(
√

ω2 + k2)[1− (1− a
cosh2

√
ω2 + k2

)m]ϕ̂1(ω)‖

≤ sup
ω∈R
| cosh(

√
ω2 + k2)[1− (1− a

cosh2
√

ω2 + k2x
)m]|‖ϕ̂1

δ(ω)− ϕ̂1(ω)‖

≤ sup
ω∈R
| cosh(

√
ω2 + k2)[1− (1− a

cosh2
√

ω2 + k2x
)m]|δ

≤ sup
ω∈R

∣∣∣ cosh(
√

ω2 + k2)

√
1− (1− a

cosh2
√

ω2 + k2
)m
∣∣∣δ.

Applying Bernoulli’s inequality, we obtain

[1− (1− a
cosh2

√
ω2 + k2

)m] ≤ am
cosh2

√
ω2 + k2

.

Thus, we obtain
‖ f̂ m,δ(1, ω)− f̂ m(1, ω)‖ ≤

√
amδ. (31)

Now, we compute

‖ f̂ m(1, ω)− f̂ (1, ω)‖ = ‖ cosh(
√

ω2 + k2)[1− (1− a
cosh2

√
ω2 + k2

)m]ϕ̂1(ω)− cosh(
√

ω2 + k2)ϕ̂1(ω)‖

= ‖ − cosh(
√

ω2 + k2)(1− a
cosh2

√
ω2 + k2

)m ϕ̂1(ω)‖

= ‖(1− a
cosh2

√
ω2 + k2

)me−p
√

ω2+k2
ep
√

ω2+k2
f̂ (1, ω)‖

≤ sup
ω∈R
|(1− a

cosh2
√

ω2 + k2
)me−p

√
ω2+k2 |‖ep

√
ω2+k2

f̂ (1, ω)‖

≤ sup
ω∈R
|(1− a

cosh2
√

ω2 + k2
)me−p

√
ω2+k2 |E3

≤ sup
ω∈R
|(1− ae−2

√
ω2+k2

)me−p
√

ω2+k2 |E3.

Let α =
√

ω2 + k2, B(α) = (1− ae−2α)me−pα. Let B′(α∗1) = 0, then α∗1 = 1
2 ln a(2m+p)

p .

B(α∗1) = (1− ae− ln 2am+ap
p )me−

p
2 ln( 2am+ap

p )
= (

2m
2m + p

)m(
2am + ap

p
)−

p
2 ≤ (

2am + ap
p

)−
p
2 .

Therefore,

‖ f̂ m(1, ω)− f̂ (1, ω)‖ ≤ B(α∗1)E2 ≤ (
2am + ap

p
)−

p
2 E2 ≤ (

a
p
)−

p
2 (m + 1)−

p
2 E3.

Thus,
‖ f̂ m(1, ω)− f̂ (1, ω)‖ ≤ (

a
p
)−

p
2 (m + 1)−

p
2 E3. (32)
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Combining (31) with (32), and m ≤ ( E2
δ )

2
1+p ≤ (m + 1), we obtain

‖ f m,δ(1, y)− f (1, y)‖ ≤
√

amδ + (
a
p
)−

p
2 (m + 1)−

p
2 E3

≤
√

aδ
p

1+p E
1

1+p
2 + (

p
a
)

p
2 δ

p
1+p E

1
1+p
3

= (
√

a + (
p
a
)

p
2 )E

1
1+p
3 δ

p
1+p .

3.2. The A Posteriori Error Estimate for Problem (4)

This section will give an estimate of the convergence error under the a posteriori
parameter selection rule. Let τ > 1 be a fixed constant, and stop the algorithm when
m = m(δ) ∈ N0 appears for the first time:

‖K̂ f̂ m,δ(x, ω)− ϕ̂1
δ(ω)‖ ≤ τδ, 0 < x ≤ 1, (33)

where ‖ϕ̂δ
1‖ ≥ τδ.

Lemma 3. Let β(m) = ‖K̂ f̂ (x, ω)− ϕ̂1(ω)‖, then the following conclusion holds:

1. limm→0 β(m) = ‖ϕ̂1(ω)‖;
2. limm→+∞ β(m) = 0;
3. β(m)is a continuous function;
4. For any m ∈ (0,+∞), β(m) is a strictly monotonically decreasing function.

Proof.

β(m) = ‖K̂ f̂ m,δ(ω)− ϕ̂1
δ(ω)‖ = ‖(1− a

cos h2(
√

ω2 + k2x)
)m ϕ̂1

δ(ω)‖. (34)

Obviously, β(m) satisfies the above four conditions, and the proof of Lemma 3
is completed.

Lemma 4. For any x ∈ (0, 1), the regularization parameter m = m(δ) satisfies:

m ≤ 22x

ax

(
E1

(τ − 1)δ

)2x
. (35)

Proof. According to (16),

Rm ϕ̂1(ω) =
1−

(
1− aK̂2)m

K̂
ϕ̂1(ω).

Then
‖K̂Rm ϕ̂1(ω)− ϕ̂1(ω)‖ = ‖

(
1− aK̂2

)m
ϕ̂1(ω)‖.

Since |1− aK̂2| < 1, ‖K̂Rm−1 − I‖ ≤ 1. Due to (33), we know

‖K̂ f̂ m,δ(x, ω)− ϕ̂1
δ(ω)‖ ≤ τδ ≤ ‖K̂ f̂ (m−1),δ(ω)− ϕ̂1

δ(ω)‖.

Then we can get
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‖K̂Rm−1 ϕ̂1(ω)− ϕ̂1(ω)‖ = ‖K̂Rm−1 ϕ̂1(ω)− K̂Rm−1 ϕ̂1
δ(ω)

+ K̂Rm−1 ϕ̂1
δ(ω)− ϕ̂1

δ(ω) + ϕ̂1
δ(ω)− ϕ̂1(ω)‖

=
∥∥∥K̂Rm−1 ϕ̂1

δ(ω)− ϕ̂1
δ(ω) +

(
K̂Rm−1 − I

)(
ϕ̂1(ω)− ϕ̂1

δ(ω)
)∥∥∥

≥
∥∥∥K̂Rm−1 ϕ̂1

δ(ω)− ϕ̂1(ω)
∥∥∥− ∥∥∥(K̂Rm−1 − I

)(
ϕ̂1(ω)− ϕ̂1

δ(ω)
)∥∥∥

≥ τδ− ‖K̂Rm−1 − I‖δ ≥ (τ − 1)δ.

