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Abstract: The present work aims to study the free vibration, buckling and post-buckling behaviors of
bidirectional functionally graded (BDFG) microbeams. The material properties of a BDFG microbeam
were varied continuously in both thickness and axial directions. Furthermore, four different kinds
of material distribution function were taken into consideration, two of which were symmetrical
in the thickness direction, and the remaining two were asymmetrical. Employing the Timoshenko
beam theory and the consistent couple stress theory (CCST), the governing equations and associated
boundary conditions of BDFG microbeams were formulated by Hamilton’s principle. The differential
quadrature method (DQM) and Newton’s method were applied to solve the eigenvalue problems and
buckling path, respectively. Finally, several parametric investigations were carried out to probe the
influence of material distribution functions, length to thickness ratio, gradient indexes and size effect
on the vibration and buckling behaviors of BDFG microbeam under different boundary conditions.

Keywords: bidirectional functionally graded (BDFG) microbeam; symmetrical and asymmetrical
material distribution; consistent couple stress theory (CCST); free vibration; post-buckling

1. Introduction

As the main component of micro- and nano-systems, microbeams are widely used in
micro-/nano-electro-mechanical system (MEMS/NEMS) devices, such as biosensors [1],
micro-acclerometers [2] and micro-resonators [3]. In these applications, the size effect
is often observed [4,5]. In such a case, classical continuum mechanics theories can no
longer be utilized for the analysis of small-scale structures To determine the small-scale
effect, researchers all over the world have developed various nonclassical continuum
mechanics theories in the past decades, such as the strain gradient theory [6], non-local
elasticity theory [7] and modified couple stress theory (MCST). The MCST developed by
Yang et al. [8] is extensively adopted by researchers to model and analyze the characteristics
of microstructures since it is able to describe the size effect accurately. Furthermore, the size
dependency is introduced by one additional length-scale parameter, which makes the model
simple. For example, a buckling and post-buckling analysis of imperfect microbeams using
MCST was presented by Chen et al. [9]. Considering the complex working environment of
microstructures, the conventional materials can no longer meet such restricted requirements.
Under this condition, functionally graded materials (FGMs) are considered promising
materials due to their unique properties. The constituents of this type of advanced material
are not constant, but vary smoothly in one direction or more. More details about the
applications of FGMs in engineering can be found in [10–13].

In the framework of MCST, Simsek and Reddy [14] probed TFG microbeams’ static
bending and vibration responses. Based on the MCST, Akgöz and Civalek [15] studied the
free vibration of an axially FG nonuniform Euler microbeam. Nateghi et al. [16] presented
a buckling analysis of a TFG microbeam. In the context of the non-local strain gradient
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theory, Li et al. [17] investigated the buckling characteristics of a size-dependent AFG
Euler microbeam. The post-buckling responses of an FGM nanobeam were analyzed by
Khorshidi et al. [18]. Assuming a microbeam whose material parameters alter in thickness
and axial directions, Chen et al. [19] took a BDFG microbeam embedded in a flexible
foundation into consideration. The free vibration, buckling and dynamic stability were
investigated in detail. To investigate the vibration behaviors of a BDFG microbeam, Bhat-
tacharya and Das [20] developed an improved MCST-based mathematical model. Using
the MCST, both the static and the dynamic behaviors of BDFG microbeams were studied
by Chen et al. [21]. By adopting the nonlocal elasticity theory, Yang et al. [22] examined
the nonlinear bending, free vibration and buckling of a BDFG nanobeam. The nonlinear
problem was solved by the differential quadrature method (DQM). A BDFG beam with
porosities was modeled by Lei et al. [23]. In this work, the buckling and post-buckling
responses were investigated in detail. Nejad et al. [24] studied the buckling characteristics
of nanobeams made of BDFG with arbitrary functions. In addition, the research presented
by Shafiei and Kazemi [25] aimed to give a comprehensive analysis of the buckling behavior
of imperfect BDFG beams.

