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Abstract: The connection between generalized convexity and symmetry has been studied by many
authors in recent years. Due to this strong connection, generalized convexity and symmetry have
arisen as a new topic in the subject of inequalities. In this paper, we introduce the concept of
interval-valued preinvex functions on the coordinates in a rectangle from the plane and prove
Hermite–Hadamard type inclusions for interval-valued preinvex functions on coordinates. Further,
we establish Hermite–Hadamard type inclusions for the product of two interval-valued coordinated
preinvex functions. These results are motivated by the symmetric results obtained in the recent article
by Kara et al. in 2021 on weighted Hermite–Hadamard type inclusions for products of coordinated
convex interval-valued functions. Our established results generalize and extend some recent results
obtained in the existing literature. Moreover, we provide suitable examples in the support of our
theoretical results.

Keywords: invex set; coordinated preinvex functions; Hermite–Hadamard inequalities; interval-valued
functions

1. Introduction

In recent years, many researchers have made efforts to generalize and extend the
classical convexity in different directions and discovered new integral inequalities for this
generalized and extended convexity; see, for instance, [1–6]. In 1981, Hanson [7] intro-
duced a useful generalization of convex functions known as invex functions. Craven and
Glover [8] showed that the class of invex functions is equivalent to the class of functions
whose stationary points are global minima. The concept of preinvex functions was intro-
duced by Ben-Israel and Mond [9]. It is well known that preinvex functions are nonconvex
functions. This concept inspired a large number of research papers dealing with the analysis
and applications of this newly defined nonconvex function in optimization theory and
related fields; see [10–12].

Noor [13] obtained Hermite–Hadamard (H-H) inequality for the preinvex functions,
which is a generalization of the classical H-H inequality. Dragomir [14] defined the concept
of classical convex functions on coordinates and demonstrated H-H type inequalities for
these functions. Further, Latif and Dragomir [15] defined preinvex functions on the coordi-
nates and established some H-H type inequalities for functions whose second-order partial
derivatives in absolute value are preinvex on the coordinates. Matłoka [16] introduced
the class of (h1, h2)-preinvex functions on the coordinates and proved H-H and Fejér type
inequalities using the symmetricity of the positive function. For more details on preinvex
functions and related inequalities, see [17–21].

The concept of interval analysis was first considered by Moore [22]. In 1979, Moore [23]
studied the integration of interval-valued functions and investigated interval methods for
computing upper and lower bounds on exact values of integrals of interval-valued func-
tions. Bhurjee and Panda [24] presented a general multi-objective fractional programming
problem whose parameters in the objective functions and constraints are intervals and
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developed a methodology to determine its efficient solutions. Zhang et al. [25] extended
the concepts of invexity and preinvexity to interval-valued functions and derived KKT
optimality conditions for LU-prinvex and invex optimization problems with an interval-
valued objective function. Zhao et al. [26] introduced the interval double integral for
interval-valued functions and gave Chebyshev type inequalities for interval-valued func-
tions. Practical applications of interval analysis include areas of economics, chemical
engineering, beam physics, control circuitry design, global optimization, robotics, error
analysis, signal processing, and computer graphics (see [27–31]).

Budak et al. [32] defined interval-valued right-sided Riemann–Liouville fractional in-
tegral and derived H-H type inequalities for interval-valued Riemann–Liouville fractional
integrals. Sharma et al. [33] introduced interval-valued preinvex function and established
fractional H-H type inequalities for these functions. Recently, Zhao et al. [34,35] proposed
the notion of interval-valued convex functions on coordinates and established H-H type in-
equalities for these interval-valued coordinated convex functions. Further, Budak et al. [36]
described a new concept of interval-valued fractional integrals on coordinates and investi-
gated H-H type inequalities for interval-valued coordinated convex functions using these
fractional integrals. Kara et al. [37] proved H–H–Fejér type inclusions for the product of
two interval-valued convex functions on coordinates. For more details of the relationships
between the different forms of interval-valued functions and integral inequalities, we refer
to [38–43] and references therein.

The work in this research paper is mainly motivated by Zhao et al. [34] and Sharma
et al. [33]. We propose the notion of interval-valued preinvex functions on coordinates,
which is a generalization of interval-valued convex functions on coordinates, and prove
new H-H type inclusions for these interval-valued coordinated preinvex functions. We also
present H-H type inclusions for the product of two interval-valued preinvex functions on
coordinates. Moreover, we illustrate our results with the help of some suitable examples.
The results established in this paper include the previously known results for interval-
valued convex functions on coordinates as a special case. For future directions, we can
investigate H-H type inclusions for interval-valued coordinated preinvex functions using
interval-valued fractional integrals on coordinates.

The organization of this paper is as follows: In Section 2, we present some necessary
preliminaries. In Section 3, we define preinvex interval-valued functions on coordinates
and investigate H-H type inclusions for coordinated preinvex interval-valued functions.
Further, we present H-H type inclusions for the product of two interval-valued preinvex
functions on coordinates. Some special cases of these results are also investigated in
Section 3. In Section 4, we discuss the conclusions and future directions of this study.

2. Preliminaries

In this section, we recall some notations, basic definitions, and related results that are
necessary for this paper.

Let RI , R+
I , R−I be the set of all closed intervals of R, set of all positive closed intervals

of R, and set of all negative closed intervals of R, respectively. If Λ ∈ RI , then interval Λ is
defined by:

Λ = [Λ, Λ] = {u ∈ R : Λ ≤ u ≤ Λ}, Λ, Λ ∈ R.

The interval Λ = [Λ, Λ] is called degenerated if Λ = Λ; positive if Λ > 0; and negative
if Λ < 0.

Let Λ1 = [Λ1, Λ1], Λ2 = [Λ2, Λ2] ∈ RI . We say Λ1 ⊆ Λ2 (or Λ2 ⊇ Λ1) if and only if
Λ2 ≤ Λ1 and Λ1 ≤ Λ2.

The Hausdorff distance between Λ1 = [Λ1, Λ1] and Λ2 = [Λ2, Λ2] is defined as

d(Λ1, Λ2) = d([Λ1, Λ1], [Λ2, Λ2]) = max{| Λ1 −Λ2 |, | Λ1 −Λ2 |}.

