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Abstract: In the frame of Gauss–Bonnet gravity and in the limit of D → 4, based on the fact that
spherically symmetric solution derived using any of regularization schemes will be the same form as
the original theory, we derive a new interior spherically symmetric solution assuming specific forms
of the metric potentials that have two constants. Using the junction condition we determine these two
constants. By using the data of the star EXO 1785-248, whose mass is M = 1.3± 0.2 M� and radius
l = 8.849± 0.4 km, we calculate the numerical values of these constants, in terms of the dimensionful
coupling parameter of the Gauss–Bonnet term, and eventually, we get real values for these constants.
In this regard, we show that the components of the energy–momentum tensor have a finite value
at the center of the star as well as a smaller value to the surface of the star. Moreover, we show that
the equations of the state behave in a non-linear way due to the impact of the Gauss–Bonnet term.
Using the Tolman–Oppenheimer–Volkoff equation, the adiabatic index, and stability in the static state
we show that the model under consideration is always stable. Finally, the solution of this study is
matched with observational data of other pulsars showing satisfactory results.

Keywords: modified gravity; neutron stars; stellar structure

PACS: 11.30.-j; 04.50.Kd; 97.60.Jd

1. Introduction

To date, a considerable amount of observational data of compact stellar objects data,
such as neutron stars and spherically symmetric black holes are available from gravitational-
wave (GW) detectors, like X-ray observations, advanced LIGO [1], Kagra [2,3], advanced
Virgo [4], and from the networks of radio telescopes, like the event horizon telescope [5],
from the NICER mission [6] and there is much activity in the study of such objects as well,
i.e., neutron stars in F(R) [7,8]. In the frame of current observational uncertainties, all data
are consistent with Einstein’s general relativity (GR) and despite this. However, there is a
venue for a extended gravity theories, which might be useful to future observations that
require alternative descriptions than that of Einstein’s GR theory, like, for example, the
curious GW190814 event [9]. Regardless of the direct tests of Einstein GR, there are also
pending questions to be clarified, like the maximum mass of neutron stars, the high-density
equation of state (EoS), and so on. The observations obtained recently by the compact
object merger GW190814 [9] shows that the low-mass component of the binary possesses a
mass of 2.59+0.08

−0.09 M�, which directly puts it in the present observational mass gap between
neutron stars and black holes. Moreover, among the gravitational waves, there are three
events/candidates involving the merger of one neutron star or light mass black hole with
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another compact object. If this event is described solely by GR, the lower mass component
of the binary can either be a neutron star with an unexpectedly stiff (or exotic) EoS, a
black hole with an unexpectedly small mass, or a neutron star with an unexpectedly rapid
rotation [10–17,17–30]. On the other hand, an natural and non-exotic description of the
lower mass component of the event GW190814 can be given by extended gravity [31–33].
In the frame of modified gravitational theories there are many studies tackling the problem
of anisotropic compact stars for example in the frame of f (R, G), where R is the Ricci
scalar and G is the Gauss–Bonnet term [34], in the frame of mimetic theory [35], in the
frame of f (R) [36–39], in the frame of teleparallel gravity [40,41], and in the frame of scalar
Gauss–Bonnet theory [42].

To date, two GW outcomes have been verified as binary neutron star (BNS) mergers,
GW170817 [43] and GW190425 [44], and extra outcomes are anticipated in the near future [45].
Revealing of the GW from the inspiral phase of GW170817, in connection with observations of
its kilonova electromagnetic counterpart [46–48], have put new constraints on the dimensionless
tidal deformability of neutron stars and hence on their EoS [49–55,55]. Such EoS constraints
are expected to be more precise in the next years, via the combination of a larger number
of observations [56–60]. Despite the sensitivity of the advanced LIGO and advanced Virgo
detectors, these were not sensitive enough in order to determine the post-merger phase in
GW170817 [43,61]. However, this post-merger phase may be revealed in the near future, by
several experiments and collaborations, like [45], or by third-generation detectors [62,63], or
even with high-frequency detectors [64,65]. The observation of GW in the post-merger phase
of a BNS merger would then offer another opportunity to probe the high-density EoS of NSs,
see [66–77].

In view of the future observational data which might indicate deviations from GR,
it is important to study compact objects in the context of extended theories of gravity. In
the present work, we will study compact objects in the context of Einstein–Gauss–Bonnet
gravity (EGB) [78,79] which provides a number of attractive analytic solutions. The action
of this theory is given as:

S =
1

2κ

∫
d4x

√
−g{R + βG}+ Sm, (1)

with κ = 8πG/c4, and G = R2 − 4RµνRµν + RµνρσRµνρσ is the Gauss–Bonnet scalar while
Sm is the matter Lagrangian. Here β has a dimension of length squared. We will then
formulate models of neutron stars, and by using numerical methods we will study several
solutions for neutron stars.

Lately, Glavan and Lin [80] provided a new general covariant modified model of
the EGB theory that elucidates multiple non-trivial issues taking place in 4-dimensional
spacetime. Note that such scenario to get consistent 2-dimensional GR from D-dimensional
GR in the limit of D → 2 was proposed in [81,82]. The GB expression (G) in 4-dimensions is
a total derivative term and hence does not impact the gravitational dynamics. However, on
a higher dimension, i.e., D > 4, it involves an exterior result of the total derivative. When
D > 4, Torii et al. [83] and Mardones et al. [84] showed that the support of the GB term is
proportional to a vanishing factor in 4-dimensions. Moreover, Glavan and Lin [80] rescaled
the dimensional parameter β, i.e., β → β

(D−4) showing behavior very much identical to
GR behavior, as it preserves equal degrees of freedom in all dimensions and sets aside the
Ostrogradsky instability [85]. Using the regularization of the GB expression at D = 4, one
can derive a non-trivial impact in the four-dimensional dynamics [86–90].

Here, we stress the fact that the novel 4D EGB theory [80] has got several quibbles.
The criticisms on the correctness by taking the limit D → 4 have been discussed in [91,92].
Nevertheless, it was shown in References [93–95] that in 4-dimensions spacetime the output
field equations are not regular and no regular action which creates the proposed regularized
field equations can be exist [96]. The Kaluza–Klein reduction method of the limit D → 4
yields a special class of scalar-tensor theories in the Horndeski family [97,98]. Similar
method was used in [88,99,100] by adding a counter term in D-dimensions and then taking
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D → 4 limit. Furthermore, many projects have been analyzed the previous issues coming
from the new 4-dimensions EGB gravity. Depending on the selection of the regularization
method, several theories have been presented with various degrees of freedom and various
characteristic. Using the procedure of [90,91], the handling was shown to be symmetrical
by ignoring the 4-dimensions diffeomorphism invariance. Nevertheless, it is interesting
to note that spherically symmetric 4-dimensions solutions are valid in these regularized
theories [87]. Actually, black hole solutions through the rescaling method [80] still correct in
these regularized theories [88,89]. Therefore, it becomes clear that the spherically symmetric
solution derived using any of these regularization schemes will be identical to the authentic
theory. In this frame, the interior spherically symmetric star solution is significant to
study. Therefore, we decide to obtain the field equations starting with outlines depending
on the new 4-dimensions EGB gravity. Moreover, one of the motivations of the present
study is to constrain the numerical value of Gauss–Bonnet parameter in the frame of the
anisotropic model so that we get a realizable astrophysical model. Additionally, we want
to test the behavior of the equation of state in this model and compared it with Einstein
general relativity.

The GB theory has various applications in different topics of gravity and, therefore, it
appeared to be quite unconventional to scientists in the field of cosmology and astrophysics.
Glavan and Lin [80] in the frame of GB theory derived a static spherically symmetric vacuum
black hole which was proved to be quite different from Schwarzschild black holes. Gurses
et al. [95] showed that EGB theory does not support any intrinsic 4-dimensional solution in
terms of the metric, thus its viability of the black hole solutions is appropriate for the case
D > 4. More applications of EGB theory were used to calculate the thermodynamics of non-
rotating and rotating black holes and evaluate the thermodynamical quantities such as entropy,
mass, and temperature [101–104]. Moreover, EGB theory is used for the study of various black
hole related issues, like thermodynamics of AdS black holes [105], quasi-normal modes [106],
black gravitational lensing of strong and weak types [101], Hawking radiation [107], geodesic
motions for spinning test particles [108], and wormhole solutions [109]. Aside from the issues
of the black hole, EGB theory is applied for the study of neutron stars, which is a subject of
continuous research interest. Recent observations of neutron stars have further constrained
the equation of state of nuclear matter, but the inner structure of neutron stars still remains
a mystery. An investigation of the photon sphere and the shadow observed by a distant
observer and the exploration of the effects of black hole parameters have been studied in the
frame of EGB [110].

The determination of the inner core matter is quite non-trivial as the composition varies
with the nature of interaction and quark matter, hyperon matter, Bose–Einstein condensate,
strange mesons are all considered to be the core matter. However, the invention of 2 M� neutron
stars like PSR J1614-2230 [1.97± 0.04 M�] [10] and J0348+0432 [2.01± 0.04 M�] [111] brought
criterion on the nature of the core matter. Quantum chromodynamics (QCD), supports the
conversion of hadronic matter into deconfined quarks inside the neutron stars. This invention
makes the Bodmer–Witten hypothesis quite important to the context as it already predicted
for a quark-matter component in the cosmic rays detected from neutron stars [112,113]. This
strengthens the presence of quark stars.

