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Abstract: In this paper, we establish oscillation theorems for all solutions to fourth-order neutral
differential equations using the Riccati transformation approach and some inequalities. Some new
criteria are established that can be used in cases where known theorems fail to apply. The approach
followed depends on finding conditions that guarantee the exclusion of positive solutions, and as
a result of the symmetry between the positive and negative solutions of the studied equation, we
therefore exclude negative solutions. An illustrative example is given.
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1. Introduction

In this paper, we are concerned with the oscillation of solutions of the fourth-order
neutral differential equation

(a0 (V")) +Zq, (0% (j(x) =0, M

where t > tgand V(r) = x(r) + p(r)x(¢(r)). In this work, we assume « and B are quotients
of odd positive integers and > a, a,& € C![rg, ), p,q;,{; € Clro, ), a(r) > 0,d'(r) >0,
(v)

gj(tv) > 0,0 < p(r) < po < 00, ¢'(x) 2 o > 0,08 = §ol gi(v) < E(v)
limy—e0 §(t) = lime—e0 §j(t) = 00, and
© 1
/co ulT(s)dS:OO (2)

By a solution of (1) we mean a function x € c3 [ty, 00), ty > to, which has the property
a(V")* € Cl[ty, o), and satisfies (1) on [ty, 00). We consider only those solutions x of (1)
which satisfy sup{|x(t)| : v > ¢} > 0, for all vt > v,. A solution x of (1) is said to be
nonoscillatory if it is positive or negative, ultimately; otherwise, it is said to be oscillatory.

The differential and functional differential equations arise in many applied problems
in natural sciences and engineering; see Hale [1].

The oscillation theory has become a significant numerical mathematical tool for many
disciplines and high technologies. The subject of finding oscillation criteria for certain
functional DEs has been a highly active study area in recent decades; for example, see [2-14]
and the references cited therein. In what follows, we briefly comment on some closely
related results that motivated our study.
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Baculikova et al. [15] studied the oscillatory behavior of solutions to the even-order
neutral differential equation

(v 9®)") + a0 @) =0

where & > 1. They established some oscillation results.
Agarwal et al. [16] concerned the even-order neutral differential equation

(V)™ +g(x)x(g(x) = 0. @3)

They established some sufficient conditions for oscillation by using the Riccati transforma-
tion technique.

Bazighifan et al. [17] investigated the oscillation of fourth-order nonlinear differential
equation with neutral delay

(s (V" (©)*) + (2 () =0,

They obtained some oscillation criteria for the equation by the theory of comparison.
Li and Rogovchenko [18] studied oscillation for (3). They used comparison with the
first-order delay equation to obtain the following result:

Theorem 1. Assume that there exist functions 7 € Cltg,00) and § € Cl[vo, 00) satisfying

1(x) < ¢(x), n(r) <E&(x), 3(x) < {(x), 8(r) < &(x), &'(x) =0

and
tlglt}on(t) = tlgl;l(]&(t) = 0.
If
1 . v _ n—1 1
Wh&glf./é,lw(t))q(S)P*(é(S))(C n(s)) ds> 2
and

————limin N .Oo%_ =30 N p* (T(5))dse | &L 1
<n_3>z1tﬁwf.¢1(5(t>)</s (3 =5)" () () )C (6(s))ds > -,

then (3) is oscillatory, where

and

1 I () )
ATl (l P E) )

The purpose of this article is to give sufficient conditions for the oscillatory behavior
of (1). Based on introducing a new Riccati substitution, we obtain an improved criteria
without requiring the existence of the unknown function.

We will need the following lemmas to discuss our main results:

Lemma 1 ([19]). If the function x satisfies ) (t) > 0,i = 0,1,...,n, and x"1) (¢) < 0, then

x(t) > %txl(t),

for every A € (0,1) eventually.
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Lemma 2. Assume that »,0 > 0 and B is a positive real number. Then
(2+0)f < 2/5*1(%13 - Qﬁ),forﬁ >1

and
(2 +0)f < (%ﬁ + Qﬁ),forﬁ <1.
Lemma 3 ([20]). Let a be a ratio of two odd positive integers. Then

(a41)/a o Kot

KQ—LQ < (D{+1)D‘+1 I« s

L>0.

Lemma 4. Assume that (2) holds and x is an eventually positive solution of (1). Then, (a(r)
(V"(x))") < 0 and there are the following two possible cases eventually:

(CH V() > 0, V'(x)>0, V') >0, V() >0, V¥(x) <0,
(C))V(r) > 0, V'(r)>0 V'(x) <0, V'(x) > 0.

2. Main Results
In the sequel, we will adopt the following notation:

LI |
n1(t, 1) = /tl alT(s)ds'

T
N1 (v, v1) :/ (s, v)dse, k=1,2,
1

{(v) :=min{Z;(x) : j = 1,2,...,m}
and

Q(r) = min{q]-(t),q]-(é(t)) 1j=1,2,..,m}.

