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1. Introduction

In [1], Hardy established that

∞

∑
i=1

∞

∑
m=1

Ξizm

i + m
≤ π

sin π
l

(
∞

∑
i=1

Ξl
i

) 1
l ( ∞

∑
m=1

zq
m

) 1
q

, (1)

where Ξi, zm ≥ 0 with 0 <
∞
∑

i=1
Ξl

i < ∞, 0 <
∞
∑

m=1
zq

m < ∞ and l > 1, 1/l + 1/q = 1. The

continuous form (see [2]) of (1) is

∫ ∞

0

∫ ∞

0

ϕ(ϑ)ψ(y)
ϑ + y

dϑdy ≤ π

sin π
l

(∫ ∞

0
ϕl(ϑ)dϑ

) 1
l (∫ ∞

0
ψq(y)dy

) 1
q

, (2)

where ϕ, ψ ≥ 0 are measurable functions such that 0 <
∫ ∞

0 ϕl(ϑ)dϑ < ∞ and
0 <

∫ ∞
0 ψq(y)dy < ∞. The constant π/ sin(π/l) in both (1) and (2) is sharp. In [2],

Hardy showed that if d > 1, q > 1, 1/d + 1/q ≥ 1 and 0 < λ = 2− (1/d + 1/q) ≤ 1, then

∞
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i=1

∞
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In [3], Hölder proved that

n

∑
k=1

ζkyk ≤
(

n

∑
k=1

ζα
k

) 1
α
(

n

∑
k=1

yβ
k

) 1
β

, (3)

where (ζk) and (yk) are positive sequences and α, β > 1 such that 1/α + 1/β = 1. The
continuous form of (3) is

b∫
$

ψ(τ)v(τ)dτ ≤

 b∫
$

ψα(τ)dτ


1
α
 b∫

$

vβ(τ)dτ


1
β

,

where α, β > 1 such that 1/α + 1/β = 1 and ψ, v ∈ C(($, b),R+).
In [4], Zhao and Cheung proved that if ψ(ζ), v(ζ) ≥ 0 are continuous functions and

ψ1/α(ζ)v1/β(ζ) is integrable on [$, c], then

 c∫
$

ψα(ζ)dζ

 1
α
 c∫

$

vβ(ζ)dζ

 1
β

≤
c∫

$

S
(

Yψα(ζ)

Xvβ(ζ)

)
ψ(ζ)v(ζ)dζ,

with

X =

c∫
$

ψα(ζ)dζ, Y =

c∫
$

vβ(ζ)dζ, α > 1 and
1
α
+

1
β
= 1,

where S(.) is Specht’s ratio function (see [5]) and defined as

S(u) =
u1/(u−1)

e log u1/(u−1)
, u 6= 1 and S(1) = 1.

In [4], the authors proved that if ψ, v ∈ C(($, c),R+) and m > 0, then

c∫
$

ψm+1(ζ)

vm(ζ)
dζ ≤

(
c∫

$
S
(

Gψm+1(ζ)
Fvm+1(ζ)

)
ψ(ζ)dζ

)m+1

(
c∫

$
v(ζ)dζ

)m , (4)

where

G =

c∫
$

v(ζ)dζ and F =

c∫
$

ψm+1(ζ)

vm(ζ)
dζ.

In addition, they proved the discrete case of (4) and established that

∞

∑
i=1

$m+1
i
bm

i
≤

∞
∑

i=1
S
(

B$m+1
i

Abm+1
i

)
$i(

∞
∑

i=1
bi

)m ,

where B =
∞
∑

i=1
bi and A =

∞
∑

i=1
$m+1

i /bm
i .

In 2019, Zhao and Cheung [6] studied the reverse Hilbert inequalities and proved that
if 0 ≤ d, q ≤ 1 and {λi}k

1, {ψn}r
1 are nonnegative and decreasing sequences of real numbers

with k, r ∈ N, then
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k

∑
i=1

r
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where
C(d, q, r, s) =

1
2

dq(kr)
1
2 ,

and
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where
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
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
i

[
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(
i
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
,
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and

S
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In addition, they proved that if {λi}k
1, {vn}r

1 are nonnegative sequences and {di}k
1,

{qn}r
1 are positive sequences with k, r ∈ N, then
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(in)
1
2

≥ 2N(k, r)

(
k

∑
s=1

[
dsφ

(
λs

ds

)]2

(k− s + 1)

) 1
2

(6)
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,
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1
2

(
k
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(
φ(Di)
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)2
) 1

2
(

r
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n=1

(
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2

,

Sk,r,i,n = S


(
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[
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(
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)]2
(k− s + 1)
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(
k
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i=1

(
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i
∑
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[
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(
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)]2
)


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
(

r
∑
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[
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(
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(
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n=1

(
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,

Λi =
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∑
s=1

S

 i
[
dsφ
(
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)]2

i
∑

s=1

[
dsφ
(
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Di =
i

∑
s=1

S

 i
[
dsφ
(

λs
ds

)]2

i
∑

s=1

[
dsφ
(

λs
ds

)]2

ds;

and

Qn =
n

∑
t=1

S

 n
[
qtψ
(

vt
qt

)]2

n
∑

t=1

[
qtψ
(

vt
qt

)]2

qt,

where φ, ψ are nonnegative, concave and supermultiplicative functions.
In [6], the authors proved that if {λi}k

1, {vn}r
1 are nonnegative sequences with k, r ∈ N,

then
k

∑
i=1

r

∑
n=1

Sk,r,i,nΛiΩn

(in)
1
2

≥ (kr)
1
2

(
k

∑
i=1

λ2
i (k− i + 1)

) 1
2
(

r

∑
n=1

v2
n(r− n + 1)

) 1
2

,

(7)

with

Sk,r,i,n = S


k
∑

s=1
λ2

s (k− s + 1)

k
(

i
∑

s=1
λ2

s

)
S


r
∑

t=1
v2

t (r− t + 1)

r
(

n
∑

t=1
v2

t

)
,

Λi =
i

∑
s=1

S

 iλ2
s

i
∑

s=1
λ2

s

λs and Ωn =
n

∑
t=1

S

 nv2
t

n
∑

t=1
v2

t

vt.