Thus,
‖K̂Rm−1 ϕ̂1(ω)− ϕ̂1(ω)‖ ≥ (τ − 1)δ. (36)

In addition,

‖K̂Rm−1 ϕ̂1(ω)− ϕ̂1(ω)‖

=

∥∥∥∥(1− aK2
)m−1

ϕ̂1(ω)

∥∥∥∥ =

∥∥∥∥∥(1− aK2
)m−1 f̂ (1, ω)

cos h
√

ω2 + k2

∥∥∥∥∥
≤ sup

ω∈R

∣∣∣∣∣∣∣∣∣
(

1− a
cos h2(

√
w2+k2x)

)m−1

cos h
(√

ω2 + k2
)

∣∣∣∣∣∣∣∣∣E1

≤ sup
ω∈R

∣∣∣2
(

1− a
e2
√

w2+k2x

)m−1

e
√

w2+k2

∣∣∣E1

= sup
ω∈R

∣∣∣C(ω)
∣∣∣E1,

where C(ω) =
2
(

1− a

e2
√

w2+k2x

)m−1

e
√

w2+k2 . Let α =
√

w2 + k2, then C(ω) can be rewritten as

C(α) = 2e−α
(

1− a
e2αx

)m−1
. If α∗3 satisfies C′(α∗3) = 0, then α∗3 = 1

2x ln[2ax(m− 1) + a].

C(α∗3) = 2[2ax(m− 1) + a]−
1

2x
[

2ax(m−1)
2ax(m−1)+a

]m−1
≤ 2[2ax(m− 1) + a]−

1
2x ≤ 2

(
1
ax

) 1
2x m−

1
2x .

Therefore,

‖K̂Rm−1 ϕ̂1(ω)− ϕ̂1(ω)‖ ≤ |C(α∗3)|E1 ≤ 2
(

1
ax

) 1
2x

m−
1

2x E1. (37)

Combining (36) with (37), we obtain

2
(

1
ax

) 1
2x

m
1

2x E1 ≥ (τ − 1)δ.

Thus,

m ≤ 22x

ax

(
E1

(τ − 1)δ

)2x
. (38)
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Theorem 3. Let um,δ(x, y) be the regularization solution of problem (4). Assume (2) and (10) hold.
The regularization parameter is chosen by (31). Then as any 0 < x < 1, we can obtain the following
error estimate:

‖ f m,δ(x, y)− f (x, y)‖ ≤ C3Ex
1 δ1−x, (39)

where C3 =
( 2

τ−1
)xx−

1
2 +

(
2τ2 + 2

) 1−x
2 is a constant.

Proof. Using the Parseval formula, the triangle inequality, (26) and Lemma 4, we obtain

‖ f̂ m,δ(x, y)− f (x, y)‖ = ‖ f̂ m,δ(x, ω)− f̂ (x, ω)‖
≤ ‖ f̂ m,δ(x, ω)− f̂ m(x, ω)‖+ ‖ f̂ m(x, ω)− f̂ (x, ω)‖
≤
√

amδ + ‖ f̂ m(x, ω)− f̂ (x, ω)‖

≤
(

2
τ − 1

)x
x−

1
2 Ex

1 δ1−x + ‖ f̂ m(x, ω)− f̂ (x, ω)‖.

Thus,

‖ f̂ m,δ(x, y)− f (x, y)‖ ≤
(

2
τ − 1

)x
x−

1
2 Ex

1 δ1−x + ‖ f̂ m(x, ω)− f̂ (x, ω)‖. (40)

According to the Hölder inequality, we obtain

‖ f̂ m(x, ω)− f̂ (x, ω)‖2 =

∥∥∥∥∥
(
1− aK̂2)m

K̂
ϕ̂1(ω)

∥∥∥∥∥
2

=

∥∥∥∥∥
(
1− aK̂2)m

K̂
(ϕ̂1(ω))1−x(ϕ̂1(ω))x

∥∥∥∥∥
2

=

∥∥∥∥∥∥
(

1− aK̂2
)m

cos h
(√

ω2 + k2x
)
(ϕ̂1(ω))1−x

 f̂ (1, ω)

cos h
(√

ω2 + k2
)
x∥∥∥∥∥∥

2

=

∥∥∥∥∥∥
(

1− aK̂2
)m cos h

(√
ω2 + k2x

)
cos hx

(√
ω2 + k2

) (ϕ̂1(ω))1−x( f̂ (1, ω))x

∥∥∥∥∥∥
2

=
∫ +∞

−∞

(1− aK̂2
)m cos h

(√
ω2 + k2x

)
cos hx

(√
ω2 + k2

) (ϕ̂1(ω))1−x

2[
f̂ (1, ω)

]2x
dω

≤
[∫ +∞

−∞

((
1− aK̂2

)m
(ϕ̂1(ω))1−x

) 2
1−x

dω

]1−x[∫ +∞

−∞

(
f̂ (1, ω)2x

) 1
x dω

]x

≤
[∫ +∞

−∞

((
1− aK̂2

)m(
ϕ̂1(ω)− ϕ̂1

δ(ω) + ϕ̂1
δ(ω)

)1−x
) 2

1−x
dω

]1−x

‖ f̂ (1, ω)‖2x

=

[∫ +∞

−∞

(
1− aK̂2

) 2m
1−x
(

ϕ̂1(ω)− ϕ̂1
δ(ω) + ϕ̂1

δ(ω)
)2

dω

]1−x

E2x
1

≤ 21−x
[
‖
(

1− aK̂2
) 2m

1−x
(

ϕ̂1(ω)− ϕ̂1
δ(ω)

)
‖2 + ‖

(
1− aK̂2

) 2m
1−x

ϕ̂1
δ(ω)‖2

]1−x

E2x
1

≤ 21−x
[
‖ϕ̂1(ω)− ϕ̂1

δ(ω)‖2 + ‖
(

1− ak̂2
)2m

ϕ̂1
δ(ω)‖2

]1−x
E2x

1

≤ 21−x
(

δ2 + τ2δ2
)1−x

E2x
1

=
(

2τ2 + 2
)1−x

δ2(1−x)E2x
1 .
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Then,

‖ f̂ m(x, ω)− f̂ (x, ω)‖ ≤
(

2τ2 + 2
) 1−x

2
δ1−xEx

1 . (41)

Combining (40) with (41), we obtain

‖ f m,δ(x, y)− f (x, y)‖ ≤
(( 2

τ − 1

)x
x−

1
2 +

(
2τ2 + 2

) 1−x
2
)

Ex
1 δ1−x. (42)

Note: Theorem 3 only considers the error estimate in the interval but does not consider the
error estimate when x = 1 at the end point, so it can only show that it is bounded rather than
convergent. The error estimate when x = 1 is given below.

