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Abstract: Open quantum systems are, in general, described by a density matrix that is evolving
under transformations belonging to a dynamical semigroup. They can obey the Franke-Gorini—
Kossakowski-Lindblad-Sudarshan (FGKLS) equation. We exhaustively study the case of a Hilbert
space of dimension 2. First, we find final fixed states (called pointers) of an evolution of an open
system, and we then obtain a general solution to the FGKLS equation and confirm that it converges
to a pointer. After this, we check that the solution has physical meaning, i.e., it is Hermitian, positive

f':e‘;:gt?; and has trace equal to 1, and find a moment of time starting from which the FGKLS equation can
Citation: Andrianov, A.A.; Ioffe, be used—the range of applicability of the semigroup symmetry. Next, we study the behavior of a
M.V; Izotova, E.A.; Novikov, O.0. solution for a weak interaction with an environment and make a distinction between interacting and
L non-interacting cases. Finally, we prove that there cannot exist oscillating solutions to the FGKLS
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equation, which would resemble the behavior of a closed quantum system.
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) 1. Introduction
Received: 16 February 2022

Accepted: 31 March 2022 Closed quantum systems are described by the Schrodinger equation. If we take a
Published: 6 April 2022 pure initial state, it will always stay pure during the evolution of the system undergoing
the unitary symmetry transformation. This equation can be put in another form, using a
density matrix—it is a Liouville equation.

When we proceed to open quantum systems, we find that environmental influences
may transform an initial pure-state density matrix into the mixed-state density matrix [1-3].
Then, the Schrodinger equation can no longer describe this transition; a density matrix is
evolving under transformations belonging to a dynamical semigroup and the standard

BY equation for this case is the Franke-Gorini-Kossakowski-Lindblad-Sudarshan (FGKLS)

Copyright: © 2022 by the authors. equation [4-6] :
Licensee MDPI, Basel, Switzerland.

This article is an open access article . . 1
t i t p = —ilH,p] + ) LWpL@T — 23 YL@, p (1)
a a

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://  Here, p is a density matrix of the system, H is a Hamiltonian of that system, L(%) are a set
creativecommons.org/licenses /by / of operators that incorporate an interaction of a system with an environment. The latter
40/). Lindbladians generate deviations from purely unitary evolution and the entire evolution

Symmetry 2022, 14, 754. https:/ /doi.org/10.3390/sym14040754 https://www.mdpi.com/journal /symmetry


https://doi.org/10.3390/sym14040754
https://doi.org/10.3390/sym14040754
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0001-7910-394X
https://doi.org/10.3390/sym14040754
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym14040754?type=check_update&version=3

Symmetry 2022, 14, 754

2 of 20

operators belong to a set of a dynamical semigroup. This approach has quite a few ap-
plications in the analysis of decoherence in nonrelativistic quantum systems [1-3]. We
notice also that recently the FGKLS approach has been found to be fruitful in high-energy
physics [7-9], condensed matter [10-12] and quantum biology [13,14].

This equation indeed describes well open quantum systems. We can see this if we
take the system of interest and an environment as a large closed system that is described
by the Liouville equation. Then, provided that the current understanding of the quan-
tum theory remains to be valid on the fundamental level, the FGKLS equation should
arise as an effective description of a subsystem of the larger system that includes environ-
mental degrees of freedom that is assumed to undergo the unitary evolution driven by a
self-adjoint Hamiltonian.

It will be of the FGKLS form if one ensures the positivity and completeness (its trace
equal to 1) of the density matrix, as well as its complete positivity [15], which delivers
exactly this form of the equation. It is linear and supports the superposition of quantum
states. Thus, it may substitute the Schrodinger dynamics of wave functions by the extended
fundamental dynamics of density matrices [16]. The Lindblad operators L(*) may be
associated with elements of measuring apparatus [16] or with an external noise [17]. This
kind of quantum dynamics may be referred to as a non-Hamiltonian one [18].

As the system interacts with an environment, the process of decoherence takes over.
During this process, pure quantum states transform into the mixed ones, the information
about the initial state partially becomes lost, and the system becomes more classical. As
expected, the system may reach a certain final state, which is the same for all initial states.
Such final states are called pointers [19]. The fact that they are robust and do not change
over time is expressed by the following simple equation:

p=0 t= tfinal' ()

The goal of this work is to study in detail the decoherence process for the systems of
a small dimension of the Hilbert space equal to 2. We exhaustively consider all possible
forms of a Lindblad operator: diagonal and Jordan block type. In the second section, we
find pointers for these two cases. In the third section, we obtain a general solution to
the FGKLS equation and confirm that it indeed converges to a pointer with time. In the
fourth section, we check that the obtained solution has physical meaning, i.e., the density
matrix is Hermitian, positive and has trace equal to 1. In the fifth section, we explore how
the solution behaves for weak interaction with an environment. In the sixth section, we
make conclusions about the existence of oscillation solutions, resembling the solutions of a
closed system. In the seventh section, we summarize and make final remarks. This work is
partially based on our previous study in [20].

2. Pointers for the FGKLS Equation in Two Dimensions

Let us consider the FGKLS equation for the systems in two-dimensional Hilbert space:
both the Hamiltonian H and the Lindblad operator (For simplicity, the case of one Lind-
blad operator L will be considered. Generalization to the systems with many operators
L(®) is straightforward.) L describing interaction with the environment are 2 x 2 oper-
ators. We build the Hilbert space spanned on a two-level energy orthonormal basis of
H|E;) = E; |E;); | = 1,2: an arbitrary orthonormal basis in this space is |;) = Zij i | Eg)
with unitary matrix U coefficients. The Hamiltonian, generated by a Hermitian matrix of

the size 2 x 2, takes the form
ik=2
H=Y eplp:) (rl. 3)

ik=1

On the same basis, the Lindblad operator is defined as:

ik=2

L=c ) Lilpi) (il )

ik=1
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with arbitrary complex coefficients /;; and real coefficient c, which will be useful further on
to control the behavior of solutions for small L.