Furthermore, many authors studied the inequalities of Hilbert-type, see [7–15].
In the last decades, the time scale theory was discovered which is a unification of

the continuous calculus and discrete calculus. A time scale T is an arbitrary nonempty
closed subset of the real numbers R. Many authors established some dynamic inequalities
of Hilbert-type on time scales. For example, in 2021, AlNemer et al. [16] studied some
reversed dynamic inequalities of Hilbert-type and proved that if a ∈ T, 0 ≤ α, β ≤ 1 and λ,
ψ are nonnegative and decreasing functions, then the inequality

∫ σ(s)

a

∫ σ(r)

a

Sα,β,t,ξ,r,s

(∫ σ(t)
a λ(τ)∆τ

)α(∫ σ(ξ)
a ψ(τ)∆τ

)β

(σ(t)− a)
1
2 (σ(ξ)− a)

1
2

∆t∆ξ

≥ 2C(α, β, r, s)

∫ σ(r)

a

[
λ(t)

(∫ σ(t)

a
λ(τ)∆τ

)α−1]2

(σ(r)− t)∆t

 1
2

×

∫ σ(s)

a

[
ψ(ξ)

(∫ σ(ξ)

a
ψ(τ)∆τ

)β−1]2

(σ(s)− ξ)∆ξ

 1
2

, (8)

holds for all r, s ∈ [a, ∞]T, with

C(α, β, r, s) =
1
2

αβ(σ(r)− a)
1
2 (σ(s)− a)

1
2 ,

and
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Sα,β,t,ξ,r,s = S


(σ(t)− a)

[
λ(ζ)

(∫ σ(ζ)
a λ(τ)∆τ

)α−1
]2

∫ σ(t)
a

[
λ(κ)

(∫ σ(κ)
a λ(τ)∆τ

)α−1
]2

∆κ



×S


(σ(ξ)− a)

[
ψ(η)

(∫ σ(η)
a ψ(τ)∆τ

)β−1
]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z



×S


(σ(r)− a)

∫ σ(t)
a

[
λ(ζ)

(∫ σ(ζ)
a λ(τ)∆τ

)α−1
]2

∫ σ(r)
a

[
λ(κ)

(∫ σ(κ)
a λ(τ)∆τ

)α−1
]2

(σ(r)−κ)∆κ



×S


(σ(s)− a)

∫ σ(ξ)
a

[
ψ(η)

(∫ σ(η)
a ψ(τ)∆τ

)β−1
]2

∫ σ(s)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

(σ(s)− z)∆z

.

Such that

S


(σ(t)− a)

[
λ(ζ)

(∫ σ(ζ)
a λ(τ)∆τ

)α−1
]2

∫ σ(t)
a

[
λ(κ)

(∫ σ(κ)
a λ(τ)∆τ

)α−1
]2

∆κ



= max

S


(σ(t)− a)

[
λ(a)

(∫ σ(a)
a λ(τ)∆τ

)α−1
]2

∫ σ(t)
a

[
λ(κ)

(∫ σ(κ)
a λ(τ)∆τ

)α−1
]2

∆κ



; S


(σ(t)− a)

[
λ(t)

(∫ σ(t)
a λ(τ)∆τ

)α−1
]2

∫ σ(t)
a

[
λ(κ)

(∫ σ(κ)
a λ(τ)∆τ

)α−1
]2

∆κ


,

and

S


(σ(ξ)− a)

[
ψ(η)

(∫ σ(η)
a ψ(τ)∆τ

)β−1
]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z



= max

S


(σ(ξ)− a)

[
ψ(a)

(∫ σ(a)
a ψ(τ)∆τ

)β−1
]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z



; S


(σ(ξ)− a)

[
ψ(ξ)

(∫ σ(ξ)
a ψ(τ)∆τ

)β−1
]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


,

where the function S(.) is the Specht ratio (see [5]) which is defined as follows:
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S(h) =
h1/(h−1)

e log h1/(h−1)
, h 6= 1, S(1) = 1.

The aim of this manuscript is to use reverse Hölder inequalities with Specht’s ratio on
time scales T to establish some new generalizations of reverse Hilbert-type inequalities. In
particular, we generalize the inequality (8) by replacing the power 2 with a new power β,
β > 1.

The following is a breakdown of the paper’s structure. In Section 2, we cover some
fundamentals of time scale theory as well as several time scale lemmas that will be useful
in Section 3, where we prove our findings. As specific examples (when T = N), our
major results yield (5)–(7) proven by Zhao and Cheung [6]. In addition, we obtain the
inequality (8) proved by AlNemer et al. [16].

2. Definitions and Basic Lemmas

A time scale T is defined as an arbitrary nonempty closed subset of the real numbers
R and the forward jump operator is defined by: σ(τ) := inf{r ∈ T : r > τ}. The set of all
such rd-continuous functions is ushered by Crd(T,R) and for any function U : T→ R , the
notation Uσ(τ) denotes U(σ(τ)).

The derivatives of Uv and U/v (where vvσ 6= 0) are given by

(Uv)∆ = U∆v + Uσv∆ = Uv∆ + U∆vσ,
(

U
v

)∆
=

U∆v−Uv∆

vvσ
.

The integration by parts formula on T is∫ υ

υ0

λ(τ)ϕ∆(τ)∆τ = [λ(τ)ϕ(τ)]υυ0
−
∫ υ

υ0

λ∆(τ)ϕσ(τ)∆τ. (9)

The time scales chain rule is

(v ◦ ϕ)∆(τ) = v
′
(ϕ(κ))ϕ∆(τ), where κ ∈ [τ, σ(τ)],

where it is supposed that v : R → R is continuously differentiable and ϕ : T → R is
∆-differentiable. For further information on the time scale calculus, see [17,18].

Definition 1 ([19]). A function G : J→ R+ is supermultiplicative if

G(κs) ≥ G(κ)G(s), ∀κ, s ∈ J ⊂ R. (10)

Inequality (10) holds with equality if G is the identity map (i.e., G(κ) = κ). G is said to be a
submultiplicative function if the last inequality has the opposite sign.