Lemma 5. Assume (2) and the prior condition (28) hold. If we take the solution of Equation (33)
as a regularization parameter when x = 1, then the regularization parameter m satisfies:

m ≤
(

p + 1
a

)(
2E3

(τ − 1)δ

) 2
p+1

. (43)

Proof. Let K̂0 = K̂∗0
1

cos h(
√

ω2+k2)
and R0

m = a ∑m−1
k=0

(
I − aK̂∗0 K̂0

)kK̂∗0 , then

‖K̂0R0
m−1 ϕ̂1(ω)− ϕ̂1(ω)‖ ≥ ‖K̂0R0

m−1 ϕ̂1
δ(ω)− ϕ̂1

δ(ω)‖ − ‖
(

K̂0R0
m−1 − I

)(
ϕ̂1(ω)− ϕ̂1

δ(ω)
)
‖

≥ τδ− ‖K̂0R0
m−1 − I‖δ ≥ (τ − 1)δ.

Therefore,
‖K̂0R0

m−1 ϕ̂1(ω)− ϕ̂1(ω)‖ ≥ (τ − 1)δ. (44)

On the other hand, we compute

∥∥∥K̂0R0
m−1 ϕ̂1(ω)− ϕ̂1(ω)

∥∥∥ =

∥∥∥∥(1− aK̂2
0

)m−1
ϕ̂1(ω)

∥∥∥∥
=

∥∥∥∥∥∥
(

1− aK̂2
0

)m−1
ep
√

ω2+k2
cos h

(√
ω2 + k2

)
ϕ̂1(ω)

e−p
√

ω2+k2

cos h
(√

ω2 + k2
)
∥∥∥∥∥∥

≤ sup
ω∈R

∣∣∣∣∣∣∣∣∣
(

1− a
cos h2(

√
ω2+k2)

)m−1

cos h
(√

ω2 + k2
) e−p

√
ω2+k2

∣∣∣∣∣∣∣∣∣E3

= sup
ω∈R
|D(ω)|E3.

If we take α =
√

ω2 + k2, then D(ω) can be rewritten as D(α) = 2
(

1− a
e2α

)m−1
e−(p+1)α.

Let D′
(
α∗4
)
= 0; then α∗4 = 1

2 ln 2a(m−1)+(p+1)a
p+1 .

D(α∗4) = 2
(

2a(m− 1)
2a(m− 1) + a(p + 1)

)m−1
e−

p+1
2 ln 2a(m−1)+a(p+1)

p+1 ≤ 2
(

2a(m− 1) + a(p + 1)
p + 1

)− p+1
2

≤ 2
(

2a(m− 1)
p + 1

)− p+1
2
≤ 2

(
p + 1

a

) 2
p+1

m−
p+1

2 .
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Then,

‖K̂0R0
m−1 ϕ̂1(ω)− ϕ̂1(ω)‖ ≤ D(α∗4)E2 ≤ 2

(
p + 1

a

) 2
p+1

m−
p+1

2 E3. (45)

Combining (44) with (45), we obtain

(τ − 1)δ ≤ 2(
p + 1

a
)

2
p+1 m−

p+1
2 E3. (46)

Therefore we obtain
m ≤ (

p + 1
a

)(
2E3

(τ − 1)δ
)

2
p+1 . (47)

Theorem 4. Let um,δ(x, y) in (18) be the regularization solution of problem (4) at x = 1.
Assume (2) and the a priori condition (28) hold for p > 0. If we take the solution of Equation (31)
as a regularization parameter at x = 1, there is the following error estimate:

‖ f m,δ(1, y)− f (1, y)‖ ≤ C4δ
p

p+1 E
1

p+1
3 , (48)

where C4 = (p + 1)
1
2
( 2

τ−1
) 1

p+1 +
(
2τ2 + 2

) p
2(p+1) is a non-negative and non-zero constant.

Proof. Due to the triangle inequality, the Parseval equation and Lemma 5, we know

‖ f m,δ(1, y)− f (1, y)‖ = ‖ f̂ m,δ(1, ω)− f̂ (1, ω)‖
≤ ‖ f̂ m,δ(1, ω)− f̂ m(1, ω)‖+ ‖ f̂ m(1, ω)− f̂ (1, ω)‖
≤
√

amδ + ‖ f̂ m(1, ω)− f̂ (1, ω)‖

≤ (p + 1)
1
2

(
2

τ − 1

) 1
p+1

δ
1

p+1 E
1

p+1
3 + ‖ f̂ m(1, ω)− f̂ (1, ω)‖.