The MCST assumes a symmetrical couple-stress tensor, which is conjugated with the
symmetrical component of the curvature tensor. However, this assumption may violate
the basic laws of mechanics [26]. Recently, Hadjesfandiari and Dargush [26,27] proposed
the consistent couple stress theory (CCST). In their works, the couple stress tensor was
proven to be antisymmetric. Furthermore, it was conjugated with the antisymmetric part
of the curvature tensor. So far, the CCST has not been widely used. Based on the CCST,
Vaghefpour and Arvin [28] discussed the non-linear vibration of Euler nanobeams made of
isotropic piezoelectric material. Using CCST, Alashti et al. [29] scrutinized the static bending
and vibration of a Bernoulli-Euler beam. For the first time, Hadi et al. [30] investigated the
buckling behaviors of tri-directional FG materials using CCST. Gorgani et al. [31] studied
the pulling behaviors of FGM microbeam under electrostatic force on the basis of CCST.
Fakhrabadi [32] employed CCST to investigated the electromechanical behavior of the
carbon nanotube used in the NEMS system. Alavi et al. [33] compared the solutions between
classical and CCST-based Timoshenko beams. Incorporating the CCST and various plate
theories, Wu and Hu [34] developed a united formulation used in the static bending as well
as vibration investigation of microscale plates. In this work, the results for the deformation
and frequency of the FG plates were almost identical to each other.

To the authors’ knowledge, little research focuses on the post-buckling behavior of
BDFG microbeams based on CCST. Additionally, most of the previous research did not
consider how the material distribution types affect the vibration and buckling behaviors of
BDFG microbeams. Thus, this paper attempts to formulate CCST-based equations for the
vibration, buckling and post-buckling analysis of BDFG microbeams. Both symmetrical
and asymmetrical material distribution are taken into account. The remainder of this
paper proceeds as follows. In Section 2, the authors formulate the governing equations
for Timoshenko microbeams by using CCST. Section 3 is concerned with the methodology
used for this study. With the help of DQM, the obtained equations are discretized into
matrix form. Section 4 reports how, considering the effect of the variable length-scale
parameter, length-to-thickness ratio and gradient indices on the pre-buckling and post-
buckling behavior of BDFG microbeams, several parametric studies were carried out.
Section 5 shows the major conclusions of the present work.

2. Mathematical Formulation

Figure 1 depicts a BDFG microbeam whose length, width and thickness are L, b
and h, respectively. The BDFG microbeams are composed of two distinct materials with
continuous characteristics that vary in x and z directions. The effective material properties
P, including density ρ, Young’s modulus E and size effect parameter l, are expressed as [35]

P(x, z) = (P1 − P2)Vx(x)Vz(z) + P2, (1)
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in which the subscripts i (i = 1, 2) refer to the two components of BDFG, respectively.

Figure 1. Sketch of BDFG microbeam.

Furthermore, Vx and Vz are defined as the following four different kinds of power-law
distribution function [36,37]:

Type I :


Vx =


(
2 x

L
)m, 0 ≤ x ≤ L

2 ;(
2 − 2 x

L
)m, L

2 ≤ x ≤ L;

Vz =


(
1 + 2 z

h
)n, − h

2 ≤ z ≤ 0;(
1 − 2 z

h
)n, 0 ≤ z ≤ h

2 ;

(2)

Type II :


Vx =

( x
L
)m, 0 ≤ x ≤ L;

Vz =


(
1 + 2 z

h
)n, − h

2 ≤ z ≤ 0;(
1 − 2 z

h
)n, 0 ≤ z ≤ h

2 ;

(3)

Type III :


Vx =


(
2 x

L
)m, 0 ≤ x ≤ L

2 ;(
2 − 2 x

L
)m, L

2 ≤ x ≤ L;

Vz =
(

z
h + 1

2

)n
, − h

2 ≤ z ≤ h
2 ;

(4)

Type IV :


Vx =

( x
L
)m, 0 ≤ x ≤ L;

Vz =
(

z
h + 1

2

)n
, − h

2 ≤ z ≤ h
2 ;

(5)

where m and n are gradient indexes governing material variation. Type I and II are
symmetrical in the thickness direction, while Type III and IV are asymmetrical.

