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Abstract: Carlitz solved some Diophantine equations on Fibonacci or Lucas numbers. We extend
his results to the sequence of generalized Fibonacci and Lucas numbers. In this paper, we solve
the Diophantine equations of the form Ay, --- Ay, = By, -+ - B, Ct, - - - Ct,, where (Ay), (Bi), and
(Ct) are generalized Fibonacci or Lucas numbers. Especially, we also find all solutions of symmetric
Diophantine equations U, Uy, - - - Uy, = Uy Uy, ---Up,, where 1 < a; < ap < -+ < ay, and
1<b1§b2S“'§bn-

Keywords: Fibonacci numbers; Lucas numbers; Diophantine equation

1. Introduction

Let P, Q be nonzero coprime integers with D = P? — 4Q # 0. The sequences of gener-
alized Fibonacci numbers and Lucas numbers, U, and V;, satisfy the following recurrence
relation:

Uy=0, U =1 Uy,=PU, 1—-0QU, > (I’Z > 2) 1)
VO = 2/ Vl = P/ Vl’l = PVV[*l - QVH—2 (n 2 2) (2)
Their close forms are
DCn _ n
un—a_gz Vi =" + B". 3)

where

P+VPE-4Q . ﬁ:P—«Hﬁ—4Q

“= 2 2

are roots of x> — Px + Q = 0.
For m,n € N. It is well known that these numbers have the following properties

e (a) gcd(Up, Uy,) = Uy
e (b) Ifm]|n, thenU, | Uy
e (o) IfUy|U,andm > 2, thenm | n.

The generalized Fibonacci and Lucas numbers include many famous integer sequences
such as Fibonacci numbers, Lucas numbers, Pell numbers, and Jacobsthal numbers. Their
fascinated properties lead to abundant applications in totally surprising and unrelated
fields (cf. [1-6]).

Consider equations:

u, = Uy, V, 4
Uy, = Up Uy, ®)
U, = VuVi, (6)
Vi = U Vg, @)
Vi = Vi Vi, (8)
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Vn = Umuk/ (9)

wheren >m >k >0,P >1,and Q < —1.
In 1964, L. Carlitz [7] solved the above equations for P = 1 and Q = —1, i.e., Fibonacci
numbers and Lucas numbers. After half a century, M. Farrokhi D. G. [8] showed equation
F, = kF, has at most one solution (n,m) for k > 1. He gives the complete nontrivial

solutions of the equation
Fn = Fy Fy,Fuy - - - Fy,..
Moreover, he also gives the complete nontrivial solutions of the symmetric Diophan-

tine equation

Fo,Fny -+ - Fnp, = FuyFnyFy - - - Fy

5

In 2011, as a byproduct of Lucas square classes, R. Keskin and B. Demirturk [9]
rediscovered that L, = L,L, is impossible if m, r > 1. Two years later, R. Keskin and
Z. Siar [10] proved that when P > 1 and Q = =1, there is no generalized Lucas number V,
such that V,, = V};,V; for m, r > 1 as a byproduct of Lucas square classes. Lastly, they show
that there is no generalized Fibonacci number U, such that U, = U, U, for Q = £1 and
1 < r < m. With the help of Carmichael’s primitive divisor theorem, P. Pongsriiam [11]
solved equations:

P':;z = Pannan3 v 'Fnk;

Fj = L LuyLy - - Ly,
Ly, = Fu FyFuy - - Fyy,
Ly = LuLuyLuy -~ Ly,
wherea >1,m>0,k>1,and0<ny <np, <--- < my.
In 2017, P. Pongsriiam [12] considered the following Diophantine equations:

Fy = Fuy FuyFay - Fyp £1,

Fy = LuyLuyLuy - - Ly, £1,
Ly = Fy,FuyFuy -+ - Fyp £1,
Ly = Ly, LuyLpy -+ - Ly, £1,
where m > 0,k > 1,and 0 < n; < np < -+ < ng. There are various other types of
equations involving generalized Fibonacci and Lucas numbers that many authors have
also considered (cf. [13,14]).
Assume P > 1 and Q < —1. In this paper, we find Equation (4) holds if and only if
n=2m=k=1orn=2m = 2k. Equation (6) holds if and only if n = 4,m = 2,k = 1.

