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Abstract: The connection between generalized convexity and symmetry has been studied by many
authors in recent years. Due to this strong connection, generalized convexity and symmetry have
arisen as a new topic in the subject of inequalities. In this paper, we introduce the concept of
interval-valued preinvex functions on the coordinates in a rectangle from the plane and prove
Hermite-Hadamard type inclusions for interval-valued preinvex functions on coordinates. Further,
we establish Hermite-Hadamard type inclusions for the product of two interval-valued coordinated
preinvex functions. These results are motivated by the symmetric results obtained in the recent article
by Kara et al. in 2021 on weighted Hermite-Hadamard type inclusions for products of coordinated
convex interval-valued functions. Our established results generalize and extend some recent results
obtained in the existing literature. Moreover, we provide suitable examples in the support of our
theoretical results.

Keywords: invex set; coordinated preinvex functions; Hermite-Hadamard inequalities; interval-valued
functions

1. Introduction

In recent years, many researchers have made efforts to generalize and extend the
classical convexity in different directions and discovered new integral inequalities for this
generalized and extended convexity; see, for instance, [1-6]. In 1981, Hanson [7] intro-
duced a useful generalization of convex functions known as invex functions. Craven and
Glover [8] showed that the class of invex functions is equivalent to the class of functions
whose stationary points are global minima. The concept of preinvex functions was intro-
duced by Ben-Israel and Mond [9]. It is well known that preinvex functions are nonconvex
functions. This concept inspired a large number of research papers dealing with the analysis
and applications of this newly defined nonconvex function in optimization theory and
related fields; see [10-12].

Noor [13] obtained Hermite-Hadamard (H-H) inequality for the preinvex functions,
which is a generalization of the classical H-H inequality. Dragomir [14] defined the concept
of classical convex functions on coordinates and demonstrated H-H type inequalities for
these functions. Further, Latif and Dragomir [15] defined preinvex functions on the coordi-
nates and established some H-H type inequalities for functions whose second-order partial
derivatives in absolute value are preinvex on the coordinates. Matloka [16] introduced
the class of (hy, hy)-preinvex functions on the coordinates and proved H-H and Fejér type
inequalities using the symmetricity of the positive function. For more details on preinvex
functions and related inequalities, see [17-21].

The concept of interval analysis was first considered by Moore [22]. In 1979, Moore [23]
studied the integration of interval-valued functions and investigated interval methods for
computing upper and lower bounds on exact values of integrals of interval-valued func-
tions. Bhurjee and Panda [24] presented a general multi-objective fractional programming
problem whose parameters in the objective functions and constraints are intervals and
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developed a methodology to determine its efficient solutions. Zhang et al. [25] extended
the concepts of invexity and preinvexity to interval-valued functions and derived KKT
optimality conditions for LU-prinvex and invex optimization problems with an interval-
valued objective function. Zhao et al. [26] introduced the interval double integral for
interval-valued functions and gave Chebyshev type inequalities for interval-valued func-
tions. Practical applications of interval analysis include areas of economics, chemical
engineering, beam physics, control circuitry design, global optimization, robotics, error
analysis, signal processing, and computer graphics (see [27-31]).

Budak et al. [32] defined interval-valued right-sided Riemann-Liouville fractional in-
tegral and derived H-H type inequalities for interval-valued Riemann-Liouville fractional
integrals. Sharma et al. [33] introduced interval-valued preinvex function and established
fractional H-H type inequalities for these functions. Recently, Zhao et al. [34,35] proposed
the notion of interval-valued convex functions on coordinates and established H-H type in-
equalities for these interval-valued coordinated convex functions. Further, Budak et al. [36]
described a new concept of interval-valued fractional integrals on coordinates and investi-
gated H-H type inequalities for interval-valued coordinated convex functions using these
fractional integrals. Kara et al. [37] proved H-H-Fejér type inclusions for the product of
two interval-valued convex functions on coordinates. For more details of the relationships
between the different forms of interval-valued functions and integral inequalities, we refer
to [38—43] and references therein.

The work in this research paper is mainly motivated by Zhao et al. [34] and Sharma
et al. [33]. We propose the notion of interval-valued preinvex functions on coordinates,
which is a generalization of interval-valued convex functions on coordinates, and prove
new H-H type inclusions for these interval-valued coordinated preinvex functions. We also
present H-H type inclusions for the product of two interval-valued preinvex functions on
coordinates. Moreover, we illustrate our results with the help of some suitable examples.
The results established in this paper include the previously known results for interval-
valued convex functions on coordinates as a special case. For future directions, we can
investigate H-H type inclusions for interval-valued coordinated preinvex functions using
interval-valued fractional integrals on coordinates.

The organization of this paper is as follows: In Section 2, we present some necessary
preliminaries. In Section 3, we define preinvex interval-valued functions on coordinates
and investigate H-H type inclusions for coordinated preinvex interval-valued functions.
Further, we present H-H type inclusions for the product of two interval-valued preinvex
functions on coordinates. Some special cases of these results are also investigated in
Section 3. In Section 4, we discuss the conclusions and future directions of this study.

2. Preliminaries

In this section, we recall some notations, basic definitions, and related results that are
necessary for this paper.

Let Ry, Rf, R be the set of all closed intervals of R, set of all positive closed intervals
of R, and set of all negative closed intervals of R, respectively. If A € Ry, then interval A is
defined by:

A=[AA={ueR:A<u<A}, AAER.

The interval A = [A, A] is called degenerated if A = A; positive if A > 0; and negative
if A <O.