The density matrix
ik=2

o= fult) i) (wl (5)

ik=1
has to satisfy the well-known FGKLS equation

S t_1fy
p = —i[H,p] + LpL Z{LL,p} ©)

and to obey the following properties:
1. p is Hermitian: p = p%, i.e

fif2o €R; fon=f ()

2. Trp=1:
fut+fo=1 8)

3. p is non-negative.

Further on, the first two properties will be taken into account directly in the equa-
tions, while the last one will be checked for the obtained solutions of (1) postfactum.
By default, the basis elements |i; > as well as coefficients ¢;; and [;; are assumed to be
time-independent.

Substituting the expressions (3)—(5) into the FGKLS equation (1) and taking into
account the first two properties of p above, we obtain:

fi1=Afi1 +Bfaa+Efia + E* fr )
fro = —Afi1 — Bfxo— Efia— E*fn (10)
fi2=Gfun+Hfn+ Jf12 + Kfnn (11)
fr1 =G fi1+H foo + K fio + J* fo1, (12)
where

B = c?|lp,? (13)
E =iey + 502(111112 —I3l1) (14)

. 2 * 1 * 1 *
G =ieyp +c“(lnnlyy — 5111112 - 5121122) (15)

. 2 /1% 1 * 1 *
H = —ieyp + (Il — 5111112 - Elzllzz) (16)
. L1 1 1 1

J = —ile+c*(Inl3, — §|l11|2 - 5\122\2 - §|l1z|2 — §|121|2) (17)
K = Pyl (18)

where Ae = €17 — €.
By definition, the pointers of the FGKLS equatlon are solutions p(P) of (1), which

become stable asymptotically for large t — oo, i.e., fik (t = 00) = 0 Thus we have the

system of three linear equations for independent variables fl(f ), 12 f12
(A-BAD +ERD +E AP = (19)

(G-EfY + 1A + Kf(”) = (20)
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or, in a matrix form:
—|la]? = |l [? iex1 + 3 (Inlfy — lpl1)  —ienn + 3 (I h2 — Iol3y)
2ieyy + l1ly, — Uyl 5 Il
—2ieyy + 1511 — Il Il L
(»)
11 - ”113 2
(p) > —H
12 c

where | and H are given by (17) and (16), and e;; are defined as eij = i—‘{ The existence of
pointers depends on the determinant of the matrix in (22). After choosing an appropriate
basis, a Lindblad operator L can be reduced to one of two possible forms:

e  The Lindblad operator is diagonal;
¢  The Lindblad operator is a Jordan block.

2.1. Diagonal Lindblad Operator

For the diagonal operators L,

(A0
t=<(y o) 3)
with complex values A;, Equation (22) for the pointers becomes:
0 a a* 1(1p ) 0
2" b 0| x| P | =|-a (24)
—2a 0 b* f(l’) * —a
12
where a = ie; and b = —i(eq; — ex) + MA; — 3[A1[?> — 1|A2|% The determinant of the
matrix in (24) is 2|a|?(b + b*) = —2|es1|?|A1 — A2|?, and several cases have to be considered:

e  Determinant of the matrix in (24) does not vanish:

lex|*| A1 — Aaf? #0,

1
o= (3 1) 25)

This pointer does not depend on the parameters c, A1, A, in L, being a maximally
mixed state.
*  Determinant vanishes due to e;; = 0. Two options in this case exist:

and the solution is:

1. If, additionally, b vanishes, i.e., —i(e;1 —ex) + A1AS — %|/\1|2 — %|A2|2 =0, the
pointer is an arbitrary matrix with unit trace:

p(P) — (flif; fl(g)(p)>' (26)
fo 1 _fll

2. If, additionally, b does not vanish, i.e., —i(e11 — ex) + A1A; — %|A1 |> — %|A2|2 £ 0,
the pointer is an arbitrary diagonal matrix with unit trace:

(p)

(r — [ /11 0 )

pr = (27)
(0 1- AP
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¢ Determinant vanishes due to A; = A;. Then, the pointer is expressed via one arbitrary
(p) .

real parameter x = f)

2x—1
(p) — x €12 €11—€22 2
1Y <321 231 1= (28)

€11 €22

2.2. Lindblad Operator of a Jordan Block Form

Let us consider the operator L of the Jordan block form:

L:c(/\f+a+):c(g i) (29)

with complex A; and real parameter ¢, which will allow us to make operator L small
if necessary.

A remark on the form (29) is appropriate here. The FGKLS equation with such L, L
can be transformed as follows:

o = —i[H |+ A+ )pAMT+0 ) -
%czp()t*f—i— oYM +oy) - %CZ(/'\*IA—i— o YA +oy)p
= —i[H,p] + 2o pr — %cz((r,mp +p0_0). (30)
This means the invariance of our model under simultaneous replacements:

L=c(Al+0,) — L=coy, (31)
~ 1 2
H — H:H—%(Aa_—A*a+). (32)

Thus, instead of the Jordan block (29) form of the Lindblad operator, the nilpotent operators
o+ might be used up to a shift in the Hamiltonian onto a fixed Hermitian matrix. These
two models are equivalent, and below, the form (29) will be used.