Moreover, Equations (5) and (7)—(9) have no solution. Generally, we completely solved the
Diophantine equations of the symmetric form

uﬂ = ub1 ubzub3 o ubnr (10)

uﬂ = Vhl VbZVb3 o Vbn/ (11)

With the help of (10) and (11), we also find all solutions of symmetric Diophan-
tine equations

uﬂluﬂz ...uam = ublubz ”'ubn/ (12)
wherea >1,1<a; <a; <---<ay,and1 <b; <bp <--- < by

2. Preliminaries

In this section, we give some equalities and inequalities concerning generalized Fi-
bonacci and Lucas numbers.
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Lemmal. Letn >2,P > 1,and Q < —1. Then
(P—Q)U, 2 < Uy < (P—Q)Uy,_1,
(P—Q)\Vy 2 <V, <(P-Q)V,_1.
Proof. Using the recursive formula,

(P - Q)Unfz < Uy =PUy-1 — Qun72 < (P - Q)Un—1~

It is easy to check that the above inequality holds. Proceed as in the proof of U,,. We

have a similar result of V,,. O
Lemma?2. LetP >1,Q < —1. Forn > 2k > 0.
Uy > (—Q) Uy,

Vi > (—Q)V, o

Proof. Proceed by induction on k. It is easy to check that the above inequality holds when

k = 1. Now, assume the inequality holds for k = m. By the induction method.

U, > (—Q)"Up—2m-
Therefore, it follows that
Un = PUy—1 — QUy—2 > —QUu—2 > (=Q)" U, 5 41)-
Proceed as in the proof of U,,. We have a similar result of V;,. O

Lemma 3. Let n and k be positive integers. The following identities hold
o (@) UnpVi=Uppe+QUyur (m>k);

° (0) UnVy = Uk — Q"Uk—m (k > m);

o © VaVi=Vuu+QVyy (m>k>1);

e (d DUuUi=Vyx+QV,_ (m>k>1).

Proof.
e (a) Using (3),
_ o —p" ko aky _
uka_ DC—‘B X(a +ﬁ)_ [X_IB
e (b) Itfollows by the same method as in (a).
e (c) Using(3),

ViV = (lxm+ﬁm)<“k+‘3k) _ (lxm—&-k_'_lgm-&-k) + (“‘B)k(lxm—k_i_‘gm—k).

e (d) Using (3),

DU, U = (a4 g8 — (ap) (w4 pnF).
0

Corollary 1. Vi = U1 — QUj_1.

Proof. Itis easy to check Corollary 1 holds if one takes m = 1in formula (b) of Lemma 3. O
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Lemmad4. Letn > k+1> 0and Q < —1. Then
Un = Ugpr Uy—k — QUxUy 1

and
Vi = Ug1Vik — QUi Vi k-1

Proof. Proceed by induction on k. It is easy to check that the above identities hold when
k = 1. Now, assume the equation holds for integer k. By the induction method.

Up = Up Uy — QU1
= Up1 (PU, -1 — QU o) — QUU, k1
= Ugo2Uy— (k41) — QU1 Uy (k41)-1-

Proceed as in the proof of U,,. We have a similar result of V;,. O

Corollary 2. Foralla,b,c,a1,ay,...,a, € N. The following identities hold:

e (a)
Upp—1 = UgUp — QU 1Up_1; (13)
* (b
1
Upp—2 = 5 [Ually = Q*Us2Up2]; (14)
e (0

1
Upipie3 = ﬁ[uaubuc — PQU, 1 Uy U1 + Q*U, Uy oUc5]; (15)

e (@Ifn>3,P>1and Q< —1, then

1
ua1+<--+un7n Z ﬁum uaz T uan' (16)

Proof.