Let Al = [Al,xl],/\z = [AQ/XZ] S RI. We say A1 - A2 (OI‘ Az D) Al) if and Ol’lly if
Ay < Ajand Ay < Ay,

The Hausdorff distance between Ay = [A;, A] and Ay = [A,, Ay] is defined as

(A1, Ag) = d([Ay, A1, [Ag, A]) = max{| Ay — Ay || Ay — Ag [}

For more properties and notations of intervals, we refer to [23,28].
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Definition 1 ([23]). A function Q) is called an interval-valued function on [p,q| if it assigns a
nonempty interval to each u € [p,q] and

Ou) = [Qu), D(w)),
where Q and Q) are real-valued functions.
A partition P; of [p, q] is a set of numbers {w;_1, v;, w;}!" | such that
Plip=wy<w <... <wwm=9q

with w;_1 <v; < w; foralli =1,2,3...m. Partition P; is said to be J-fine if Aw; < ¢ for
all i, where Aw; = w; — w;_1. Let the set of all J-fine partitions of [p, q] be denoted by
P, [p,q]). If {wi—1,vi,w;}", is a é-fine P; of [p,q] and {(Tj,l,yj,(fj};?:l is a é-fine P, of
[1, 5], then the rectangles
Ajj = [wiq,wi] x [0j-1,0]]

partition rectangle A = [p,q] x [r,s] with the points (v;, ;) are inside the rectangles
[wi—1,wi] x [0j_1,0j]. Furthermore, we denote the set of all J-fine partitions of A with
Py x P, by P(5,A), where Py € P(J,[p,q]) and P, € P(,[r,s]). Let AA;j be the area of
the rectangle Ai,]'. Choose an arbitrary (v;, yj) from each rectangle A,«/j, where 1 <1 < m,
1 <j <n,and we get

m n
S(Q,P,6,A) =YY O(v, uj)AA;,
i=1j=1

where ) : A — R}. S(Q), P, 4, A) denotes integral sum of Q) corresponding to the P € P (4, A).

Definition 2 ([26]). A function Q : [p,q] — Ry is called interval Riemann integrable (IR-
integrable) on [p, q] with (IR)-integral I = (IR) f; Q(A)dA if for each € > 0, there exists 6 > 0
such that

d(S(Q, P,6,[p.q). 1) <e

for each P € P(5,[p,q]).

The collection of all (IR)-integrable functions on [p, q] denoted by IR [, o))

Definition 3 ([26]). A function Q) : A — Ry is called interval double integrable (1D-integrable)
on A with (ID)-integral I = (ID) [ [, Q(u,v)dA if for each € > 0, there exists § > 0 such that

d(S(Q,P,6,A),1) <€
foreach P € P(6,A).

The collection of all (ID)-integrable functions on A denoted by I D).

Theorem 1 ([28]). Let Q : [p,q] — R; be an interval-valued function such that Q) = [Q, Q).
Then, ¥ is (IR)-integrable on [p, q] if and only if Q and Q are R-integrable on [p, q] and

(1R) [ Ou)du = [(R) [, &) !

J, J, Q(u)du].

Theorem 2 ([26]). Let A = [p,q] % [r,s]. If Q : A — Rj be an interval-valued function such that
Q= [Q 0]and Q € IDy), then we have

(ID)//AQ(u,v)dA: (ID) /pq(ID)/rSQ(u,v)dvdu.
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Definition 4 ([12]). The set X C R" is said to be invex with respect to vector function 1 :
R" xR" = R", if

v+ Ay(u,v) € X, forallu,ve X, Ael0,1]

Remark 1. Every convex set is invex with respect to 17(u,v) = u — v but not conversely.
Definition 5 ([12]). The function Q) on the invex set X is said to be preinvex with respect to 1, if
Qv+ An(u,v)) < (1-A)Q(v) +AQ(u), forallu,ve X, Ael0,1].

Remark 2. Every convex function is preinvex with respect to y(u,v) = u — v but not conversely.

Condition C [10] Let X C R be an invex set with respect to #(.,.). Then, function 5
satisfies Condition C if for any A € [0,1] and any u,v € X,

(v, v+ An(u,v)) = —An(u,v),
1,0+ An(u,2)) = (1= A)y(a,0)
For all Ay, A € [0,1], u,v € X and from Condition C, we have
n(v+ Aan(u,v),v+ An(u,v)) = (Ay — A1)y (u,v).

Theorem 3 ([13]). Let Q : [p,p +1(q,p)] — (0,00) be a preinvex function on the interval of
the real numbers X° (the interior of X) and p,q € X° with p < p +1(q, p). Then the following
inequality holds:

2p+1(q,p) 1 rntap) Q(p) + O(g)

Definition 6 ([33]). If X C R is an invex set with respect to y(.,.), Q(u) = [¢(u), P(u)] is an
interval-valued function on X. Then Q) is preinvex interval-valued function on X with respect to

n(..)if
Qv+ An(u,v)) DAQ(u) + (1 —A)Q(v), forall u,ve X, Ael0,1].

Let X; and X be two nonempty subsets of R”, 771 : X; x X; — R"and 75 : Xo X Xp —
R".

Definition 7 ([16]). Let (u,v) € X1 X Xp. The set X1 x Xp is said to be invex at (u,v) with
respect to 1 and 1, if for each (w,z) € X1 x Xp and Aq,A2€ [0,1],

(u+ AMyr(w,u), v+ Aana(z,0)) € Xg X Xp.

X1 x X» is said to be invex set with respect to 1 and 7, if X; x Xj is invex at each
(w,z) € X1 X Xa.