A possible simulation of environmental effects to obtain a Lindblad operator of a
Jordan block form is presented in the example in Appendix C.

Now, we come back to solving the FGKLS equation for a general case of a Lindlad
operator of a Jordan block form.

Matrix equation (22) is simplified as:

-1 a a* 1(1’7) -1
—2a* b 0 fl(f ) | = | —a (33)
—2a 0 b* (p)x —a
f12
where a = iey + %A and b = f% —ile, Ae = e11 — eo.

The expression for the determinant of the matrix in (33) is obviously negative:

1 1
—[b? +2]al*(b +b") = = i (Ae)* —2ex — 517\\2 <0,
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and the solution of Equation (33) { fl(f ), fl(g ), ;‘12} exists:
y = 1({’) fl(é’) _ 1 a2+ b2 a*b* _
=l ) el e
_ 7(}1 +(Ae)? + Jex + RiAPR (i + 3N (=1 + iAe)> 34)
(ieg1 + 3A) (—3 — iDse) lex1 — 3iAl? '
1

14 (8e)2 +2eg; — JiA[2

This solution is physically reasonable, since Tr o, = 1, and positivity of p, is provided by
inequality detp, > 0.

*  For the special case of degenerate H, thene; = ¢, H = ¢ <(1) (1)> , the pointer is

1 AP+1 —A*
i = i on ar) o

It does not depend on parameter c. This is because, for such H, the first term in the

Lindblad equation (1) with pointer condition (2) disappears, and the parameter c, after

substituting L (29), falls away.

In Appendix A, one can find the expression for a pointer for weak interaction with the
environment.

3. The General Solution of the FGKLS Equation in Two-Dimensional Hilbert Space
3.1. The Case of Diagonal Lindblad Operator

To find the general solution of the FGKLS equation (1) with the Lindblad operator of
diagonal form (23), one has to solve the system of three linear equations:

f11 = iex1 frz — ienafa (37)
. . ) 1 1 .
fi12 = 2iepp fu1 + <—1A£ - 562|/\1|2 - §C2|/\2|2 + CZ)\l)\;)flz —igqp (38)
. . ) 1 1 .
fo1 = —2iex f11 + <1A€ - 502|/\1|2 - §C2|/\2|2 + CZAT/\Z) Ja1+ien (39)

The trace condition (8) will give the solution for the variable f;; as well. The solution of this
system of differential equations is the sum of a partial solution of the non-homogeneous
system and the general solution of the homogeneous system.

Since only the pointer (34) can obviously play a role of partial solution to this system,
the problem left is to find the general solution of the homogeneous system of equations,
which in the matrix form is:

fn
fiz | =
fa

0 i€21 —iSlz
2ieyy  —ile — 2 |A1[% — 12| A0 )% + PAgAs 0
—2igy 0 ife — $c2| A1 ]2 = 12|02 + @M% A,

fu1 fun
X (le) =A (flz) (40)
f2 f21
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We will look for solutions in the form

fua(t) . .
fa(t) | = X(t) =MV (41)

far(t)

U1
where V is a constant vector: V = vy |, Ais a c-number.
U3
Thus, the general solution of the non-homogeneous system of equations can be written
as (Concerning some exclusions, see an important remark at the end of this subsection.)

1) 2 3)

fa(t) fr1 0 U &)
o) | = foia | + creMt vél) 1 cpehet z)§2) 1 cqelt 053) (42)
le (t) prl 'U:E)l) 'Uéz) 'U:(})S)

where ¢y, c3, c3 are arbitrary complex constants.
Substituting (41) into (40), one gets

AeMV = ANV = (43)

= AV = AV (44)

Thus, we need the eigenvalues and eigenvectors of the matrix A (defined in (40)).
Equation (44) can be represented in the following form:

0 ieny —ieqp 4
2iery  —ile — 1A% = LAz2 + MAS 0 v | =

—2iey 0 iNe — %‘Al‘z — %‘)\2|2 + ATAZ U3

U1
=s| 02, (45)
U3

) e
where we have made a new notation: s = C%, eij = C—’ZJ

The characteristic polynomial of the matrix in Equation (45) is

S3 +52|A1 — )\2|2
2

1. 1
+s [4lepn|* + Ae+ Si(MA3 = AfAz) +ZL\/\1—A2|4 +

+2le1a?[A1 — A2 =0 (46)

Next, we have to consider two cases: when the last term vanishes and when it does
not. These two cases give completely different dynamics of a system.
1. €12 = €21 = 0 or /\1 = /\2:
Solving Equation (46), we obtain
s =0 (47)

2

1 . 1.
523 = —§|A1 — AP £ Z\/4|€122 +|e1n —exn + 51()\1)% —AjA2) (48)

We see that, when A; # Ay, according to (42), last two exponents decrease, while the
first one reduces to a constant, which merges with a pointer. Therefore, we conclude
that, during the evolution, such a system approaches a constant that is not constrained
by interaction with an environment, parameters in Hamiltonian, etc.

When A = Ay, the real part of s, 3 vanishes, and we have neverending oscillations of
a solution.
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2. |812|2|/\1—/\2|2 ;éO:
Below, we will prove that, for this case Res < 0 for each root s of this equation, i.e,
according to (42), p(t) converges to the pointer p,, for t — oo. In general, two options
are possible for this case.

(a) All three roots of (46), s1, s», s3, are real
The form of Lh.s. of (46) is such that it is strictly positive for s > 0, and therefore,
51,52, 53 have to be negative.