Lemma 1. If $ ∈ T, λ is a nonnegative rd-continuous function and 0 < γ ≤ 1, then(∫ σ(s)

$
λ(τ)∆τ

)γ

≥ γ
∫ σ(s)

$

(∫ σ(ϑ)

$
λ(τ)∆τ

)γ−1

λ(ϑ)∆ϑ. (11)

Proof. Using the time scales chain rule on the term
∫ ϑ

$ λ(τ)∆τ, we obtain

[(∫ ϑ

$
λ(τ)∆τ

)γ]∆

= γ

(∫ ζ

$
λ(τ)∆τ

)γ−1

λ(ϑ), ζ ∈ [ϑ, σ(ϑ)]. (12)

Since ζ ≤ σ(ϑ), then we have (note 0 < γ ≤ 1) that(∫ ζ

$
λ(τ)∆τ

)γ−1

≥
(∫ σ(ϑ)

$
λ(τ)∆τ

)γ−1

, (13)
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Substituting (13) into (12), we see[(∫ ϑ

$
λ(τ)∆τ

)γ]∆

≥ γ

(∫ σ(ϑ)

$
λ(τ)∆τ

)γ−1

λ(ϑ). (14)

Integrating (14) over ϑ from $ to σ(s), we have

∫ σ(s)

$

[(∫ ϑ

$
λ(τ)∆τ

)γ]∆

∆ϑ ≥ γ
∫ σ(s)

$

(∫ σ(ϑ)

$
λ(τ)∆τ

)γ−1

λ(ϑ)∆ϑ.

This means that(∫ σ(s)

$
λ(τ)∆τ

)γ

≥ γ
∫ σ(s)

$

(∫ σ(ϑ)

$
λ(τ)∆τ

)γ−1

λ(ϑ)∆ϑ,

which is (11).

Lemma 2 (Specht’s ratio [5]). Let α, β be positive numbers, d > 1 and 1/d + 1/q = 1. Then,

S
(

α

β

)
α1/dβ1/q ≥ α

d
+

β

q
, (15)

where

S(u) =
u1/(u−1)

e log u1/(u−1)
, u 6= 1.

Lemma 3 ([5]). Let S(.) be as defined in Lemma 2. Then, S(l) is strictly decreasing for 0 < l < 1
and strictly increasing for l > 1. In addition, the following equations are true

S(1) = 1 and S(l) = S(
1
l
) ∀l > 0.

Lemma 4 ([20], when α = 1). If f , g ∈ C([$, c]T,R+) such that f γ, gν are ∆-integrable on
[$, c]T and let β > 1 and 1/β + 1/ν = 1, then

∫ c

$
S
(

Y f β(ζ)

Xgν(ζ)

)
f (ζ)g(ζ)∆ζ

≥
(∫ c

$
f β(ζ)∆ζ

) 1
β
(∫ c

$
gν(ζ)∆ζ

) 1
ν

, (16)

where X =
∫ c

$ f β(ζ)∆ζ and Y =
∫ c

$ gν(ζ)∆ζ.

Lemma 5 (Jensen’s inequality). Let ζ0, ζ ∈ T and r0, d ∈ R. If λ ∈ Crd([ζ0, ζ]T,R),
ϕ:[ζ0, ζ]T → (r0, d) is rd-continuous and Ψ:(r0, d)→ R is continuous and convex, then

Ψ

 1∫ ζ
ζ0

λ(τ)∆τ

∫ ζ

ζ0

λ(τ)ϕ(τ)∆τ

 ≤ 1∫ ζ
ζ0

λ(τ)∆τ

∫ ζ

ζ0

λ(τ)Ψ(ϕ(τ))∆τ. (17)

Lemma 6. Let $ ∈ T, λ, ψ ≥ 0 be decreasing functions and 0 < d, q ≤ 1, β > 1. Then,
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S


(σ(t)− $)

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ



= max

S


(σ(t)− $)

[
λ($)

(∫ σ($)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ



; S


(σ(t)− $)

[
λ(t)

(∫ σ(t)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ


, (18)

and

S


(σ(ξ)− $)

[
ψ(η)

(∫ σ(η)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y



= max

S


(σ(ξ)− $)

[
ψ($)

(∫ σ($)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y



; S


(σ(ξ)− $)

[
ψ(ξ)

(∫ σ(ξ)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y


. (19)

Proof. We have for ϑ ≤ y that

∫ σ(ϑ)

$
λ(τ)∆τ ≤

∫ σ(y)

$
λ(τ)∆τ,

and then (where 0 < d ≤ 1),(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1

≥
(∫ σ(y)

$
λ(τ)∆τ

)d−1

.

Since λ is decreasing, we have[
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

≥
[

λ(y)
(∫ σ(y)

$
λ(τ)∆τ

)d−1]β

,

thus the function
[

λ(ϑ)
(∫ σ(ϑ)

$ λ(τ)∆τ
)d−1

]β

is decreasing. Therefore, we have for $ ≤ ϑ that

[
λ($)

(∫ σ($)

$
λ(τ)∆τ

)d−1]β

≥
[

λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

. (20)

Integrating (20) over ϑ from $ to σ(t), we obtain
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(σ(t)− $)

[
λ($)

(∫ σ($)

$
λ(τ)∆τ

)d−1]β

≥
∫ σ(t)

$

[
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

∆ϑ,

and then,

(σ(t)− $)

[
λ($)

(∫ σ($)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ

≥ 1. (21)

Since the function
[

λ(ϑ)
(∫ σ(ϑ)

$ λ(τ)∆τ
)d−1

]β

is decreasing, we obtain that

[
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

≥
[

λ(t)
(∫ σ(t)

$
λ(τ)∆τ

)d−1]β

.

Integrating the last inequality over ϑ from $ to σ(t), we have

∫ σ(t)

$

[
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

∆ϑ

≥
∫ σ(t)

$

[
λ(t)

(∫ σ(t)

$
λ(τ)∆τ

)d−1]β

∆ϑ

= (σ(t)− $)

[
λ(t)

(∫ σ(t)

$
λ(τ)∆τ

)d−1]β

,

and then,

(σ(t)− $)

[
λ(t)

(∫ σ(t)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ

≤ 1. (22)

From (21) and (22), we observe

(σ(t)− $)

[
λ($)

(∫ σ($)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ

≥ ... ≥ 1

≥ ... ≥
(σ(t)− $)

[
λ(t)

(∫ σ(t)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ

.