Theorem 4 ([33]). Let X C R be an open invex subset with respect ton : X x X — R and
p,g € Xwithp < p+n(q,p).IfQ: [pp+14(qp)] = R} is a preinvex interval-valued
function such that Q(A) = [Q(A), Q(A)]; Q € Llp, p +1(q, p)] and n satisfies Condition C and
x>0, then

Q(p + ’7<‘72’ p)> B Zréf(;r ;)) U Qp 100, P) 5y ) 2P

5 Qp) +Qp +1(q,p) 5 Qp) +0(q)
= 2 = 2
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Corollary 1. If & =1, then Theorem 4 reduces to the following result:

1(q,p) ) 1 p+n(a.p)
Q(p+ 2 Q(A)dA
(p 2 1(q,p) /p W

5 Qp) +Qp+1(g,p) 5 Qp) + Q)
= 2 = 2

Theorem 5 ([33]). Let X C R be an open invex subset with respect toyp : X x X — R and
p,g € Xwithp < p+n(q,p). QY : [p,p+14(qp)] — R is a preinvex interval-valued
function such that Q(A) = [Q(A), Q(A)] and Y(A) = [Y(A),Y(A)]; QY € Lip,p+1(q,p)]
and 1 satisfies Condition C and o > O, then

I(a+1)
21*(q, p)
D

<; _ MXM)F(p,p +(a,p) + mG(p,p +1(g.p) ()

Up+ Qp + 10, P))Y (41, ) + T, 0.0 CPIY(P]

and

20(p+ ;n(q,p))Y<p+ ;’7(%%’))
S et
~ 21%(q,p)

1 o &
+ (2—MM)G(p,p—i—?](q,p))—l—MMH%P""?(’%P))' )

Up=Qp + 10, P))Y (P +1(a,0) + T, ) 2PV (P)]

where F(p,p+1(q,p)) = Qp)Y(p) +Q(p+1(q,p)Y(p+1(q p)) and G(p,p+1(q,p)) =
Q(p)Y(p+n(gp) +Qp+n(qp)Y(p).

Corollary 2. If o =1, then (1) reduces to the following result:

(@)
77(6/1,;9) ./,,W " amy(yda o %F(MJF’?(%P)) + %G(ww(q,p)).

Corollary 3. If o =1, then (2) reduces to the following result:
1 1
202 (P +51(4, p))Y<P + 5104, P))

1
D)
~n(q,p)

p+1(q.p) 1 1
[ OWYWaA+ 3G(pp+ula.p) + gFpp +atap))

3. Main Results

In this section, first, we give the definition of interval-valued coordinated prein-
vex function.

Definition 8. Let X1 X X, be an invex set with respect to 1 and 15, Q = [Q, Q)] be an interval
valued function defined on Xy X X5. The function () is said to be interval-valued coordinated
preinvex function with respect to 1y and 1 if the partial mappings Qy : X1 — R}, Qu(w) =
(w,v) and Oy : Xo — R, Qu(z) = (u,z) are interval-valued preinvex functions with respect to
11 and 1, respectively, forall u € X1 and v € Xj.
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n1(q, p)na(s,r)

Remark 3. From the definition of interval-valued coordinated preinvex functions, it follows that if
Q) is an interval-valued coordinated preinvex function, then

Qu+ A (w,u),0+ Aaia(z,0)) 2 (1= A1)(1 = A2)Q(u,v) + (1 — A1) A20(u, 2)
+ )\1(1 — /\2)0(?/(], U) + )\1)\20(&],2),

forall (u,v),(u,z), (w,v),(w,z) € X1 x Xpand A, Ay € [0,1].

If 71(w,u) = w — u and 112(z,v) = z — v, then the definition of interval-valued coordi-
nated preinvex function reduces to the definition of interval-valued coordinated convex
function proposed by Zhao et al. [34].

Example 1. An interval-valued function Q : [0,1] x [1,1] — R defined as Q(u,v) = [u +
v, (2 —u)(2 — v)] is an interval-valued coordinated preinvex function with respect to n1(w, u) =
w—u—1landny(z,0) =z—2v for all u,w € [0,1]andv,z € [%,1].

Now, we establish H-H type inclusions for interval-valued preinvex functions on
coordinates. In what follows, without any confusion, we will not include the symbol (R),
(IR), or (ID) before the integral sign.

Theorem 6. Let X1 x X be an invex set with respect to 1 and 115. If QO : X4 x X — R} isan
interval-valued coordinated preinvex function with respect to 11y and n such that Q = [Q, Q] and

p<pr+mqp) r<r+mnasr) wherep,q € Xyandr,s € Xo. If 1,1 satisfy Condition C,
then we have

1 1 1 p+ni(ap) pr+ma(sr)
Qfp+= Jv), 7+ = s,r)Q Q(u,v)dvdu
(P 51, p),r+ 5257 PR /p / (u,0)
1
2 71, 1) + Qg 1) + Qp,s) + Qg,5)]-

Proof. Since () is an interval-valued preinvex function on coordinates with respect to #;
and #,, we have

Q(p+ Mg, p), v+ Aama(s,7)) 2 (1= A)(1=2A2)Q(p, 7) + (1 = A)A20(p, 5)
+ A1 (1= A2)Q(q,7) + M1A2Q(q, 9). 3)

Integrating (3) with respect to (A1, A2) over [0, 1] x [0,1], we get
11
/0 /0 Q(p+ Mg, p), v+ Aana(s, r))dAzdAq
11 1 1
> /O /O (1= A1) (1 = A2)Q(p, r)dArdA; +/0 /O (1= A1)AaQ(p, )dAodAy
1 1 1 1
+/O /0 A1(17A2)Q(q,r)d/\2d/\1+/o /O MA2Q(g, 8)dAsd A