(b) Equation (46) has two complex roots, s, s*, and one real root ¢
To start with, we write Vieta’s formulas for Equation (46):

2Re(s) +t= —|A; — Ap|? (49)

TN
|5 +2Re(s)t = 4lena|* + |Ae + Si(A1A; = AA2)| + 7l — A2 (50)

5|2t = —2[e1n|*| A1 — An|? (51)
|s|2 # 0, since s = 0 cannot be the root of (46). Therefore, from the last equation,
it is obvious that t < 0.

We are left to prove that Re(s) < 0. Expressing |s

Equations (49)—(51), we get the equation for Res:

> and t from the system of

Re(s) 4 |A; — A2> Re(s)?

1 LN -
+ ‘612|2+*A6+*Z(/\1/\2—)L1)\2) +f|)\1—)L2|4 Re(s)
4 2 16
+ 1|e |2+1Ae+1i(2\ A*—/\*A)2+i|)» — MM = AP =0 (52)
4 12 8 2 1742 172 32 1 2 1 2 —

As before, we notice that Res > 0 cannot be a solution of this equation; therefore,
Res < 0.
The fact that Res1, Re sy, Re sz < 0is very important. It signifies the vanishing of the
exponents in the general solution of the Lindblad equation (42) over time (according
to the definition, A1 = c2s, Ap = ¢%s*, A3 = c2t), which, finally, gives that the density
matrix for any values of the parameters in H, L (of the form (29)) converges to the
pointer (34).
The other forms of the solution, not of the type (42), one can find in Appendix B, where
we analyze the coinciding roots of the Equation (46).

3.2. The Case of the Lindblad Operator of the Jordan Block Form

For the case of the Lindblad operator in the Jordan form (29), the FGKLS equation (1)
also can be rewritten in a matrix form:

fll -1 i€21 + %)\ *1.812 + %/\* fll
fiz | = | 2ien — A" —i(enn —ex) — 3 0 fi2 (53)
f21 —2iey; — A 0 ilen —en) — 3/ \fu

and f can be found from the trace condition. Equation (44) can be represented in the
following form:

—1 ieo] + %/\ —iepp + %)\* U1 U1
2i€12 —A* *i(é’n — 822) — % 0 Uy | =8| 02 (54)
—2iep1 — A 0 i(611 — 622) — % 03 U3

where s is defined as follows: s = C%



Symmetry 2022, 14, 754 9 of 20

The characteristic polynomial of the matrix in Equation (54) is

2
>s
2

> =0 (55)

Next, we have to prove that Res < 0 for each root s of this equation. It means,
according to (42), that p(t) converges to the pointer p, for t — co.
Two options exist for the cubic equation (55):

5 1 .
s>+ 252 + <4 + (e11 — ex)? +4'2A +iey

1 1 .
+ (4 + (611 — 622)2 + 2’ E)\ + 1671

1. If the roots of (55), 51, 52, 53 are real, they are negative. Otherwise, the left part of (55)
would be strictly positive but not 0.

2. If Equation (55) has two complex roots s,s*, and one real root ¢, all of them have
negative real parts. This important fact is derived by means of the well-known
Vieta’s formulas.

To start with, we write Vieta’s formulas for Equation (55):

2Re(s) +t= -2 (56)

2

5 1 .
|s|2—|—2Re(s)t = E—F (611 —622)2-1-4’2)\4‘1621 (57)

2
) (58)

|s|= # 0, since s = 0 cannot be the root of (55). Therefore, from the last equation, it is
obvious that t < 0.

We are left to prove that Re(s) < 0. Expressing |s
Equations (56)—(58), we get the cubic equation for Res:

1 1 .
|S|2t = — <4 + (611 — 622)2 + 2’2)\ + 1671

| 2

> and t from the system of

21 1 1. .
Re(s)® +2Re(s)” + Re(s) <16 + 1(611 —en)?+ ‘2/\ + e ) +
24-1(6 —e )2+§1A+ie ’ =0 (59)
3 Tglen e il2 21 = 0.
As before, we conclude that Res > 0 cannot be a solution of this equation; therefore,

Res < 0.

The fact that Re s, Re sp, Res3 < 0 is very important. It signifies the vanishing of the
exponents in the general solution of the FGKLS equation (42) over time (according to the
definition, A; = c%s, Ay = c?s*, A3 = c%t), which, finally, gives that the density matrix for
any values of the parameters in H, L (of the form (29)) converges to the pointer (34).

For the Linblad operator of the Jordan block form, we have also found the other forms
of the solution, not of the type (42), corresponding to coinciding roots of (55). One can find
the complete analysis in Appendix B.

4. Positivity of the Solution of FGKLS Equation

Next, we have to make sure that the remaining property of the density matrix p(t) is
satisfied—namely, that it is positive. Otherwise, it does not have physical meaning. For
this purpose, we shall take explicitly into account in (42) that the condition Trp(t) = 1 (8)
has to be satisfied for any moment of time including asymptotical ¢ — co. Therefore, the
solution (42) can be rewritten in a matrix form (we consider only the case of non-coinciding
roots s;):
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_(fo1 fr2
p() = (fim szz)Jr

(1) (1) 2) (2) ®) 3)
2 (v v 2 (v v (v v
c1e”t <U%1) ;m) + c2e%° (0%2 2(2)> + c3e%" <v§3) _;(3)> (60)

37 T01 37 70 1

—

After this, we shall parameterize it conveniently, representing all the complex numbers
in the polar form:

k= rkei"’k, vl(k) = ocl(k)eiﬁ(k), k1=1,2,3 (61)

and then constrain the expression by the hermiticity condition (7). We obtain the following
parametrization:

*  For the case of two complex roots and one real root (s1,52 = s7 € C,s3 € R):

p(t) — (fpll fp12> + ue_i¢eslc2t (de_fé be—i/)/ )

fro1 fr22 ae” e~
, i ' ib

+ ueifesic’t de ae“"}s + et h 8 pe? (62)
be'r  —dé peiz  —h

wherea,b,d,p,h,u,w € Ry, a,B,7v,6,¢ € R.