Since S(.) is decreasing on (0, 1) and increasing on (1, ∞), we find that one of

S


(σ(t)− $)

[
λ($)

(∫ σ($)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ

,
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and

S


(σ(t)− $)

[
λ(t)

(∫ σ(t)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ

,

is maximum (where S(1) = 1), and it is in the form

S


(σ(t)− $)

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ



= max

S


(σ(t)− $)

[
λ($)

(∫ σ($)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ



; S


(σ(t)− $)

[
λ(t)

(∫ σ(t)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ


,

which is (18). Similarly, with respect to the decreasing function ψ when 0 < q ≤ 1, we have

S


(σ(ξ)− $)

[
ψ(η)

(∫ σ(η)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y



= max

S


(σ(ξ)− $)

[
ψ($)

(∫ σ($)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y



; S


(σ(ξ)− $)

[
ψ(ξ)

(∫ σ(ξ)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y


,

which is (19).

3. Main Results

Theorem 1. Let $ ∈ T, 0 ≤ d, q ≤ 1 and λ, ψ be nonnegative and decreasing functions. If β > 1,
ν > 1 with 1/β + 1/ν = 1, then
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∫ σ(s)

$

∫ σ(r)

$

Sd,q,t,ξ,r,s,β

(∫ σ(t)
$ λ(τ)∆τ

)d(∫ σ(ξ)
$ ψ(τ)∆τ

)q

(σ(t)− $)
1
ν (σ(ξ)− $)

1
ν

∆t∆ξ

≥ νC(d, q, r, s)

∫ σ(r)

$

[
λ(t)

(∫ σ(t)

$
λ(τ)∆τ

)d−1]β

(σ(r)− t)∆t

 1
β

(23)

×

∫ σ(s)

$

[
ψ(ξ)

(∫ σ(ξ)

$
ψ(τ)∆τ

)q−1]β

(σ(s)− ξ)∆ξ

 1
β

,

where
C(d, q, r, s, ν) =

1
ν

dq(σ(r)− $)
1
ν (σ(s)− $)

1
ν ,

and

Sd,q,t,ξ,r,s,β = S


(σ(r)− $)

∫ σ(t)
$

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(r)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

(σ(r)− ϑ)∆ϑ



× S


(σ(s)− $)

∫ σ(ξ)
$

[
ψ(η)

(∫ σ(η)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(s)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

(σ(s)− y)∆y



× S


(σ(t)− $)

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ



× S


(σ(ξ)− $)

[
ψ(η)

(∫ σ(η)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y

,

such that

S


(σ(t)− $)

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ



= max

S


(σ(t)− $)

[
λ($)

(∫ σ($)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ



; S


(σ(t)− $)

[
λ(t)

(∫ σ(t)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ


,
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and

S


(σ(ξ)− $)

[
ψ(η)

(∫ σ(η)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y



= max

S


(σ(ξ)− $)

[
ψ($)

(∫ σ($)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y



; S


(σ(ξ)− $)

[
ψ(ξ)

(∫ σ(ξ)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y


.

Proof. Applying (11) with γ = d, we obtain(∫ σ(t)

$
λ(τ)∆τ

)d

≥ d
∫ σ(t)

$
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1

∆ϑ. (24)

Multiplying the last inequality by

S


(σ(t)− $)

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ

,

we obtain

S


(σ(t)− $)

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ


(∫ σ(t)

$
λ(τ)∆τ

)d

≥ d
∫ σ(t)

$
S


(σ(t)− $)

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ


× λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1

∆ϑ.

From Lemma 6, the last inequality becomes
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S


(σ(t)− $)

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ


(∫ σ(t)

$
λ(τ)∆τ

)d

≥ d
∫ σ(t)

$
S


(σ(t)− $)

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ


× λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1

∆ϑ.

(25)

Similarly, we have for ψ and 0 < q ≤ 1 that

S


(σ(ξ)− $)

[
ψ(η)

(∫ σ(η)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y


(∫ σ(ξ)

$
ψ(τ)∆τ

)q

≥ q
∫ σ(ξ)

$
S


(σ(ξ)− $)

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y


× ψ(y)

(∫ σ(y)

$
ψ(τ)∆τ

)q−1

∆y.

(26)

From (25) and (26), we see that

S


(σ(t)− $)

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ



× S


(σ(ξ)− $)

[
ψ(η)

(∫ σ(η)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y


×
(∫ σ(t)

$
λ(τ)∆τ

)d(∫ σ(ξ)

$
ψ(τ)∆τ

)q

≥ dq
∫ σ(t)

$
S


(σ(t)− $)

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ


× λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1

× 1∆ϑ

×
∫ σ(ξ)

$
S


(σ(ξ)− $)

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y


×ψ(y)

(∫ σ(y)

$
ψ(τ)∆τ

)q−1

× 1∆y.

(27)
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Applying (16) on the right hand side of (27), we have

S


(σ(t)− $)

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(t)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

∆ϑ



× S


(σ(ξ)− $)

[
ψ(η)

(∫ σ(η)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(ξ)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

∆y


×
(∫ σ(t)

$
λ(τ)∆τ

)d(∫ σ(ξ)

$
ψ(τ)∆τ

)q

≥ dq(σ(t)− $)
1
ν

∫ σ(t)

$

[
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

∆ϑ

 1
β

× (σ(ξ)− $)
1
ν

∫ σ(ξ)

$

[
ψ(y)

(∫ σ(y)

$
ψ(τ)∆τ

)q−1]β

∆y

 1
β

.

(28)

Multiplying (28) by

S


(σ(r)− $)

∫ σ(t)
$

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(r)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

(σ(r)− ϑ)∆ϑ



× S


(σ(s)− $)

∫ σ(ξ)
$

[
ψ(η)

(∫ σ(η)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(s)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

(σ(s)− y)∆y

,

we obtain

Sd,q,t,ξ,r,s,β

(∫ σ(t)

$
λ(τ)∆τ

)d(∫ σ(ξ)

$
ψ(τ)∆τ

)q

≥ dq(σ(t)− $)
1
ν S


(σ(r)− $)

∫ σ(t)
$

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(r)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

(σ(r)− ϑ)∆ϑ



×

∫ σ(t)

$

[
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

∆ϑ

 1
β

× S


(σ(s)− $)

∫ σ(ξ)
$

[
ψ(η)

(∫ σ(η)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(s)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

(σ(s)− y)∆y



× (σ(ξ)− $)
1
ν

∫ σ(ξ)

$

[
ψ(y)

(∫ σ(y)

$
ψ(τ)∆τ

)q−1]β

∆y

 1
β

.