For more properties and notations of intervals, we refer to [23,28].
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Definition 1 ([23]). A function Ω is called an interval-valued function on [p, q] if it assigns a
nonempty interval to each u ∈ [p, q] and

Ω(u) = [Ω(u), Ω(u)],

where Ω and Ω are real-valued functions.

A partition P1 of [p, q] is a set of numbers {ωi−1, νi, ωi}m
i=1 such that

P1 : p = ω0 < ω1 < . . . < ωm = q

with ωi−1 ≤ νi ≤ ωi for all i = 1, 2, 3 . . . m. Partition P1 is said to be δ-fine if ∆ωi < δ for
all i, where ∆ωi = ωi − ωi−1. Let the set of all δ-fine partitions of [p, q] be denoted by
P(δ, [p, q]). If {ωi−1, νi, ωi}m

i=1 is a δ-fine P1 of [p, q] and {σj−1, µj, σj}n
j=1 is a δ-fine P2 of

[r, s], then the rectangles
∆i,j = [ωi−1, ωi]× [σj−1, σj]

partition rectangle ∆ = [p, q] × [r, s] with the points (νi, µj) are inside the rectangles
[ωi−1, ωi] × [σj−1, σj]. Furthermore, we denote the set of all δ-fine partitions of ∆ with
P1 × P2 by P(δ, ∆), where P1 ∈ P(δ, [p, q]) and P2 ∈ P(δ, [r, s]). Let ∆Ai,j be the area of
the rectangle ∆i,j. Choose an arbitrary (νi, µj) from each rectangle ∆i,j, where 1 ≤ i ≤ m,
1 ≤ j ≤ n, and we get

S(Ω, P, δ, ∆) =
m

∑
i=1

n

∑
j=1

Ω(νi, µj)∆Ai,j,

where Ω : ∆→ RI . S(Ω, P, δ, ∆) denotes integral sum of Ω corresponding to the P ∈ P(δ, ∆).

Definition 2 ([26]). A function Ω : [p, q] → RI is called interval Riemann integrable (IR-
integrable) on [p, q] with (IR)-integral I = (IR)

∫ q
p Ω(λ)dλ if for each ε > 0, there exists δ > 0

such that
d(S(Ω, P, δ, [p, q]), I) < ε

for each P ∈ P(δ, [p, q]).

The collection of all (IR)-integrable functions on [p, q] denoted by IR([p,q]).

Definition 3 ([26]). A function Ω : ∆→ RI is called interval double integrable (ID-integrable)
on ∆ with (ID)-integral I = (ID)

∫ ∫
∆ Ω(u, v)dA if for each ε > 0, there exists δ > 0 such that

d(S(Ω, P, δ, ∆), I) < ε

for each P ∈ P(δ, ∆).

The collection of all (ID)-integrable functions on ∆ denoted by ID(∆).

Theorem 1 ([28]). Let Ω : [p, q] → RI be an interval-valued function such that Ω = [Ω, Ω].
Then, ψ is (IR)-integrable on [p, q] if and only if Ω and Ω are R-integrable on [p, q] and

(IR)
∫ q

p
Ω(u)du =

[
(R)

∫ q

p
Ω(u)du, (R)

∫ q

p
Ω(u)du

]
.

Theorem 2 ([26]). Let ∆ = [p, q]× [r, s]. If Ω : ∆→ RI be an interval-valued function such that
Ω = [Ω, Ω] and Ω ∈ ID(∆), then we have

(ID)
∫ ∫

∆
Ω(u, v)dA = (ID)

∫ q

p
(ID)

∫ s

r
Ω(u, v)dvdu.
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Definition 4 ([12]). The set X ⊆ Rn is said to be invex with respect to vector function η :
Rn ×Rn → Rn, if

v + λη(u, v) ∈ X, f or all u, v ∈ X, λ ∈ [0, 1].

Remark 1. Every convex set is invex with respect to η(u, v) = u− v but not conversely.

Definition 5 ([12]). The function Ω on the invex set X is said to be preinvex with respect to η, if

Ω(v + λη(u, v)) ≤ (1− λ)Ω(v) + λΩ(u), f or all u, v ∈ X, λ ∈ [0, 1].

Remark 2. Every convex function is preinvex with respect to η(u, v) = u− v but not conversely.

Condition C [10] Let X ⊆ R be an invex set with respect to η(., .). Then, function η
satisfies Condition C if for any λ ∈ [0, 1] and any u, v ∈ X,

η(v, v + λη(u, v)) = −λη(u, v),

η(u, v + λη(u, v)) = (1− λ)η(u, v).

For all λ1, λ2 ∈ [0, 1], u, v ∈ X and from Condition C, we have

η(v + λ2η(u, v), v + λ1η(u, v)) = (λ2 − λ1)η(u, v).

Theorem 3 ([13]). Let Ω : [p, p + η(q, p)] → (0, ∞) be a preinvex function on the interval of
the real numbers Xo (the interior of X) and p, q ∈ Xo with p < p + η(q, p). Then the following
inequality holds:

Ω
(

2p + η(q, p)
2

)
≤ 1

η(q, p)

∫ p+η(q,p)

p
Ω(u)du ≤ Ω(p) + Ω(q)

2
.

Definition 6 ([33]). If X ⊆ R is an invex set with respect to η(., .), Ω(u) = [ψ(u), ψ(u)] is an
interval-valued function on X. Then Ω is preinvex interval-valued function on X with respect to
η(., .) if

Ω(v + λη(u, v)) ⊇ λΩ(u) + (1− λ)Ω(v), f or all u, v ∈ X, λ ∈ [0, 1].

Let X1 and X2 be two nonempty subsets of Rn, η1 : X1×X1 → Rn and η2 : X2×X2 →
Rn.

Definition 7 ([16]). Let (u, v) ∈ X1 × X2. The set X1 × X2 is said to be invex at (u, v) with
respect to η1 and η2, if for each (w, z) ∈ X1 × X2 and λ1,λ2∈ [0, 1],

(u + λ1η1(w, u), v + λ2η2(z, v)) ∈ X1 × X2.

X1 × X2 is said to be invex set with respect to η1 and η2 if X1 × X2 is invex at each
(w, z) ∈ X1 × X2.