Since (v%, 0%, 0%) is an eigenvector of the matrix A from (40), {vl(k)} are completely
determined by the particular form of the Hamiltonian H and Lindblad operator L,
i.e., by the values of parameters €1, €5, ¢, A. Therefore, {a,b,d, p,h,a,B,,d} are also
completely determined by H and L. As for {u,w € Ry, ¢ € R, “+” sign}, these are
free parameters. They depend on the choice of the initial state p(0).

e  For the case of three real roots (s1, 53,53 € R):

_(fm fr2
plt) = (fzm fizz)i

(3) ,s3¢%t K p(S)eiﬁgﬁ
w'e ) 50 (63)
p

where {p(k),h(k) € R+,[3(k) € R, k =1,2,3} are determined by H and L, while {+
signs, wh eR,, k=1,2, 3} depend on the choice of the initial state p(0).

Interestingly, the initial state has just exactly three real parameters: x,y,z € R,

B z X+ iy
p(0) = (x—iy 1—z>

The correspondence between {x,y,z € R} and {u,w € Ry;¢ € R; £} or {=£ signs,
w®) € Ry, k = 1,2,3} is a problem to be solved. The choice of signs ”+” could signify
several different paths that the system may choose to take.

In order to check the positivity of (62) and (63), we need to take the determinant of
this matrix p(#) and find the conditions (i.e., the moments of time t), when the determinant
detp(t) is non-negative. The resulting inequalities are not solvable explicitly in a general

form. Therefore, we will restrict ourselves by the particular case when there is only the last
exponent in (62) and (63) with a real value s3 :
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iP
o) = (T ) e P (64)
fro1 fp2 pe~iz
We will denote £we%¢’* as x, and the positivity of the density matrix means:

iB
fp11 + xh fp12 + xpe'z

detp(t) = v
prl + JCp(i'il7 fp22 —xh

B _ib
—x? (Pz + hZ) + x(hprZ —hfp11 — pe'z fro1 — pe 12fp12> + fo11fpe — fro1fpr2

—(P2+h2) (x —x1)(x —x2) >0, (65)

or,
2
x1; < £west < xy (66)

where x1, x2, x1 < xp, are the roots of the quadratic polynomial above.
One of Vieta’s formulas gives

— (P2 + 1) x1x2 = fp11fp2 — fo1fp12 > 0 (67)

The latter inequality follows from the positivity of the pointers in Section 3. It means that
X% <0=x1 <0,xp >0.
There are three options to fulfill the inequality (66):
e w=0
It is a trivial case. p(t) is just a pointer in any moment of time ¢. It is positive, as we
checked earlier, and the inequality (66) is obviously correct.
e “+”sign,w >0
The inequalities (66) are reduced to:

s3¢2t < Inx; — Inw. (68)

Thus, the solution p(t) (64) of the FGKLS equation has physical sense only for

Inw —Inx,
> —= 69
> (69)
e “signw >0
In a similar way, we obtain:
53¢t < In(—x7) — Inw, (70)

and possible time is:
< Inw—1In(—x)

ol (71)

For w # 0, only these time intervals provide a reasonable solution of the FGKLS equation.

5. The Behavior of Solutions for Weak Interaction with Environment

In this section, we examine the behavior of the solution (60) when interaction with an
environment disappears, i.e., for ¢ — 0.

We start from the Lindblad operator L of diagonal form (23) solving Equations (45)
and (46) by means of perturbation theory with parameter c?. For simplicity, we take the
case of diagonal Hamiltonian €15 = €p; = 0. Since, in all the equations, we have integer
powers of c?, we decompose the parameters A of the general solution (42) in a series:

A=c*s=ay+ac*+... (72)



Symmetry 2022, 14, 754

12 of 20

In the leading order, Equation (55) reads:
ag +a1(e11 — €)* =0 (73)

with three solutions: a9 = 0, and a9 = +i(e17 — €22). Considering next-to-leading order of
Equation (46), we obtain for a; :

oy = M= Mal?a) ¥ agi(A; —AjAg)Ae
3a3 + (e11 — ex)?

(74)

which gives three options:

e gy=0anda; =0;

o ap=i(enn —ex)and @y = —J(|A1[2 + [A2]> — 2A%A,);
o a9 =—i(e;; —ex)and a; = — 5 (|M[? + |A2]® — 2A4A%).

Then, the general solution of (42) with diagonal L for small c? looks like:
o(t) = Veonst +eiAetf%(\/\l\2+\/\2\272/\’1‘)\2)c2t+...vl +efiAetf%(\/\l|2+\/\2|272/\1)\§)c2t+‘..01 (75)

where v¢oust, v1 are time-independent matrices. One can check explicitly that the real parts
in both exponents of this expression are negative.