The present study aims to derive interior solutions for EGB theory, using the fact that
spherically symmetric solution obtained from any regularization methods will be identical
with the original theory [87–89], and then check the physical viability of such a solution.
According to the procedure, it is possible to construct self-consistent compact stellar models
capable of describing anisotropic neutron stars in the context of EGB gravity. The layout
of the present paper is as follows: In Section 2, a summary of EGB theory is reported.
Additionally, in Section 2, we apply the field equation of EGB to D-dimensional spherically
symmetric spacetime and write them in the limit D → 4 and solve the resulting differential
equations assuming specific forms of the metric potentials. In Section 3, we use the junction
condition, i.e. match the interior solution with the exterior solution derived [80], and fix the
two constants that characterize our solution. In Section 4, we discuss the physical conditions
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that any real compact star must satisfy and show that the energy components of our model
have finite values at the center of the star and decrease towards the star of the surface.
Moreover, we show that the model under consideration has a positive anisotropy which
means that the tangential pressure is greater than the radial one. Additionally, we prove
that our model satisfies the causality condition and the energy–momentum conditions.
Finally, we study the equation of state, (EoS), and show that the impact of Gauss–Bonnet
expression makes its pattern has a non-linear form. In Section 5, we show that our model
is stable under various conditions, like the TOV equation, adiabatic index, and the static
state. We confront our results with observational data and summarizing the output results
in Section 5. Finally, the conclusions follow in the end of the paper (in this study, we are
going to use the geometrized units).

2. Compact Star in Gauss–Bonnet Theory

The Lagrangian of Einstein–Gauss–Bonnet, in D−dimensional spacetime has the form:

LEGB = R+
β

D− 4
G + Lm , (2)

whose corresponding action takes the form:

SEGB =
1

16π

∫
dDx

√
−g
(
R+

β

D− 4
G
)
+ Smatter , (3)

where R is the Ricci scalar curvature and G is the Gauss–Bonnet invariant associated
with the D-dimensional spacetime. The dimensionful parameter β is the Gauss–Bonnet
coupling parameter and Smatter is the action contributed from the matter perfect fluid. The
Gauss–Bonnet term, G, takes the form:

G = R2 − 4RµνRµν +RµνκλRµνκλ , (4)

where Rµν andRµνκλ are the Ricci curvature and Riemann curvature tensors, respectively.
Variation of the action (3) with respect to the metric tensor yields:

Gµν +
β

N − 4
Hµν = 8πTµν , (5)

where the Einstein tensor Gµν, the Lancoz tensorHµν and the stress tensor Tµν are defined
respectively as:

Gµν = Rµν −
1
2
R gµν , (6)

Hµν = 2
(
RRµν − 2RµλRλ

ν − 2RµλνρRλρ −RµαβγR
αβγ
ν

)
− 1

2
gµνG , (7)

Tµν = − 2√−g
δ(
√−g Sm)

δgµν . (8)

The field Equation (5) has no meaning when D = 4. In spite of this, Glavan et al. [80,114]
show that using a re-scale of the parameter β as β→ β/(D− 4) and by specifying spacetimes
of curvature scale K which are maximally symmetric that set the variation of GB contribution as:

gµλ√−g
δG

δgνλ
=

β(D− 2)(D− 3)
2(D− 1)

K2 δν
µ , (9)

that shows in a clear way the non-vanishing of G when D = 4.
Now we consider a spacetime of D−dimensions that has the form:

ds2 = −e2h(r)dt2 + e2h1(r)dr2 + r2dΩ2
D−2 , (10)
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where, dΩ2
D−2 refers to the (D− 2)-dimensional surface of a unit sphere.

As shown in [80], the effective 4-dimensional theory is obtained in the singular limit
D → 4 with β = β/(D− 4). Using the limit D → 4 we derive the dimensionally reduced
field equations as:

8πρ =
β(1− e−2h1 )

r3

[
4h′1e−2h1 − (1− e−2h1 )

r

]
+ e−2h1

(
2h′1

r
− 1

r2

)
+

1
r2 , (11)

8πpr =
β(1− e−2h1 )

r3

[
4h′e−2h1 +

(1− e−2h1 )

r

]
+ e−2h1

(
2h′

r
+

1
r2

)
− 1

r2 , (12)

8πpθ = e−2h1

[
h′′ + h′2 +

1
r
(
h′ − h′1

)
+h′h′1

(
8βe−2h1

r2 − 1

)
− 2β(1− e−2h1 )

r2

×
{

1
r
(
h′ − h′1

)
−2
(

h′′ + h′2 − h′h′1
)
+

1
r2 (e

2h1 − 1)

}]
, (13)

where the “prime” indicates differentiation with respect to the radial coordinate.
Moreover, we suppose that the stress energy–momentum tensor of anisotropic fluid

has the form:

Tµν = (ρ + pθ)uµuν + pθ gµν + (pr − pθ)ξνξµ, (14)

where ρ is the energy density, pr and pθ are the radial and tangential pressures, where
uµ is the time-like vector defined as uµ = [1, 0, 0, 0] and ξµ is the unit radial vector with
its spacelike property, defined by ξµ = [0, 1, 0, 0] such that uµuµ = −1 and ξµξµ = 1. In
the present study, we shall consider the matter content described by the energy density ρ,
radial and tangential pressures, pr and pθ respectively (throughout this study we shall use
geometrized units in which G = c = 1).

The above system of differential Equations (11)–(13), constitutes three differential
equations with five variables, thus we need two extra conditions. In this study we are going
to assume the metric potentials gtt and grr to have special forms so that the resulting model
can be consistent with a real compact star. Here we assume

h(r) = −4 ln(c1 − c0r2) , h1(r) = −4 ln(1 + c0r2) , (15)

where c0 and c1 are constants that will be fixed from the junction conditions. We assume the
ansatz given by Equation (15) so that we can get non-singular values of energy density, and
radial and tangential pressures and also finite values of these quantities at the center of the
star as we will show in the following sections. Using Equation (15) in Equations (11)–(13)
we get the form of energy density, radial and tangential pressures which are quite lengthy
to quote them here and therefore, we present these in Appendix A. In the next section we
are going to fix the two constants using the junction conditions, i.e., we will match the
interior solution with an exact exterior solution.

3. Junction Conditions

The vacuum spherically symmetric solution in Gauss–Bonnet gravitational theory is
derived in [80] and has the following form in the limit D → 4:

ds2 = −A(r)dt2 +
dr2

A(r)
+ r2dΩ2

2, (16)

where the unknown function A(r) has the form

A(r) = 1 +
r2

32πβ

[
1±

{
1 +

128πβm
r3

}1/2
]

. (17)
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In this study, we consider the negative branch in Equation (17) that yields (The
matching condition of the positive branch of Equation (17) yields unphysical quantities,
that is, negative values of density, radial and tangential pressures. So we will not consider
this case in this study):

A(r) = 1 +
r2

32πβ

[
1−

{
1 +

128πβM
r3

}1/2
]
≈ 1− 2M

r
+

64πβM2

r4 . (18)

Equation (18) shows that the direct effect of the GB parameter will be of order O
(
r−4)

and in case we neglect it we will return to the usual Schwarzschild solution. Now matching
the interior and exterior spacetimes at the boundary r = l, i.e., e2h(l) = e−2h1(l) = A(l)
yields the value of the two constants c0 and c1 which are:

c0 =

√
2

4

√√√√ 2

(
32 π β+l2−l2

√
l3+128 π β M

l3

)
πα − 4

4l2 , (19)

c1 =
1

2 4
√

πβ ‖ B ‖
[
2 4
√

2 ‖ B ‖ −4 4
√

π 4
√

β
]{√2 ‖ B3 ‖ −8 4

√
2πβB2 + 8

√
πβB

−8
√

πβ
4
√
[8
√

πβ− 8 4
√

2πβ ‖ B ‖ +
√

2B2][2 4
√

2 ‖ B ‖ −4 4
√

πβ]

}
, (20)

whereB = 4
√√

l
√

l3 + 128 π β M− 32 π β− l2. Now we are going to calculate the derivative
of the metric potentials (15) and the exterior solution given by Equation (18) and get:

g′tt(r) =
dgtt(r)

dr
=

8rc0

(c1 − c0r2)5 , g′rr(r) =
dgrr(r)

dr
= − 8rc0

(1 + c0r2)5 ,

A′(r) =
dA(r)

dr
=

r3/2
√

r3 + 128πβM + r3 + 32πβM
πβ
√

r4 + 128rπβM
. (21)

The second junction condition should be checked as well which deals with the first
derivative of the metric with respect to the radial coordinate. Having the results in
Equation (21), one can check the second junction condition to see whether it trivially
satisfies or one needs to consider a shell with an appropriate energy–momentum tensor.

4. Physics of the Solution

Now, we are ready to examine if the interior solution which is given in Appendix A
can describe a realistic star. For such a purpose, we are going to derive some necessary
conditions which must be satisfied in order to have a real star.