Theorem 4 ([33]). Let X ⊆ R be an open invex subset with respect to η : X × X → R and
p, q ∈ X with p < p + η(q, p). If Ω : [p, p + η(q, p)] → R+

I is a preinvex interval-valued
function such that Ω(λ) = [Ω(λ), Ω(λ)]; Ω ∈ L[p, p + η(q, p)] and η satisfies Condition C and
α > 0, then

Ω
(

p +
η(q, p)

2

)
⊇ Γ(α + 1)

2ηα(q, p)
[Jα

p+Ω(p + η(q, p)) + Jα
(p+η(q,p))−

Ω(p)]

⊇ Ω(p) + Ω(p + η(q, p))
2

⊇ Ω(p) + Ω(q)
2

.



Symmetry 2022, 14, 771 5 of 18

Corollary 1. If α = 1, then Theorem 4 reduces to the following result:

Ω
(

p +
η(q, p)

2

)
⊇ 1

η(q, p)

∫ p+η(q,p)

p
Ω(λ)dλ

⊇ Ω(p) + Ω(p + η(q, p))
2

⊇ Ω(p) + Ω(q)
2

.

Theorem 5 ([33]). Let X ⊆ R be an open invex subset with respect to η : X × X → R and
p, q ∈ X with p < p + η(q, p). If Ω, Υ : [p, p + η(q, p)] → R+

I is a preinvex interval-valued
function such that Ω(λ) = [Ω(λ), Ω(λ)] and Υ(λ) = [Υ(λ), Υ(λ)]; Ω, Υ ∈ L[p, p + η(q, p)]
and η satisfies Condition C and α > 0, then

Γ(α + 1)
2ηα(q, p)

[Jα
p+Ω(p + η(q, p))Υ(p + η(q, p)) + Jα

(p+η(q,p))−
Ω(p)Υ(p)]

⊇
(

1
2
− α

(α + 1)(α + 2)

)
F(p, p + η(q, p)) +

α

(α + 1)(α + 2)
G(p, p + η(q, p)) (1)

and

2Ω
(

p +
1
2

η(q, p)
)

Υ

(
p +

1
2

η(q, p)
)

⊇ Γ(α + 1)
2ηα(q, p)

[Jα
p+Ω(p + η(q, p))Υ(p + η(q, p)) + Jα

(p+η(q,p))−
Ω(p)Υ(p)]

+

(
1
2
− α

(α + 1)(α + 2)

)
G(p, p + η(q, p)) +

α

(α + 1)(α + 2)
F(p, p + η(q, p)), (2)

where F(p, p+ η(q, p)) = Ω(p)Υ(p) +Ω(p+ η(q, p))Υ(p+ η(q, p)) and G(p, p+ η(q, p)) =
Ω(p)Υ(p + η(q, p)) + Ω(p + η(q, p))Υ(p).

Corollary 2. If α = 1, then (1) reduces to the following result:

1
η(q, p)

∫ p+η(q,p)

p
Ω(λ)Υ(λ)dλ ⊇ 1

3
F(p, p + η(q, p)) +

1
6

G(p, p + η(q, p)).

Corollary 3. If α = 1, then (2) reduces to the following result:

2Ω
(

p +
1
2

η(q, p)
)

Υ

(
p +

1
2

η(q, p)
)

⊇ 1
η(q, p)

∫ p+η(q,p)

p
Ω(λ)Υ(λ)dλ +

1
3

G(p, p + η(q, p)) +
1
6

F(p, p + η(q, p)).

3. Main Results

In this section, first, we give the definition of interval-valued coordinated prein-
vex function.

Definition 8. Let X1 × X2 be an invex set with respect to η1 and η2, Ω = [Ω, Ω] be an interval
valued function defined on X1 × X2. The function Ω is said to be interval-valued coordinated
preinvex function with respect to η1 and η2 if the partial mappings Ωv : X1 → R+

I , Ωv(w) =
(w, v) and Ωu : X2 → R+

I , Ωu(z) = (u, z) are interval-valued preinvex functions with respect to
η1 and η2, respectively, for all u ∈ X1 and v ∈ X2.
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Remark 3. From the definition of interval-valued coordinated preinvex functions, it follows that if
Ω is an interval-valued coordinated preinvex function, then

Ω(u + λ1η1(w, u), v + λ2η2(z, v)) ⊇ (1− λ1)(1− λ2)Ω(u, v) + (1− λ1)λ2Ω(u, z)

+ λ1(1− λ2)Ω(w, v) + λ1λ2Ω(w, z),

for all (u, v), (u, z), (w, v), (w, z) ∈ X1 × X2 and λ1, λ2 ∈ [0, 1].

If η1(w, u) = w− u and η2(z, v) = z− v, then the definition of interval-valued coordi-
nated preinvex function reduces to the definition of interval-valued coordinated convex
function proposed by Zhao et al. [34].

Example 1. An interval-valued function Ω : [0, 1]× [ 1
2 , 1] → R+

I defined as Ω(u, v) = [u +
v, (2− u)(2− v)] is an interval-valued coordinated preinvex function with respect to η1(w, u) =
w− u− 1 and η2(z, v) = z− 2v for all u, w ∈ [0, 1] and v, z ∈

[ 1
2 , 1
]
.

Now, we establish H-H type inclusions for interval-valued preinvex functions on
coordinates. In what follows, without any confusion, we will not include the symbol (R),
(IR), or (ID) before the integral sign.

Theorem 6. Let X1 × X2 be an invex set with respect to η1 and η2. If Ω : X1 × X2 → R+
I is an

interval-valued coordinated preinvex function with respect to η1 and η2 such that Ω = [Ω, Ω] and
p < p + η1(q, p), r < r + η2(s, r), where p, q ∈ X1 and r, s ∈ X2. If η1, η2 satisfy Condition C,
then we have

Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r)
)
⊇ 1

η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)dvdu

⊇ 1
4
[Ω(p, r) + Ω(q, r) + Ω(p, s) + Ω(q, s)].