(29)
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Dividing the two sides of (29) by (σ(t)− $)
1
ν (σ(ξ)− $)

1
ν and then taking the integra-

tion over t from $ to σ(r) and the integration over ξ from $ to σ(s), we have

∫ σ(s)

$

∫ σ(r)

$

Sd,q,t,ξ,r,s,β

(∫ σ(t)
$ λ(τ)∆τ

)d(∫ σ(ξ)
$ ψ(τ)∆τ

)q

(σ(t)− $)
1
ν (σ(ξ)− $)

1
ν

∆t∆ξ

≥ dq
∫ σ(r)

$
S


(σ(r)− $)

∫ σ(t)
$

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∫ σ(r)
$

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

(σ(r)− ϑ)∆ϑ



×

∫ σ(t)

$

[
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

∆ϑ

 1
β

∆t

×
∫ σ(s)

$
S


(σ(s)− $)

∫ σ(ξ)
$

[
ψ(η)

(∫ σ(η)
$ ψ(τ)∆τ

)q−1
]β

∫ σ(s)
$

[
ψ(y)

(∫ σ(y)
$ ψ(τ)∆τ

)q−1
]β

(σ(s)− y)∆y



×

∫ σ(ξ)

$

[
ψ(y)

(∫ σ(y)

$
ψ(τ)∆τ

)q−1]β

∆y

 1
β

∆ξ.

(30)

Applying (9) on the term

∫ σ(r)

$

[
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

(σ(r)− ϑ)∆ϑ,

with u(ϑ) = (σ(r)− ϑ) and v∆(ϑ) =

[
λ(ϑ)

(∫ σ(ϑ)
$ λ(τ)∆τ

)d−1
]β

, we obtain

∫ σ(r)

$

[
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

(σ(r)− ϑ)∆ϑ

= (σ(r)− ϑ)v(ϑ)|σ(r)$ +
∫ σ(r)

$
vσ(ϑ)∆ϑ,

where v(ϑ) =
∫ ϑ

$

[
λ(θ)

(∫ σ(θ)
$ λ(τ)∆τ

)d−1
]β

∆θ, and then (where v($) = 0),

∫ σ(r)

$

[
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

(σ(r)− ϑ)∆ϑ

=
∫ σ(r)

$

∫ σ(ϑ)

$

[
λ(θ)

(∫ σ(θ)

$
λ(τ)∆τ

)d−1]β

∆θ∆ϑ.

(31)

Similarly, we see that

∫ σ(s)

$

[
ψ(y)

(∫ σ(y)

$
ψ(τ)∆τ

)q−1]β

(σ(s)− y)∆y

=
∫ σ(s)

$

∫ σ(y)

$

[
ψ(θ)

(∫ σ(θ)

$
ψ(τ)∆τ

)q−1]β

∆θ∆y.

(32)
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Substituting (31) and (32) into (30) and, then, by applying (16), we observe that

∫ σ(s)

$

∫ σ(r)

$

Sd,q,t,ξ,r,s,β

(∫ σ(t)
$ λ(τ)∆τ

)d(∫ σ(ξ)
$ ψ(τ)∆τ

)q

(σ(t)− $)
1
ν (σ(ξ)− $)

1
ν

∆t∆ξ

≥ dq
∫ σ(r)

$
S


(σ(r)− $)

∫ σ(t)
$

[
λ(ζ)

(∫ σ(ζ)
$ λ(τ)∆τ

)d−1
]β

∆ζ

∫ σ(r)
$

∫ σ(ϑ)
$

[
λ(θ)

(∫ σ(θ)
$ λ(τ)∆τ

)d−1
]β

∆θ∆ϑ



×

∫ σ(t)

$

[
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

∆ϑ

 1
β

× 1∆t

×
∫ σ(s)

$
S


(σ(s)− $)

∫ σ(ξ)
$

[
ψ(η)

(∫ σ(η)
$ ψ(τ)∆τ

)q−1
]β

∆η

∫ σ(s)
$

∫ σ(y)
$

[
ψ(θ)

(∫ σ(θ)
$ ψ(τ)∆τ

)q−1
]β

∆θ∆y



×

∫ σ(ξ)

$

[
ψ(y)

(∫ σ(y)

$
ψ(τ)∆τ

)q−1]β

∆y

 1
β

× 1∆ξ

≥ dq(σ(r)− $)
1
ν

∫ σ(r)

$

∫ σ(t)

$

[
λ(ϑ)

(∫ σ(ϑ)

$
λ(τ)∆τ

)d−1]β

∆ϑ∆t

 1
β

× (σ(s)− $)
1
ν

∫ σ(s)

$

∫ σ(ξ)

$

[
ψ(y)

(∫ σ(y)

$
ψ(τ)∆τ

)q−1]β

∆y∆ξ

 1
β

.

(33)

From (31)–(33), the last inequality becomes

∫ σ(s)

$

∫ σ(r)

$

Sd,q,t,ξ,r,s,β

(∫ σ(t)
$ λ(τ)∆τ

)d(∫ σ(ξ)
$ ψ(τ)∆τ

)q

(σ(t)− $)
1
ν (σ(ξ)− $)

1
ν

∆t∆ξ

≥ dq(σ(r)− $)
1
ν

∫ σ(r)

$

[
λ(t)

(∫ σ(t)

$
λ(τ)∆τ

)d−1]β

(σ(r)− t)∆t

 1
β

× (σ(s)− $)
1
ν

∫ σ(s)

$

[
ψ(ξ)

(∫ σ(ξ)

$
ψ(τ)∆τ

)q−1]β

(σ(s)− ξ)∆ξ

 1
β

= νC(d, q, r, s)

∫ σ(r)

$

[
λ(t)

(∫ σ(t)

$
λ(τ)∆τ

)d−1]β

(σ(r)− t)∆t

 1
β

×

∫ σ(s)

$

[
ψ(ξ)

(∫ σ(ξ)

$
ψ(τ)∆τ

)q−1]β

(σ(s)− ξ)∆ξ

 1
β

,

which is (23).