4.1. Energy–Momentum Tensor

For any real interior solution, we must have a positive value of all the components
of the energy–momentum tensor, i.e., the energy density, and the radial and transverse
pressures should have positive well-defined values. Additionally, all these components
must be finite at the center of the star and should decrease in the radial direction towards
the surface of the star. Finally, the tangential pressure should exceed the radial one at the
center of the star. In the present study we shall consider the stellar model of the observed
pulsar EXO 1785-248 whose mass is M = 1.3± 0.2 M� and its radius l = 8.849± 0.4 km
for which the constants c0 and c1 can be calculated numerically. We must stress that the
model solution given in Appendix A cannot be reduced to the GR solution because the
parameter β is not allowed to take zero values. We depict the components of energy–
momentum in Figure 1. The numerical values of the parameters c0 and c1 used in Figure 1
are c0 = −0.001763358117, c1 = −0.9329227851. Moreover, ρ(r → 0) = 0.00168473468,
pr(r → 0) = 0.0005755839216, and pθ(r → 0) = 0.0005755799012. Figure 1 ensures that
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the energy density, and radial and tangential pressures are decreasing towards the surface
stellar. Additionally, in Figure 1d, we present the behavior of the anisotropy parameter
which is defined as ∆(r) = pθ − pr. Moreover, in Figure 1d we present the anisotropic force
that has a positive behavior which means that we have a repulsive force, due to the fact
pθ ≥ pr.

(a) (b)

(c) (d)

Figure 1. Plot of the components of the energy-momentum tensor and anisotropic force where
we put β = −0.0001 and the constants c0 and c1 take the numerical values, −0.001763358117 and
−0.9329227851 respectively. (a) The energy density given by the first equation of Appendix A, (b) The
radial pressure given by the second equation of Appendix A, (c) The tangential pressure given by the
third equation of Appendix A, (d) The anisotropy ∆ and anisotropic force of the model given by the
fourth equation of Appendix A.

4.2. Causality

To test the behavior of the sound velocities, we evaluate the derivative of the energy–
density and the radial and tangential pressures, the final expressions of which we present
in Appendix B. The equations given in Appendix B do not inform us if the gradients of
the components of the energy–momentum tensor have a positive or negative behavior,
therefore, we plot them in Figure 2a and from the plots it is ensured that the gradients of
the energy–momentum tensor are negative, as it is required for any realistic physical stellar.
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(a) (b)

Figure 2. The plot of the gradients of the energy–momentum components where we put β = −0.0001
and the constants c0 and c1 take the numerical values, −0.001763358117 and −0.9329227851
respectively. (a) The gradient of the energy–momentum components given by the three equations
presented Appendix B. (b) The speed of sound given by the two equations presented Appendix C.

To verify the causality conditions we must prove that the radial and transverse sound
speeds, vr

2 and v⊥2, have values less than the speed of light. We evaluate these quantities,
vr

2 and v⊥2, and we present their functional forms in Appendix C. We plot the equations
given in Appendix C in Figure 2b to ensure the validity of the conditions 1 > vr

2 > 0 and
1 > vt

2 > 0.
The appearance of non-vanishing radial force with different signs in different regions

of the fluid is called gravitational cracking. This happens when the radial force is directed
inwards in the inner part of the sphere for all values of the radial coordinate r between the
center, and some value beyond which the force reverses its direction [115]. It is shown in
Reference [116] that a simple requirement to avoid gravitational cracking is 0 > vθ

2− vr
2 >

−1. In Figure 2b, we show that the solution given in Appendix C is stable against cracking.

4.3. Energy Conditions

Energy conditions are considered as important tests for non-vacuum solutions. To
satisfy the dominant energy condition (DEC), we have to prove that ρ− pr > 0 & ρ− pθ > 0.
As shown in Figure 3a the DEC is satisfied for suitable choices of the parameters β, c0,
and c1. Additionally, in Figure 3b–d we show that the weak energy condition (WEC), the
null energy condition (NEC), and the strong energy condition (SEC) are all satisfied. It is
interesting to note that the problem of energy conditions in the frame of f (G) has been
studied and the results presented in this study are consistent with the results presented
in [117].

4.4. Mass–Radius Relation

The compactification factor, u(r), is the one defined as the ratio between the mass and
radius. It has an important role towards to revealing the physical properties of compact
objects. Starting from the solution given in Appendix A, we define the gravitational mass
by the following expression:

M(r) =
∫

0

r
ρ(ξ)ξ2dξ =

c0 r3

16π

(
c0 r2 + 2

)(
c0

2r4 + 2 + 2 c0 r2
)(

c0
4r8 + 4 c0

3r6 + 6 c0
2r4 + 4 c0 r2 + 2

)
×
(

β c0
8r14 + 8 β c0

7r12 + 28 β c0
6r10 + 56 β c0

5r8 + 70 β c0
4r6 + 56 β c0

3r4 + 28 β c0
2r2 + 8 β c0 − 1

)
, (22)
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where we substitute the value of energy density from the first equation presented in
Appendix A. The compactification factor C(r) is then defined as:

C(r) =
M(r)

l
. (23)

Substituting Equation (22) into (23), one can get the explicit form of the compactification
factor. The behavior of the gravitational mass and the compactification factor are plotted in
Figure 4 which indicates in a clear way that the gravitational mass and the compactification
factor are directly proportional to the radial coordinate.

(a) (b)

(c) (d)

Figure 3. DEC, WEC, NEC, and SEC for β = −0.0001, c0 = −0.001763358117, and c1 =

−0.9329227851. (a) The DEC, ρ − pr and ρ − pθ . (b) The WEC, ρ and ρ + pr. (c) The NEC, ρ

and ρ + pθ . (d) The SEC, ρ, ρ + pr and ρ− pr − 2pθ .
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(a) (b)

(c) (d)

(e)

Figure 4. Schematic plots of (a) the gravitational mass and compactification factor of the solution given
by Equations (22) and (23); (b) the components of radial and tangential EoS parameters as function
of the radial coordinate; (c) the radial EoS as a function of the energy density; (d) the tangential EoS
as a function of the energy density and; (e) the EoS as a function of the energy density. The values
the GB parameter and the constants c0 and c1 are taken as β = −0.0001, c0 = −0.001763358117, and
c1 = −0.9329227851 in these plots.
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4.5. Equation of State

Finally, let us study the equation of state (EoS) of a compact stellar object as presented
in [118] which uses a linear EoS. In the present case, we show that the EoS is not linear due
to the contribution of the GB term. To show this, we define the radial and transverse EoS as:

ωr =
pr(r)
ρ(r)

, ωt =
pθ(r)
ρ(r)

, (24)

with ωr and ωt being the radial and transverse EoS parameters. Using the form of energy
density and radial, and tangential pressures presented in Appendix A we get the EoSs of
our model as presented in Appendix D. As it can be seen in Figure 4b, the EoS is non-linear
because of the contribution of the GB term.

Now, we are going to calculate the EoS as P(ρ) = ωρ, for such purpose we write
r = r(ρ). Using the form of energy density given in Appendix A we get the form of the
radial, tangential and pressure components in Appendix D. The behavior of the EoS as a
function of the energy density is presented in Figure 4c–e. As it can be seen in Figure 4c–e ,
the radial and tangential EoS parameters are positive, while the total EoS, i.e., P = pr+2pθ

3
is negative.

5. Stability of the Model

We use two different procedures to study the stability problem, the first is the Tolman–
Oppenheimer–Volkoff (TOV) equation and the second is to study the adiabatic index. Now
we are going to discuss the TOV equation in the frame of our solution is presented in
Appendix A.

5.1. The Tolman–Oppenheimer–Volkoff Equation

To study the stability of our solution displayed in Appendix A, we are going to
suppose the hydrostatic equilibrium by using the TOV equation [119,120] as given in [121]:

2[pθ − pr]

r
−

Mg(r)[ρ(r) + pr(r)]e[h(r)−h1(r)]/2

r
− dpr(r)

dr
= 0 . (25)

Here Mg(r) represents the gravitational mass evaluated at the radius r and has the
following form:

Mg(r) = 4π
∫

0

r(
Tt

t − Tr
r − Tθ

θ − Tφ
φ
)

y2e[h(y)+h1(y)]dy =
rh′e[h1(r)−h(r)]/2

2
, (26)

Using Equation (26) in Equation (25) gives:

2(pθ − pr)

r
− dpr

dr
− h′[ρ(r) + pr(r)]

2
= Fg + Fa + Fh = 0 . (27)

Here Fg = − h′ [ρ+pr ]
2 , Fa = 2(pθ−pr)

r , and Fh = − dpr(r)
dr are the gravitational mass, the

anisotropic, and the hydrostatic forces, respectively. The explicit forms of these forces can
be found in Appendix E. We plot the different forces presented in Appendix E in Figure 5a,
and it can be seen, it is ensured that the hydrostatic and anisotropic forces are positive and
dominate over the gravitational force, which has a negative value, hence opposite direction,
and the system is kept in static equilibrium.
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(a) (b)

(c) (d)

Figure 5. Schematic plots of (a) the different forces acting on the model under consideration; (b) the
adiabatic index of the model under consideration; (c) the variation of the mass (which is a function
of the central density) via the central density; (d) the stability of the model in the static state. The
numerical values of the GB and the constants c0 and c1 used in these plots are given as β = −0.0001,
c0 = −0.001763358117, and c1 = −0.9329227851 in this figure.

5.2. The Adiabatic Index

The adiabatic index connects the structure of a spherically symmetric static object to
the EoS of the interior solution. One can use the adiabatic index to discuss the stability
of the interior solution [122]. For any interior solution, it becomes stable if its adiabatic
index is greater than 4/3 [123] however, if γ = 4

3 , then the isotropic sphere is in neutral
equilibrium. Following Chan et al. [124], the stability condition of a relativistic anisotropic
sphere, γ > Γ, must be satisfied. Here Γ is defined as

Γ =
4
3
−
{

4(pr − pθ)

3|p′r|

}
max

, (28)

where the collapse happens according to the nature of the anisotropy. When pr > pθ one
can have γ < 4/3 and the system still stable and when pθ > pr one can have unstable
system even if γ > 4/3. The behavior of the adiabatic index is shown in Figure 5b which
ensures the stability condition of our solution.
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5.3. Stability in the Static State

Finally, let us study the stability through the procedure given by Harrison, Zeldovich,
and Novikov [125–127] who showed that for stable compact stars the mass, (which is a
function of the central density) must be positive and increasing and also the derivative
of the mass with respect to the central density must have a positive value, i.e., ∂M

∂ρ0
> 0.