According to the Hölder inequality, we obtain

‖ f̂ m(1, ω)− f̂ (1, ω)‖ =
∥∥∥∥∥
(
1− aK̂2

0
)m

K̂0
ϕ̂1(ω)

∥∥∥∥∥
2

= ‖
(

1− aK̂2
0

)m
f̂ (1, ω)‖2

= ‖
(

1− aK̂2
0

) mp
p+1 |ϕ̂1(ω)|

p
p+1
(

1− aK̂2
0

) m
p+1
∣∣∣cos hp

(√
ω2 + k2

)
f̂ (1, ω)

∣∣∣ 1
p+1 ‖2

≤
(∫ +∞

−∞

(
1− aK̂2

0

)2m
|ϕ̂1(ω)|2dω

) p
p+1

×
(∫ +∞

−∞

(
1− aK̂2

0

)2m
cos h2p

(√
ω2 + k2

)∣∣∣ f̂ (1, ω)
∣∣∣2dω

) 1
p+1

≤
(∫ +∞

−∞

(
1− aK̂2

0

)2m
|ϕ̂1(ω)|2dω

) p
p+1
×
(∫ +∞

−∞
e2p
√

ω2+k2
∣∣∣ f̂ (1, ω)

∣∣∣2dω

) 1
p+1

≤
(∫ +∞

−∞

(
1− aK̂2

0

)2m
|ϕ̂1(ω)|2dω

) p
p+1

E
2

p+1
3

≤ 2
p

p+1

(∫ +∞

−∞

(
1− aK̂2

0

)2m
(∣∣∣ϕ̂1(ω)− ϕ̂1

δ(ω)
∣∣∣2 + ∣∣∣ϕ̂1

δ(ω)
∣∣∣2)dω

) p
p+1

E
2

p+1
3

= 2
p

p+1
(
‖
(

1− aK̂2
0

)m(
ϕ̂1(ω)− ϕ̂1

δ(ω)
)
‖2 + ‖

(
1− ak̂2

0

)m
ϕ̂1

δ(ω)‖2
) p

p+1
E

2
p+1

3

≤ 2
p

p+1
(

δ2 + τ2δ2
) p

p+1 E
2

p+1
3 =

(
2δ2 + 2τ2δ2

) p
p+1 E

2
p+1

3

=
(

2 + 2τ2
) p

p+1
δ

2p
p+1 E

2
p+1

3 .
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Therefore,

‖ f̂ m(1, ω)− f̂ (1, ω)‖ ≤ (2 + 2τ2)
p

2(p+1) δ
p

p+1 E
1

p+1
3 . (49)

Thus,

‖ f m,δ(1, y)− f (1, y)‖ ≤ C4δ
p

p+1 E
1

p+1
3 .

where C4 = (p + 1)
1
2
( 2

τ−1
) 1

p+1 + (2τ2 + 2)
p

2(p+1) is a constant.

3.3. The a Priori Error Estimate for Problem (5)

Theorem 5. Take gm,δ(x, y) in (23) as the regularization solution of problem (5). Then, (3) and
the a priori condition (11) are established. If we choose m = [θ(x)] as the regularization parameter,

[θ(x)] = (
E2

δ
)2x, (50)

then, for any 0 < x < 1, we obtain the error estimate as follows:

‖gm,δ(x, y)− g(x, y)‖ ≤ C5Ex
2 δ1−x, (51)

where [θ(x)] is the largest integer less than or equal to θ(x), and C5 =
√

b + 2
1−e−2k (

1
bk2 )

1−x
2x is

a constant.

Proof. Due to the triangle inequality and the Parseval equation, we obtain

‖gm,δ(x, y)− g(x, y)‖ = ‖ĝm,δ(x, ω)− ĝ(x, ω)‖ ≤ ‖ĝm,δ(x, ω)− ĝm(x, ω)‖+ ‖ĝm(x, ω)− ĝ(x, ω)‖

Now, we first compute the first term of the right hand. Using the Bernoulli’s inequality,
we obtain

‖ĝm,δ(x, ω)− ĝm(x, ω)‖ = ‖1− (1− bĤ2)m

Ĥ
(ϕ̂2

δ(ω)− ϕ̂2(ω))‖

≤ sup
ω∈R

∣∣∣∣∣1−
(
1− bĤ2)m

Ĥ

∣∣∣∣∣δ ≤ √bmδ.

Therefore,
‖ĝm,δ(x, ω)− ĝm(x, ω)‖ ≤

√
bmδ. (52)

For (7), let x = 1 , we can obtain:

ĝ(1, ω) =
sin h

(√
ω2 + k2

)
√

ω2 + k2
ϕ̂2(ω). (53)

Using (53), we have

‖ĝm(x, ω)− ĝ(x, ω)‖ =
∥∥∥∥∥ 1−

(
1− bĤ2)m

Ĥ
ϕ̂2(ω)− ϕ̂2(ω)

Ĥ

∥∥∥∥∥ =

∥∥∥∥∥
(
1− bĤ2)m

Ĥ
ϕ̂2(ω)

∥∥∥∥∥
= ‖

(
1− b(ω2+k2)

sin h2(
√

ω2+k2x)

)m

√
ω2+k2

sin h(
√

ω2+k2x)

√
ω2 + k2

sin h
√

ω2 + k2
ĝ(1, ω)‖

≤ sup
ω∈R

∣∣∣∣∣∣
1−

b
(
ω2 + k2)

sin h2
(√

ω2 + k2x
)
m

×
sin h

(√
ω2 + k2x

)
sin h

(√
ω2 + k2

)
∣∣∣∣∣∣E2

= sup
ω∈R
|F(ω)|E2,
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where F(ω): =
(

1− b(ω2+k2)
sin h2(

√
ω2+k2x)

)m
sin h(

√
ω2+k2x)

sin h(
√

ω2+k2)
. Let α =

√
ω2 + k2; therefore, F(ω)

can be rewritten as J(α). Using Lemma 1, we obtain

J(α) =

(
1− bα2

sin h2(αx)

)m
sin h(αx)
sin h(α)

=

(
1− bα2

sin h2(αx)

)m(
bα2

sin h2(αx)

) 1−x
2x
(

sin h2(αx)
bα2

) 1−x
2x sin h(αx)

sin h(α)

≤ (m + 1)−
1−x
2x

(
bα2

sin h2(αx)

) x−1
2x sin h(αx)

sin h(α)

= (m + 1)−
1−x
2x

(
sin h2(αx)

bα2

) 1−x
2x sin h(αx)

sin h(α)

= (m + 1)−
1−x
2x

(sin h(αx))
1
x

sin h(α)

(
1

bα2

) 1−x
2x

≤ 2
1− e−2k

(
1

bk2

) 1−x
2x

(m + 1)−
1−x
2x .