This implies that

+ ( , ) r+ (s,r)
/p e / " Q(u,v)dodu D E[Q(p,r) +Q(p,s) +Q(q,7) +Q(q,5)]. )
p r

Using the definition of an interval-valued coordinated preinvex function and Condi-
tion C for %1, 172, we get
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1 1
O+ gnia )+ i)
1
= Qp+ Mg, p) + 5mp + 1 =A)m(qp) p+ Mg p)), v+ Aam(s,r)

e+ (1= Aa)als, ), 74 Aaia(s, 7))

—_

11O+ A (g, p), v+ Aampa(s, 1) + Qp + Mg, p),r + (1= A2)ipa(s, 7))
+Q(p+ (1= A)m(g, p)r+Aana(s, 1) + Qlp + (1= A)i(q,p),r + (1= A2)ipa(s, )] ®)

Thus, integrating (5) with respect to (A1, Ap) over [0,1] x [0, 1], we get

1
/ / (p + 2171 (q,p),r+ Ziyz(s,r)>d)\2d)\1

4/ / (p+ Mg, p),r+ Aaipa(s, 7)) + Qp + A (g, p), 7+ (1= A2)a(s, 7))
+Q(p+ (1= A)m(q,p), v+ Aama(s, 1) + Q(p + (1 = A)i(q, p), v+ (1 — A2)ia(s, 7)) |dAzdAs.

This implies

1 1 1 p+miqp) prtm(sr)
Q(p+m(q,p),r+=m2s,r)) 2 —/ / O(u,v)dvdu. (6
<p 2?]1(!7 P 2’72(5 r)) m(q, p)na(s,r) Jp r (u,v)dodu. (6)

From (4) and (6), we get the desired result. O

Theorem 7. Let X1 x X; be an invex set with respect to 51 and n. If QO = [p, p+m(q,p)] X
[r,r +12(s, )] — R is an interval-valued coordinated preinvex function with respect to 11, and
1p such that Q = [Q, Q] and p < p+11(q,p), r < r+1n2(s,r), where p,q € Xy and r,s € Xo.
If 111, n2 satisfy Condition C, then we have

1 p+m(ap) 1 1 r+12(s,r) 1
- Qlu,r+ =n(s,r)) |Jdu+ —— Q( 4= ) ,v)dv
Wl(w)/p ( 22 ))> Wz(s,r)/r p+5mlap)

p+m(q.p) /r+nz(s,r)
r

2
> 109, p)n2(s,7) /p Ou, v)dodu

1

1 1 p+m(q.p)

22 n@ Qu, 1) + Qu,r +12(s,7)) )du
2[’71(17/17)/;7 (O, 7) ( 12(s,7)))

1

+ " O, 0) + 0(p + >»d] %)
W/r p,v p+m(q,p),v))do|.

Proof. Since () is an interval-valued preinvex function on coordinates [p, p + 11(q, p)] X
[r,r + 12(s,7)], then Q : [r,r + 12(s,7)] = R}, Qu(v) = Q(u,0) is an interval-valued
preinvex function on [r, 7 + 112(s, 7)] for all u € [p, p + 71(g, p)]. From Corollary 1, we have

o, (r N %772(5, r))) 5 172(15,’,) /r+772(s,7) O (0)do 2 Q,(r) + Quér + qz(s,r)).

This implies

1 1 rti2(s,r) Q(u, Q(u, ,
Q(u,r+ 2772(5,}’))) ) o) /, g Q(u,v)dv D (u,r) + (; r+1p(s r))' ®)
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Integrating (8) over [p, p + #1(g, p)] with respect to u, then dividing by 71 (g, p), we get

1 p+m(qp) ( 1 )
_— Qfu, v+ =n(s, 7)) |du
m(q,p) /p 272(57)

1 prmlap) prina(sr)
) —/ / Q(u,v)dvdu
m(q,p)n2(s,r) Jp r

1 /‘P+771(W)
257 Qu,r) +Q(u,r +n2(s,r)) )du. )
)y QDo)
Similarly, Oy : [p,p 4+ 11 (p,9)] = R, Qo(u) = Q(u,v) is interval-valued preinvex

function on [p, p + m(p,q)] forallv € [r,r + 12(s, r)]. Then, we have
1 r+m2(s,r) 1
W/r Q<F’+ 2’71(61,P),v>dv

ptmi(q.p) pr+ma(sr)
1 / ’ Q(u, v)dvdu
.

1
> m(q, p)n2(s,r) /p

1 r+12(s,r)
> W/r }7 (Q(p,v) + Q(p +1m(q, p),v))do. (10)

By adding (9) and (10), we have

1 / prm@) ( 1 ) 1 rmisn) ( 1 )
- Qlu,r+ =na(s,r)) |du + / Qlp+ = p),0 | do
m@,p) Jp 2 12(57)) 12057 Jr p+5mlap)

2 p+mlqp) prtma(sr)
2 —/ / Q(u,v)dodu
n1(q,p)na(s,r) Jp r
1

>3 [n(w) /,,wq'm (O(11,7) + Q1 v+ 12(s, 7))

1 r+12(s,r)
+m/r (Q(p,v) +Q(P+771(GIP),U))dv}

This completes the proof. [

Example 2. Let [p,p +171(q,p)] = [, 3], 7+ 1ma(s,1)] = [4, 5] and 1 (q,p) = 92,

ma(s,r) = s—2r. Let Q : [}, 3] % [1,3] — R} be defined by Q(u,0) = [uv, (1 —u)(1 —
)] Yu € [}, 3] and v € [}, 3]. Then all assumptions of Theorem 7 are satisfied.