Proof. Since Ω is an interval-valued preinvex function on coordinates with respect to η1
and η2, we have

Ω(p + λ1η1(q, p), r + λ2η2(s, r)) ⊇ (1− λ1)(1− λ2)Ω(p, r) + (1− λ1)λ2Ω(p, s)

+ λ1(1− λ2)Ω(q, r) + λ1λ2Ω(q, s). (3)

Integrating (3) with respect to (λ1, λ2) over [0, 1]× [0, 1], we get∫ 1

0

∫ 1

0
Ω(p + λ1η1(q, p), r + λ2η2(s, r))dλ2dλ1

⊇
∫ 1

0

∫ 1

0
(1− λ1)(1− λ2)Ω(p, r)dλ2dλ1 +

∫ 1

0

∫ 1

0
(1− λ1)λ2Ω(p, s)dλ2dλ1

+
∫ 1

0

∫ 1

0
λ1(1− λ2)Ω(q, r)dλ2dλ1 +

∫ 1

0

∫ 1

0
λ1λ2Ω(q, s)dλ2dλ1.

This implies that

1
η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)dvdu ⊇ 1

4
[Ω(p, r) + Ω(p, s) + Ω(q, r) + Ω(q, s)]. (4)

Using the definition of an interval-valued coordinated preinvex function and Condi-
tion C for η1, η2, we get
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Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r)
)

= Ω(p + λ1η1(q, p) +
1
2

η1(p + (1− λ1)η1(q, p), p + λ1η1(q, p)), r + λ2η2(s, r)

+
1
2

η2(r + (1− λ2)η2(s, r), r + λ2η2(s, r)))

⊇ 1
4
[Ω(p + λ1η1(q, p), r + λ2η2(s, r)) + Ω(p + λ1η1(q, p), r + (1− λ2)η2(s, r))

+ Ω(p + (1− λ1)η1(q, p), r + λ2η2(s, r)) + Ω(p + (1− λ1)η1(q, p), r + (1− λ2)η2(s, r))] (5)

Thus, integrating (5) with respect to (λ1, λ2) over [0, 1]× [0, 1], we get

∫ 1

0

∫ 1

0
Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r)
)

dλ2dλ1

⊇ 1
4

∫ 1

0

∫ 1

0
[Ω(p + λ1η1(q, p), r + λ2η2(s, r)) + Ω(p + λ1η1(q, p), r + (1− λ2)η2(s, r))

+ Ω(p + (1− λ1)η1(q, p), r + λ2η2(s, r)) + Ω(p + (1− λ1)η1(q, p), r + (1− λ2)η2(s, r))]dλ2dλ1.

This implies

Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r)
)
⊇ 1

η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)dvdu. (6)

From (4) and (6), we get the desired result.

Theorem 7. Let X1 × X2 be an invex set with respect to η1 and η2. If Ω : [p, p + η1(q, p)]×
[r, r + η2(s, r)]→ R+

I is an interval-valued coordinated preinvex function with respect to η1 and
η2 such that Ω = [Ω, Ω] and p < p + η1(q, p), r < r + η2(s, r), where p, q ∈ X1 and r, s ∈ X2.
If η1, η2 satisfy Condition C, then we have

1
η1(q, p)

∫ p+η1(q,p)

p
Ω
(

u, r +
1
2

η2(s, r))
)

du +
1

η2(s, r)

∫ r+η2(s,r)

r
Ω
(

p +
1
2

η1(q, p), v
)

dv

⊇ 2
η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)dvdu

⊇ 1
2

[
1

η1(q, p)

∫ p+η1(q,p)

p
(Ω(u, r) + Ω(u, r + η2(s, r)))du

+
1

η2(s, r)

∫ r+η2(s,r)

r
(Ω(p, v) + Ω(p + η1(q, p), v))dv

]
. (7)

Proof. Since Ω is an interval-valued preinvex function on coordinates [p, p + η1(q, p)]×
[r, r + η2(s, r)], then Ωu : [r, r + η2(s, r)] → R+

I , Ωu(v) = Ω(u, v) is an interval-valued
preinvex function on [r, r + η2(s, r)] for all u ∈ [p, p + η1(q, p)]. From Corollary 1, we have

Ωu

(
r +

1
2

η2(s, r))
)
⊇ 1

η2(s, r)

∫ r+η2(s,r)

r
Ωu(v)dv ⊇ Ωu(r) + Ωu(r + η2(s, r))

2
.

This implies

Ω
(

u, r +
1
2

η2(s, r))
)
⊇ 1

η2(s, r)

∫ r+η2(s,r)

r
Ω(u, v)dv ⊇ Ω(u, r) + Ω(u, r + η2(s, r))

2
. (8)
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Integrating (8) over [p, p + η1(q, p)] with respect to u, then dividing by η1(q, p), we get

1
η1(q, p)

∫ p+η1(q,p)

p
Ω
(

u, r +
1
2

η2(s, r))
)

du

⊇ 1
η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)dvdu

⊇ 1
2η1(q, p)

∫ p+η1(q,p)

p
(Ω(u, r) + Ω(u, r + η2(s, r)))du. (9)

Similarly, Ωv : [p, p + η1(p, q)] → R+
I , Ωv(u) = Ω(u, v) is interval-valued preinvex

function on [p, p + η1(p, q)] for all v ∈ [r, r + η2(s, r)]. Then, we have

1
η2(s, r)

∫ r+η2(s,r)

r
Ω
(

p +
1
2

η1(q, p), v
)

dv

⊇ 1
η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)dvdu

⊇ 1
2η2(s, r)

∫ r+η2(s,r)

r
(Ω(p, v) + Ω(p + η1(q, p), v))dv. (10)

By adding (9) and (10), we have

1
η1(q, p)

∫ p+η1(q,p)

p
Ω
(

u, r +
1
2

η2(s, r))
)

du +
1

η2(s, r)

∫ r+η2(s,r)

r
Ω
(

p +
1
2

η1(q, p), v
)

dv

⊇ 2
η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)dvdu

⊇ 1
2

[
1

η1(q, p)

∫ p+η1(q,p)

p
(Ω(u, r) + Ω(u, r + η2(s, r)))du

+
1

η2(s, r)

∫ r+η2(s,r)

r
(Ω(p, v) + Ω(p + η1(q, p), v))dv

]
.

This completes the proof.