Thus, we obtain

‖ĝm(x, ω)− ĝ(x, ω)‖ ≤ 2
1− e−2k

(
1

bk2

) 1−x
2x

(m + 1)−
1−x
2x E2. (54)

Combining (52) with (54) and (50), we obtain

‖gm,δ(x, y)− g(x, y)‖ ≤
√

bmδ +
2

1− e−2k

(
1

bk2

) 1−x
2x

(m + 1)−
1−x
2x E2

≤
√

bδ1−xEx
3 +

2
1− e−2k

(
1

bk2

) 1−x
2x

δ1−xEx
2

=

(√
b +

2
1− e−2k (

1
bk2 )

1−x
2x

)
Ex

2 δ1−x.

Note: The above consideration is only the error estimate when 0 < x < 1 and does not
consider the error estimate when the end point is x = 1. At this time, the error estimate in Theorem 5
only shows that it is bounded rather than convergent. Because we want to obtain the error estimates
of the exact solution and the regular solution at x = 1, stronger a priori assumptions must be
introduced as follows:

‖ĝ(1, ω)‖Hp =

∥∥∥∥∥ep
√

ω2+k2 sinh(
√

ω2 + k2)√
ω2 + k2

ϕ̂2(ω)

∥∥∥∥∥ ≤ E4, (55)

where ‖ĝ(1, ω)‖Hp is the Sobolev space Hp-norm, and p = 0 is the L2-norm.
Now, we give the error estimate between the regularization solution and the exact

solution for x = 1. Let Ĥ0 =
√

ω2+k2

sinh(
√

ω2+k2)
.

Theorem 6. Let gm,δ(x, y) in (18) be the regularization solution of problem (5) at x = 1. Suppose (3)
and the priori condition (55) hold for p > 0. Choosing m = [θ] as the regularization parameter,

θ =

(
E4

δ

) 2
1+p

, (56)
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when x = 1, we have the following error estimates:

‖gm,δ(1, y)− g(1, y)‖ ≤ C6E
1

1+p
4 δ

p
1+p , (57)

where [θ] is the largest integer less than or equal to θ , C6 =
√

b +
( p

b
) p

2 .

Proof. Using the Parseval formula and the triangle inequality, we obtain

‖gm,δ(1, y)− g(1, y)‖ = ‖ĝm,δ(1, ω)− ĝ(1, ω)‖ ≤ ‖ĝm,δ(1, ω)− ĝm(1, ω)‖+ ‖ĝm(1, ω)− ĝ(1, ω)‖.

Using the Bernoulli’s inequality, we obtain

‖ĝm,δ(1, ω)− ĝm(1, ω)‖ = ‖
1−

(
1− bĤ2

0
)m

Ĥ0

(
ϕ̂2

δ(ω)− ϕ̂2(ω)
)
‖

≤ sup
ω∈R

∣∣∣∣∣1−
(
1− bĤ2

0
)m

Ĥ0

∣∣∣∣∣δ
≤
√

bmδ.

Therefore,
‖ĝm,δ(1, ω)− ĝm(1, ω)‖ ≤

√
bmδ. (58)

‖ĝm(1, ω)− ĝ(1, ω)‖ =
∥∥∥∥∥1−

(
1− bĤ2

0
)m

Ĥ0
ϕ̂2(ω)− ϕ̂2(ω)

Ĥ0

∥∥∥∥∥ =

∥∥∥∥∥−
(
1− bĤ2

0
)m

Ĥ0
ϕ̂2(ω)

∥∥∥∥∥
=

∥∥∥∥∥
(
1− bĤ2

0
)m

Ĥ0
ϕ̂2(ω)

∥∥∥∥∥
=

∥∥∥∥∥∥
1−

b
(
ω2 + k2)

sin h2
(√

ω2 + k2
)
m

sin h
(√

ω2 + k2
)

√
ω2 + k2

ϕ̂2(ω)ep
√

ω2+k2
e−p
√

ω2+k2

∥∥∥∥∥∥
≤ sup

ω∈R

∣∣∣∣∣∣
1−

b
(
ω2 + k2)

sin h2
(√

ω2 + k2
)
m

e−p
√

ω2+k2

∣∣∣∣∣∣E4

≤ sup
ω∈R

∣∣∣∣(1− b

e2
√

ω2+k2

)m
e−p
√

ω2+k2
∣∣∣∣E4

= sup
ω∈R
|B(α)|E4.

Take B(α) =
(

1− b
e2α

)m
e−pα and let B′

(
α∗1
)
= 0. Then α∗1 = 1

2 ln 2bm+bp
p .

B(α∗1) =

(
1− b

eln 2bm+bp
p

)m

e−
p
2 ln( 2bm+bp

p )
=

(
2m

2m + p

)m(2bm + bp
p

)− p
2

≤
(

2bm + bp
p

)− p
2
≤
(

b
p

)− p
2
(m + 1)−

p
2 .

Therefore, we obtain

‖ĝm(1, ω)− ĝ(1, ω)‖ ≤
(

b
p

)− p
2
(m + 1)−

p
2 . (59)



Symmetry 2022, 14, 1209 16 of 22

Combining (58) with (59) and (56), we obtain

‖gm,δ(1, y)− g(1, y)‖ ≤
√

bmδ +

(
b
p

)− p
2
(m + 1)−

p
2

≤
√

bE
1

1+p
4 δ

p
1+p +

(
b
p

)− p
2

E
1

1+p
3 δ

p
1+p

=

(√
b +

( p
b

) p
2
)

E
1

1+p
4 δ

p
1+p .

3.4. The a Posteriori Error Estimate for Problem (5)

This section will give an estimate of the convergence error under the a posteriori
parameter selection rule. Let τ > 1 be a fixed constant and stop the algorithm when
m = m(δ) ∈ N0 appears for the first time:

‖Ĥĝm,δ(x, ω)− ϕ̂2
δ(ω)‖ ≤ τδ, 0 < x ≤ 1, (60)

where ‖ϕ̂δ
2‖ ≥ τδ.

Lemma 6. Let γ(m) = ‖Ĥĝm,δ(x, ω)− ϕ̂2
δ(ω)‖; then the following conclusion holds:

1. limm→0 γ(m) = ‖ϕ̂2(ω)‖;
2. limm→+∞ γ(m) = 0;
3. γ(m)is a continuous function;
4. For any m ∈ (0,+∞), γ(m) is a strictly monotonically decreasing function.

Proof.