Applying this condition to our model we get the density at the center of the star:

ρ0(r → 0) =
3(8βc0 − 1)c0

π
=⇒ c0 =

3±
√

9 + 96πβρ0

48β
. (29)

Using Equation (29) in Equation (22) we get the form of mass in terms of the central
density which is written in Appendix F. The pattern of the derivative of mass with respect
to the central density given by the equation presented in Appendix F1 and it is plotted in
Figure 5d which ensures the stability of our model.

In addition to EXO1785− 248, a similar analysis can be developed for other pulsars.
In Tables 1 and 2 we report the results for other observed pulsars.

Table 1. Values of model parameters [128].

Pulsar Mass (M�) Radius (km) c0 c1

4U 1724-207 1.81+0.25
−0.37 12.2+1.4

−1.4 ≈−0.75× 10−3 ≈−0.9
4U 1820-30 1.46+0.21

−0.21 11.1+1.8
−1.8 ≈−0.7× 10−3 ≈−1.5

SAX J1748.9-2021 1.81+0.25
−0.37 11.7+1.7

−1.7 ≈−0.2× 10−2 ≈−1.3
EXO 1745-268 1.65+0.21

−0.31 10.5+1.6
−1.6 ≈−0.1× 10−2 ≈−1.4

4U 1608-52 1.57+0.30
−0.29 9.8+1.8

−1.8 ≈−0.1× 10−2 ≈−1.4
KS 1731-260 1.61+0.35

−0.37 10.0+2.2
−2.2 ≈−0.1× 10−2 ≈−2.4

Table 2. Values of physical quantities.

Pulsar ρ|
0

ρ|
l

dpr
dρ |0

dpr
dρ |l

dpθ
dρ |0

dpθ
dρ |l (ρ− pr − 2pθ)|0 (ρ− pr − 2pθ)|l z|

l

4U 1724-207 ≈0.71 ×10−3 ≈ 0.32 ×10−3 ≈ 0.68 ≈0.57 ≈ 0.28 0.43 ≈0.42 ×10−3 ≈0.41 ×10−4 0.014
4U 1820-30 ≈0.65 ×10−3 ≈ 0.34× 10−3 ≈0.36 ≈0.26 ≈0.21 ≈0.15 ≈0.58 ×10−3 ≈0.28 ×10−3 0.012
SAX J1748.9-2021 ≈0.2 ×10−2 ≈0.6 ×10−3 ≈0.45 ≈0.24 ≈0.26 ≈0.2 ≈0.16 ×10−2 ≈0.35 ×10−3 ≈0.017
EXO 1745-268 ≈ 0.1 ×10−2 ≈0.4 ×10−3 ≈0.4 ≈0.27 ≈0.23 ≈0.17 ≈0.8 ×10−3 ≈0.3 ×10−3 ≈0.014
4U 1608-52 ≈0.1 ×10−2 ≈0.44 ×10−3 ≈0.38 ≈0.25 ≈0.22 ≈0.15 ≈0.92 ×10−3 ≈0.34 ×10−3 ≈0.0148
KS 1731-260 ≈0.1×10−2 ≈ 0.4×10−3 ≈0.15 ≈0.034 ≈0.048 ≈0 ≈0.1 ×10−2 ≈0.4 ×10−3 ≈0.0147

6. Discussion and Conclusions

Among the higher curvature theories, the EGB theory offers new possibilities for 4D
gravity. This new proposal has received much interest because the GB invariant may share
Einstein’s field equations through the redefinition of the GB constant to be β → β

D−4 in
D-dimensions and taking the limit D → 4. Inspired by this new proposal of EGB theory,
in this work, we rigorously explained a static and spherically symmetric interior solution.
Assuming a specific form of the metric potentials, we derived in this new proposal of EGB
a new interior solution. In this study we showed that the GB parameter, β, must take a
tiny negative value otherwise we will have imaginary quantities for the components of
pressures. As we showed the effect of the constant β acting on the EoS, yielded its behavior
to behave in a non-linear form, unlike Einstein GR.

We checked the impact of the anisotropy regime and showed that it is always positive
which means that we have a repulsive force. Moreover, we listed the physical conditions
that any real star must satisfy and showed that our model yields:

i A well-known behavior of the energy density and radial and tangential pressures at
the center as well as at the surface of the star as shown in Figure 1a–c.

ii The causality condition is satisfied by showing that the gradient of the energy–
momentum components have negative values as shown in Figure 2a. Moreover,
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in Figure 2b we showed that the speed of sound of radial and tangential components
are less than one, as required for any realistic star.

iii In Figure 3 we showed that the energy conditions which must be satisfied for any
realistic star are satisfied.

iv Using different techniques, TOV, adiabatic index, and stability of the static state, we
studied the stability of our model and we showed that it is stable as Figure 5a,b,d
show. The results of this study can be applied to the observational data of various stars
showing consistent results as shown in Tables 1 and 2. For these objects, it is possible
to calculate the density at the center and at the surface, the radial and tangential speed,
at the center and the surface of the star, the SEC at the center and the surface of the
star, and the redshift at the surface of the star. It is interesting to see that all the results
of the different stars of our solution are compatible with observations. From the above
discussions we can say that our results presented in this study are in agreement with
that presented in [129] from the viewpoint of the structure of compact star.

In summary, we derived a new interior solution in the framework of EGB in the limit
D → 4, assuming physically motivated metric potentials. This solution has a non-trivial
form of the Ricci scalar as well as the GB term. The internal solution can be matched with
the external in the limit D → 4. In a forthcoming paper, we will consider a similar situation
assuming a charged interior solution.
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Appendix A. Energy Density and Radial and Tangential Pressures

Now, let us present the quantities related to the interior solution discussed in the
present study and write them as:

8π ρ(r) =

{
192β c0 − 140c0 r2 − 392c0

2r4 − 630c0
3r6 − 616c0

4r8 − 364c0
5r10 − 120c0

6r12 − 17c0
7r14 − 24 + 11760β c0

3r4

+38304 β c0
4r6 + 87472 β c0

5r8 + 148512 β c0
6r10 + 193020 β c0

7r12 + 194480 β c0
8r14 + 152152 β c0

9r16 + 91728 β c0
10r18

+41860 β c0
11r20 + 14000 β c0

12r22 + 3240 β c0
13r24 + 464 β c0

14r26 + 31 β c0
15r28 + 2240 β c0

2r2

}
c0 ,

8π pr(r) =
c0

c0 r2 − c1

{
− 16− 420 c0

2r4 − 840 c0
3r6 − 1050 c0

4r8 − 840 c0
5r10 − 420 c0

6r12 − 120 c0
7r14 − c0

7r14c1

−120 c0 r2 + 256 β c0 − 70 c0
3r6c1 − β c0

15r28c1 − 448 β c0
2r2c1 − 11440 β c0

8r14c1 − 8008 β c0
9r16c1 − 1680 β c0

3r4c1

−4256β c0
4r6c1 − 7952β c0

5r8c1 − 11424β c0
6r10c1 − 12868β c0

7r12c1 − 4368β c0
10r18c1 − 1820β c0

11r20c1 − 560βc0
12r22c1

−120 β c0
13r24c1 − 16 β c014r26c1 + 33 β c0

16r30 − 28 c0
5r10c1 − 56 c0

4r8c1 − 64 β c0 c1 − 8 c0
6r12c1 − 28 c0 r2c1 − 56 c0

2r4c1

+3008 β c0
2r2 + 528 β c0

15r28 + 3960 β c0
14r26 + 60060 β c0

12r22 + 18480 β c0
13r24 + 264264 β c0

10r18 + 144144 β c0
11r20

+377248 β c0
7r12 + 263312 β c0

6r10 + 377520 β c0
9r16 + 424676 β c0

8r14 + 16576 β c0
3r4 + 57680 β c0

4r6 + 142240 β c0
5r8

−8 c1 − 15 c0
8r16

}
,
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8π pθ(r) =
2c0

(c0r2 − c1)
2

{
228c0

2r4 + 700c0
3r6 + 1204c0

4r8 + 1260c0
5r10 + 812c0

6r12 + 308c0
7r14 + 28c1

2c0r2 + 232c0
7r14c1

+32 c0 r2 + 952 c0
3r6c1 + 224 β c0

2c1
2r2 + 1680 β c0

3c1
2r4 + 6384 β c0

4c1
2r6 + 15904 β c0

5c1
2r8 + 28560 β c0

6c1
2r10

+38604 β c0
7c1

2r12 + 40040 β c0
8c1

2r14 + 32032 β c0
9r16c1

2 + 19656 β c0
10r18c1

2 + 9100 β c0
11r20c1

2 + 3080 β c0
12r22c1

2

+720 β c0
13r24c1

2 + 104 β c0
14r26c1

2 + 7 β c0
15r28c1

2 − 406 β c0
16r30c1 − 6096 β c0

15r28c1 − 5600 β c0
2r2c1

−2651072 β c0
8r14c1 − 2642640 β c0

9r16c1 − 42112 β c0
3r4c1 − 187600 β c0

4r6c1 − 566944 β c0
5r8c1 − 1246112 β c0

6r10c1

−2069600 β c0
7r12c1 − 2050048 β c0

10r18c1 − 1227408 β c0
11r20c1 − 556920 β c0

12r22c1 − 185360 β c0
13r24c1

−42720 β c0
14r26c1 + 3432 β c0

16r30 + 1288 c0
5r10c1 + 1400 c0

4r8c1 − 320 β c0 c1 + 728 c0
6r12c1 + 88 c0 r2c1 + 392 c0

2r4c1

−960β c0
2r2 + 22800β c0

15r28 + 92680β c0
14r26 + 508872β c0

12r22 + 256620βc0
13r24 + 772200β c0

10r18 + 736736β c0
11r20

−46592βc0
7r12 − 129360βc0

6r10 + 553428βc0
9r16 + 211920βc0

8r14 − 9120βc0
3r4 − 38752βc0

4r6 − 94080βc0
5r8

+84 c1
2c0

5r10 + 140 c1
2c0

4r8 + 4 c1
2c0

7r14 + 28 c1
2c0

6r12 + 239 β c0
17r32 + 140 c1

2c0
3r6 + 84 c1

2c0
2r4 + 32 c0

8r16c1 + 8 c1

+60 c0
8r16 + 4 c0

9r18 + 4 c1
2

}
,

8π ∆(r) =
c0

2

(c0 r2 − c1)
2

{
80r2 + 1120c0

2r6c1 + 6336βc0
15r30 + 352c0

6r14c1 + 1064c0
5r12c1 + 1792c0

4r10c1 + 1820c0
3r8c1

−400960 β c0
5r10 + 682180 β c0

8r16 + 1680 β c0
2c1

2r4 + 8512 β c0
3c1

2r6 + 23856 β c0
4c1

2r8 + 45696 β c0
5c1

2r10

+64340 β c0
6c1

2r12 + 68640 β c0
7c1

2r14 + 56056 β c0
8r16c1

2 + 34944 β c0
9r18c1

2 + 16380 β c0
10r20c1

2 + 5600 β c0
11r22c1

2

+1320 β c0
12r24c1

2 + 192 β c0
13r26c1

2 + 13 β c0
14r28c1

2 − 778 β c0
15r30c1 − 11648 β c0

14r28c1 − 8128 β c0 r2c1

−4864600 β c0
7r14c1 − 4896320 β c0

8r16c1 − 67200 β c0
2r4c1 − 315840 β c0

3r6c1 − 987392 β c0
4r8c1 − 2220960 β c0

5r10c1

−3750528β c0
6r12c1 − 3827824 βc0

9r18c1 − 2306304βc0
10r20c1 − 1051960βc0

11r22c1 − 351680β c0
12r24c1 − 81360βc0

13r26c1

−384 β c1 + 64 r2c1 − 64 β c1
2 + 28 r2c1

2 + 1209208 β c0
10r20 − 356496 β c0

6r12 − 94080 β c0
3r6 − 245840 β c0

4r8

+46592 β c0
7r14 − 21248 β c0

2r4 − 2176 β c0 r2 + 41640 β c0
14r28 + 392 c0 r4c1 + 453180 β c0

12r24 + 1166880 β c0
9r18

+166880 β c0
13r26 + 873600 β c0

11r22 + 140 c1
2c0

4r10 + 224 c1
2c0

3r8 + 7 c1
2c0

6r14 + 48 c1
2c0

5r12 + 445 β c0
16r32

+210 c1
2c0

2r6 + 112 c1
2c0 r4 + 50 c0

7r16c1 + 576 c0 r4 + 1820 c0
2r6 + 3248 c0

3r8 + 3570 c0
4r10 + 2464 c0

5r12 + 1036 c0
6r14

+240 c0
7r16 + 23 c0

8r18

}
. (A1)

where ∆ is the anisotropy defined as ∆ = pθ − pr.

Appendix B. The Gradients of Energy Density and Radial and Transverse Pressures

The gradients of the components of the energy–momentum tensor given in the Appendix A
take the following form:

ρ′ =
dρ

dr
=

c0
2r

4π

{
23520 β c0

2r2 − 140− 784 c0 r2 − 1890 c0
2r4 − 2464 c0

3r6 − 1820 c0
4r8 − 720 c0

5r10 − 119 c0
6r12

+114912 β c0
3r4 + 349888 β c0

4r6 + 742560 β c0
5r8 + 1158120 β c0

6r10 + 1361360 β c0
7r12 + 1217216 β c0

8r14 + 2240 β c0

+825552 β c0
9r16 + 418600 β c0

10r18 + 154000 β c0
11r20 + 38880 β c0

12r22 + 6032 β c0
13r24 + 434 β c0

14r26

}
,
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p′r =
c0

2r

4π(c0 r2 − c1)
2

{
128c1 + 3360βc0

2c1
2r2 + 12768βc0

3c1
2r4 + 31808βc0

4c1
2r6 + 57120βc0

5c1
2r8 + 77208βc0

6c1
2r10

+80080 β c0
7c1

2r12 + 64064 β c0
8c1

2r14 + 39312 β c0
9r16c1

2 + 18200 β c0
10r18c1

2 + 6160 β c0
11r20c1

2 + 1440 β c0
12r22c1

2

+208 β c0
13r24c1

2 + 14 β c0
14r26c1

2 − 508 β c0
15r28c1 − 33152 β c0

2r2c1 − 3088800 β c0
8r14c1 − 2434432 β c0

9r16c1

−577472 β c0
4r6c1 − 1340416 β c0

5r8c1 − 2309184 β c0
6r10c1 − 3037072 β c0

7r12c1 − 1476384 β c0
10r18c1 − 174720 β c0

3r4c1

+16− 677040 β c0
11r20c1 − 227360 β c0

12r22c1 − 52800 β c0
13r24c1 − 7584 β c0

14r26c1 − 256 β c0 − 420 c0
2r4 − 1680 c0

3r6

−3150 c0
4r8 − 3360 c0

5r10 − 2100 c0
6r12 − 720 c0

7r14 − 105 c0
8r16 + 28 c1

2 + 16576 β c0
3r4 + 115360 β c0

4r6

+426720 β c0
5r8 + 1053248 β c0

6r10 + 1886240 β c0
7r12 + 2548056 β c0

8r14 + 2642640 β c0
9r16 + 2114112 β c0

10r18

+1297296 β c0
11r20 + 600600 β c0

12r22 + 203280 β c0
13r24 + 47520 β c0

14r26 + 6864 β c0
15r28 + 114 c0

7r14c1 + 800 c0
6r12c1

+840 c0 r2c1 + 2464 c0
2r4c1 + 4060 c0

3r6c1 + 4032 c0
4r8c1 + 2408 c0

5r10c1 − 2944 β c0 c1 + 462 β c0
16r30 + 112 c1

2c0 r2

+210 c1
2c0

2r4 + 224 c1
2c0

3r6 + 140 c1
2c0

4r8 + 48 c1
2c0

5r10 + 7 c1
2c0

6r12 + 448 β c0 c1
2

}
,

p′θ =
c0

2r

π (−c1 + c0 r2)
3

{
42000 β c0

2c1
2r2 − 24 c1 + 281400 β c0

3c1
2r4 + 1137080 β c0

4c1
2r6 + 3131184 β c0

5c1
2r8

+6251640 β c0
6c1

2r10 + 9355960 β c0
7c1

2r12 + 10670660 β c0
8c1

2r14 + 9321312 β c0
9r16c1

2 + 6205836 β c0
10r18c1

2

+3099460 β c0
11r20c1

2 + 1126020 β c0
12r22c1

2 + 281280 β c0
13r24c1

2 + 43244 β c0
14r26c1

2 + 3087 β c0
15r28c1

2

−4551 β c0
16r30c1 − 16 c0 r2 − 62316 β c0

15r28c1 + 11920 β c0
2r2c1 − 8841392 β c0

8r14c1 − 11402820 β c0
9r16c1

+58128 β c0
3r4c1 + 94360 β c0

4r6c1 − 243544 β c0
5r8c1 − 1729392 β c0

6r10c1 − 4880920 β c0
7r12c1 − 10858848 β c0

10r18c1

−7708428 β c0
11r20c1 − 4045860 β c0

12r22c1 − 1529220 β c0
13r24c1 − 394560 β c0

14r26c1 + 350 c0
3r6 + 1204 c0

4r8

+1890 c0
5r10 + 1624 c0

6r12 + 770 c0
7r14 + 180 c0

8r16 + 14 c0
9r18 − 48 c1

2 − 19376 β c0
4r6 − 94080 β c0

5r8

−194040 β c0
6r10 − 93184 β c0

7r12 + 529800 β c0
8r14 + 1660284 β c0

9r16 + 2702700 β c0
10r18 + 2946944 β c0

11r20

+2289924 β c0
12r22 + 1283100 β c0

13r24 + 509740 β c0
14r26 + 136800 β c0

15r28 + 480 β c0
2r2 + 340 c0

7r14c1

+378 c0
6r12c1 − 272 c0 r2c1 − 1050 c0

2r4c1 − 1932 c0
3r6c1 − 1750 c0

4r8c1 − 504 c0
5r10c1 + 800 β c0 c1 + 22308 β c0

16r30

+78 c0
8r16c1 + 1673 β c0

17r32 − 406 c1
2c0 r2 − 1428 c1

2c0
2r4 − 2730 c1

2c0
3r6 − 3080 c1

2c0
4r8 − 2058 c1

2c0
5r10

−756 c1
2c0

6r12 − 118 c1
2c0

7r14 + 2800 β c0 c1
2 − 14 c1

3 − 1680 β c0
2c1

3r2 − 9576 β c0
3c1

3r4 − 31808 β c0
4c1

3r6

−71400 β c0
5c1

3r8 − 115812 β c0
6c1

3r10 − 140140 β c0
7c1

3r12 − 128128 β c0
8c1

3r14 − 88452 β c0
9r16c1

3 − 45500 β c0
10r18c1

3

−16940 β c0
11r20c1

3 − 4320 β c0
12r22c1

3 − 676 β c0
13r24c1

3 − 49 β c0
14r26c1

3 − 84 c1
3c0 r2

−210 c1
3c0

2r4 − 280 c1
3c0

3r6 − 210 c1
3c0

4r8 − 84 c1
3c0

5r10 − 14 c1
3c0

6r12 − 112 β c0 c1
3

}
, (A2)

where ρ′ = dρ
dr , pr

′ = dpr
dr and p′θ = dpθ

dr .
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Appendix C. Derivation of the Radial and Tangential Speeds of Sound