Theorem 8. Let X1 x X; be an invex set with respect to 571 and n. If Q = [p, p + m(q,p)] X
[r,r +12(s,1)] = R} is an interval-valued coordinated preinvex function with respect to 171 and
12 such that Q = [Q, Q) and p < p+n1(q,p), ¥ <r+n2(s,7), where p,q € Xy and r,s € X,.
If 11, n2 satisfy Condition C, then we have
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Q (P + %m(q,;ﬂ),r + ;’72(5/7))>

2 % ,71(;,??) /ppﬁh(q,p) Q<M,r + iﬁz(s,r)))du + 772(;7) /rr+772(5,’) Q(P + %'71 (q,p),v) dv}
+ , r+m(s,r
> W/: m(”)/r 5 0 (0, 0)dodu
>3 111(61”7) /ppw'mm(“fﬂ + O, 7+ 72(5,1)) )u
+;72(1,7) ,/r%(s'r)(Q(Prv) +Q(p+m(a, P),v))dv}
= %[Q(P, 1) +Q(p+11(q,p), 1)+ Qp,r+12(s,7) + Qp +11(9, p), 7+ 172(5,7))]
2 i[ﬂ(w) +0Q(q,7) +Q(p,s) +Q(q,s)).

Proof. Since () is an interval-valued preinvex function on coordinates [p, p + 71(q, p)] X
[r,¥ +12(s,1)], then from Corollary 1 we get

1 1 1 p+i1(q,p) 1
- - D) il
Q(p+ qu(q,p),r—l— 2172(5,1'))) D 771(%17)/;7 Q(u,r—l— znz(s,r)))du, (11)

ap+ 1 L S L e d 12
(P+2171(w),r+2772 s,r))) 2 772(5,7’)/r <p+2171(q,p),v) v.  (12)

Adding (11) and (12), we have

0 (P + %m(w), r+ %’72(5/ r)))

1 1 p+m(a.p) 1 1 r+ia(sr) 1
oo |l——— Q(u,r+ 5m(s,7)) )du+ —— Q( T ,>d} 3
2{nl(q,p>/p ('” as r))) ! 172(5,7)/7 p+5miap)o)do (13)

Again from Corollary 1, we get

1 p+i1(q.p) Q(p,r)+Q(p+mq, p)r)
- Q(u,r)du O ’ 14
m(a,p) /p (er) 2 -
1 pHm(ap) Q(p,r+1m2(s,1)) + Qp + m(q,p), 7 + 12(s, 7))
- u,r+n(s,7r))du 2 ¢ 15
m(q,p) /p ( ) 2 "
1 r+1j2(s,r) Q(p,r)+Q(p,r+12(s,7))
s )
12(s,7) /r Q(p,v)dv 2 2 ’ (10
r+12(s,7)
#/ " p + (g, p), 0)do 2 TN P)D TP (e, p) 7t (s r)) (17)
1’]2(5,7’) r 2
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Adding (14)—(17), we get

1 p+i1(q.p)
W/p 1 (OQ(u, r) + Qu, 7+ 12(s, 7)) )du

1 r+12(s,1)
_ o o )
i ’72(8,?)/7 (Q(p,v) + Q(p +1m(q, p),v))do

20(p,r)+Qp+migp)r)+Qp,r+n2s,7) + Qp +11(q,p), 7 +12(5,7)).  (18)

By Corollary 1, we also have

Qp,r) +Q(p+m(q,p),r) +Qp,r+12(s,7)) + Qp +11(q, p), 7 + 172(8, 7))
DQ(p,r)+Q(q,1)+Q(p,s) +Q(q,9). (19)

From (7), (13), (18), and (19), we get the desired result. [

Remark 4. If we put 51(q, p) = g — p and 12(s, r) = s — r in Theorem 8, we obtain Theorem 7
of [34].

Next, we prove H-H type inclusions for the product of two interval-valued coordinated
preinvex functions.

Theorem 9. Let X1 x Xy be an invex set with respect to yy and 2. If QY = [p, p + 11(q, p)] X
[r,r +12(s,7)] — R are interval-valued coordinated preinvex functions with respect to 11 and 1
such that Q = [Q, QY = [Y,Y]and p < p+m1(q,p), r < r+n2(s,r), where p,q € Xy and
v, € Xp. If y1, 12 satisfy Condition C, then

1 p+ni(ap) prinalsr)
—/ / Q(u,v)Y(u,v)dvdu
m(q, p)na(s,r) Jp r
1
> §N1(p,q,r,s) +1 Nz(p,q,r s) +1g Na(p,q,r s)+ 36N4(p,q,r,5),

where

Ni(p,q,1,8) = Qp,1)Y(p, 1) + Qp +m1(q,p), )Y (P +1m(q,p),7) + Qp, v+ 12(s,7))
Y(p,r+n2(s,7) + Q(p +11(q,p), 7 +12(5,7))Y(p +11(q, ), 7 + 12(5,7)),

No(p,q,7,8) = Qp,")Y(p+m(q,p), 1)+ Qp+m(qp)r)Y(p 1)+ Qp, v+ 12(s5,7))
Y(p+m(q p)r+ns,r) +Q(p+miq p)r+n2s,)Y(p,r+n2(s,7)),

N3(p,q,1,5) = Q(p,r)Y(p,r +12(5,7)) + Qp +m(q,p),r)Y(p +m(q p)r+n2s, 1)) +
Q(p,r+m2(5,7)Y(p,7) + Qp +1m1(q,p),r +12(5,7)Y(p +11(q,p),7),

Ny(p,q,1,8) = Q(p,")Y(p +mq p),r+m(s,r) + Qp +n1(q,p),7)Y(p,r +12(s,7)) +
Q(p,r+m2(s,7)Y(p+m(q,p),r) + Qlp +m(q p),r+n2s,1)Y(p, 7).