By the CCST, the displacement gradient tensor ui,j is divided into two parts: one is
symmetric εij and the other is skew-symmetric ωij [33].

εij =
1
2
(
ui,j + uj,i

)
, (6)

ωij =
1
2
(
ui,j − uj,i

)
, (7)

where εij is the strain fields and ωij is rotation fields. The subscripts “,i” or “,j” denote the
differential to i or j.

The rotation vector ωi dual to the rotation tensor ωij is defined by

ωi =
1
2

εijkωkj, (8)

in which, εijk is the Livi-Civita symbol.
The antisymmetric tensor κij is the curvature tensor, which is represented by

κij =
1
2
(
ωi,j − ωj,i

)
. (9)
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In the case of isotropic materials, the constitutive relations are taken as the following
form [27]

σ(ij) = λεkkδij + 2Gεij, (10)

µij = −8ηκij = −4η
(
ωi,j − ωj,i

)
, (11)

in which λ is the Lame constant, δij is the Kronecker delta and G is the shear modulus.
Moreover, η = Gl2 is a CCST material constant and l is the material length-scale parameter.

Accordingly, the strain energy of isotropic elastomer is given as

U =
1
2

∫
Ω

(
σ(ji)εij + µjiκij

)
dV. (12)

By the Timoshenko beam theory, the displacement field takes the form of

u1(x, z, t) = u(x, t) + zφ(x, t),

u2(x, z, t) = 0,

u3(x, z, t) = w(x, t),
(13)

where ui(i = 1, 2, 3) is the displacement along x, y and z directions, respectively. u and w
denote the displacements of the midplane in x and z directions. φ represents the shear
deformation of the microbeam.

The non-zero von Karman nonlinear strain, engineering shear strain and curvature
tensor can be obtained by using Equations (6)–(9) and (13)

εxx = u,x +
1
2 w2

,x + zφ,x,

γxz = 2εxz = φ + w,x,

κxy = − 1
4 (φ,x − w,xx),

(14)

According to Equations (10) and (11), the related normal stress tensor, shear stress
tensor and couple stress tensor are obtained as

σxx = Eεxx,

τxz = Gγxz,

µxy = −8Gl2κxy = −µyx,

(15)

in which G = E
2(1+ν)

.
Hamilton’s principle is used to formulate the governing equation, which reads∫ T

0
(δK − δW − δU)dt = 0 (16)

Using Equations (14)–(15), the variational form of strain energy is

δU =
∫

Ω

(
σxxδεxx + τxzδγxz + 2µyxδκxy

)
dV

=
∫ L

0 (Nxx(δu,x + w,xδw,x) + Mxxδφ,x

+Qxz(δφ + δw,x)− 1
2 Y1(δφ,x − δw,xx)

)
dx,

(17)

in which the stress and couple-stress terms are expressed as follows

Nxx = Axx

(
u,x +

1
2 w2

,x

)
+ Bxxφ,x,

Mxx = Bxx

(
u,x +

1
2 w2

,x

)
+ Dxxφ,x,

Qxz = ksBxz0(φ + w,x),

Y1 = −2Axz(φ,x − w,xx),

(18)

in which ks = 5/6 denotes the shear correction coefficient.
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The rigidity terms are defined as

(Axx, Bxx, Dxx) =
∫

A E
(
1, z, z2)dA,

Bxz0 =
∫

A GdA,

Axz =
∫

A Gl2dA.