Example 2. Let [p, p + η1(q, p)] = [ 1
4 , 1

2 ], [r, r + η2(s, r)] = [ 1
4 , 1

2 ] and η1(q, p) = q − 2p,
η2(s, r) = s − 2r. Let Ω : [ 1

4 , 1
2 ] × [ 1

4 , 1
2 ] → R+

I be defined by Ω(u, v) = [uv, (1− u)(1−
v)] ∀ u ∈ [ 1

4 , 1
2 ] and v ∈ [ 1

4 , 1
2 ]. Then all assumptions of Theorem 7 are satisfied.

Theorem 8. Let X1 × X2 be an invex set with respect to η1 and η2. If Ω : [p, p + η1(q, p)]×
[r, r + η2(s, r)]→ R+

I is an interval-valued coordinated preinvex function with respect to η1 and
η2 such that Ω = [Ω, Ω] and p < p + η1(q, p), r < r + η2(s, r), where p, q ∈ X1 and r, s ∈ X2.
If η1, η2 satisfy Condition C, then we have
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Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r))
)

⊇ 1
2

[
1

η1(q, p)

∫ p+η1(q,p)

p
Ω
(

u, r +
1
2

η2(s, r))
)

du +
1

η2(s, r)

∫ r+η2(s,r)

r
Ω
(

p +
1
2

η1(q, p), v
)

dv
]

⊇ 1
η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)dvdu

⊇ 1
4

[
1

η1(q, p)

∫ p+η1(q,p)

p
(Ω(u, r) + Ω(u, r + η2(s, r)))du

+
1

η2(s, r)

∫ r+η2(s,r)

r
(Ω(p, v) + Ω(p + η1(q, p), v))dv

]
⊇ 1

4
[Ω(p, r) + Ω(p + η1(q, p), r) + Ω(p, r + η2(s, r)) + Ω(p + η1(q, p), r + η2(s, r))]

⊇ 1
4
[Ω(p, r) + Ω(q, r) + Ω(p, s) + Ω(q, s)].

Proof. Since Ω is an interval-valued preinvex function on coordinates [p, p + η1(q, p)]×
[r, r + η2(s, r)], then from Corollary 1 we get

Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r))
)
⊇ 1

η1(q, p)

∫ p+η1(q,p)

p
Ω
(

u, r +
1
2

η2(s, r))
)

du, (11)

Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r))
)
⊇ 1

η2(s, r)

∫ r+η2(s,r)

r
Ω
(

p +
1
2

η1(q, p), v
)

dv. (12)

Adding (11) and (12), we have

Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r))
)

⊇ 1
2

[
1

η1(q, p)

∫ p+η1(q,p)

p
Ω
(

u, r +
1
2

η2(s, r))
)

du +
1

η2(s, r)

∫ r+η2(s,r)

r
Ω
(

p +
1
2

η1(q, p), v
)

dv
]

. (13)

Again from Corollary 1, we get

1
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r)du ⊇ Ω(p, r) + Ω(p + η1(q, p), r)

2
, (14)

1
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r + η2(s, r))du ⊇ Ω(p, r + η2(s, r)) + Ω(p + η1(q, p), r + η2(s, r))

2
, (15)

1
η2(s, r)

∫ r+η2(s,r)

r
Ω(p, v)dv ⊇ Ω(p, r) + Ω(p, r + η2(s, r))

2
, (16)

1
η2(s, r)

∫ r+η2(s,r)

r
Ω(p + η1(q, p), v)dv ⊇ Ω(p + η1(q, p), r) + Ω(p + η1(q, p), r + η2(s, r))

2
. (17)
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Adding (14)–(17), we get

1
η1(q, p)

∫ p+η1(q,p)

p
(Ω(u, r) + Ω(u, r + η2(s, r)))du

+
1

η2(s, r)

∫ r+η2(s,r)

r
(Ω(p, v) + Ω(p + η1(q, p), v))dv

⊇ Ω(p, r) + Ω(p + η1(q, p), r) + Ω(p, r + η2(s, r)) + Ω(p + η1(q, p), r + η2(s, r)). (18)

By Corollary 1, we also have

Ω(p, r) + Ω(p + η1(q, p), r) + Ω(p, r + η2(s, r)) + Ω(p + η1(q, p), r + η2(s, r))

⊇ Ω(p, r) + Ω(q, r) + Ω(p, s) + Ω(q, s). (19)

From (7), (13), (18), and (19), we get the desired result.

Remark 4. If we put η1(q, p) = q− p and η2(s, r) = s− r in Theorem 8, we obtain Theorem 7
of [34].

Next, we prove H-H type inclusions for the product of two interval-valued coordinated
preinvex functions.

Theorem 9. Let X1 × X2 be an invex set with respect to η1 and η2. If Ω, Υ : [p, p + η1(q, p)]×
[r, r + η2(s, r)]→ R+

I are interval-valued coordinated preinvex functions with respect to η1 and η2
such that Ω = [Ω, Ω], Υ = [Υ, Υ] and p < p + η1(q, p), r < r + η2(s, r), where p, q ∈ X1 and
r, s ∈ X2. If η1, η2 satisfy Condition C, then

1
η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)Υ(u, v)dvdu

⊇ 1
9

N1(p, q, r, s) +
1
18

N2(p, q, r, s) +
1

18
N3(p, q, r, s) +

1
36

N4(p, q, r, s),

where
N1(p, q, r, s) = Ω(p, r)Υ(p, r) + Ω(p + η1(q, p), r)Υ(p + η1(q, p), r) + Ω(p, r + η2(s, r))
Υ(p, r + η2(s, r)) + Ω(p + η1(q, p), r + η2(s, r))Υ(p + η1(q, p), r + η2(s, r)),

N2(p, q, r, s) = Ω(p, r)Υ(p + η1(q, p), r) + Ω(p + η1(q, p), r)Υ(p, r) + Ω(p, r + η2(s, r))
Υ(p + η1(q, p), r + η2(s, r)) + Ω(p + η1(q, p), r + η2(s, r))Υ(p, r + η2(s, r)),

N3(p, q, r, s) = Ω(p, r)Υ(p, r + η2(s, r)) + Ω(p + η1(q, p), r)Υ(p + η1(q, p), r + η2(s, r)) +
Ω(p, r + η2(s, r))Υ(p, r) + Ω(p + η1(q, p), r + η2(s, r))Υ(p + η1(q, p), r),

N4(p, q, r, s) = Ω(p, r)Υ(p + η1(q, p), r + η2(s, r)) + Ω(p + η1(q, p), r)Υ(p, r + η2(s, r)) +
Ω(p, r + η2(s, r))Υ(p + η1(q, p), r) + Ω(p + η1(q, p), r + η2(s, r))Υ(p, r).