Lemma 5. Assume that x is a positive solution of (1). Then

I p ! ) 2
(a) (v ()") + £ (@) (V" (E(0))") +—§%§%—§:‘/ﬁ(gxt>)f;o. )

Proof. Assume that x is a positive solution of (1). From (1), we obtain

;P ,m
o::@wwwmﬂ+g@@mwwmmﬂ+g%wme

9 L i€ (GE)

j=1

/

. B
(«7)%) + g (e (" G)')

+Q(0) Y- (xF (¢(0) + PbxP (5(2(0)))).

]

v
3

Il
—_

which follows from Lemma 2 and {j o ¢ = ¢ o {; that

- o
(s (V")) + 22 (aeen (v (ee)*) + S5 L VA Ei(o) <o
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The proof is complete. [J
Lemma 6. Assume that x is a positive solution of (1). If (Cq) holds, then
V() 2 a/ (V" (t)3(x,1). ®)

Proof. Assume that x is a positive solution of (1). Let (C;) hold. Since (a(r) (V”’(t))“)/ <0.
Then we get

't S " ())% 1/a
Vi) = V() = V(u) = /rl “ )(;/rx((s))) g

> MOV () (),

integrating the above inequality from v to t, we have

V'(x) > a* () V" () (x,v1), 6)

integrating (6) from v to t, we get

The proof is complete. [

Lemma 7. Assume that x is a positive solution of (1). If (C) holds, then

V() < — [ L0 l/avﬁ/a(t)/w 1 /°° Q(S)i(gf(s)>ﬁmds Wd% %
N §0+p§ v\ a(s) Je1() 2671 j=1\ S .

Proof. Assume that x is a positive solution of (1). Integrating (4) from t to co and using
(a(x) (V" (x))*)" < 0, we obtain

~a(n) (V)" - ’gg a@ (V) < - [ 55

From Lemma 1 and (8), we have

" % P " « OOQ(S) a é(s) piA
—a(x) (V" (1))" = Z2a(E(x) (V" (&(x))) S—/t 26 1Vﬂ(s)].=1<]s> @

Go

that is,
p m B/A
o) (V)" + ale() (v )" = Vi) [T S 3 (U2) e

%o =

since ¢(r) < vand (a(t)(V”’(t))'X)/ < 0, then, we have

o) (V0] + Bt (ven)” > v [~ 2 é(éf

that is,

0 " B/A
o) > (o )vr [CIE(S) e o
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or

" « _ 00 ) I/ Zi(s) B/A
s g £

Go + 1y
since ¢~ 1(v) > v then V(¢~1(r)) > V(r). From the above inequality, we have

i .. i ﬁt g] ) B/A
a(r) (V" (v)) 2<§0+pg>v( / r)zl“z( ) @

Integrating the above inequality from t to co, we obtain

1/a X X " B/A 1/a
e . o Bla(e *© 1 *© Qf gjs) o
vo-(gl) o [ L, 3R E() w) e

The proof is complete. [

Theorem 2. Let f > 1, {;(r) € Cl([ro, 0)), @’ > 0,and ;(r) < {(v). Assume that there exists

a functions p(r),0(xr) € C!([tg, ), (0,0)), for all sufficiently large v1 > vo, there is a vy > 11
such that

t s B (a+1) a+1
lirtn_>s°1:p/t2 (mp(s)gg(leg <1+ Po> (( —('_)1) (0" (5) )ds:oo (10)

(€(s),v1)Z(s))"

and

Va 1/a ) 2
imsu ' i (B/a)—1 ® 71 » o — (9+(Q)) =

where
]:

ol (v) = max{0, 0’ (v)} and ¢, (v) = max{0,6’(v)}. Then (1) is oscillatory.

Ms

D(x) = o) 25

Proof. Assume that x is a positive solution of (1). It follows from Lemma 4 that there exists
two possible cases (Cq) and (Cy). Let (Cq) hold. We define a function w(t) by

o) = p(0 L S, 12

then w(t) > 0. Differentiating (12), we have

e PO @OV a0 () V) (@)
W!(6) = B e(e) 4 00 ey O s e, (9)

from (6) and {(r) < {j(v) <, we get

V(1) = a /M (C () V" (E()n2(E(x), 1) = aV/* (@) V" (6)2(C (x), v1) (14)

and so, (13) can be written as

p'(v)

4o (@) (V" () @I g

YOI TG e @ v Qo)

w'(x) <
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It follows from (12) and (15) that

a),(t) < P’(t)w(t) +p(t) (a(t‘)/i‘(/g;i;))) ) . “nZ(i(lt/);(ti))gl(t)w(ﬂé-i—l)/uc(t). (16)