Proof. Since () and Y are interval-valued coordinated preinvex functions on [p, p + 111 (g, p)] X
[r,¥ +12(s,1)], we have
Qu(0) : [r,r+ 1205, 1)] = R, Qu(v) = Q(u, )
and
Yu(0) : [r,r+12(5,7)] = RS, Yu(v) = Y(u,0)
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are interval-valued preinvex functions on [r, 7 + #72(s, r)] forallu € [p, p + #1(g, p)]. Similarly,

Qu(u) : [p,p+m(q,p)] = R}, Qu(u) = Q(u,v)
and

Yo(u) : [p,p+miq p) = R, Yo(u) =Y (u,0)

are interval-valued preinvex functions on [p, p + 171(q, p)] forallv € [r,r + 12(s, 7)].
From Corollary 2, we get
1

r+ia(s,r)
Qu(v)Yy(v)d
ool (0)Ya(0)do

2

=

2
~

W =

[ (r)Yau(r) + Qu(r +172(s, 1)) Yu(r + 12(s,7))] + %[Qu(T)Yu(V +172(8,7)) + Qu(r +172(s, 7)) Yu ()]
This implies

1 r+172(s,r)

_ OQ(u,v)Y(u,v)do
wen ) owewo)
2

—_

1

Qu, )Y (u,r) +Q(u, 7 +152(s, 7)Y (u, 7 + 172(s,7))]
E[Q(u,r)Y(u,r +12(s,7)) + Q(u, v+ n2(s, 7)Y (u,7)].

3
+ (20)

Integrating (20) with respect to u over [p,p + 111(q, p)] and after then dividing by
n1(q, p), we find

1

/P+m(w) /r+ﬂz(s,r) (1, 0)Y (1, 0) dod
_ u,0)Y(u,v)dodu
n1(q, p)n2(s,7) Jp ,

1

1

+7

6171(q, p)

p+1(q.p)
2 3009 Qu, 7)Y (u, 1)+ Qu, v+ n2(s,7))Y (1,7 + 172(s, 7)) |du
3171(!1,;7)/;9 (7)Y (u,7) + O 112(s,7))Y( 12(s,7))]

p+m(a.p)
/ w, )Y (u, v +12(s,7)) + Q(u, v+ n2(s, 7)Y (u,r)|du.  (21)
P
Again from Corollary 2, we have

+1(q.p)
;/p e Q(u,r)Y(u,r)du
m4,p) Jp

2 %[Q(P/ )Y (p,r) +Qp + g, p),r)Y(p+mqp)r]

+ %[Q(PIF)Y(P +11(9,p),7) + Qp +11(q,p),7)Y(p,7)]

(22)
1

p+m(q.p)
Q(u,r+n(s,7)Y(u,r+n(s,r))du
oo (1.7 4125, 1) (1,7 4 12(s, 7))

2 Q>pr+m2(s,7)Y(p,r +12(5,7) + Q(p +11(q, p), 7 +172(5, 7)Y (p +11(q, p), 7 + 172(5,7))]
1

+=[Qp,r +12(5,7)Y(p +11(q,p), v + 1125, 7)) + Q(p +11(q, p), 7 +172(5,7))Y(p, 7 + 12(5,7))], (23)
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1
m(q,p)

2 %[Q(P,r))Y(P,r +12(5,7)) + Q(p +n1(q, ), )Y (P +11(q, p), 7+ 12(5,7))]

+11(q.p)
/p e Qu, )Y (u,r+12(s,7))du
P

+=[Q>p, )Y (p+m(q,p),r+n2(5,7) + Qp +m1(q,p),")Y(p,r +12(5,7))],  (24)

N =

1 /~p+m (a.p)
mq,p) Jp

2 %[Q(w +12(s,7))Y(p,7) + Qp +1m1(q,p), 7 +12(5,7)Y(p + 11(q, p), 7]

Qu, v +m2(s,7)Y(u, r)du

+ %[ﬂ(w +12(8,7)Y(p+m(q,p),7) + Qe +mq,p)r+m(sr)Y(pr)]. (25

Substituting (22)—(25) into (21), we obtain the desired result. Similarly, we can obtain
the same result by using Corollary 2 for the product Q,(u)Yy(u) on [p,p+m(q,p)] . O

Remark 5. If we put 51(q, p) = g — p and 52(s, r) = s — r in Theorem 9, we obtain Theorem 8
of [34].

Theorem 10. Let X; x X; be an invex set with respect to 1 and 1. If QY = [p, p +111(q, p)] X
[r, 7+ 12(s,7)] — R} are interval-valued coordinated preinvex functions with respect to 171 and 1,
suchthat O = [Q, Q1Y = [Y,Y]and p < p+n1(q,p), ¥ <r+12(s,7), where p,q € Xy and
1,5 € Xo. If y1, 12 satisfy Condition C, then we have

1 1 1 1
40 (P +5map)r+3m(s, r))Y(p +5mlqp)r+ 2772(5%))

+mlap) premasr)
2 __ /p e / " Q(u,v)Y (u,v)dvdu
m(q,p)na(s,r) Jp r

5 7 7 2
+ %Nl(p/ q7, S) + %NZ(P/ q.7, S) + %NB(P/ q,7, S) + §N4(P, q,v, S)r

where N1(p,q,7,5), Na(p,q,7,s), N3(p,q,1,5),and Ny(p, q,7,s) are defined as previous.