(19)

The variational form of kinetic energy is written as

δK =
∫

Ω ρ(x, z)
( .
u1δ

.
u1 +

.
u3δ

.
u3
)
dV

=
∫ L

0

(
IA
( .
uδ

.
u +

.
wδ

.
w
)
+ IB

( .
φδ

.
u +

.
uδ

.
φ
)
+ ID

.
φδ

.
φ
)

dx,
(20)

where the inertia terms are defined as

(IA, IB, ID) =
∫

A
ρ
(

1, z, z2
)

dA. (21)

The virtual work caused by the externally applied force could be expressed as

δW =
∫ L

0
−Pexw,xδw,xdx. (22)

Substituting Equations (17), (20) and (22) into Equation (16), the nonlinear governing
equations can be derived into the following form(

Axx

(
u,x +

1
2 w2

,x

)
+ Bxxφ,x

)
,x
− IA

..
u − IB

..
φ = 0,

(ksBxz0(φ + w,x)),x + (Axz(φ,x − w,xx)),xx +
((

Axx

(
u,x +

1
2 w2

,x

)
+ Bxxφ,x

)
w,x

)
,x

−Pexw,xx − IA
..
w = 0,(

Bxx

(
u,x +

1
2 w2

,x

)
+ Dxxφ,x

)
,x
− ksBxz0(φ + w,x) + (Axz(φ,x − w,xx)),x

−IB
..
u − ID

..
φ = 0,

(23)

The boundary conditions at both ends of the microbeam (x = 0, L) are given as:

either u = 0 or Nxx = 0,

either w = 0 or Nxxw,x + Qxz − 1
2 Y1,x + Pexw,x = 0,

either ∂w
∂x = 0 or Y1 = 0,

either φ = 0 or Mxx − 1
2 Y1 = 0

(24)

.
In the present study, the dimensionless quantities are used:

(x, u, w) =
(x, u, w)

L
, φ = φ, t = t

√
E1 I

ρ1 AL4 (25)

Therefore, the dimensionless coefficients are given as(
Axx, Bxx, Dxx, Bxz0, Axz

)
=
(

Axx L2

E1 I , Bxx L
E1 I , Dxx

E1 I , Bxz0L2

E1 I , Axz
E1 I

)
,(

IA, IB, ID
)
=
(

IA
ρ1 A , IB

ρ1 AL , ID
ρ1 AL2

)
,

Pex = Pex L2

E1 I .

(26)

3. Solution Procedures
3.1. Methodology

Since the motion of microbeams is governed by a set of variable-coefficient partial
differential equations, it is difficult to acquire the analytical solution of this system. The
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DQM [38] is suitable to solve this issue. Based on the DQM, the arbitrary r order differential
of a function f(x) at xi can be calculated by

dr f
dxr

∣∣∣∣
x=xi

=
N

∑
j=1

cij
(r) f

(
xj
)
, i = 1, 2, . . . , N, (27)

in which N denotes the number of discrete nodes and c(r)ij is the weighting coefficient of the
r-th order differential.

The Chebyshev-Gauss-Lobatto points are used to discretize the nodes on the beam domain.

xi =
L
2

(
1 − cos

(
i − 1
N − 1

)
π

)
, i = 1, 2, . . . , N. (28)

3.2. Free Vibration

Introducing Equations (25)–(28) into Equations (23) and (24), the non-dimensional
governing equations are discretized as

C(1)
[

Axx ◦
(

C(1)u + 1
2

(
C(1)w

)◦2
)
+ Bxx ◦

(
C(1)φ

)]
− IA ◦

..
u − IB ◦

..
φ = 0,

C(1)
[
ksBxz0 ◦

(
φ + C(1)w

)]
+ C(2)

[
Axz ◦

(
C(1)φ − C(2)w

)]
+

[
Axx ◦

(
C(1)u + 1

2

(
C(1)w

)◦2
)
+ Bxx ◦

(
C(1)φ

)]
◦
(

C(2)w
)
− Pex

(
C(2)w

)
−IA ◦

..
w = 0,

C(1)
[

Bxx ◦
(

C(1)u + 1
2

(
C(1)w

)◦2
)
+ Dxx ◦

(
C(1)φ

)]
− ksBxz0 ◦

(
φ + C(1)w

)
+C(1)

[
Axz ◦

(
C(1)φ − C(2)w

)]
− IB ◦

..
u − ID ◦

..
φ = 0,

(29)

where “◦” is the Hadamard product [39] and u, w and φ denote the unknown dynamic
displacement vectors. The variable coefficients are also discretized. For example,

Axx(x) =
[
Axx(x1), Axx(x2), . . . , Axx(xN)

]T .