Remark 1. If ν = β = 2, we obtain (8) proved by AlNemer et al. [16].

Remark 2. When T = N, $ = 1 and ν = β = 2, in Theorem 1, we obtain (5) as demonstrated
in [6].
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Remark 3. As a special case of Theorem 1 (when T = R), we have that if 0 ≤ d, q ≤ 1 and λ, ψ
are nonnegative and decreasing functions and assume that β > 1, ν > 1 with 1/β + 1/ν = 1, then

∫ s

0

∫ r

0

Sd,q,t,ξ,r,s,β

(∫ t
0 λ(τ)dτ

)d(∫ ξ
0 ψ(τ)dτ

)q

t
1
ν ξ

1
ν

dtdξ

≥ νC(d, q, r, s)

∫ r

0

[
λ(t)

(∫ t

0
λ(τ)dτ

)d−1
]β

(r− t)dt

 1
β

×

∫ s

0

[
ψ(ξ)

(∫ ξ

0
ψ(τ)dτ

)q−1
]β

(s− ξ)dξ

 1
β

,

where
C(d, q, r, s, ν) =

1
ν

dqr
1
ν s

1
ν ,

and

Sd,q,t,ξ,r,s,β = S


r
∫ t

0

[
λ(ζ)

(∫ ζ
0 λ(τ)dτ

)d−1
]β

dζ

∫ r
0

[
λ(ϑ)

(∫ ϑ
0 λ(τ)dτ

)d−1
]β

(r− ϑ)dϑ



× S

 s
∫ ξ

0

[
ψ(η)

(∫ η
0 ψ(τ)dτ

)q−1
]β

dη∫ s
0

[
ψ(y)

(∫ y
0 ψ(τ)dτ

)q−1
]β
(s− y)dy



× S


t
[

λ(ζ)
(∫ ζ

0 λ(τ)dτ
)d−1

]β

∫ t
0

[
λ(ϑ)

(∫ ϑ
0 λ(τ)dτ

)d−1
]β

dϑ



× S

 ξ
[
ψ(η)

(∫ η
0 ψ(τ)dτ

)q−1
]β

∫ ξ
0

[
ψ(y)

(∫ y
0 ψ(τ)dτ

)q−1
]β

dy

,

Theorem 2. Let $ ∈ T, λ, v be nonnegative and d, q be positive functions. If φ, ψ ≥ 0 are concave
and supermultiplicative functions and β > 1, ν > 1 with 1/β + 1/ν = 1, then

∫ σ(s)

$

∫ σ(r)

$

St,r,s,ζ,ν,βφ(Λ(t))ψ(Ω(ζ))

(σ(t)− $)
1
ν (σ(ζ)− $)

1
ν

∆t∆ζ

≥ νM(r, s, ν)

(∫ σ(r)

$

[
d(ϑ)φ

(
λ(ϑ)

d(ϑ)

)]β

(σ(r)− ϑ)∆ϑ

) 1
β

×
(∫ σ(s)

$

[
q(y)ψ

(
v(y)
q(y)

)]β

(σ(s)− y)∆y

) 1
β

, (34)

holds for all r, s ∈ [$, ∞]T, with

M(r, s, ν) =
1
ν

(∫ σ(r)

$

(
φ(D(t))

D(t)

)ν

∆t
) 1

ν
(∫ σ(s)

$

(
ψ(Q(ζ))

Q(ζ)

)ν

∆ζ

) 1
ν

,
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St,r,s,ζ,ν,β = S


(∫ σ(r)

$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
(σ(r)− ϑ)∆ϑ

)(
φ(D(t))

D(t)

)ν

(∫ σ(r)
$

(
φ(D(t))

D(t)

)ν
∆t
)(∫ σ(t)

$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

)


× S


(∫ σ(s)

$

[
q(y)ψ

(
v(y)
q(y)

)]β
(σ(s)− y)∆y

)(
ψ(Q(ζ))

Q(ζ)

)ν

(∫ σ(s)
$

(
ψ(Q(ζ))

Q(ζ)

)ν
∆ζ
)(∫ σ(ζ)

$

[
q(y)ψ

(
v(y)
q(y)

)]β
∆y
)
,

Λ(t) =
∫ σ(t)

$
S

 (σ(t)− $)
[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β

∫ σ(t)
$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

λ(ϑ)∆ϑ,

Ω(ζ) =
∫ σ(ζ)

$
S

 (σ(ζ)− $)
[
q(y)ψ

(
v(y)
q(y)

)]β

∫ σ(ζ)
$

[
q(y)ψ

(
v(y)
q(y)

)]β
∆y

v(y)∆y,

D(t) =
∫ σ(t)

$
S

 (σ(t)− $)
[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β

∫ σ(t)
$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

d(ϑ)∆ϑ,

and

Q(ζ) =
∫ σ(ζ)

$
S

 (σ(ζ)− $)
[
q(y)ψ

(
v(y)
q(y)

)]β

∫ σ(ζ)
$

[
q(y)ψ

(
v(y)
q(y)

)]β
∆y

q(y)∆y.

Proof. Using the fact that φ is a supermultiplicative function, applying Jensen’s inequality
and then applying (16), we find

φ(Λ(t)) = φ


D(t)

∫ σ(t)
$ S

(
(σ(t)−$)

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β

∫ σ(t)
$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

)
d(ϑ)λ(ϑ)/d(ϑ)∆ϑ

∫ σ(t)
$ S

(
(σ(t)−$)

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β

∫ σ(t)
$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

)
d(ϑ)∆ϑ



≥ φ(D(t))φ


∫ σ(t)

$ S

(
(σ(t)−$)

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β

∫ σ(t)
$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

)
d(ϑ)

[
λ(ϑ)
d(ϑ)

]
∆ϑ

∫ σ(t)
$ S

(
(σ(t)−$)

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β

∫ σ(t)
$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

)
d(ϑ)∆ϑ



≥ φ(D(t))
D(t)

∫ σ(t)

$
S

 (σ(t)− $)
[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β

∫ σ(t)
$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

d(ϑ)φ
[

λ(ϑ)

d(ϑ)