Proof. Since Ω and Υ are interval-valued coordinated preinvex functions on [p, p+ η1(q, p)]×
[r, r + η2(s, r)], we have

Ωu(v) : [r, r + η2(s, r)]→ R+
I , Ωu(v) = Ω(u, v)

and

Υu(v) : [r, r + η2(s, r)]→ R+
I , Υu(v) = Υ(u, v)
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are interval-valued preinvex functions on [r, r + η2(s, r)] for all u ∈ [p, p + η1(q, p)]. Similarly,

Ωv(u) : [p, p + η1(q, p)]→ R+
I , Ωv(u) = Ω(u, v)

and

Υv(u) : [p, p + η1(q, p)]→ R+
I , Υv(u) = Υ(u, v)

are interval-valued preinvex functions on [p, p + η1(q, p)] for all v ∈ [r, r + η2(s, r)].

From Corollary 2, we get

1
η2(s, r)

∫ r+η2(s,r)

r
Ωu(v)Υu(v)dv

⊇ 1
3
[Ωu(r)Υu(r) + Ωu(r + η2(s, r))Υu(r + η2(s, r))] +

1
6
[Ωu(r)Υu(r + η2(s, r)) + Ωu(r + η2(s, r))Υu(r)].

This implies

1
η2(s, r)

∫ r+η2(s,r)

r
Ω(u, v)Υ(u, v)dv

⊇ 1
3
[Ω(u, r)Υ(u, r) + Ω(u, r + η2(s, r))Υ(u, r + η2(s, r))]

+
1
6
[Ω(u, r)Υ(u, r + η2(s, r)) + Ω(u, r + η2(s, r))Υ(u, r)]. (20)

Integrating (20) with respect to u over [p, p + η1(q, p)] and after then dividing by
η1(q, p), we find

1
η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)Υ(u, v)dvdu

⊇ 1
3η1(q, p)

∫ p+η1(q,p)

p
[Ω(u, r)Υ(u, r) + Ω(u, r + η2(s, r))Υ(u, r + η2(s, r))]du

+
1

6η1(q, p)

∫ p+η1(q,p)

p
[Ω(u, r)Υ(u, r + η2(s, r)) + Ω(u, r + η2(s, r))Υ(u, r)]du. (21)

Again from Corollary 2, we have

1
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r)Υ(u, r)du

⊇ 1
3
[Ω(p, r)Υ(p, r) + Ω(p + η1(q, p), r)Υ(p + η1(q, p), r]

+
1
6
[Ω(p, r)Υ(p + η1(q, p), r) + Ω(p + η1(q, p), r)Υ(p, r)], (22)

1
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r + η2(s, r))Υ(u, r + η2(s, r))du

⊇ 1
3
[Ω(p, r + η2(s, r))Υ(p, r + η2(s, r)) + Ω(p + η1(q, p), r + η2(s, r))Υ(p + η1(q, p), r + η2(s, r))]

+
1
6
[Ω(p, r + η2(s, r))Υ(p + η1(q, p), r + η2(s, r)) + Ω(p + η1(q, p), r + η2(s, r))Υ(p, r + η2(s, r))], (23)
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1
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r)Υ(u, r + η2(s, r))du

⊇ 1
3
[Ω(p, r))Υ(p, r + η2(s, r)) + Ω(p + η1(q, p), r)Υ(p + η1(q, p), r + η2(s, r))]

+
1
6
[Ω(p, r)Υ(p + η1(q, p), r + η2(s, r)) + Ω(p + η1(q, p), r)Υ(p, r + η2(s, r))], (24)

1
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r + η2(s, r))Υ(u, r)du

⊇ 1
3
[Ω(p, r + η2(s, r))Υ(p, r) + Ω(p + η1(q, p), r + η2(s, r))Υ(p + η1(q, p), r]

+
1
6
[Ω(p, r + η2(s, r))Υ(p + η1(q, p), r) + Ω(p + η1(q, p), r + η2(s, r))Υ(p, r)]. (25)

Substituting (22)–(25) into (21), we obtain the desired result. Similarly, we can obtain
the same result by using Corollary 2 for the product Ωv(u)Υv(u) on [p, p + η1(q, p)] .

Remark 5. If we put η1(q, p) = q− p and η2(s, r) = s− r in Theorem 9, we obtain Theorem 8
of [34].

Theorem 10. Let X1 × X2 be an invex set with respect to η1 and η2. If Ω, Υ : [p, p + η1(q, p)]×
[r, r + η2(s, r)]→ R+

I are interval-valued coordinated preinvex functions with respect to η1 and η2
such that Ω = [Ω, Ω], Υ = [Υ, Υ] and p < p + η1(q, p), r < r + η2(s, r), where p, q ∈ X1 and
r, s ∈ X2. If η1, η2 satisfy Condition C, then we have

4Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r)
)

Υ

(
p +

1
2

η1(q, p), r +
1
2

η2(s, r)
)

⊇ 1
η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)Υ(u, v)dvdu

+
5

36
N1(p, q, r, s) +

7
36

N2(p, q, r, s) +
7

36
N3(p, q, r, s) +

2
9

N4(p, q, r, s),

where N1(p, q, r, s), N2(p, q, r, s), N3(p, q, r, s), and N4(p, q, r, s) are defined as previous.