Using the equations of the gradient of energy–momentum components presented in
Appendix B we get:

vr
2 =

p′r
ρ′

=

{
16− 256 β c0 − 420 c0

2r4 − 1680 c0
3r6 − 3150 c0

4r8 − 3360 c0
5r10 − 2100 c0

6r12 − 720 c0
7r14 − 105 c0

8r16

+28 c1
2 + 426720 β c0

5r8 + 115360 β c0
4r6 + 1053248 β c0

6r10 + 16576 β c0
3r4 + 1886240 β c0

7r12 + 2548056 β c0
8r14

+2642640 β c0
9r16 + 2114112 β c0

10r18 + 1297296 β c0
11r20 + 600600 β c0

12r22 + 203280 β c0
13r24 + 47520 β c0

14r26

+6864 β c0
15r28 + 114 c0

7r14c1 + 800 c0
6r12c1 + 840 c0 r2c1 + 2464 c0

2r4c1 + 4060 c0
3r6c1 + 4032 c0

4r8c1 + 2408 c0
5r10c1

−2944 β c0 c1 + 462 β c0
16r30 + 112 c1

2c0 r2 + 210 c1
2c0

2r4 + 224 c1
2c0

3r6 + 140 c1
2c0

4r8 + 48 c1
2c0

5r10 + 7 c1
2c0

6r12

+448 β c0 c1
2 + 3360 β c0

2c1
2r2 + 12768 β c0

3c1
2r4 + 31808 β c0

4c1
2r6 + 57120 β c0

5c1
2r8 + 77208 β c0

6c1
2r10

+80080 β c0
7c1

2r12 + 64064 β c0
8c1

2r14 + 39312 β c0
9r16c1

2 + 18200 β c0
10r18c1

2 + 6160 β c0
11r20c1

2 + 1440 β c0
12r22c1

2

+208 β c0
13r24c1

2 + 14 β c0
14r26c1

2 − 508 β c0
15r28c1 − 33152 β c0

2r2c1 − 3088800 β c0
8r14c1 − 2434432 β c0

9r16c1

−174720 β c0
3r4c1 − 577472 β c0

4r6c1 − 1340416 β c0
5r8c1 − 2309184 β c0

6r10c1 − 3037072 β c0
7r12c1 − 1476384 β c0

10r18c1

−677040 β c0
11r20c1 − 227360 β c0

12r22c1 − 52800 β c0
13r24c1 − 7584 β c0

14r26c1 + 128 c1

}[(
c0 r2 − c1

)2{
23520 β c0

2r2

140− 784 c0 r2 − 1890 c0
2r4 − 2464 c0

3r6 − 1820 c0
4r8 − 720 c0

5r10 − 119 c0
6r12 + 114912 β c0

3r4 + 349888 β c0
4r6

+742560 β c0
5r8 + 1158120 β c0

6r10 + 1361360 β c0
7r12 + 1217216 β c0

8r14 + 825552 β c0
9r16 + 418600 β c0

10r18

+154000 β c0
11r20 + 38880 β c0

12r22 + 6032 β c0
13r24 + 434 β c0

14r26 + 2240 β c0

}]−1

,

vt
2 =

p′θ
ρ′

= −4

{
770 c0

7r14 − 280 c1
3c0

3r6 + 78 c0
8r16c1 + 180 c0

8r16 + 350 c0
3r6 + 1204 c0

4r8 + 1890 c0
5r10 + 1624 c0

6r12

−16 c0 r2 − 48 c1
2 − 94080 β c0

5r8 − 19376 β c0
4r6 − 194040 β c0

6r10 − 93184 β c0
7r12 + 529800 β c0

8r14 + 1660284 β c0
9r16

+2702700 β c0
10r18 + 2946944 β c0

11r20 + 2289924 β c0
12r22 + 1283100 β c0

13r24 + 509740 β c0
14r26 + 136800 β c0

15r28

+340 c0
7r14c1 + 378 c0

6r12c1 − 272 c0 r2c1 − 1050 c0
2r4c1 − 1932 c0

3r6c1 − 1750 c0
4r8c1 − 504 c0

5r10c1 + 800 β c0 c1

+22308 β c0
16r30 − 406 c1

2c0 r2 − 1428 c1
2c0

2r4 − 2730 c1
2c0

3r6 − 3080 c1
2c0

4r8 − 2058 c1
2c0

5r10 − 756 c1
2c0

6r12

+2800 β c0 c1
2 + 480 β c0

2r2 + 42000 β c0
2c1

2r2 + 281400 β c0
3c1

2r4 + 1137080 β c0
4c1

2r6 + 3131184 β c0
5c1

2r8

+6251640 β c0
6c1

2r10 + 9355960 β c0
7c1

2r12 + 10670660 β c0
8c1

2r14 + 9321312 β c0
9r16c1

2 + 6205836 β c0
10r18c1

2

+3099460 β c0
11r20c1

2 + 1126020 β c0
12r22c1

2 + 281280 β c0
13r24c1

2 + 43244 β c0
14r26c1

2 − 62316 β c0
15r28c1

+11920 β c0
2r2c1 − 8841392 β c0

8r14c1 − 11402820 β c0
9r16c1 + 58128 β c0

3r4c1 + 94360 β c0
4r6c1 − 243544 β c0

5r8c1

−1729392 β c0
6r10c1 − 4880920 β c0

7r12c1 − 10858848 β c0
10r18c1 − 7708428 β c0

11r20c1 − 4045860 β c0
12r22c1

−1529220 β c0
13r24c1 − 394560 β c0

14r26c1 − 24 c1 − 112 β c0 c1
3 − 210 c1

3c0
4r8 − 84 c1

3c0
5r10 − 210 c1

3c0
2r4 − 14 c1

3c0
6r12

−118 c1
2c0

7r14 + 1673 β c0
17r32 + 3087 β c0

15r28c1
2 − 4551 β c0

16r30c1 − 1680 β c0
2c1

3r2 − 9576 β c0
3c1

3r4 − 31808 β c0
4c1

3r6

−71400 β c0
5c1

3r8 − 115812 β c0
6c1

3r10 − 140140 β c0
7c1

3r12 − 128128 β c0
8c1

3r14 − 88452 β c0
9r16c1

3 − 45500 β c0
10r18c1

3

−16940 β c0
11r20c1

3 − 4320 β c0
12r22c1

3 − 676 β c0
13r24c1

3 − 49 β c0
14r26c1

3 − 84 c1
3c0 r2 + 14 c0

9r18 − 14 c1
3

}

×
[(
−c1 + c0 r2

)3[
− 140− 784 c0 r2 − 1890 c0

2r4 − 2464 c0
3r6 − 1820 c0

4r8 − 720 c0
5r10 − 119 c0

6r12 + 23520 β c0
2r2

+114912 β c0
3r4 + 349888 β c0

4r6 + 742560 β c0
5r8 + 1158120 β c0

6r10 + 1361360 β c0
7r12 + 1217216 β c0

8r14

+825552 β c0
9r16 + 418600 β c0

10r18 + 154000 β c0
11r20 + 38880 β c0

12r22 + 6032 β c0
13r24 + 434 β c0

14r26 + 2240 β c0

]]−1

. (A3)
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Appendix D. Derivation of the EoS’s

Using the form of energy density and radial and tangential pressures presented in
Appendix A, we get the EoS as:

ωr =

{
− 16− 120 c0 r2 + 256 β c0 − 420 c0

2r4 − 840 c0
3r6 − 1050 c0

4r8 − 840 c0
5r10 − 420 c0

6r12 − 120 c0
7r14 − 15 c0

8r16

+142240 β c0
5r8 + 57680 β c0

4r6 + 263312 β c0
6r10 + 16576 β c0

3r4 + 377248 β c0
7r12 + 424676 β c0

8r14 + 377520 β c0
9r16

+264264 β c0
10r18 + 144144 β c0

11r20 + 60060 β c0
12r22 + 18480 β c0

13r24 + 3960 β c0
14r26 + 528 β c0

15r28 − c0
7r14c1

−8 c0
6r12c1 − 28 c0 r2c1 − 56 c0

2r4c1 − 70 c0
3r6c1 − 56 c0

4r8c1 − 28 c0
5r10c1 − 64 β c0 c1 + 33 β c0

16r30 + 3008 β c0
2r2

−β c0
15r28c1 − 448 β c0

2r2c1 − 11440 β c0
8r14c1 − 8008 β c0

9r16c1 − 1680 β c0
3r4c1 − 4256 β c0

4r6c1 − 7952 β c0
5r8c1

−11424 β c0
6r10c1 − 12868 β c0

7r12c1 − 4368 β c0
10r18c1 − 1820 β c0

11r20c1 − 560 β c0
12r22c1 − 120 β c0

13r24c1

−16 β c0
14r26c1 − 8 c1

}[(
−c1 + c0 r2

){
192 β c0 − 140 c0 r2 − 392 c0

2r4 − 630 c0
3r6 − 616 c0

4r8 − 364 c0
5r10 − 120 c0

6r12

−17 c0
7r14 − 24 + 11760 β c0

3r4 + 38304 β c0
4r6 + 87472 β c0

5r8 + 148512 β c0
6r10 + 193020 β c0

7r12 + 194480 β c0
8r14

+152152 β c0
9r16 + 91728 β c0

10r18 + 41860 β c0
11r20 + 14000 β c0

12r22 + 3240 β c0
13r24 + 464 β c0

14r26 + 31 β c0
15r28

+2240 β c0
2r2
}]−1

,

ωθ = 2

{
32 c0

8r16c1 + 32 c0 r2 + 228 c0
2r4 + 700 c0

3r6 + 1204 c0
4r8 + 1260 c0

5r10 + 812 c0
6r12 + 308 c0

7r14 + 60 c0
8r16

−94080 β c0
5r8 − 38752 β c0

4r6 − 129360 β c0
6r10 − 9120 β c0

3r4 − 46592 β c0
7r12 + 211920 β c0

8r14 + 553428 β c0
9r16

+4 c1
2 + 772200 β c0

10r18 + 736736 β c0
11r20 + 508872 β c0

12r22 + 256620 β c0
13r24 + 92680 β c0

14r26 + 22800 β c0
15r28

+232 c0
7r14c1 + 728 c0

6r12c1 + 88 c0 r2c1 + 392 c0
2r4c1 + 952 c0

3r6c1 + 1400 c0
4r8c1 + 1288 c0

5r10c1 − 320 β c0 c1

+3432 β c0
16r30 + 28 c1

2c0 r2 + 84 c1
2c0

2r4 + 140 c1
2c0

3r6 + 140 c1
2c0

4r8 + 84 c1
2c0

5r10 + 28 c1
2c0

6r12 − 960 β c0
2r2

+224 β c0
2c1

2r2 + 1680 β c0
3c1

2r4 + 6384 β c0
4c1

2r6 + 15904 β c0
5c1

2r8 + 28560 β c0
6c1

2r10 + 38604 β c0
7c1

2r12

+40040 β c0
8c1

2r14 + 32032 β c0
9r16c1

2 + 19656 β c0
10r18c1

2 + 9100 β c0
11r20c1

2 + 3080 β c0
12r22c1

2 + 720 β c0
13r24c1

2

+104 β c0
14r26c1

2 − 6096 β c0
15r28c1 − 5600 β c0

2r2c1 − 2651072 β c0
8r14c1 − 2642640 β c0

9r16c1 − 42112 β c0
3r4c1

−187600 β c0
4r6c1 − 566944 β c0

5r8c1 − 1246112 β c0
6r10c1 − 2069600 β c0

7r12c1 − 2050048 β c0
10r18c1 − 1227408 β c0

11r20c1

−556920 β c0
12r22c1 − 185360 β c0

13r24c1 − 42720 β c0
14r26c1 + 8 c1 + 4 c1

2c0
7r14 + 239 β c0

17r32 + 7 β c0
15r28c1

2

−406 β c0
16r30c1 + 4 c0

9r18

}[(
−c1 + c0 r2

)2
(

192 β c0 − 140 c0 r2 − 392 c0
2r4 − 630 c0

3r6 − 616 c0
4r8 − 364 c0

5r10

−120 c0
6r12 − 17 c0

7r14 − 24 + 11760 β c0
3r4 + 38304 β c0

4r6 + 87472 β c0
5r8 + 148512 β c0

6r10 + 193020 β c0
7r12

+194480 β c0
8r14 + 152152 β c0

9r16 + 91728 β c0
10r18 + 41860 β c0

11r20 + 14000 β c0
12r22 + 3240 β c0

13r24 + 464 β c0
14r26

+31 β c0
15r28 + 2240 β c0

2r2

)]
. (A4)

Using the approximate form of the energy density listed in Appendix A we get:

ρ(r) ≈ (192 β c0 − 24)c0 +
(
−140 c0 + 2240 β c0

2
)

c0 r2 +
(
−392 c0

2 + 11760 β c0
3
)

c0 r4 +O(r−6)

r =

√
7
√(

5 c0 − 80 β c02 +
√
−5120 β2c04 + 1024 β c03 − 23 c02 + 480 β c02π ρ− 16 c0 π ρ

)
14c0

√
30 β c0 − 1

, (A5)

where the first equation of Equation (A5) has four roots and we write only the real one
given by the second equation of Equation (A5). The second equation of (A5) ensures that
the constant c0 must not equal zero and β 6= 1

30 c0
. Using Equation (A5) in the form of pr

and pθ displayed in Appendix A we get:
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pr(ρ) =
1