Similarly, define another function ¢ by

a(g(r))(V“’(é(t)))“, (17)

$(e) = ()

then i (t) > 0. Differentiating (17), we have

o @EE) (" E©)) <v"'< ()" V' (€(£)¢'(x)
VEE() TEa @@V

from (6) and {(r) < {j(v) < &(r), we get

V() = a @)V (G ()28 (), v1) = /(G @)V (1) 2(C(x), 1) (19)

and so, (18) can be written as

(18)

/ p'(x) (@E@)(V"E@)Y)  a(V" @) M @), 0 (v
V= o Y PO ) o1 (D)a-1+4) /a( o)
It follows from (17) and (20) that
/ p'(v) (@@E)V" @) wn(@(),e)d' () 11ay/a
) < e () S SO - SRERAE Wyl )
Using (16) and (21), we get
B 1 ay/ B 1 ay/
/ Po (@@ V" (®)") | Py (aE@)(V"(E(x)")
AR AV P“)( VEE) Th VAGQ)
+pp+(<t;)w<t)—m(i(f});(tgg oternrny (22)
B, ’
Po p+(t) _“72(€<t)/t1)€ (t) (14a)/a
+i (G ot - EETRI o).
(4) and (23), we obtain
B B
ey 2 POy Q) L VPG(M)  aa(@(e), v)E () wi1)/a
CEr Vs PO TGy T e e
B,
po (P4 (x) a2 (8(v), v1)8' (v)  (11a)/a
B0 (B8 y(s) - “EAEL ) 3)
+pp+(S)a)(t)
from Lemma 3 and (24), we have
B / a+1
o' PO (e ol Q(v) g 1 (' (v))
O g0 = el V) e T oo, ey @
1 (o ()"

A
8o (a4 1) (p(v)n2(g(x), v1) (v)*
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Since V'(r) > 0, there exists a r, > v; and a constant M > 0 such that
V() > M, forallt > 1, (25)

by using (25) and integrating (25) from v, (v, > v1) to t, we get

/r<mp(s)g<s>Mﬁa_<H p§> <a+1><““><p'+<s>>““> B < wm)

2 261 So ) (p(s)m2((s),v1)T'(s))"
(e
g, ¥\
which contradicts (10).
Let (Cp) hold. We define a function ¢(t) by
() = 006) 1 20
then ¢(t) > 0. Differentiating (26), we have
o' 1" / 2
0(5) = G o0 +0) T o @)
from (26) and (27), we have
, 9/ 1"
(5) = G 20 +00) ) = g ) 28)
from (7) and (28), we have
1/ . 1/a
/ B go (B/a)—1 e 1
6 d
dH < 00 (CO . p€> Vet [T et ) dx
6’ (v) 1
_|_

Wﬁ”(t) - @G”z(t)'

Thus, we obtain

1a 1/a 2
o) < —0(e go Bro-1y [T g, o 0()
o(e) < 9()<¢0+p§> v [T et ) e Gl @)

by using (25) and integrating (29) from v; to r, we get

t 1/‘X () l/lX / 2
= (9(9)<§iopﬁ> a7 (o) e S )d@f
151 0

0

which contradicts (11). This completes the proof. [

Theorem 3. Assume that 0 < p(v) < 1and a = B. If (11) holds and

T

lim sup G*(Z(s)) i qi(s) (1= p(gj(s)))*ds > 1, { is nondecreasing (30)
=1

oo J{(t)

or
v

imynt 1 G*(2(5) Lo ate) (1 p(6(9)"ds > @b
L

T—00 g(t)
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where

Gt =mee) -+ [ [ [ (s )15 €(s) 1) D 6) (1= p(66)) s
then (1) is oscillatory.

Proof. Assume that x is a positive solution of (1). It follows from Lemma 4 that there exists
two possible cases (Cp) and (Cy). Let (Cq) hold. Using the definition of V (t), we get

x(r) = V(r) = p(v)x(§(v)) = V(r) = p(r)V((r)) = (1 = p(v))V(v), (32)

from (1) and (32), we have

(s (")) < —:21%@)(1—p(@-(t)))“V“(éj(r))
< —V“@(r))]leqj(t)(l—p(a(r)))”‘. 3)

On the other hand, it follows from the monotonicity of a'/#(t) V" (t) that
V) = Ve + [ sl MOV s 2 pn e OV 6

Integrating (34) from t; to v, we have

V() > /t 171(s,v1)al /% (s) V" (s)ds > na(x, ¢ )a/ (1) V" (v). (35)

3l

Integrating (35) from t; to v, we have
V() = [ [l el V" (s)dsdu = (s, m)al 0V (5). (36)
17/
A simple computation shows that
(V'@ = mem)a (V" (@) = —m(eu) (V" (©) (37)
Applying the chain rule, it is easy to see that
m(em) (a) (V7)) = (e m) (@ V@) (@ @V().