* (a) Formula (13) follows easily from Lemma 4, if one takesk+1 =aandn —k = 0.
* (b) Apply(13)to(14),

Upip—2 = Up1Up — QU 2Up—4

1
= ﬁ[Uan — QU »(—Uy + PUy_4)]

—_

= —[U,Uy — Q*U,—o Uy 5]

~

e (c¢) Combining Lemma 4 with (13) and (14),

uu+b+c—3 = ua—l—b—luc—l - Quu-&-b—ZucfZ

1
= 5 [UaUpUc — PQU,—1Up—1Ue—1 + Q°Ug2Up2Ue2]-
e (d) From (15),(16) holds. Then

ua1 +ag+-tay 1 —(n+l) — u[al +ag+-+ay—n|+a, 1—1

= uu1+u2+~~~un—nuan+1 - QUa1+a2+~~+an—(H+1)uﬂnﬂ*l

v

ual +ay+---+ap—n Uun_H

v

1
Uy Usy -+ Un, U, .
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Lemma5. AssumeP > 2,Q < —1,and P> > —Q. Foralla,b,c € N. The following conditions hold

e (a)

e (b
Upipes < UyUpUe (a+b+c>3). (18)

Proof.
e (a) Itiseasy tocheckthat(17)holds for a,b < 2. Now, assume a, b > 2. By Lemma 2.

UpUyy > —Q*U, o Uy

Combine with (14),
PUppyc—2 < 2UgUp
implies Uiy o < UgUy.
e (b) Since
UaUpUe = (PUy—1 — QUa—2) (PUp—1 — QUp—2) (PUp—1 — QUp2)

> PPUgaUy U1 + Q*Us Uy

> —PQU,-1Up 1 Ue-1+ QUy—2Uj 5.
So

PU, prc3 < 2UUuUL.
Since P > 2. It is easy to show that (18) holds.
O

Theorem 1 (Primitive divisor theorem of Carmichael [15]). If a and B are real and n # 1,2, 6,
then Uy, has a primitive divisor except when

n=12,a+p==+1,af = —1.

3. Main Theorems

Firstly, we begin this section by solving Equations (4)—(9) for P > 1 and Q < —1. Then,
we solve (10)-(12) for P > 2, Q < —1,and P> > —Q.

Theorem 2. Let n > m > k. Equation (4) holds if and only if n = 2, m = k = 1 and
n =2m = 2k.

Proof. Equation (4) holds whenn =2and m = k = 1. Thus, m > 2and k > 1.
If m = k. Then U,, = Uy, and n = 2m = 2k.
If m —k = 1and k is even. Then n > 2k + 2. By Lemma 2.

Uy +QF = Uy = Uy 1 — QU,—p > Uppyy — QU
> U — QP(—Q)F 1 > Uy yy + Q8.

If m —k =1and kis odd. Then 2k +1 > n + 1. By Lemma 2.
Uy — QF = Ungyq = U — QU1 > Uy — QU > U, — Q.
If k —m = 1and m is odd. Then n > 2m + 2. By Lemma 2.

Uoppy1 — Q" = Uy = Uyp—1 — QUy—p > Uppy41 — Qo
> Uy — Q(—Q)" 1 = Upyyy1 — Q™.



Symmetry 2022, 14, 764

6 of 13

If k —m = 1and mis even. Then 2m 41 > n + 1. By Lemma 2.
U, + Q" = U1 = Uom — QUam—1 = Up — QUzy—1 > Up + Q™.
If m —k > 1and kis even. Then n > m + k 4 1. By Lemma 2.

um+k + Qkum—k - un - un—l - Qun72 Z um+k - Qum+k—1
> Uik + (—Q) U —k1 > Uppk + QUi

If m —k > 1and kis odd. Then m +k > n + 1. By Lemma 2.

Uy — QU = Uk = U1 — QUyk—2 = Un — QUisk
> Uy 4 (—Q) Uy g > Uy, — QUL

If k —m > 1and mis odd. Then n > m + k + 1. By Lemma 2.

um+k - Qmukfm =U, = Unfl - Qun—Z > um+k - Qum+k71
> Upgk + (—Q)"Up—imgr > Uk + (— Q)" Up—yp-

If k —m > 1and mis even. Then m + k > n + 1. By Lemma 2.

u, + Qmuk—m = Um+k = um—',—k—l - Qum+k—2 > Uy — Qum+k—2
> Uy + (_Q)mukfm-

O
Theorem 3. Let n > m > k. Equation (5) possesses no solution.
Proof. If U = U;. By Lemma 4.
UsU,_» < U, = UzU,—» — QU3 < UzU; 1.