For the case of the Lindblad operator with Jordan block structure (29) and diagonal
Hamiltonian H for small values of c2, the behavior of the solution (60) can be obtained in a
similar way:

A=c*s=ag+aic®+... (76)

In the leading order, Equation (55) reads:
ag +ag(en — e2)* =0, (77)

providing again three solutions: ag = 0 and ag = %i(e11; — €2). Next, we find a1 considering
next-to-leading order of Equation (55):

2&1(2) + (811 - 822)2

ap = — (78)
3a% + (e11 — ex)?
which gives:
e g9=0;, a1 =-1;
_ N
e ay=i(enn —exn); a1 = -3
o ag=—i(ey —ex); a1 =—1%

Finally, solving the eigenvector Equation (54) in the leading and next-to-leading order,
we get for the density matrix:

( ) ( ) 2 LK 2
o(t) = <f1f f1§>+c1eczf+-~< 1‘+Axci +.o.. i+l > .

() £(p) _ Do
L fa Y=y T 1—xcc—...
1; A"
CzeiASt*%Cthr-" _71511*822 R O*t o +
1+y?+... LiA<
11 €22
1: Ac? 2
Cinet—Ltp [ 2lE—agy T 1z A L
c3e 2 0+ 1 /\CZ + 7 (79)
2l e, T

where ¢y, 3, ¢3, X, Y, z are arbitrary complex numbers.
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Applying the hermiticity condition (7), we further constrain the solution:

(P £(p) 2 A2
o(t) = <f11 f1(2)>+Pec2t+...<1+”C +... 1811222:—...)_’_

fz(f) £ —i%—k... —1—ac
LAk A2
T4yt +... % +...
A2
o —inet—Lcip. (3% + o T4y 4
q¢ 0+ 11')\62 4 (80)
PEREY _j H DY

where p,a € R, g,y € C.
We see that if the Lindblad operator L # 0 has the form (29), it must be that

AR
() = ) '

R

when t — oo, i.e., this system has a pointer (the late-time state of the system) of a very
specific form. This is the effect of decoherence—the loss of information in the process of
evolution of an open system, when the final state loses information about the initial state.

However, if the Lindblad operator L = 0, or ¢ = 0, then we obtain the ordinary solution
of the Liouville equation with oscillating exponents. It contains arbitrary parameters, which
can be fixed by initial conditions. In other words, it does not approach the Lindblad pointer

() (p)

< 1(1) f 1(2)> in the late time limit. Evolution of the system fully depends on the initial
' S

state, and information about the initial state is contained in the final state.

We have seen the same situation in our previous work [20], when (no matter how
small) L # 0 produced a very specific form of the pointer. However, at the same time,
L = 0 suggested that the pointer is a matrix with arbitrary elements (if the Hamiltonian
is non-degenerate, then it is a diagonal matrix with arbitrary elements; if the Hamilto-
nian is degenerate, then it is a matrix with arbitrary diagonal elements and elements,
corresponding to degenerate indices).

6. Unitons

In this section, a special kind of open system—unitons—will be considered, such that,
despite an openness, their density matrix evolution is unitary. In other words, the density
matrix p, () of the system interacting with the environment still obeys the FGKLS equation
with a single Lindblad operator L, but simultaneously its Lindbladian part vanishes:

Lo,L' — %{L*L,pu} =0 (81)

pu=—ilH,pu] & pu(t)= eithpu(O)eth (82)

Keeping decompositions of H and L as in (3) and (4), the uniton’s density matrix is now:
ou =L £ 1) (il (83)
Y
The first relation (81) is written on this basis as follows:

;lmkfk([u iy - 5 ;lkmlklf[(nu) ~5 ;f%lzklzn =0. (84)
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It can be transformed into an explicit form of a matrix with four indexes multiplied by a
vector with two indexes:

Z Apn klfkl =0, (85)

where
Amn Kkl = mklnl lem sk‘sln - Z‘Skmlsl sn- (86)

Thus, the existence of unitons depends crucially on the determinant of this matrix.

e If the determinant does not vanish, the only solution is f,%) = 0 Vm, n, and no unitons
exist in this case.
¢  If the determinant vanishes, three options appear:

—  The solution f,%‘)} has one free parameter.

This parameter is eliminated by the trace condition ) fk(,?) = 1. We have a
constant density matrix that has to satisfy (82). Thus, unitons exist only if they
commute with Hamiltonian: [H, p,] = 0. As a result, the only uniton does not
depend on time: p, (t) = p,(0). Actually, it can be considered as a pointer.

-  The solution {u,, } has two parameters.
One of the parameters is eliminated by the trace condition ) uy; = 1, and the
dependence of the other on time is found from Equation (82). We have a solution
with no free parameters, depending on time in some way.

- The solution {u,, } has three or more parameters.
The same, as in the previous case, but the solution, besides depending on time in
some way, also contains one or more parameters. Their dependence on time can
be chosen in any manner.

We are not able to calculate the determinant for an arbitrary dimension of operators,
and we shall consider again a simpler task of dimension two. Note that, for this problem,
we do not need perturbation theory. Equation (81) loses its part related to the Hamiltonian,
and all the terms there turn out to be of the same order.

Solving Equation (81) in two-dimensional Hilbert space is actually the same as finding
pointers in two dimensions for a vanishing Hamiltonian. This means that we should look
at our previous results of Section 2 and take ¢;; = 0. The matrix equation that we arrive at
is Equation (22) with ], H given by Formulas (17) and (16) with ¢;; = 0.

As before, we consider two types of Lindblad operator:

1.  Diagonal Lindblad operator (23)
The uniton for this case is easily found from the previous results for the pointer (26)
and (27):
(@) Ay = Ay, then

_(fu1 fur2 )
Pu= (fuZl 1—fun ®7)

If this condition for L is satisfied, then every density matrix turns out to be a
uniton, obeying Equation (82).
A # Ap, then

_ (funn 0
Pu= ( 0 1_full) ®8)

Solving (82) for the diagonal density matrix, we see that the density matrix re-
duces to a constant matrix. It is not possible to make non-trivial time dependence
with Equation (82). Unitons do not exist for this case.