The discrete form of boundary conditions is as follows.
Clamped (C):

C(0)
i u = C(0)

i w = C(0)
i φ = C(1)

i u = 0. (30)

Simply supported (S):

C(0)
i w = 0,

Axx,i

(
C(1)

i u + 1
2

(
C(1)

i w
)◦2
)
+ Bxx,i

(
C(1)

i φ
)
= 0,

Axz,i

(
C(1)

i φ − C(2)
i w

)
= 0,

Bxx,i

(
C(1)

i u + 1
2

(
C(1)

i w
)◦2
)
+ Dxx,i

(
C(1)

i φ
)
+ Axz,i

(
C(1)

i φ − C(2)
i w

)
= 0,

(31)

where C(0)
i denotes the unit matrix, i = 1 or N represent the first or last row of a matrix.

Neglecting the external force and non-linear terms in Equation (29) and taking the
dynamic displacement vector X as X = Xeiωt, the linear free vibration of a microbeam is
sought as an eigenvalue problem (

K − ω2M
)

X = 0, (32)

in which ω denotes the natural frequency of microbeams. K and M are the rigidity and
mass matrix, respectively. Mode vector X takes the form X =

[
u, w, φ

]T .
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3.3. Buckling and Postbuckling

Dismissing the terms relating to time, the static buckling problem is reduced from
Equation (29)

C(1)
[

Axx ◦
(

C(1)us +
1
2

(
C(1)ws

)◦2
)
+ Bxx ◦

(
C(1)φs

)]
= 0,

C(1)
[
ksBxz0 ◦

(
φs + C(1)ws

)]
+ C(2)

[
Axz ◦

(
C(1)φs − C(2)ws

)]
+

[
Axx ◦

(
C(1)us +

1
2

(
C(1)ws

)◦2
)
+ Bxx ◦

(
C(1)φs

)]
◦
(

C(2)ws

)
−Pex

(
C(2)ws

)
= 0,

C(1)
[

Bxx ◦
(

C(1)us +
1
2

(
C(1)ws

)◦2
)
+ Dxx ◦

(
C(1)φs

)]
−ksBxz0 ◦

(
φs + C(1)ws

)
+ C(1)

[
Axz ◦

(
C(1)φs − C(2)ws

)]
= 0,

(33)

where us, ws and φ s are the static deformations. The associated boundary conditions are
the same as the previous results, represented in Equations (30) and (31).

The critical buckling load Pcr and buckling paths of the BDFG microbeam can be
achieved by using the pseudo-arc-length continuation technique or the Newton–Raphson
iteration method. In this study, the obtained non-linear equations are dealt with using
Newton’s method.

3.4. Postbuckling Vibration

Introducing a tiny disturbance near the buckled configuration, the vibration tendency
of a BDFG microbeam in the vicinity of the post-buckling domain is studied. Thus, the
total displacement field variables can be written as

u
(
x, t
)
= us(x) + ud

(
x, t
)
,

w
(
x, t
)
= ws(x) + ud

(
x, t
)
,

φ
(

x, t
)
= φs(x) + φd

(
x, t
)
,

(34)

in which ud, wd and φ d denote the small disturbances near the buckled configurations.
Inserting Equation (34) into Equation (29), dismissing the non-linear terms, the post-

buckling vibration problem in matrix form is given as

C(1)
[
Axx ◦

(
C(1)ud +

(
C(1)wd

)
◦
(

C(1)ws

))
+ Bxx ◦

(
C(1)φd

)]
−IA ◦

..
ud − IB ◦

..
φd = 0,

C(1)
[
ksBxz0 ◦

(
φd + C(1)wd

)]
+ C(2)

[
Axz ◦

(
C(1)φd − C(2)wd

)]
+C(1)