]
× 1∆ϑ

≥ φ(D(t))
D(t)

(σ(t)− $)
1
ν

(∫ σ(t)

$

[
d(ϑ)φ

(
λ(ϑ)

d(ϑ)

)]β

∆ϑ

) 1
β

. (35)

Similarly, we can obtain

ψ(Ω(ζ)) ≥ ψ(Q(ζ))

Q(ζ)
(σ(ζ)− $)

1
ν

(∫ σ(ζ)

$

[
q(y)ψ

(
v(y)
q(y)

)]β

∆y

) 1
β

. (36)
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Multiplying both sides of (35) and (36), respectively, by

S


(∫ σ(r)

$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
(σ(r)− ϑ)∆ϑ

)(
φ(D(t))

D(t)

)ν

(∫ σ(r)
$

(
φ(D(t))

D(t)

)ν
∆t
)(∫ σ(t)

$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

)
,

and

S


(∫ σ(s)

$

[
q(y)ψ

(
v(y)
q(y)

)]β
(σ(s)− y)∆y

)(
ψ(Q(ζ))

Q(ζ)

)ν

(∫ σ(s)
$

(
ψ(Q(ζ))

Q(ζ)

)ν
∆ζ
)(∫ σ(ζ)

$

[
q(y)ψ

(
v(y)
q(y)

)]β
∆y
)
,

and then multiplying these inequalities, we obtain

S


(∫ σ(r)

$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
(σ(r)− ϑ)∆ϑ

)(
φ(D(t))

D(t)

)ν

(∫ σ(r)
$

(
φ(D(t))

D(t)

)ν
∆t
)(∫ σ(t)

$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

)
φ(Λ(t))

× S


(∫ σ(s)

$

[
q(y)ψ

(
v(y)
q(y)

)]β
(σ(s)− y)∆y

)(
ψ(Q(ζ))

Q(ζ)

)ν

(∫ σ(s)
$

(
ψ(Q(ζ))

Q(ζ)

)ν
∆ζ
)(∫ σ(ζ)

$

[
q(y)ψ

(
v(y)
q(y)

)]β
∆y
)
ψ(Ω(ζ))

≥ φ(D(t))
D(t)

(σ(t)− $)
1
ν

(∫ σ(t)

$

[
d(ϑ)φ

(
λ(ϑ)

d(ϑ)

)]β

∆ϑ

) 1
β

× S


(∫ σ(r)

$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
(σ(r)− ϑ)∆ϑ

)(
φ(D(t))

D(t)

)ν

(∫ σ(r)
$

(
φ(D(t))

D(t)

)ν
∆t
)(∫ σ(t)

$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

)


× ψ(Q(ζ))

Q(ζ)
(σ(ζ)− $)

1
ν

(∫ σ(ζ)

$

[
q(y)ψ

(
v(y)
q(y)

)]β

∆y

) 1
β

× S


(∫ σ(s)

$

[
q(y)ψ

(
v(y)
q(y)

)]β
(σ(s)− y)∆y

)(
ψ(Q(ζ))

Q(ζ)

)ν

(∫ σ(s)
$

(
ψ(Q(ζ))

Q(ζ)

)ν
∆ζ
)(∫ σ(ζ)

$

[
q(y)ψ

(
v(y)
q(y)

)]β
∆y
)
.

(37)

By dividing the two sides of (37) on (σ(t)− $)
1
ν (σ(ζ)− $)

1
ν and then taking the inte-

gration over ζ from $ to σ(s) and, then, the integration over t from $ to σ(r), we obtain
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∫ σ(s)

$

∫ σ(r)

$

St,r,s,ζ,ν,βφ(Λ(t))ψ(Ω(ζ))

(σ(t)− $)
1
ν (σ(ζ)− $)

1
ν

∆t∆ζ

≥
∫ σ(r)

$
S


(∫ σ(r)

$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
(σ(r)− ϑ)∆ϑ

)(
φ(D(t))

D(t)

)ν

(∫ σ(r)
$

(
φ(D(t))

D(t)

)ν
∆t
)(∫ σ(t)

$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

)


× φ(D(t))
D(t)

(∫ σ(t)

$

[
d(ϑ)φ

(
λ(ϑ)

d(ϑ)

)]β

∆ϑ

) 1
β

∆t

×
∫ σ(s)

$
S


(∫ σ(s)

$

[
q(y)ψ

(
v(y)
q(y)

)]β
(σ(s)− y)∆y

)(
ψ(Q(ζ))

Q(ζ)

)ν

(∫ σ(s)
$

(
ψ(Q(ζ))

Q(ζ)

)ν
∆ζ
)(∫ σ(ζ)

$

[
q(y)ψ

(
v(y)
q(y)

)]β
∆y
)


× ψ(Q(ζ))

Q(ζ)

(∫ σ(ζ)

$

[
q(y)ψ

(
v(y)
q(y)

)]β

∆y

) 1
β

∆ζ.

(38)

By using the integration by parts, we can see that

∫ σ(r)

$

[
d(ϑ)φ

(
λ(ϑ)

d(ϑ)

)]β

(σ(r)− ϑ)∆ϑ

=
∫ σ(r)

$

∫ σ(ϑ)

$

[
d(θ)φ

(
λ(θ)

d(θ)

)]β

∆θ∆ϑ.

(39)

In addition, we can obtain that

∫ σ(s)

$

[
q(y)ψ

(
v(y)
q(y)

)]β

(σ(s)− y)∆y

=
∫ σ(s)

$

∫ σ(y)

$

[
q(θ)ψ

(
v(θ)

q(θ)

)]β

∆θ∆y.