2. Lindblad operator of the Jordan block form (29)
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The uniton is found from the previous result for the pointer (34):
AP+
_ 2|A2+1 2[A2+1
Pu - A M‘Z (89)

2P 2R+

Since this solution of Equation (81) does not contain any free parameters, we cannot
construct a uniton that non-trivially evolves in time according to (82). Unitons do not
exist for this case.

We conclude that the only case when unitons exist is when the Lindblad operator is
proportional to the identity matrix. It just falls off from the FGKLS equation. It is a trivial
case that can be reduced to the Liouville equation, for which there is no interaction with an
environment. Therefore, the FGKLS equation does not have oscillating Liouville solutions
for the Hilbert space of dimension 2.

7. Conclusions

Throughout the paper, we have exhaustively studied the evolution of an open quantum
system for a Hilbert space of dimension 2. We obtained final fixed states of an evolution
of an open system (called pointers), and then we found a solution to the FGKLS equation
and proved that it always converges to a pointer. It signifies a decoherence process,
when information about an initial state becomes lost during an evolution as a result of an
interaction with an environment. After this, we checked that the solution has a physical
meaning, i.e., the density matrix is Hermitian, positive and has trace equal to 1, and found a
moment of time starting from which the density matrix is positive, i.e., a Lindblad equation
can be used. Next, we studied a behavior of the solution when an interaction with an
environment is weak. When the interaction is on, the general solution of the FGKLS
equation has a special type, leading over time to a pointer. When it is off, the solution is a
standard oscillating one, provided by the Liouville equation. Finally, we found that the
FGKLS equation does not have oscillating solutions, of the same form as the solutions of
Liouville equation, for the Hilbert space of dimension 2.
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Appendix A. Expression for a Pointer for Weak Interaction with Environment

For the special case of diagonal but non-degenerate Hamiltonian e1 # €3,e1p = €1 =0
and Lindblad operator of the Jordan block form (29), a pointer (34) can be decomposed in a
series over the parameter c, if we imagine that this parameter is small (weak interaction
with an environment):



Symmetry 2022, 14, 754

16 of 20

\/\lz 2 (DFGIAP+ P!
f11 =14 — ZC 51_52)2k (A1)
A o0 ( )k+1( |M2 ) -1
— A2
4 ; (e1 —e2)% (42)
1 1
Ly 2 CDHEVGIAP + R
" 2 k=1;k is odd (81—82)k
1 1
Lo & alcDRGARH DI )
4 k=2;k is even (‘C’l - Sz)k
10 1
R P P G L€ {2 e A
21 =
k=1;k is odd (€1 - 82)](
1
1 - o (1)K (FA2 4 1)3k
e  , ¢ (61— e2)k (A4)
k=2;k is even 1 2
or, more explicitly,
2 AlR(LIA12 4 1
ff)zlfc“ A . c8| (1Al +44) (A5)
4(e1 — &2) 4(e1 — &2)
2011212 4 1
v _ 4 |A[P g M (G IA1" + 1) A
= - 6
fo = —nr T A e (A6
() _ 2 A g N
=C —C
e py R VP
SMARPED | A GIAR+D) )
2(e; — €2)° 4(eq — en)*
(P _ 2 Ay A
fa© = 2(e1 —£2) ‘ 4(eq —€2)?
1y 2 L 1 LAl2 4
sIAGIAR+1) | sAGIAR+ D)
A8
BTy Ty (A8)

Appendix B. Other Forms of the Solution of the FGKLS Equation

The construction of the general solution described above has some exclusions, which
correspond to the coinciding roots of Equation (46) or (55). In this case, the solution (42) has to
be modified: the exponents, corresponding to coinciding roots, acquire polynomial multipliers.

¢ Diagonal Lindblad operator
The analysis of Equation (46) shows that the roots coincide when

Lo Je® = 4l — A2f%,
and
Ae + Ji(A1AS — AtA) g A A — At
2 1742 1742 108 171 217
then
M =aP
§1 =8y =53 = B

The solution is of the form:

A—221% o M=o 5 M1 o
— c°t +te” 3 CtZ) +t287fct

p(t) =pp+e 3 1 V3, (A9)

where v1, v, v3 are time-independent matrices.
2. Provided

2
A1 — Ag|t > 48lepn|? 4+ 12|Ae + 3i(A1AS — AfA,)
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and
2 3
[iIM — Aol = 12lera? - 3| e + i(A125 — AfAs)| ]
2 2
= A1 = Aol |41 = Aalt+Slenl? — e + Bz - ap)[ |
(a) If
A= Aaf? [ — glA = Al +9fen?
9 1 * * 2
—3|ae+ Li(aaa; —2122)| ] > 0
then
S1 = Sy = —M
1=82 3
1 /1 4 2 Lo |
+31/ 71M — A2l = 12len|? = 3|Ae + Si(AA; — AfA)
M=
3
2 /1 . 2 Lo |
—5 Z|/\1_/\2| —12|€12| -3 A€+§l(/\1/\2 —)\1/\2)
(b) If
A= Ag? [ — glAM = Aa|* +9ler?
9 1 2
—3]ae+3iaA; - Aaa)| ] <o,
then )
5 =8y = — |)\13/\2|
2
—é\/ilh — Aol = 12lenl? = 3|Ae + Ji(A1A; — AfAs)|
53 = — |)\1*3?\2\2
2
+§\/1|A1 — Aot = 12]ens 2 = 3|e + Ji(MA; — AA2)|
The solution is of the form:
p(t) = pp + eslcztﬁl + teslcztﬁz + e5362tﬁ3 (A10)
where @1, 05, 73 are time-independent matrices.
Lindblad operator of a Jordan block form
In the following, we will use the notation:
E=(en1 — 622)2, K= (%/\ + i€21) (%A* — i€12>.
1. The analysis of Equation (55) shows that all three roots coincide
S1 =5y =853 = 2
1 =8 =8=—3
when K = 51—4, E= 11@. Moreover, the solution is of the form:
p(t) = pp+ 67%‘:2%1 + te*%cztvz + t267%"2t03 (A11)