[(
Axx ◦

(
C(1)ud +

(
C(1)wd

)
◦
(

C(1)ws

))
+ Bxx ◦

(
C(1)φd

))
◦
(

C(1)ws

)
+

(
Axx ◦

(
C(1)us +

1
2

(
C(1)ws

))◦2
+ Bxx ◦

(
C(1)φs

))
◦
(

C(1)wd

)]
−Pex

(
C(2)wd

)
− IA

..
wd = 0,

C(1)
[
Bxx ◦

(
C(1)ud +

(
C(1)wd

)
◦
(

C(1)ws

))
+ Dxx ◦

(
C(1)φd

)]
−ksBxz0 ◦

(
φd + C(1)wd

)
+ C(1)

[
Axz ◦

(
C(1)φd − C(2)wd

)]
−IB ◦

..
ud − ID ◦

..
φd = 0,

(35)

The boundary conditions are as follows.
Clamped (C):
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C(0)
i ud = C(0)

i wd = C(0)
i φd = C(1)

i ud = 0. (36)

Simply supported (S):

C(0)
i wd = 0,

Axx,i

(
C(1)

i ud +
(

C(1)
i wd

)
◦
(

C(1)
i ws

))
+ Bxx,i

(
C(1)

i φ d

)
= 0,

Axz,i

(
C(1)

i φ d − C(2)
i wd

)
= 0,

Bxx,i

(
C(1)

i ud +
(

C(1)
i wd

)
◦
(

C(1)
i ws

))
+ Dxx,i

(
C(1)

i φ d

)
+Axz,i

(
C(1)

i φ d − C(2)
i wd

)
= 0.

(37)

The obtained discretized equation Equation (35) is also an eigenvalue question, which
can be solved by the methodology mentioned above.

4. Numerical Results

In this section, the free vibration, static buckling and post-buckling behaviors are
investigated under different boundary conditions. If there is no special statement, the
Type IV power-law distribution function is used in the numerical examples in addi-
tion to the aspect ratio L/h = 50 and b = h. Assuming a microbeam is composed of Ni
(E1 = Ec = 207 GPa, ρ1 = ρc = 8900 kg/m3, ν1 = νc = 0.31) and Ti (E2 = Em = 108 GPa,
ρ2 = ρm = 4505 kg/m3, ν2 = νm = 0.31). Using the available experimental data [40],
the microstructure scale parameter in CCST could be obtained via fitting the data with
the CCST. The calculated length-scale parameters of Ni and Ti are l1 = lc = 0.7828 µm
and l2 = lm = 0.3927 µm, respectively. The material length-scale parameters of Ni and Ti
corresponding to MCST [40] are 1.553 µm and 0.775 µm, respectively. The outcomes reveal
that the microstructure parameter in CCST is roughly half that of the MCST.

4.1. Verification

To authenticate the developed model and solution method, three comparative studies
were carried out. Firstly, Table 1 compares the first fundamental frequencies of TFG
(m = 0) Timoshenko microbeam with those presented by Reddy [41]. In this example, the
material parameters are taken as: l = h = 17.6 µm, b = 2h, L = 20h. Furthermore, supposing
Poisson’s ratio is unvarying, its value is 0.38. The dimensionless frequency is defined as
ω = ωL2/

√
ρ2 A0/E2. Table 1 shows that the results obtained from this study are consistent

with those reported by Reddy.

Table 1. Validation of the natural frequency of SS microbeam.

l/h n = 0 n = 1 n = 10

Reddy [41] Present Reddy [41] Present Reddy [41] Present

0 9.83 9.8262 8.67 8.6693 10.28 10.2890
0.2 10.65 10.6462 9.59 9.5904 11.07 11.0742
0.4 12.80 12.7924 11.93 11.9322 13.14 13.1491
0.8 19.08 19.0784 18.52 18.5231 19.30 19.3150
1.0 22.66 22.6567 22.28 22.1976 22.92 22.8536

The second example compares the critical buckling load (Pcr = PcrL2/(E1 I)) for the
BDFG microbeam under different boundary conditions with those reported by Simsek [42].
The results shown in Table 2 reveal the reliability of the present studies clearly.
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Table 2. Validation of the nondimensional critical buckling loads of BDFG microbeam with L/h = 50.