Proof. Since () and Y are interval-valued coordinated preinvex functions, therefore from
Corollary 3, we have

1 1 1 1
20) (P +5mlqp)r+ 2’72(517)>Y<P +5mq,p)r+ an(s,r))
1
i
~ m.p)

1 1 1
+ 5[0+ Y+ (s )

p+m(qp) 1 1
/ ' Q(u,r+§772(5,7’))y(u,7’+ 5’72(&7))‘7[”
4

O (P74 315+ 1)+ ()]
4300+ e+ m )+ ()

+Q(p+mlq,p)r+ %m(s/ MY (p,r+ ;'72(5,7))} (26)
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and
1 1 1 1
20) (P +5mlqp)r+ znz(s,r))Y<P +5mqp)r+ an(sfr))

1 r+12(s,r) O 1 v 1 J
> (r+ 512(5,7),0)Y (p + 511 (0, ), 0)do

17 1 1
+ g |Qp+5mlap))Y(p+5mqp)r)

O+ 0P, 12 DY+ (0, p) 7+ ()|

1 1 1
+ 5|+ 5map)r)Y(p+ 5m4p)r+m2(s,7))
1 1
QU+ 3@ )Y+ 3] @)
Adding (26) and (27), then multiplying both sides of the resultant one by 2, we find

1 1 1 1
80 (rf +5mlap)r+ znz(s,r))Y(P +5mlap)r+ 2’72(&7))

2 p+i(q.p) 1 1
27/ Q(u,r+ =n(s,r))Y(u,r+ =ny(s,r))du

2 r+12(s,r) a 1 y 1 i
ton ) (r+ 512(5,7),0)Y (p + 5110, ), )0

1 1 1
+ 3 [20(;7,1’ + Eryz(s,r))Y(p,r + 5172(5, r))
1 1
+2Q(p +m(q,p), v+ 5172(5, MY (p+mqp)r+ 5172(5, r)
1 1
+2Q(p+ 5m(q,p), )Y (p + 5m(4q,p)r)

1 1
+2Q(p +5m(q,p),r+12(s,1))Y(p+ 51m(q, p) v +12(s,7))

512000+ 316 Y (p+ma )7+ 3m0(5,7)
$20(p -+ 1 (0,p), 7+ 375, )Y (7 + 3172(5,7)
+2Q(p + %m(w),r)Y(P + %171 (@, p),r+12(s,7))
$20(p+ 10, p), 7+ (s, )Y (p+ i (0,p),7)|. 28)

Now, from Corollary 3, we have
1 1
20(p, 7+ 5m2(s,1))Y (p, 1 + 512(5, 7))
1 r+12(s,7)

_— Q(p,v)Y(p,v)dv

> n ) (p, )Y (p,0)
1
+ 2 [Qp, )Y (pr) + Qlp, 7 +112(5,1)Y (p, 7+ 172(s,7))]

+ %[Q(PIY)Y(W +112(s,1)) + Qlp,r + 172, 7))Y (P, )], (29)



Symmetry 2022, 14, 771

14 0f 18

1 1
20(p + (g, p)r+ 502(s,1)Y (p +111(q, p) 7+ 5112(s,7))

1 r+12(s,r)
/r Qp+mq, p),0)Y(p+m(q p)v)do

2

=
N
—~
w
N
-
~—

+ - [Q(p+mlqp)n)Y(p+mgp)r)+Qp+mqp),r+n(s7)Y(p+n1(q p),r+n2s7))]

W= QN =

+3[Q(p +m(qp),)Y(p+m(q p),r+n2s7) + Qp +n1(q,p), 7 +12(5,7)Y(p + 11(q, ), 7)],

1 1
20) (P +5mla.p), r> Y <P +5mla.p), r)

+m(q.p)
2 ;/p e Q(u, 7)Y (u,r)du
m4,p) Jp

200 Y (pr) + Op + 1, p) )Y (p+ 11 (0,p), 1)

+ 3000 )Y(p+11(0,p)7) +Olp + 11(g,p), 7)Y (1),

1 1
20 (p +5m(ap)r+ (s, r)>Y(P +5m(qp)r+ (s, r))

1
D -
~ mqp)

+ %[Q(P,r +12(s, 7)Y (p,r +112(5,7)) + Qp + 11109, p), 7 + 11205, 7)Y (p +111.(9, p), 7 + 112(5, 7))

ptm(q.p)
/ 1 Qu,r+n2(s,7)Y(u, v+ 12(s,7))du
p

+ %[Q(W +112(s,1))Y(p +1(q, p), v +12(5,7)) + Qp + 11 (q,p),r + 1205, 1)) Y (P 1+ 112(s,7))],

1 1
20(p, v+ 5112(s,1)Y(p +111(q, p), 7 + 5112(5,7))

L [ 0,00 (4 g, ) 0
, 0 , ,0)av
—172(5,1,) . p pr+m\q,p

+ %[Q(p,r)Y(P +1(q,p),7) + Qpr+72(s, 7)Y (P +111(q, p) 7+ 772(s,7))]

+ %[Q(P/T)Y(P +m(q,p),r+m2s,7) +Qp,r+12(5,7)Y(p +mq,p) 1),

1 1
20(p +mi(q,p),r+ 5’72(5, )Y(p,r+ 5’12(31 r))

1 r+12(s,r)
) Qp + ,p),0)Y(p,v)dv
_712(5,7’)/r (p+m(q,p),0)Y(p,v)

+ %[Q(p +11(q,p), )Y (p,7) + Qp +11(q,p), 7 +12(5,7)Y(p, v + 112(5,7))]

+ %[Q(P +m(q,p),)Y(p,r+m2(s,7) + Qp +mq,p)r+m(s,1)Y(p,r),

(30)