Proof. Since Ω and Υ are interval-valued coordinated preinvex functions, therefore from
Corollary 3, we have

2Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r)
)

Υ

(
p +

1
2

η1(q, p), r +
1
2

η2(s, r)
)

⊇ 1
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r +

1
2

η2(s, r))Υ(u, r +
1
2

η2(s, r))du

+
1
6

[
Ω(p, r +

1
2

η2(s, r))Υ(p, r +
1
2

η2(s, r))

+Ω(p + η1(q, p), r +
1
2

η2(s, r))Υ(p + η1(q, p), r +
1
2

η2(s, r))
]

+
1
3

[
Ω(p, r +

1
2

η2(s, r))Υ(p + η1(q, p), r +
1
2

η2(s, r))

+Ω(p + η1(q, p), r +
1
2

η2(s, r))Υ(p, r +
1
2

η2(s, r))
]

(26)
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and

2Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r)
)

Υ

(
p +

1
2

η1(q, p), r +
1
2

η2(s, r)
)

⊇ 1
η2(s, r)

∫ r+η2(s,r)

r
Ω(r +

1
2

η2(s, r), v)Υ(p +
1
2

η1(q, p), v)dv

+
1
6

[
Ω(p +

1
2

η1(q, p), r)Υ(p +
1
2

η1(q, p), r)

+Ω(p +
1
2

η1(q, p), r + η2(s, r))Υ(p +
1
2

η1(q, p), r + η2(s, r))
]

+
1
3

[
Ω(p +

1
2

η1(q, p), r)Υ(p +
1
2

η1(q, p), r + η2(s, r))

+Ω(p +
1
2

η1(q, p), r + η2(s, r))Υ(p +
1
2

η1(q, p), r)
]

. (27)

Adding (26) and (27), then multiplying both sides of the resultant one by 2, we find

8Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r)
)

Υ

(
p +

1
2

η1(q, p), r +
1
2

η2(s, r)
)

⊇ 2
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r +

1
2

η2(s, r))Υ(u, r +
1
2

η2(s, r))du

+
2

η2(s, r)

∫ r+η2(s,r)

r
Ω(r +

1
2

η2(s, r), v)Υ(p +
1
2

η1(q, p), v)dv

+
1
6

[
2Ω(p, r +

1
2

η2(s, r))Υ(p, r +
1
2

η2(s, r))

+2Ω(p + η1(q, p), r +
1
2

η2(s, r))Υ(p + η1(q, p), r +
1
2

η2(s, r))

+2Ω(p +
1
2

η1(q, p), r)Υ(p +
1
2

η1(q, p), r)

+2Ω(p +
1
2

η1(q, p), r + η2(s, r))Υ(p +
1
2

η1(q, p), r + η2(s, r))
]

+
1
3

[
2Ω(p, r +

1
2

η2(s, r))Υ(p + η1(q, p), r +
1
2

η2(s, r))

+2Ω(p + η1(q, p), r +
1
2

η2(s, r))Υ(p, r +
1
2

η2(s, r))

+2Ω(p +
1
2

η1(q, p), r)Υ(p +
1
2

η1(q, p), r + η2(s, r))

+2Ω(p +
1
2

η1(q, p), r + η2(s, r))Υ(p +
1
2

η1(q, p), r)
]

. (28)

Now, from Corollary 3, we have

2Ω(p, r +
1
2

η2(s, r))Υ(p, r +
1
2

η2(s, r))

⊇ 1
η2(s, r)

∫ r+η2(s,r)

r
Ω(p, v)Υ(p, v)dv

+
1
6
[Ω(p, r)Υ(p, r) + Ω(p, r + η2(s, r))Υ(p, r + η2(s, r))]

+
1
3
[Ω(p, r)Υ(p, r + η2(s, r)) + Ω(p, r + η2(s, r))Υ(p, r)], (29)



Symmetry 2022, 14, 771 14 of 18

2Ω(p + η1(q, p), r +
1
2

η2(s, r))Υ(p + η1(q, p), r +
1
2

η2(s, r))

⊇ 1
η2(s, r)

∫ r+η2(s,r)

r
Ω(p + η1(q, p), v)Υ(p + η1(q, p), v)dv

+
1
6
[Ω(p + η1(q, p), r)Υ(p + η1(q, p), r) + Ω(p + η1(q, p), r + η2(s, r))Υ(p + η1(q, p), r + η2(s, r))]

+
1
3
[Ω(p + η1(q, p), r)Υ(p + η1(q, p), r + η2(s, r)) + Ω(p + η1(q, p), r + η2(s, r))Υ(p + η1(q, p), r)], (30)

2Ω
(

p +
1
2

η1(q, p), r
)

Υ

(
p +

1
2

η1(q, p), r
)

⊇ 1
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r)Υ(u, r)du

+
1
6
[Ω(p, r)Υ(p, r) + Ω(p + η1(q, p), r)Υ(p + η1(q, p), r)]

+
1
3
[Ω(p, r)Υ(p + η1(q, p), r) + Ω(p + η1(q, p), r)Υ(p, r)], (31)

2Ω
(

p +
1
2

η1(q, p), r + η2(s, r)
)

Υ

(
p +

1
2

η1(q, p), r + η2(s, r)
)

⊇ 1
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r + η2(s, r))Υ(u, r + η2(s, r))du

+
1
6
[Ω(p, r + η2(s, r))Υ(p, r + η2(s, r)) + Ω(p + η1(q, p), r + η2(s, r))Υ(p + η1(q, p), r + η2(s, r))]

+
1
3
[Ω(p, r + η2(s, r))Υ(p + η1(q, p), r + η2(s, r)) + Ω(p + η1(q, p), r + η2(s, r))Υ(p, r + η2(s, r))], (32)

2Ω(p, r +
1
2

η2(s, r))Υ(p + η1(q, p), r +
1
2

η2(s, r))

⊇ 1
η2(s, r)

∫ r+η2(s,r)

r
Ω(p, v)Υ(p + η1(q, p), v)dv

+
1
6
[Ω(p, r)Υ(p + η1(q, p), r) + Ω(p, r + η2(s, r))Υ(p + η1(q, p), r + η2(s, r))]

+
1
3
[Ω(p, r)Υ(p + η1(q, p), r + η2(s, r)) + Ω(p, r + η2(s, r))Υ(p + η1(q, p), r)], (33)

2Ω(p + η1(q, p), r +
1
2

η2(s, r))Υ(p, r +
1
2

η2(s, r))

⊇ 1
η2(s, r)

∫ r+η2(s,r)

r
Ω(p + η1(q, p), v)Υ(p, v)dv

+
1
6
[Ω(p + η1(q, p), r)Υ(p, r) + Ω(p + η1(q, p), r + η2(s, r))Υ(p, r + η2(s, r))]