SS CC

Pcr n = 0.5 n = 1 n = 2 n = 0.5 n = 1 n = 2

m = 0.5
Simsek [42] 13.9210 12.9437 12.2448 54.3014 50.7252 48.1480

Present 13.9220 12.9450 12.2455 54.3289 50.7457 48.1584

m = 1
Simsek [42] 12.7328 12.0758 11.5957 50.4323 47.8749 46.0010

Present 12.7333 12.0765 11.5960 50.4497 47.8875 46.0063

m = 2
Simsek [42] 11.4355 11.0985 10.8445 46.7474 45.1060 43.8808

Present 11.4357 11.0988 10.8446 46.7525 45.1089 43.8796

Thirdly, Figure 2 compares the buckling path of a clamped-clamped beam made
of pure epoxy using the present formulation with the available one [43]. The material
parameters were chosen as: E = 3.0 Gpa, ν = 0.34, and h = 0.01 m. As shown in this figure, a
good agreement was achieved.

0.8 �---------------------�

0.6 

-- Present 

1�
"' 

0.4 
o Yang, J. et al. 

0.2 

o.o�---�--------------�--�

0.025 0.030 0.035 0.040 0.045

Figure 2. Verification of the post-buckling path of CC homogenous beam when L = 10h.

4.2. Characteristics of Free Vibration and Buckling

To illustrate the influence of different types of material distribution on non-dimensional
frequencies, a BDFG microbeam has h/lc = 2 and L/h = 50. In Figure 3, the difference of the
first two order nondimensional frequencies of microbeam with respect to m is depicted for
distinct types of boundary condition. Figure 3 shows that as the functionally graded indices
m and n become larger, the frequencies of four types of distribution decrease sharply and
eventually converge. The descent is due to the fact that the larger the gradient parameters
are, the weaker the rigidity of the BDFG microbeam. The same downward trend can be seen
in Figure 3b for the CC microbeam, but the difference between the SS and CC microbeams
is that the frequencies of the CC microbeam predicted by using Type II and IV are larger
than those predicted by using Type I and III, while the results of the SS microbeam are
close. Another observation is that the second frequencies predicted by different material
distributions are closer. That is to say, the effect of material distribution on the increase in
frequency becomes smaller.

Figure 4 depicts the critical axial force of BDFG microbeams as the ascent of material
indexes m and n by considering four types of material distribution. What observation in
this figure is that the change of critical buckling loads about different distribution functions
is similar to the previous vibration analysis. That is to say, with the growth of m and n,
the stiffness of microbeam becomes smaller, resulting in a smaller critical buckling load. It
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should be pointed out that there is no significant difference among the results calculated by
different types of distribution functions.

Figure 3. Influence of material distribution functions on the first-two nondimensional frequency:
(a) The first dimensionless frequency for SS microbeam; (b) The first dimensionless frequency for CC
microbeam; (c) The second dimensionless frequency for SS microbeam; (d) The second dimensionless
frequency for CC microbeam.

Figure 4. Variation of critical buckling loads for BDFG microbeam under different material distribu-
tion: (a) SS microbeam; (b) CC microbeam.
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4.3. Post-Buckling Investigation of Microbeam

As shown in Figure 5a, the post-buckling behaviors of SS BDFG microbeams with
various material distributions are different. The critical buckling loads predicted by Type
I and Type III are significantly larger than Type II and Type IV. One can observe from
Figure 5b that the post-buckling paths of the CC microbeam have nothing to do with the
material distribution.

Figure 5. Effect of material distribution functions on postbuckling equilibrium paths: (a) SS mi-
crobeam; (b) CC microbeam.