γ(m) = ‖Ĥĝm,δ(x, ω)− ϕ̂2
δ(ω)‖ =

∥∥∥∥∥Ĥ
1−

(
1− bĤ2)

Ĥ
ϕ̂2

δ(ω)− ϕ̂2
δ(ω)

∥∥∥∥∥
=
∥∥∥(1− bĤ2

)m
ϕ̂2

δ(ω)
∥∥∥

=

∥∥∥∥∥∥
1−

b
(
ω2 + k2)

sin h2
(√

ω2 + k2
)
m

ϕ̂2
δ(ω)

∥∥∥∥∥∥.

Therefore,

γ(m) =

∥∥∥∥∥∥
1−

b
(
ω2 + k2)

sin h2
(√

ω2 + k2
)
m

ϕ̂2
δ(ω)

∥∥∥∥∥∥. (61)

Obviously, γ(m) satisfies the above four conditions.

Lemma 7. For any x ∈ (0, 1), the regularization parameter m = m(δ) which is chosen by (60)
satisfies:

m ≤ 22xk2(x−1)

b
(
1− e−2k

)2x

(
E2

(τ − 1)δ

)2x
. (62)

Proof. According to (20),

Hm ϕ̂2(ω) =
1−

(
1− bĤ2)m

Ĥ
ϕ̂2(ω).
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Since |1− aĤ2| < 1, ‖ĤHm−1− I‖ ≤ 1. ‖ĤHm−1 ϕ̂2
δ(ω)− ϕ̂2

δ(ω)‖ = ‖Ĥĝm,δ(x, ω)−
ϕ̂2

δ(ω)‖ ≤ τδ ≤ ‖ĤHm−1 ϕ̂2
δ(ω)− ϕ̂2

δ(ω)‖.
Then we can obtain

‖ĤHm−1 ϕ̂2(ω)− ϕ̂2(ω)‖ = ‖ĤHm−1 ϕ̂2(ω)− ĤHm−1 ϕ̂2
δ(ω)

+ ĤHm−1 ϕ̂2
δ(ω)− ϕ̂2

δ(ω) + ϕ̂2
δ(ω)− ϕ̂2(ω)‖

=
∥∥∥ĤHm−1 ϕ̂2

δ(ω)− ϕ̂2
δ(ω) +

(
ĤHm−1 − I

)(
ϕ̂2(ω)− ϕ̂2

δ(ω)
)∥∥∥

≥
∥∥∥ĤHm−1 ϕ̂2

δ(ω)− ϕ̂2(ω)
∥∥∥− ∥∥∥(ĤHm−1 − I

)(
ϕ̂2(ω)− ϕ̂2

δ(ω)
)∥∥∥

≥ τδ− ‖ĤHm−1 − I‖δ ≥ (τ − 1)δ.

Thus, we obtain
‖ĤHm−1 ϕ̂2(ω)− ϕ̂2(ω)‖ ≥ (τ − 1)δ. (63)

In addition,

‖ĤHm−1 ϕ̂2(ω)− ϕ̂2(ω)‖ =
∥∥∥∥(1− bĤ2

)m−1
ϕ̂2(ω)

∥∥∥∥
=

∥∥∥∥∥∥
(

1− bĤ2
)m−1

√
ω2 + k2

sin h
(√

ω2 + k2
) ĝ(1, ω)

∥∥∥∥∥∥
=

∥∥∥∥∥∥∥
1−

b
(
ω2 + k2)

sin h2
(√

ω2 + k2x
)
m−1 √

ω2 + k2

sin h
(√

ω2 + k2
) ĝ(1, ω)

∥∥∥∥∥∥∥
≤ sup

ω∈R

∣∣∣
1−

b
(
ω2 + k2)

sin h2
(√

ω2 + k2x
)
m−1 √

ω2 + k2

sin h
(√

ω2 + k2
) ∣∣∣E2

= sup
ω∈R
|J(α)|E2.

Take J(α) = (1− bα2

sin h2(αx)
)m−1 α

sin h(α) , and α =
√

ω2 + k2.

Using Lemma 1, we obtain

J(α) =

(
1− bα2

sin h2(αx)

)m−1
α

sin h(α)

=

(
1− bα2

sin h2(αx)

)m−1(
bα2

sin h2(αx)

) 1
2x
(

bα2

sin h2(αx)

)− 1
2x

α

sin h(α)

≤ m−
1

2x

(
bα2

sin h2(αx)

)− 1
2x

α

sin h(α)

= m−
1

2x
sin h(αx)

1
x

sin h(α)
α

(bα2)
1

2x

≤ m−
1

2x
(eαx)

1
x

eα−e−α

2

α−
1

2x α1− 1
x

≤ m−
1

2x
2

1− e−2k a−
1

2x k1− 1
x .

Therefore,

‖ĤHm−1 ϕ̂2(ω)− ϕ̂2(ω)‖ ≤ m−
1

2x
2

1− e−2k a−
1

2x k1− 1
x . (64)
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Combining (63) with (64), we obtain

m ≤ 22xk2(x−1)

b
(
1− e−2k

)2x

(
E2

(τ − 1)δ

)2x
. (65)

Now, under the a posteriori regularization choice rule, we give the error estimation
between the regularization solution gm,δ(x, y) and the exact solution g(x, y).

Theorem 7. Let gm,δ(x, y) be the regularization solution of problem (5). Suppose (3) and the a
priori condition (11) hold. If we take the solution of Equation (60) as a regularization parameter,
then for any 0 < x < 1 , we can obtain the following error estimate:

‖gm,δ(x, y)− g(x, y)‖ ≤ C7Ex
2 δ1−x, (66)

where C7 = 2xkx−1

(1−e−2k)
x
(τ−1)x +

(
2τ2 + 2

) 1−x
2 is a constant.

Proof. Using the Parseval formula, the triangle inequality and (58), we obtain

‖ĝm,δ(x, y)− g(x, y)‖ = ‖ĝm,δ(x, ω)− ĝ(x, ω)‖
≤ ‖ĝm,δ(x, ω)− ĝm(x, ω)‖+ ‖ĝm(x, ω)− ĝ(x, ω)‖

≤
√

bmδ + ‖ĝm(x, ω)− ĝ(x, ω)‖.