By virtue of (33), the latter equality yields

1—w

o) (@) < o) (HEVE) e 6s)
<L a1 - p(E )"
£

Combining (37) and (39), we obtain

1—w

(V”(t)—Ul(t,tl)al/“(t)vw(t)), > %771('@1?1)(al/a(t)VW(t)) V() (39)
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Integrating (40) from t; to v, we have
1 T 1—a
VI = e @V + 1 [ (& 6VIe)) T VAES)
T
m ‘B '
X 2 q;(s) (1— p(gj(s))) ds. (40)
j=1
Integrating (40) from t; to v, we have
V’(t) > 772(@ tl)al/tx V/// / ’71 s, Yl 1/1x )V"’( )) —
T Jp
m
xV*(Z(s)) Z{ q;(s) (1 = p(g;(s)))"dsdu. (41)
]:
Integrating (41) from t; to v, we have
V(t) > 173(t/t1)a1/lx V/// / / ;71 s, Yl 1/1x )V"’( )) —
T Jr Jp
m
xVE(Z(s) Y. gi(s)(1— p(gj(s))) dsdudv.
j=1
Taking (36) and the monotonicity of al/*(s)V""(s) into account, we arrive at
V(t) > ﬂS(rrtl)al/‘l V/// / / ’71 s, tl l/zx V///( ))1 o
T J T
X (5(s), v1)a(Z(s) (V" (& 2% (—Amﬁ)www
> 773(trt1) 1/11 V/// /t /t i ;71 s, tl 1/¢x V”’( )) - (42)

x115(¢(s),v)a(s) (V" (s Zq] ( —p(@(s))) dsdudv

(%w Aénmwm3%miwﬁkdﬁwﬂmm>

xal/% () V" (v).

v

Thus, we conclude that

V(Z(r) > a/*(Z(x))V"(Z(x)G(L(x)). (43)

Using (43) in (33), by virtue of (Cy), one can see that y(t) := a(t)(V"(x))" is a positive
solution of the first-order delay differential inequality

y' () + (G“(C(t)) i%‘(t)(l - P(Cj(t)))a>y(€(t)) <0. (44)
=
In view of ([21], Theorem 1), the associated delay differential equation
y' () + (G“(C(t)) ilflj(t)(l - P(Cj(t)))a>y(€(t)) =0, (45)
=

also has a positive solution. However, it is well known that condition (30) or condition (31)
ensures oscillation of (45), which is a contradiction.
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Let (Cz) hold. One proceeds as in the proof of Theorem 2. Therefore, the proof is
complete. O

Example 1. Consider the fourth-order neutral differential equation

4)
(x(t) + 6x(;t>) + ng(;t) + ?x(it) =0, (46)

where g > 0. We note that p(t) = 6, &(t) = t/2, {1(r) = t/3, {2(v) = t/4, q1(t) = qo/**,
and g (v) = 2qo/v*. It is easy to verify that

QW = ™,

o0 = [, SE(L) e

- QO((?;M)—F(L;M))%;)&
o1

mre) = /tl alT(s)ds’: (t—11)
and
m2(C(x),v1) = e

By choosing p(t) = > and 6(t) = t, we obtain

limsup t(mp(s)“f)mﬁ—a - <1 + P§> (at 1><““><p’+<s>>““> N

So ) (p(s)n2(2(s),v1)C"(5))"

@)@’

1/2> (53((t/4)r1)21)
2 4

o o0 (., 6 \¥F
71:To§uP t2<2s (1+1/2 s ds

ds

and

1/a 1/a / 2
T o
lim sup (o) o M(ﬁ/”‘)*l/ (1613(%)) ds — (CAC)S do
t—oo  JTp Co + pg 0 a(%) 49(9)
o (1(_(/2) g (( 1 1 _ 1
=tmge [, (o (arreese( (o) < (am)) ~3g) e
Thus, conditions (10) and (11) are satisfied if qo > 1872 and qo > 267. 43, respectively. Therefore,
we see that (46) is oscillatory if go > 1872.

Remark 1. Consider the special case

(X(t) + 6x<;t) ) Y + ng(ét> =0. (47)

From Theorem 2, we see that (47) is oscillatory if qo > 12,636. However, choosing 11(t) = t/6 and
using Theorem 1 we observe that cannot be applied to (47) because p = 6 < 8. Therefore, our results
improve results in [18].
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3. Conclusions

In the canonical case, we established oscillation theorems for all solutions to fourth-order
neutral differential equations using the Riccati transformation approach and some inequalities
in the case where 0 < p(tr) < pg < co. We obtain improved criteria without requiring the
existence of the unknown function. It would also be of interest to study the equation

(()(VW >+2‘1] )xP (g;(v)) =

in the non-canonical case.
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