(40)

Substituting (39) and (40) into (38), we have

∫ σ(s)

$

∫ σ(r)

$

St,r,s,ζ,ν,βφ(Λ(t))ψ(Ω(ζ))

(σ(t)− $)
1
ν (σ(ζ)− $)

1
ν

∆t∆ζ

≥
∫ σ(r)

$
S


(∫ σ(r)

$

∫ σ(ϑ)
$

[
d(θ)φ

(
λ(θ)
d(θ)

)]β
∆θ∆ϑ

)(
φ(D(t))

D(t)

)ν

(∫ σ(r)
$

(
φ(D(t))

D(t)

)ν
∆t
)(∫ σ(t)

$

[
d(ϑ)φ

(
λ(ϑ)
d(ϑ)

)]β
∆ϑ

)


× φ(D(t))
D(t)

(∫ σ(t)

$

[
d(ϑ)φ

(
λ(ϑ)

d(ϑ)

)]β

∆ϑ

) 1
β

∆t

×
∫ σ(s)

$
S


(∫ σ(s)

$

∫ σ(y)
$

[
q(θ)ψ

(
v(θ)
q(θ)

)]β
∆θ∆y

)(
ψ(Q(ζ))

Q(ζ)

)ν

(∫ σ(s)
$

(
ψ(Q(ζ))

Q(ζ)

)ν
∆ζ
)(∫ σ(ζ)

$

[
q(y)ψ

(
v(y)
q(y)

)]β
∆y
)


× ψ(Q(ζ))

Q(ζ)

(∫ σ(ζ)

$

[
q(y)ψ

(
v(y)
q(y)

)]β

∆y

) 1
β

∆ζ.

(41)



Symmetry 2022, 14, 750 22 of 24

Applying (16) with γ = ν = ν on the R.H.S. of (41), we have

∫ σ(s)

$

∫ σ(r)

$

St,r,s,ζ,ν,βφ(Λ(t))ψ(Ω(ζ))

(σ(t)− $)
1
ν (σ(ζ)− $)

1
ν

∆t∆ζ

≥
(∫ σ(r)

$

(
φ(D(t))

D(t)

)ν

∆t
) 1

ν
(∫ σ(r)

$

∫ σ(ϑ)

$

[
d(θ)φ

(
λ(θ)

d(θ)

)]β

∆θ∆ϑ

) 1
β

×
(∫ σ(s)

$

(
ψ(Q(ζ))

Q(ζ)

)ν

∆ζ

) 1
ν
(∫ σ(s)

$

∫ σ(y)

$

[
q(θ)ψ

(
v(θ)

q(θ)

)]β

∆θ∆y

) 1
β

= νM(r, s, ν)

(∫ σ(r)

$

∫ σ(ϑ)

$

[
d(θ)φ

(
λ(θ)

d(θ)

)]β

∆θ∆ϑ

) 1
β

×
(∫ σ(s)

$

∫ σ(y)

$

[
q(θ)ψ

(
v(θ)

q(θ)

)]β

∆θ∆y

) 1
β

.

(42)

From (39) and (40), the Inequality (42) becomes

∫ σ(s)

$

∫ σ(r)

$

St,r,s,ζ,ν,βφ(Λ(t))ψ(Ω(ζ))

(σ(t)− $)
1
ν (σ(ζ)− $)

1
ν

∆t∆ζ

≥ νM(r, s, ν)

(∫ σ(r)

$

[
d(ϑ)φ

(
λ(ϑ)

d(ϑ)

)]β

(σ(r)− ϑ)∆ϑ

) 1
β

×
(∫ σ(s)

$

[
q(y)ψ

(
v(y)
q(y)

)]β

(σ(s)− y)∆y

) 1
β

,

which is (34).

Remark 4. If T = N, $ = 1 and ν = β = 2, in Theorem 2, then we obtain (6) as demonstrated
in [6].

By putting φ(ϑ) = ϑ and ψ(y) = y in Theorem 2, we have the following theorem.

Theorem 3. Assume that $ ∈ T and λ, v are nonnegative functions and β > 1, ν > 1 with
1/β + 1/ν = 1. Then, for all r, s ∈ [$, ∞]T, we have

∫ σ(s)

$

∫ σ(r)

$

St,r,s,ζ,ν,βΛ(t)Ω(ζ)

(σ(t)− $)
1
ν (σ(ζ)− $)

1
ν

∆t∆ζ

≥ νM(r, s, ν)

(∫ σ(r)

$
λβ(ϑ)(σ(r)− ϑ)∆ϑ

) 1
β

×
(∫ σ(s)

$
vβ(y)(σ(s)− y)∆y

) 1
β

,

where
M(r, s, ν) =

1
ν
(σ(r)− $)

1
ν (σ(s)− $)

1
ν ,

St,r,s,ζ,ν,β = S

( ∫ σ(r)
$ λβ(ϑ)(σ(r)−ϑ)∆ϑ

(σ(r)−$)
(∫ σ(t)

$ λβ(ϑ)∆ϑ
)
)

S

( (∫ σ(s)
$ vβ(y)(σ(s)−y)∆y

)
(σ(s)−$)

(∫ σ(ζ)
$ vβ(y)∆y

)
)

,
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Λ(t) =
∫ σ(t)

$
S

 (σ(t)− $)λβ(ϑ)∫ σ(t)
$ λβ(ϑ)∆ϑ

λ(ϑ)∆ϑ,

Ω(ζ) =
∫ σ(ζ)

$
S

 (σ(ζ)− $)vβ(y)∫ σ(ζ)
$ vβ(y)∆y

v(y)∆y,

D(t) =
∫ σ(t)

$
S

 (σ(t)− $)λβ(ϑ)∫ σ(t)
$ λβ(ϑ)∆ϑ

d(ϑ)∆ϑ,

and

Q(ζ) =
∫ σ(ζ)

$
S

 (σ(ζ)− $)vβ(y)∫ σ(ζ)
$ vβ(y)∆y

q(y)∆y.

Remark 5. As a special case of Theorem 3, when T = N, $ = 1 and ν = β = 2, we obtain (7) as
was proved by Zhao and Cheung [6].

4. Conclusions

In this paper, we establish some new generalizations of reverse Hilbert-type inequali-
ties by applying reverse Hölder inequalities with the Specht ratio function on time scales.
We generalize a number of those inequalities to a general time-scale measure space. In
addition to this, in order to obtain some new inequalities as special cases, we also extend
our inequalities to a discrete and continuous calculus. In future work, we will continue to
generalize more fractional dynamic inequalities by using Specht’s ratio, Kantorovich’s ratio
and n-tuple fractional integral. In particular, such inequalities can be introduced by using
fractional integrals and fractional derivatives of the Riemann–Liouville-type on time scales.
It will also be very interesting to introduce such inequalities in quantum calculations.
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