According to the Hölder inequality, Lemma 2 and (45), we obtain

‖ĝm(x, ω)− ĝ(x, ω)‖2

=

∥∥∥∥∥
(
1− bĤ2)m

Ĥ
ϕ̂2(ω)

∥∥∥∥∥
2

=

∥∥∥∥∥
(
1− bĤ2)m

Ĥ
ϕ̂1−x

2 (ω)ϕ̂x
2(ω)

∥∥∥∥∥
2

=

∥∥∥∥∥∥
(

1− bĤ2
)m sin h

(√
ω2 + k2x

)
√

ω2 + k2
ϕ̂1−x

2

 √
ω2 + k2

sin h
(√

ω2 + k2
) ĝ(1, ω)

x∥∥∥∥∥∥
2

=
∫ +∞

−∞

(1− bĤ2
)m sin h

(√
ω2 + k2x

)
sin hx

(√
ω2 + k2

)√ω2 + k2
x−1

ϕ̂1−x
2 (ω)

2

[ĝ(1, ω)]2xdω

≤

∫ +∞

−∞

(1− bĤ2
)m sin h

(√
ω2 + k2x

)
sin hx

(√
ω2 + k2

)√ω2 + k2
x−1

ϕ̂1−x
2 (ω)


2

1−x

dω


1−x[∫ +∞

−∞
ĝ2x(1, ω)

1
x dω

]x

≤

∫ +∞

−∞

(1− bĤ2
)m sin h

(√
ω2 + k2x

)
sin hx

(√
ω2 + k2

)√ω2 + k2
x−1(

ϕ̂2(ω)− ϕ̂δ
2(ω) + ϕδ

2(ω)
)1−x


2

1−x

dω


1−x

E2x
2

≤
[∫ +∞

−∞

[(
1− bĤ2

)m
e
√

ω2+k2(x−1)xe
√

ω2+k2x(1−x)
(

ϕ̂2(ω)− ϕ̂δ
2(ω) + ϕδ

2(ω)
)1−x

] 2
1−x

dω

]1−x

E2x
2

≤ 21−x

[∫ +∞

−∞

(
1− bĤ2

) 2m
1−x
(

ϕ̂2(ω)− ϕ̂δ
2(ω)

)2
dω +

∫ +∞

−∞

(
1− bĤ2

) 2m
1−x

ϕδ
2(ω)dω

]1−x

E2x
2

≤ 21−x
[
‖
(

1− bĤ2
) m

1−x
(

ϕ̂2(ω)− ϕ̂δ
2(ω)

)
‖2 + ‖

(
1− bĤ2

) m
1−x

ϕ̂δ
2(ω)‖2

]1−x

E2x
2

≤ 21−x
[
‖
(

ϕ̂2(ω)− ϕ̂δ
2(ω)

)
‖2 + ‖

(
1− bĤ2

)m
ϕ̂δ

2(ω)‖2
]1−x

E2x
2

≤ 21−x
[
δ2 + τ2δ2

]1−x
E2x

3 =
(

2τ2 + 2
)1−x

δ2(1−x)E2x
2 .
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Thus,

‖ĝm(x, ω)− ĝ(x, ω)‖ ≤
(

2τ2 + 2
) 1−x

2
δ1−xEx

2 . (67)

Combining (62) and (67), we obtain

‖ĝm,δ(x, y)− g(x, y)‖ ≤
√

bmδ + ‖ĝm(x, ω)− ĝ(x, ω)‖

≤
√

bmδ +
(

2τ2 + 2
) 1−x

2
δ1−xEx

2

≤
( 2xkx−1(

1− e−2k
)x
(τ − 1)x +

(
2τ2 + 2

) 1−x
2
)

Ex
2 δ1−x.

Note: Theorem 7 only considers the error estimate in the interval x ∈ (0, 1) but does not
consider the error estimate when x = 1 at the end point. As a result, it can only show that it is
bounded rather than convergent. The error estimate when x = 1 is given below.

Lemma 8. Suppose (3) and the priori condition (55) hold for p > 0. If we take the solution
of Equation (45) as a regularization parameter at x = 1, then the regularization parameter
m = m(δ) satisfies:

m ≤ 1

ak
2p

p+1

[
E4

(τ − 1)δ

] 2
p+1

. (68)

Proof. Let Ĥ0 = Ĥ∗0 =
√

ω2+k2

sinh(
√

ω2+k2)
and H0

m = b ∑m−1
k=0

(
I − bĤ∗0 Ĥ0

)k Ĥ∗0 .

‖Ĥ0H0
m−1 ϕ̂2(ω)− ϕ̂2(ω)‖ ≥ ‖Ĥ0H0

m−1 ϕ̂2
δ(ω)− ϕ̂2

δ(ω)‖ − ‖
(

Ĥ0H0
m−1 − I

)(
ϕ̂2(ω)− ϕ̂2

δ(ω)
)
‖

≥ τδ− ‖Ĥ0H0
m−1 − I‖δ ≥ (τ − 1)δ.

Therefore,
‖Ĥ0H0

m−1 ϕ̂2(ω)− ϕ̂2(ω)‖ ≥ (τ − 1)δ. (69)

On the other hand, using Lemma 1 we obtain

‖Ĥ0H0
m−1 ϕ̂2(ω)− ϕ̂2(ω)‖ = ‖

(
1− bĤ2

0

)m−1
ϕ̂2(ω)‖

=

∥∥∥∥∥∥
(

1− bH2
0

)m−1
√

ω2 + k2

sin h
(√

ω2 + k2
) e−p

√
ω2+k2 ϕ̂2(ω)√

ω2 + k2
sin h

(√
ω2 + k2

)
ep
√

ω2+k2

∥∥∥∥∥∥
≤ sup

ω∈R

∣∣∣∣∣∣∣
1−

b
(
ω2 + k2)

sin h2
(√

ω2 + k2
)
m−1 √

ω2 + k2

sin h
(√

ω2 + k2
) e−p

√
ω2+k2

∣∣∣∣∣∣∣E4

= sup
ω∈R
|L(ω)|E4,

where L(ω) =

(
1− b(ω2+k2)

sin h2(
√

ω2+k2)