Figure 6 plots the buckling paths of the BDFG microbeam under different values of
the nondimensional microstructure length-scale parameter h/lc. As shown in this image,
as the value of h/lc increases, the critical buckling load decreases while the postbuckling
amplitude increases. Another discovery is that under identical conditions, the CC boundary
condition leads to larger critical buckling loads and post-buckling deflection.

Figure 6. Variation of post-buckling equilibrium paths with different non-dimensional length scale
parameter h/lc: (a) SS microbeam; (b) CC microbeam.

Figure 7 presents the impact of material gradient indexes on the buckling paths of the
BDFG microbeams. The results were obtained based on the following parameters: L = 50h
and h/lc = 2. The results reveal that when the indexes enlarge, the critical buckling load
diminishes. That is because increasing the gradient indexes resulted in a reduction in the
microbeam’s stiffness, which is also explicated in last section. The post-buckling response
with varying aspect ratios is presented in Figure 8. One can observe that the aspect ratio
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makes a significant contribution to the post-buckling deflection and less of a contribution
to the critical buckling load.

Figure 7. Influence of material gradient indexes on postbuckling equilibrium paths: (a) SS microbeam;
(b) CC microbeam.

Figure 8. Influence of aspect ratio on postbuckling equilibrium paths: (a) SS microbeam;
(b) CC microbeam.

Figures 9 and 10 illustrate the variation of the fundamental frequency in both the
pre-buckling and post-buckling domains for the SS and CC BDFG microbeams. A common
discovery is that the frequencies in the pre-buckling domain diminish with the increasing
axial force until they reach zero. However, it is the opposite in the postbuckling range.
Figures 9a and 10a illustrate that the material distribution type has a greater influence on
the first frequency of the SS microbeam compared to the CC microbeam. Figures 9b and 10b
show the intercorrelations among frequency responses in the pre-and post-buckling do-
mains. The images reveal that the non-dimensional length-scale parameter affects the
results significantly. As the thickness of the microbeam approaches the material length-
scale parameter gradually, the predicted critical buckling load increases, which means the
developed model can capture the size effect effectively. Figures 9c and 10c reveal that the
BDFG microbeam with the smallest material gradient index produces the largest critical
buckling load. Considering BDFG microbeams with different length-to-thickness ratios,
the frequency responses are depicted in Figures 9d and 10d. When the aspect ratio varies,
nearly the same vibration characteristics are observed.
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Figure 9. Fundamental frequency–axial load paths for SS BDFG microbeam: (a) Various material
distributions; (b) various nondimensional length scale parameters; (c) various material gradient
indexes; (d) various aspect ratios.

Figure 10. Fundamental frequency–axial load paths for CC BDFG microbeam: (a) Various material
distribution; (b) various nondimensional length scale parameter; (c) various material gradient indexes;
(d) various aspect ratio.
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5. Conclusions

In this study, the authors investigate the vibration, buckling, and post-buckling be-
haviors of BDFG microbeam. The mathematical formulation was obtained by using the
Timoshenko beam theory and CCST. Utilizing Hamilton’s principle, the governing equa-
tions were obtained. DQM and iterative Newton’s method were employed to solve the
obtained equations. Th numerical results demonstrated the influence of the symmetrical
and asymmetrical material distribution, size effect, gradient parameters and aspect ratio on
the first two order frequencies, critical buckling load and post-buckling characteristics of
the BDFG microbeam under different boundary conditions. Some of the conclusions of the
article are as follows:

1. The small scale parameter in CCST equals roughly half of the MCST.
2. Increasing the gradient indexes, the frequencies and critical buckling load diminish.

The frequencies and critical axial force do not change when the gradient indexes are
considerable.

3. The influence of the material distribution type on the first frequencies is significantly
greater than that of the second frequencies. In addition, the first-order frequencies of
the CC microbeams with different material distribution types are quite different. Fur-
thermore, the critical buckling loads are close among these four types of distribution.

4. The aspect ratio influences the buckling path significantly, but makes nearly no
contribution to the critical buckling load.

5. With declining h/lc, the predicted critical buckling loads increase significantly for all
boundary conditions and the size effect becomes more pronounced.
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