Then U, > < Uy < Uy—g.
If Uy = Uy. By Lemma 4.

Usu, 5 < U, < Ugl,_,.

Then U,,_3 < U, < U,_».
It follows from induction and Lemma 4 that

Uy 1ty < Uy = UsUy—2 — QU3 < Uy—1Us.
Then Up < U, < Uz. O
Theorem 4. Let n > m > k. Equation (6) holds ifand only ifn =4, m =2, and k = 1.

Proof. If n =4, m = 2, and k = 1. Equation (6) always holds. Suppose m > k > 1.
By Lemma 3 (c) and Corollary 1. Equation (6) becomes

U, = Um+k+l - QUerkfl + kamfk'
=Uppi1 — QUpk 1 + QU i1 — QMU 1.

By Lemma 2

—QUpik-1 = —PQUpp 52+ Q*Upik 1
> = Q"M U1 + QUp—g1 = Q Vg
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Thenn > m + k + 2. By Lemma 2
PQ Uy -3 > QU1
—QUy g > —Q MUy > — QM Uy 4

Upiksz2 = PUpippr — PQUy k1 + PQ Uik — Q Uy ks
> U1 — QU1 + QUp—p1 = Q Vi

Then n < m + k + 2. Itis a contradiction. [
Theorem 5. Let n > m > k. Equation (7) possesses no solution.
Proof. If Uy = U;. By Lemma 4.
UzVyo < Vi = UzVyp — QVy3 < UzVy—1.

Then V,,_, < Vi < V1.
If Uy = Uy. By Lemma 4.

Usu, 3 < U, < Usl,_,.

Then V,,_3 < Vi < V,,_». Thus, we obtain the contradiction.
It follows from induction and Lemma 4 that

U, 1V <V, < Uy-1Va.
Then V, < Vi < V3. Thus, no integer k makes Equation (7) hold. O
Theorem 6. Let n > m > k. Equation (8) possesses no solution.
Proof. Consider V;, = V., + Q*V,,_; by Lemma 3 (c). If k is even. Then
n>m+k+1.

Vit < Vinss + QVik < PV + Qi
which is equal to
Virko1 < —Q 1V,
However,
Vi1 > (=Q Wy > (-Q Wi,

a contradiction.
If kis odd. Thenn < m + k — 1. By Lemma 2 and Lemma 3 (c).

Vi = Q Vi = Viurk = PVoiko1 — QVisk—2 > Vi — QVykz > Vi — QFV, i
O
Theorem 7. Let n > m > k. Equation (9) possesses no solution.
Proof. By Lemma 3 (d). We can transform Equation (9) into
DVy = Vyok — Q. (19)

By Lemma 2. We have DV, < 2V, . This implies that n < m + k.
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Since
Vinsk = PVigk1 — QVingk—2 = (P° =2PQ)Vigk—3 + Q° = P’ QVigis.  (20)
We plug (20) back into (19).
(P* — 4Q)Vyy = (P> = 2PQ)Vyy k3 + (Q* = P2Q)Visk—a — QVii
By Lemma 2.
(Q* = P’ Q)Viik—a > (—Q)*Visi—a > —QVp g

This implies
(P2 —4Q)V, > (P? = 2PQ)Vyp k3.

We see that n > m + k — 3. The proof falls into two conditions.
If n = m+k — 1. Then

(P> = 4Q)Vipsk—1 = Visk — Q Vi
It can be deduced that
_QVerkfl < (—Q)ka,k.

However, we have
*QVm-Q—k—l > (*Q)ka+k+l

by Lemma 2.
If n = m+k — 2. Then

<P2 - 4Q)Vm+k71 = Vms+k - Qkafkr

which is equal to
—3QViik—2 = —PQViik—3 — QVig. (21)

The left-hand side of (21) is equal to
—3QVintk—2 = —3PQVik—3 +3Q° Vi k4.
Thus, we obtain
—3PQVy k-3 +3Q%Viik-4 = ~PQViik3 — Q Vi g
It is a contradiction by Lemma 2. Since
=3PQVinyk—3 > —PQVyir 3

3Q%Viik—s > QVipsk—s > —QVyy.
O]

Theorem 8. Let n > m > k. Equation (5) possesses no solution.