+
1
3
[Ω(p + η1(q, p), r)Υ(p, r + η2(s, r)) + Ω(p + η1(q, p), r + η2(s, r))Υ(p, r)], (34)
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2Ω
(

p +
1
2

η1(q, p), r
)

Υ

(
p +

1
2

η1(q, p), r + η2(s, r)
)

⊇ 1
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r)Υ(u, r + η2(s, r))du

+
1
6
[Ω(p, r)Υ(p, r + η2(s, r)) + Ω(p + η1(q, p), r)Υ(p + η1(q, p), r + η2(s, r))]

+
1
3
[Ω(p, r)Υ(p + η1(q, p), r + η2(s, r)) + Ω(p + η1(q, p), r)Υ(p, r + η2(s, r))], (35)

2Ω
(

p +
1
2

η1(q, p), r + η2(s, r)
)

Υ

(
p +

1
2

η1(q, p), r
)

⊇ 1
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r + η2(s, r))Υ(u, r)du

+
1
6
[Ω(p, r + η2(s, r))Υ(p, r) + Ω(p + η1(q, p), r + η2(s, r))Υ(p + η1(q, p), r)]

+
1
3
[Ω(p, r + η2(s, r))Υ(p + η1(q, p), r) + Ω(p + η1(q, p), r + η2(s, r))Υ(p, r)]. (36)

Using (29)–(36) in (28), we get

8Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r)
)

Υ

(
p +

1
2

η1(q, p), r +
1
2

η2(s, r)
)

⊇ 2
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r +

1
2

η2(s, r))Υ(u, r +
1
2

η2(s, r))du

+
2

η2(s, r)

∫ r+η2(s,r)

r
Ω(r +

1
2

η2(s, r), v)Υ(p +
1
2

η1(q, p), v)dv

+
1

6η2(s, r)

∫ r+η2(s,r)

r
(Ω(p, v)Υ(p, v) + Ω(p + η1(q, p), v)Υ(p + η1(q, p), v))dv

+
1

3η2(s, r)

∫ r+η2(s,r)

r
(Ω(p, v)Υ(p + η1(q, p), v) + Ω(p + η1(q, p), v)Υ(p, v))dv

+
1

6η1(q, p)

∫ p+η1(q,p)

p
(Ω(u, r)Υ(u, r) + Ω(u, r + η2(s, r))Υ(u, r + η2(s, r)))du

+
1

3η1(q, p)

∫ p+η1(q,p)

p
(Ω(u, r)Υ(u, r + η2(s, r)) + Ω(u, r + η2(s, r))Υ(u, r))du

+
1
18

N1(p, q, r, s) +
1
9

N2(p, q, r, s) +
1
9

N3(p, q, r, s) +
2
9

N4(p, q, r, s). (37)

Again from Corollary 3, we have

2
η2(s, r)

∫ r+η2(s,r)

r
Ω(p +

1
2

η1(q, p), v)Υ(p +
1
2

η1(q, p), v)dv

⊇ 1
η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)Υ(u, v)dvdu

+
1

6η2(s, r)

∫ r+η2(s,r)

r
(Ω(p, v)Υ(p, v) + Ω(p + η1(q, p), v)Υ(p + η1(q, p), v))dv

+
1

3η2(s, r)

∫ r+η2(s,r)

r
(Ω(p, v)Υ(p + η1(q, p), v) + Ω(p + η1(q, p), v)Υ(p, v))dv, (38)
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2
η1(q, p)

∫ p+η1(q,p)

p
Ω(u, r +

1
2

η2(s, r))Υ(u, r +
1
2

η2(s, r))du

⊇ 1
η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)Υ(u, v)dvdu

+
1

6η1(q, p)

∫ p+η1(q,p)

p
(Ω(u, r)Υ(u, r) + Ω(u, r + η2(s, r))Υ(u, r + η2(s, r)))du

+
1

3η1(q, p)

∫ p+η1(q,p)

p
(Ω(u, r)Υ(u, r + η2(s, r)) + Ω(u, r + η2(s, r))Υ(u, r))du. (39)

Using (38) and (39) in (37), we get

8Ω
(

p +
1
2

η1(q, p), r +
1
2

η2(s, r)
)

Υ

(
p +

1
2

η1(q, p), r +
1
2

η2(s, r)
)

⊇ 2
η1(q, p)η2(s, r)

∫ p+η1(q,p)

p

∫ r+η2(s,r)

r
Ω(u, v)Υ(u, v)dvdu

+
1

3η2(s, r)

∫ r+η2(s,r)

r
(Ω(p, v)Υ(p, v) + Ω(p + η1(q, p), v)Υ(p + η1(q, p), v)

+ 2Ω(p, v)Υ(p + η1(q, p), v) + 2Ω(p + η1(q, p), v)Υ(p, v))dv

+
1

3η1(q, p)

∫ p+η1(q,p)

p
(Ω(u, r)Υ(u, r) + Ω(u, r + η2(s, r))Υ(u, r + η2(s, r))

+ 2Ω(u, r)Υ(u, r + η2(s, r)) + 2Ω(u, r + η2(s, r))Υ(u, r))du

+
1

18
N1(p, q, r, s) +

1
9

N2(p, q, r, s) +
1
9

N3(p, q, r, s) +
2
9

N4(p, q, r, s). (40)

Applying Corollary 3 for each integral in right side of (40), we obtain our desired
result.

Remark 6. If we put η1(q, p) = q− p and η2(s, r) = s− r in Theorem 10, we obtain Theorem 9
of [34].

4. Conclusions

In this article, we have introduced the concept of interval-valued preinvex functions on
coordinates as a generalization of the convex interval-valued functions on coordinates. We
have established H-H type inclusions for coordinated preinvex interval-valued functions.
Moreover, some new H-H type inclusions for the product of two coordinated preinvex
interval-valued functions are investigated. The results obtained in this paper may be
extended for other kinds of interval-valued preinvex functions on the coordinates. In the
future, we can investigate H-H type and H–H–Fejér type inclusions for interval-valued
coordinated preinvex functions via interval-valued fractional integrals on coordinates. We
hope that the ideas and results obtained in this article will encourage the readers towards
further investigation.
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