(31)

(32)

(33)

(34)
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1 1
20 (P +5m(q, P),V)Y(P +5mlqp)r+ nz(s,r))

1 p+m(q.p)
27/ Q(u, r)Y(u,r+n2(s,r))du
711(6],77) » ( ) ( 772( ))

+ %[Q(P,r)Y(P/r +172(5,7)) + Qp +1(q, p), )Y (p +11(q, p), 7 +112(5,7))]

+ %[Q(W)Y(p 114, p)or+12(s,1) + Qp +11(q, p), )Y (pr +112(s,7))], - (35)

1 1
20 (P +5mla,p)r+ (s, r))Y(P +5m(q, P),r)

1 p+m1(q.p)
27/ Q(u,r+n2(s,7)Y(u,r)du
771(@:77) ) ( 772( )) ( )

+ %[Q(w +112(s,7)Y (p,7) + Qp +111(q, p), 7 +12(5,7))Y (p +111(q, p), 7))
+ %[Q(W +112(s,1)Y(p +11(q,p), 1) +Qp +11(q, p) v +112(5,7) Y (p, 1)) (36)

Using (29)—(36) in (28), we get

1 1 1 1
802 (P +5map)r+5m(s, r)>Y<p +5mlqp)r+ 2172(5#))

2 p+i1(q.p) 1 1
27/ Q(u, v+ =n2(s,7))Y(u, v+ =12(s,7))du
o) (1,7 + 512(5, )Y (7 4 370(5,7)

2 r+i2(s,r) a 1 y 1 J
ey (r+ 31m(5,7), 0¥ (p + 51 (g, p), 0)d0

1 r+i(sr) o y 0 y ]
6’72( )/ Q(p,0)Y(p,v) + Q(p +11(q,p),0)Y(p +11(q,p),0))dv
1 r+12(s,1) y 0 y )d

3172(s,r)/ (Q(p,0)Y(p+m(q,p),o) +Q(p+mlq p)o)Y(pv))dv
1

1(9.p)
6771(q,p) /’WH7 " (Qu, )Y (u,r) +Qu, v +12(s,7))Y (u, v +12(s,7)) )du

+ 3;71(1[”7) /P+771(’1'p) (Q@u, )Y (u,r +12(s,7)) + Qu, r +12(5,7))Y (u,7) )du

1 1 2
+ Nl(p,q,r s) + Nz(p,q,r s)+ = Ng(p,q,r s)+ = N4(p,q,r s). (37)

Again from Corollary 3, we have

2 r+12(s,r) 1 1
P /r Q(p+ 5’71(07, p),o)Y(p+ 5’71(% p),v)dv

5 1 /P+ﬂ1(q,p) /r+vz(s,r)0( VY (1, 0)dod
—_—— u,o u,v)doau
~ mqp)na(sr) Jp p

1

r+12(s,7) a v o . ,
Yo @Y (o) + O (g p) oY (p (g, p), o)
1

r+12(s,7)
+W/r ! Q(p,0)Y(p+m(q,p)o)+Qp+mqp)o)Y(po))do, (38)
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2 /Hm(w) 1 1
_ Q(u,r+ =n(s,7))Y(u,r+ =1,(s,r))du

5 1 /P+’71(‘7/P) /’+772(5rf)0( VY (1, 0)dod
. u,v)Y(u,v)dvdu
= m(q,p)nsr) Jp r

+ 6;71(1[”7) /ppm (4.p) (Qu, )Y (u,r) + Qu, v+ 12(s, 7)Y (1, v + n2(s, 7)) )du

1
+ -
3m1(q,p)

Using (38) and (39) in (37), we get

p+m(q.p)
/p (Qu, )Y (u,r+n2(s,7)) + Qu, v+ 12(s, 7)Y (u,7))du. ~ (39)

1 1 1 1
80 <P +5m(qp)r+ 2772(8,7)>Y(P +5mqp)r+ an(s,r))

5 2 /p+711(q,p) /r+vz(s,r) O, 0)Y (1, 0)ddod
I u,v)Y (u,v)dvdu
= m(q, p)na(s,r) Jp ,

1 r+12(s,7)
taman ) ©PRY(EO) 0 e ) o (p+mp) o)
+20(p,0)Y(p +11(q, p), 0) +2Q(p + 111(q, p), 0)Y (p, 0) )dv

1 P+ (a,p)
"I p) /p
+20(u, r)Y(u,r+n2(s,r)) +2Qu, r +12(s, 7)Y (u,r))du

Q)Y (u,r) + Qw7+ 172(5,7)) Y (w7 4 172(s, 7))

1 1 1 2
+ EM(p, q,1,5) + §N2(P, q,1,5) + §N3(P,q, r,s)+ §N4(p, q,7,8). (40)

Applying Corollary 3 for each integral in right side of (40), we obtain our desired
result. O

Remark 6. If we put n1(q,p) = g — p and n(s,r) = s — r in Theorem 10, we obtain Theorem 9
of [34].

4. Conclusions

In this article, we have introduced the concept of interval-valued preinvex functions on
coordinates as a generalization of the convex interval-valued functions on coordinates. We
have established H-H type inclusions for coordinated preinvex interval-valued functions.
Moreover, some new H-H type inclusions for the product of two coordinated preinvex
interval-valued functions are investigated. The results obtained in this paper may be
extended for other kinds of interval-valued preinvex functions on the coordinates. In the
future, we can investigate H-H type and H-H-Fejér type inclusions for interval-valued
coordinated preinvex functions via interval-valued fractional integrals on coordinates. We
hope that the ideas and results obtained in this article will encourage the readers towards
further investigation.
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