where v1, v, v3 are time-independent matrices.
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3
2. Two of three roots coincide if E + 4K < % and (% —3E — 121() =
2
1 9
(b+3E-9K)"
Then, two situations are possible:
(@) % +E—2K >0, then

(b) % +E—2K <0, then

2 1 /1
51252:_5—5 Z_3E_12K
2 2 /1
— f 2 3E-12K
s3 3+3 1 3

In both situations, the solution has the form:
_ s1c2t ~ 5102t~ S3C2t~
p(t) = pp + €1 5 + 11Ty + % '3 (A12)
where 71, 0, 73 are time-independent matrices.

Appendix C. Lindblad Operator of a Jordan Block Form: An Example

Provided that the current understanding of the quantum theory remains to be valid
on the fundamental level, the Lindblad equation should arise as an effective description of
a system as a subsystem of a larger system that includes environmental degrees of freedom
that is assumed to undergo the unitary evolution driven by a self-adjoint Hamiltonian,

Hfull = Hs ® I + I ® Henv + Hins- (A13)

The interaction Hamiltonian H can always be decomposed into a superposition of the
tensor products of the operators acting solely on the system and environment,

Hiyt = Y Ag ) © By. (A14)
%

To describe all the measurements performed on the subsystem of interest without
affecting the environmental degrees of freedom, the reduced density matrix can be used:

ps = Treno p. (A15)

To derive the Lindblad equation, one has to apply certain approximations [1] (p. 130).

1. Born approximation: we assume that, due to a weak coupling between system and
environment, the total density matrix is close to a factorized one:

P =~ s @ Penv- (Al6)

The environmental density matrix is usually assumed to be stationary.
2. Born—-Markov approximation: we assume that the correlation functions in the environment,

<B:r(t)Bj(T>>em) = Treny (Pean;r(t)Bj(T>), (A17)
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where time-dependent operators Ag; and By are defined in the interaction picture,
and decay sufficiently fast compared to the relaxation time scale of the system to the
equilibrium with environment. This means that for the typical values of ¢, we can
apply the following approximation:

[ B OB () emo A1 () A (Do () ~
+o0

[ A OB O As (D Asu - )]st (19)

3. Rotating wave approximation: we assume that the relaxation time scale of the system
to the equilibrium with the environment is much smaller than the time scale of the
system. We introduce the basis of the system Hamiltonian eigenoperators defined as

[Hs, A(w)] = —wA(w), (A19)

so that we can take Ag () = A(w)e ™. In the rotating wave approximation, the
terms with different w correspond to the rapid oscillations that can be neglected on
the time scales under consideration.

Applying this to the qubit interacting with the environment, we can choose the
eigenbasis of the free Hamiltonian:

E, 0
— (=t
w- (5 0) 20

. . . . E,-E
There is a single eigenoperator for each of the non-zero frequencies +w = + =1,

01 00
and two eigenoperators for zero frequency:
10 00
40 =5 o) a0-=(3 ) (A22)

The rotating wave approximations enforce the following form of the non-unitary part

of the master equation:
| (2A(w)pA(w)+ - {p,A(w)+A(w)})+
r__ (ZA(—aJ)pA(—aJ)Jr - {p,A(—w)+A(_w)})+

Y T (2440004, (0)" — {p, 4,(0)" 44(0)}) (A23)
ab="11

where the I'-parameters are determined by the environmental correlation functions
I, = /O dt cos wt(Bfr (f) B4 (0)>envr
(o)
I'__ = / dtCOS(Ut<Bt(t)B— (0)>env (A24)
0
+00 s
T, — /0 dt(B} ()By(0))eno-

If we require that this part would be equivalent to the Lindbladian with a single
Lindblad operator,
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1 1
Lol — ZLtLo — ZpLtL
Y SLiLle—5p

there are three possible options:

1. T4y =T__ =0, and matrix I'y, is arbitrary. This is equivalent to the Lindbladian
with
_ (0 ¢ _ gt
L= (E 0>, L=1"

where the parameter ¢ is determined by the matrix I';.
2. T44 #0,T__ =0, the contribution of the matrix I';;, vanishes. This is equivalent to

the Lindbladian with
_ (0 2 P

3. T__ #0,I'+1 =0, the contribution of the matrix I';;, vanishes. This is equivalent to

the Lindbladian with
(0 0 , T
L‘(zc o)' e ==

The second option that results in the Jordan form of the Lindblad operator may be achieved,
e.g., for the reservoir of oscillators in the squeezed vacuum state with B4 = ) ckalt,
B_ = Yyciag, resultinginIT__ = 0butI'y # 0[1] (p. 149). The less restricted form
of the non-diagonalizable Lindblad operator may imply a deviation from the rotating
wave approximation.
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