Proof. If triple (a,b, c) is a solution of the equation. Then b | ¢ holds for U}, | U,. Clearly,
suppose ¢ = kb for k > 2.

UpUyy = Uy > Uy = UpUyyq — QUyU,—1 = PU — 2QU, U, > PU; > U,U,,

which is impossible. [
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Theorem 9. Let a,b,c,d be natural numbers. Equation U,U, = U.Uy holds if and only if
U, = U, and Uh = ud, u, = Ud, and Uh = U..

Proof. If a < b,c,d < 3. Then U, = U:U;. Applying Theorem 8. We know that either
U =U.=1and U, = Ujor U, = U; = 1 and U, = U,. Next, we assume that
3<a<b,cd Apply (14),

1
Upp—2 = 5 [Ualy + Q*Us—2Up ]
1
< ﬁuaub < Uaub = Ucud
= Ueyg1+ QUe2Uy >
<Uctg—-

Thus,
Upp—n < UUp < Upyg—1.

It is clear that a +b < ¢ + d. The proof of c +d < a 4 b follows in a similar manner.
Thus, we obtain a 4+ b = c + d. Repeatedly using (13),

U,Uy, = Ucly
= UpUp1=Uc1Uj

=  WlUpgi2 = Ue—gr2Ug—g42

= Ub—a+2 = ucfa+2ucfa+2-

By Theorem 8. We have U._;42 = 1 or U._;42 = 1, which implies that either a = ¢
andb=dora=dandb=c. 0O

Theorem 10. Let a, b, c,d, and e be natural numbers. Equation U,U,U, = UyU, has no solution
with3 <a,b,c,d,e.

Proof. Ifa,b,c,d,e € N. We assume that (a,b,c; d, e) is a solution of the equation U, U,U, =
U,U,. Suppose 3 < a,b,c,d, e. By (15),

uﬂ+b+c—2 = uuub+c—1 - Qua—lub+c—2
= U,UpUe — QU Uy U1 — QU 1 Upy 2
> U,UpU,.

By (17),
Ujie—p < Uyl = U UpUe < Ujpypic—n-

By (18),
Upipye—s < UgUpUe = UgUe < Ugye—1,

which implies thata +b+c—3=d +e—2.

Ujre—e < UgoUe 2 = Ujye5+ QUy_3U, 2
=Ugipre6+ Qud73ue—2

1 Q
<Uatpre—6 = pUatpre—5+ 5 Uatbre—7

1
< §Ua+b+C75

< Uptptc-s-
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Then, we have d + e — 6 < a + b+ ¢ — 8, which is impossible. [

LetP >1,Q < 0, and ged(P, Q) = 1. Next, we solve Equations (10)—(12) using the
primitive divisor theorem of Carmichael.

Theorem 11. The only nontrivial solutions of Equation (10) witha > 1, b; > 1. and n > 2 are
(2;2---2),(6;3%,2---2),(6;3,2---2),(12;6,4%,3,2 - --2),(12;4%,3%,2- - -2)
Here, nontrivial solution means that n > 2,b; < 1foralli=1,...,n,anda > 1.

Proof. If a =12, P = 1,and Q = —1. Then, we obtain
Up=144, Ug=38, Uy=3, Uz=2.

Note that
144 = 2432,

Then
Uy, = UgU2UsUS.

Uy, = UZU5US.

If m > 7 orm = 3,4,5. By Theorem 1, there exists an odd primitive prime divisor p of
U,. We see p does not divide any generalized Fibonacci numbers Uy with index less than a.
Next, consider m = 2,6. If m = 2. Then

Uy, = Ul - - - Us.

holds if and only if U, = P = 1.
If a = 6. Assume Equation (10) has a solution (ny,ny,- - - ,n5) for6 > ny > nyp--- > n,
s > 2,and ns > 1. Obviously, n; # 5. If n; = 4. Since ged(Ug, Uy) = Uy. It follows that
U, = Us.
Then
Uy, — U, = P(P2—2Q —1) = 0.

Because P > 1 and Q < 0, Equation (10) has no solution. If ny = ny = 3. Since U, = P.
Uz = P> — Q|P? —3Q.