)m−1 √
ω2+k2

sin h(
√

ω2+k2)
e−p
√

ω2+k2 . Let α =
√

ω2 + k2, then

L(ω) can be rewritten as M(α) =
(

1− aα2

sin h2(α)

)m−1
α

sin h(α) e−pα. Then, using Lemma 1

we obtain
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M(α) =

(
1− bα2

sin h2(α)

)m−1
α

sin h(α)
e−pα

=

(
1− bα2

sin h2(α)

)m−1(
bα2

sin h2(α)

) p+1
2
(

bα2

sin h2(α)

)− p+1
2

α

sin h(α)
e−pα

≤ m−
p+1

2

(
sin h2(α)

bα2

) p+1
2

α

sin h(α)
e−pα

= m−
p+1

2 sin hp(α)α−pb−
p+1

2 e−pα ≤ m−
p+1

2 eαpα−pb−
p+1

2 e−pα

≤ m−
p+1

2 k−pb−
p+1

2 .

Thus,
‖Ĥ0H0

m−1 ϕ̂2(ω)− ϕ̂2(ω)‖ ≤ m−
p+1

2 k−pb−
p+1

2 E4. (70)

Combining (69) with (70), we obtain

(τ − 1)δ ≤ m−
p+1

2 k−pb−
p+1

2 E4. (71)

Therefore, we obtain

m ≤ 1

ak
2p

p+1

[
E4

(τ − 1)δ

] 2
p+1

. (72)

Theorem 8. Let gm,δ(x, y) in (23) be the regularization solution of problem (5). Suppose (3) and
the a priori condition (55) hold. If we take the solution of Equation (45) as a regularization parameter
at x = 1, there is the following error estimate:

‖gm,δ(1, y)− g(1, y)‖ ≤ C8E
1

p+1
4 δ

p
p+1 , (73)

where C8 =
(

1
kp(τ−1)

) 1
p+1

+
(

2τ2+2
k2

) p
2(p+1) is a constant.

Proof. Due to the triangle inequality, the Parseval equation and Lemma 8, we obtain

‖gm,δ(1, y)− g(1, y)‖ = ‖ĝm,δ(1, ω)− ĝ(1, ω)‖
≤ ‖ĝm,δ(1, ω)− ĝm(1, ω)‖+ ‖ĝm(1, ω)− ĝ(1, ω)‖

≤
√

bmδ + ‖ĝm(1, ω)− ĝ(1, ω)‖

≤
(

1
kp(τ − 1)

) 1
p+1

E
1

p+1
4 δ

p
p+1 + ‖ĝm(1, ω)− ĝ(1, ω)‖.

According to the Hölder inequality, Lemma 2 and (45), we obtain
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‖ĝm(1, ω)− ĝ(1, ω)‖2 =

∥∥∥∥∥
(
1− bĤ2

0
)m

Ĥ0
ϕ̂2(ω)

∥∥∥∥∥
2

=
∥∥∥(1− bĤ2

0

)m
ĝ(1, ω)

∥∥∥2

=

∥∥∥∥(1− bĤ2
0

) mp
p+1
(

1− bĤ2
0

) m
p+1 |ĝ(1, ω)|

p
p+1 |ĝ(1, ω)|

1
p+1

∥∥∥∥2

=

∥∥∥∥∥∥∥∥
(

1− bĤ2
0

) mp
p+1 |ϕ̂2(ω)|

p
p+1
(

1− bĤ2
0

) m
p+1

∣∣∣∣∣∣∣
sin hp

(√
ω2 + k2

)
(√

ω2 + k2
)p ĝ(1, ω)

∣∣∣∣∣∣∣
1

p+1
∥∥∥∥∥∥∥∥

2

≤
(∫ +∞

−∞

(
1− bĤ2

0

)2m
|ϕ̂2(ω)|2dω

) p
p+1

∫ +∞

−∞

(
1− bĤ2

0

)2m sin h2p
(√

ω2 + k2
)

(√
ω2 + k2

)2p ĝ2(1, ω)dω


1

p+1

≤
(∫ +∞

−∞

(
1− bĤ2

0

)2m
|ϕ2(ω)|dω

) p
p+1
(∫ +∞

−∞

1
k2p e2p

√
ω2+k2

ĝ2(1, ω)dω

) 1
p+1

≤
(∫ +∞

−∞

(
1− bĤ2

0

)2m
|ϕ̂2(ω)|dω

) p
p+1

k−
2p

p+1 E
2

p+1
4

≤ 2
p

p+1

(∫ +∞

−∞

(
1− bĤ2

0

)2m
(∣∣∣ϕ̂2(ω)− ϕ̂δ

2(ω)
∣∣∣2 + |ϕ̂2(ω)|2

)
dω

) p
p+1

k−
2p

p+1 E
2

p+1
4

= 2
p

p+1
(∥∥∥(1− bĤ2

0

)m(
ϕ̂2(ω)− ϕ̂δ

2(ω)
)
‖2+

∥∥∥(1− bĤ2
0

)m
ϕ̂δ

2(ω)‖2
) p

p+1
k−

2p
p+1 E

2
p+1
4

≤ 2
p

p+1
(

δ2 + τ2δ2
) p

p+1 k−
2p

p+1 E
2

p+1
4

=

(
2τ2 + 2

k2

) p
p+1

δ
2p

p+1 E
2

p+1
4 .

Therefore,

‖ĝm(1, ω)− ĝ(1, ω)‖ ≤
(

2τ2 + 2
k2

) p
2(p+1)

δ
p

p+1 E
1

p+1
4 . (74)

Thus,

‖gm,δ(1, y)− g(1, y)‖ ≤ C8δ
p

p+1 E
1

p+1
4 ,

where C8 =
(

1
kp(τ−1)

) 1
p+1

+
(

2τ2+2
k2

) p
2(p+1) is a constant.

4. Conclusions

In this paper, the Cauchy problem of the modified Helmholtz equation is studied. The
exact solution of the problem is obtained by Fourier transform, and the ill-posed problem
is solved by the Landweber iterative regularization method. Finally, given the appropriate
a priori bound, the corresponding error estimates are obtained under the a priori and the a
posteriori regularization parameter selection rules, respectively.
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