Then
Us = P> — Q| - 2Q.

It follows that P2 = —Q, P2 — 3Q = 2Uj3 and
Ug = 2U3U,.

IfU; =P>—Q=-20Q0=2 WeobtainP=1Q = —1and
Us = USUS.

If U = P =2and Q = —4. Itis contradict to ged(P, Q) = 1.
If 1 = 3 and ny = 2. We have

Us = UsU5™.

and
ub=pr =pP2-3Q. (I1>2)
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However, it is contradict to ged(P,Q) = 1if P# land P # 3. If P = 1.
P2-3Q=1,
which has no solution with P > 1and Q < 0. If P = 3.
81 —36Q +3Q> = 3'*2 -3/,

which has a solution with P > 1 and Q < —6.
If 1 = 2. Then U, = P divides
Us

= P*—4pP2Q +3Q°%
U,

Observe that ged(Ug, Up) = Up = P, which is also contradict to P not divides

Us _ps_ 4P*Q +3Q%.
U,
O

Theorem 12. Equation (11) has a finite nontrivial solution. Here, nontrivial solution means that
n>2>b<1lforalli=1,...,nanda > 1.

Proof.

Case 1 ais odd and a > 6. By Theorem 1. There exists an odd primitive divisor p of U,.
Therefore, p does not divide any generalized Lucas number with index less than a. Since
p|U,, we see that U, is not a product of generalized Lucas numbers.

Case2a = 2! m,l > 1,m > 5 and m is odd. By Theorem 1. There exists an odd
primitive divisor p of U,,. Moreover, p does not divide any generalized Lucas number with
index less than a. Since p|U,, and U,,|U,. We obtain U, is not a product of generalized
Lucas numbers with index less than a.

Case3a =32

u3.21 - V3‘2l—1 V3‘21—2 e V6V3U3 (22)

Since

Uz =P>—Q>P=V;
Equation (11) holds if and only if

Uz =P>—Q=Vy=2.

Which contradict to b; > 2.
Case4a = 2!
Uy = Vo a Vo= Vo Vi (1 > 2). (23)

We show that the representation of U, is unique for [ > 0. It is easy to check that
U, = Vily.
Consider the equation
Uy = Vo Vi - Vi, = Vo i Voo - - - VO V1. (24)
wherel >2,al >4a2... > ak. By the identity Uy, = U, V. Transform (24) into

Uy 1Upg, Viy -+ Vi = U, Uy Vi -+ - Vo V. (25)
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If 2! > 2a;. By Theorem 1, there exists a prime p dividing 2/ but p does not divide any
term on the left-hand side of Equation (25). It is a contradiction. Similarly, 2a; > 2! leads to
a contradiction. Therefore, 2a; = 2!. Equation (24) is reduced to

Vay o Ve = Voo Vi - - VO V7.
Repeat the same process, we obtain
ap, = 2172, az = 2173,- e
Equation (24) is reduced to
WV =V - V.
Itis obvious thatay = 1,4; =2. O

By Theorem 11, Equation (12) has a nontrivial solution if and only if P = 1 and
Q=-1

Theorem 13. The only nontrivial solutions of Equation (12) with 1 < a1 < ap < -+ < ay,
1<by <by<---<byare

(3,...,36,...,6) , m=3n

(3,...,3,6,...,6,4,...,412,...,12) , a+3b=4n

b
/—/a‘\ —
(,...34,...,46,...,612,...,12) , a=3b+4n
b
/—’a“\ —
6,...,64,...,45,...,312,...,12) , 3a=Db-+4n
a b

—NN—
3,...,3,4,...,412,...,126,...,6) , 3b+6a=m

Here, nontrivial solution means that ai,b]- > 1and a; # b]- foralli = 1,...,m and
j=1...,n
4. Conclusions

In this paper, we mainly solve some Diophantine equations of the form A, --- A, =
By, -+ - By, Ct, - - - Ci,, where (Ay), (By), and (C;) are generalized Fibonacci or Lucas num-
bers. Our theorems show that no generalized Fibonacci numbers can be expressed as the
product of generalized Fibonacci or Lucas numbers except the trivial cases. In general, two
different products of generalized Fibonacci numbers are not equal except the trivial cases.
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