2c1
3π

{
332416 π ρ β c0 − 12983040 π ρ β2c0

2 − 87808 c1
2π ρ− 25088 c1 π ρ− 10976 c1

3π ρ− 1551032 Υβ c0 c1

−3136 π ρ + 252073920 Υβ2c0
2c1

2 − 2857680 βc1
3β2c0

2 + 56560000 Υβ2c0
2c1 − 6134688 Υβ c0 c1

2 − 314874 Υc1
3β c0

−4465036800 Υβ3c0
3c1

2 + 284004000 Υβ3c0
3c1

3 − 896582400 Υβ3c0
3c1 + 28449792000 Υβ4c0

4c1
2 − 2963520000 Υβ4c0

4c1
3

+5193216000 Υβ4c0
4c1 − 1354752000 β4c0

4π ρ + 220147200 β3c0
3π ρ− 85349376000 β4c0

4π ρ c1
2 + 8890560000 β4c0

4π ρ c1
3

−15579648000 β4c0
4π ρ c1 + 10905753600 β3c0

3π ρ c1
2 − 592704000 β3c0

3π ρ c1
3 + 2235340800 β3c0

3π ρ c1 + 1960 Υ

−3612672000 β5c0
6 − 227598336000 β5c0

6c1
2 + 23708160000 β5c0

6c1
3 − 41545728000 β5c0

6c1 − 165580800 β4c0
5

−2694451200 β4c0
5c1 − 18334310400 β4c0

5c1
2 + 3358656000 β4c0

5c1
3 + 451584000 Υβ4c0

4 − 86553600 Υβ3c0
3

+6028960 Υβ2c0
2 − 180320 Υβ c0 + 15652 Υ c1 + 54656 Υ c1

2 + 6811 Υ c1
3 + 658560 c1

3β c0 π ρ− 119669760 β2c0
2c1 π ρ

+2834944 β c0 c1 π ρ− 521579520 β2c0
2c1

2π ρ + 11063808 β c0 c1
2π ρ− 129477600 c1

3β3c0
4 − 79125312 β2c0

3c1
2

+570384640 β3c0
4c1 + 119870 c1

3β c0
2 − 20165376 β2c0

3c1 + 2744071680 β3c0
4c1

2 − 4903920 c1
3β2c0

3 + 99624 β c0
2c1

+252832 c1
2β c0

2 + 392 c0 + 14112 β c0
2 − 2356704 β2c0

3 + 56949760 β3c0
4 + 2996 c0 c1 + 9860 c1

2c0 + 1129 c1
3c0

}
,

pθ(ρ) = −
1

392c1
3π (30 β c0 − 1)2

{
172800 π ρ β2c0

2 + 23080 β c0 c1 Υ + 31360 β c0 c1
2Υ− 238400 β2c0

2c1 Υ

−245280 β2c0
2c1

2Υ− 2576 c1
3β c0 Υ + 10080 c1

3β2c0
2Υ + 5360 β c0 Υ− 57600 β2c0

2Υ− 110 Υ− 352 c1 Υ− 224 c1
2Υ

−7 c1
3Υ− 11040 π ρ β c0 + 176 π ρ + 896 c1

2π ρ + 832 c1 π ρ + 168 c1
3π ρ− 100800 c1

3β2c0
2π ρ− 1680 c1

3β c0 π ρ

+1219200 β2c0
2c1 π ρ− 65600 β c0 c1 π ρ + 2499840 β2c0

2c1
2π ρ− 110208 β c0 c1

2π ρ + 1612800 c1
3β3c0

4

+3822112 β2c0
3c1

2 − 10188800 β3c0
4c1 + 2128 c1

3β c0
2 + 2193600 β2c0

3c1 − 12149760 β3c0
4c1

2 − 358400 c1
3β2c0

3

−73208 β c0
2c1 − 99008 c1

2β c0
2 − 22 c0 − 1744 β c0

2 + 66560 β2c0
3 + 460800 β3c0

4 + 736 c0 c1 + 784 c1
2c0 + 77 c1

3c0

}
,

p(ρ) =

{
c0

(
752
7

β Υ1

Υ2
− 16−

α Υ14
1 c1

182059119829942534144c013Υ14
2
−

715β Υ7
1c1

843308032c06Υ7
2
−

143β Υ8
1c1

6746464256c07Υ8
2
−

15β Υ2
1c1

7c0 Υ2
2

−
71β Υ4

1c1

5488c03Υ4
2
−

51β Υ5
1c1

76832c04Υ5
2
−

3217β Υ6
1c1

120472576c05Υ6
2
−

39β Υ9
1c1

94450499584c08Υ9 −
65β Υ10

1 c1

10578455953408c09Υ10
2
−

5β Υ11
1 c1

74049191673856c010Υ11
2

−64 β c0 c1 −
19
98

β Υ3
1c1

c02Υ3 −
15

29027283136151552
β Υ12

1 c1

c011Υ12 −
1

406381963906121728
β Υ13

1 c1

c012Υ13
2
− 30

7
Υ1

c0 Υ2
− 15

28
Υ2

1
c02Υ2

2

−8 c1 −
15Υ3

1

392c03Υ3
2
−

75Υ4
1

43904c04Υ4
2
−

15Υ5
1

307328c05Υ5
2
−

15Υ6
1

17210368c06Υ6
2
−

15Υ7
1

1686616064c07Υ7
2
−

15Υ8
1

377801998336c08Υ8
2
− 16β Υ1c1

Υ2

+
148

7
β 2

c0 Υ2
2
+

515
196

β Υ3
1

c02Υ3
2
+

635
2744

β Υ4
1

c03Υ4
2
+

2351
153664

β Υ5
1

c04Υ5 +
11789

15059072
β Υ6

1
c05Υ6 +

15167
481890304

β Υ7
1

c06Υ7
2
+

23595
23612624896

β Υ8
1

c07Υ8
2

+
4719

188900999168
β Υ9

1

c08Υ9
2
+

1287
2644613988352

β Υ10
1

c09Υ10 +
2145

296196766695424
β Υ11

1

c010Υ11
2

+
165

2073377366867968
β Υ12

2

c011Υ12
2

+
495

812763927812243456
β Υ13

1
c012Υ13 +

33
11378694989371408384

β Υ14
1

c013Υ14
2
− 1

13492928512
Υ7

1c1

c07Υ7
2
− 1

60236288
Υ6

1c1

c06Υ6
2
− Υ1c1

c0 Υ

−
Υ2

1c1

14c02Υ2 −
5

1568
Υ3

1c1

c03Υ3 −
1

10976
Υ4

1c1

c04Υ4
2
− 1

614656
Υ5

1c1

c05Υ5 +
33

5097655355238390956032
β Υ15

1

c014Υ15
2

+ 256 β c0

)}
[

24π

(
5c0 − 80βc0

2 + Υ
28c0Υ

− c1

)]−1

+

{
c0

(
− 381

11378694989371408384
βΥ14

1 c1

c013Υ14 −
41423

210827008
βΥ7

1c1

c06Υ7
2
− 23595

3373232128
β Υ8

1c1

c07Υ8
2

− 376
7

β Υ2
1c1

c0 Υ2
2
− 1675

196
β Υ3

1c1

c02Υ3
2
− 2531

2744
β Υ4

1c1

c03Υ4
2
− 5563

76832
β Υ5

1c1

c04Υ5
2
− 64675

15059072
β Υ6

1c1

c05Υ6
2
− 143

737894528
β Υ9

1c1

c08Υ9

− 10959
2644613988352

β Υ10
1 c1

c09Υ10
2
− 9945

148098383347712
β Υ11

1 c1

c010Υ11
2
− 1655

2073377366867968
β Υ12

1 c1

c011Υ12
2
− 1335

203190981953060864
β Υ13

1 c1

c012Υ13
2

+
15
7

β c1
2Υ2

1
c0 Υ2 +

57
196

β c1
2Υ3

1

c02Υ3
2

+
71

2744
β c1

2Υ4
1

c03Υ4
2

+
255

153664
β c1

2Υ5
1

c04Υ5
2

+
9651

120472576
β c1

2Υ6
1

c05Υ6
2

+
715

240945152
β c1

2Υ7
1

c06Υ7
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−320 β c0 c1 +
143

1686616064
β Υ8

1c1
2

c07Υ8
2

+
351

188900999168
β Υ9

1c1
2

c08Υ9
2

+
325

10578455953408
β Υ10

1 c1
2

c09Υ10
2

+
55

148098383347712
β Υ11

1 c1
2

c010Υ11
2

+8 c1 +
45

14513641568075776
β Υ12

1 c1
2

c011Υ12
2

+
13

812763927812243456
β Υ13

1 c1
2

c012Υ13
2

+
1

26008445689991790592
β Υ14

1 c1
2

c013Υ14
2

− 29
364118239659885068288

β Υ15
1 c1

c014Υ15 −
240

7
β Υ1

Υ
+

8
7
−80 β c0

2 + 5 c0 + Υ
c0 Υ2

+
57

196
Υ2

1
c02Υ2

2
+

25
784

Υ3
1

c03Υ3 +
43

21952
Υ4

1
c04Υ4

+
45

614656
Υ5

1
c05Υ5 +

29
17210368

Υ6
1

c06Υ6 +
11

481890304
Υ7

1
c07Υ7 +

15
94450499584

Υ8
1

c08Υ8 +
1

2644613988352
Υ9

1
c09Υ9 −

200β Υ1c1

Υ2

− 570
49

β Υ2
1

c0 Υ2
2
− 173

98
β Υ3

1

c02Υ3
2
− 15

98
β Υ4

1

c03Υ4
2
− 165

21952
β Υ5

1
c04Υ5 −

13
134456

β Υ6
1

c05Υ6
2
+

13245
843308032

β Υ7
1

c06Υ7 +
138357

94450499584
β Υ8

1

c07Υ8
2

+
96525

1322306994176
β Υ9

1

c08Υ9
2
+

3289
1322306994176

β Υ10
1

c09Υ10
2

+
9087

148098383347712
β Υ11

1

c010Υ11
2

+
9165

8293509467471872
β Υ12

1

c011Υ12
2

+
1655

116109132544606208
β Υ13

1

c012Υ13
2

+
1425

11378694989371408384
β Υ14

1

c013Υ14
2

+
29

1686616064
Υ7

1c1

c07Υ7
2
+

13
8605184

Υ6
1c1

c06Υ6
2

+
22
7

Υ1c1

c0 Υ2
+

Υ2
1c1

2c02Υ2
2
+

17
392

Υ3
1c1

c03Υ3
2
+

25
10976

Υ4
1c1

c04Υ4
2
+

23
307328

Υ5
1c1

c05Υ5
2
+

429
637206919404798869504

β Υ15
1

c014Υ15
2

+
1

11806312448
Υ8

1c1

c08Υ8
2
+

239
142734349946674946768896

β Υ16
1

c015Υ16
2

+
c1

2Υ1

c0 Υ2
+

3
28

c1
2Υ2

1
c02Υ2

2
+

5
784

c1
2Υ3

1

c03Υ3
2
+

5
21952

c1
2Υ4

1

c04Υ4
2

+
3

614656
c1

2Υ5
1

c05Υ5
2
+

1
17210368

c1
2Υ6

1

c06Υ6
2
+

1
3373232128

c1
2Υ7

1
c07Υ7

2
+ 8

β c1
2Υ1

Υ2

)}[
6π

(
Υ1

28c0 Υ2
− c1

)2
]−1

, (A6)

where Υ =
√

c0 (480 π ρ β c0 − 5120 β2c03 + 1024 β c02 − 23 c0 − 16 π ρ), Υ1
=
(
−80 β c0

2 + 5 c0 + Υ
)
, Υ2 = (−1 + 30 β c0).

Appendix E. The Different Forces on the Model

The forces that act on the model presented in Appendix A have the following forms:

Fg =
c0

2r

16(c0 r2 − c1)
6
π

(
21 c0

5r10c1 − 9 c0 r2 − 2 β c0
15r28c1 − 168 β c0

2r2c1 − 12870 β c0
8r14c1 − 10010 β c0

9r16c1

−840 β c0
3r4c1 − 2660 β c0

4r6c1 − 5964 β c0
5r8c1 − 9996 β c0

6r10c1 − 12868 β c0
7r12c1 − 6006 β c0

10r18c1 − 2730 β c0
11r20c1

−910 β c0
12r22c1 − 210 β c0

13r24c1 − 30 β c0
14r26c1 + c1 + 1176 β c0

3r4 + 4340 β c0
4r6 + 11284 β c0

5r8 + 21924 β c0
6r10

+32860 β c0
7r12 + 38606 β c0

8r14 + 35750 β c0
9r16 + 26026 β c0

10r18 + 14742 β c0
11r20 + 6370 β c0

12r22 + 2030 β c0
13r24

+450 β c0
14r26 + 62 β c0

15r28 + 200 β c0
2r2 + c0

7r14c1 + 7 c0
6r12c1 + 7 c0 r2c1 + 21 c0

2r4c1 + 35 c0
3r6c1 + 35 c0

4r8c1

−16 β c0 c1 + 4 β c0
16r30 + 16 β c0 − 35 c0

2r4 − 77 c0
3r6 − 105 c0

4r8 − 91 c0
5r10 − 49 c0

6r12 − 15 c0
7r14 − 2 c0

8r16 − 1

)
,

Fa =
c0

2

4rπ (c0 r2 − c1)
2

{
80 r2 − 11648 β c0

14r28c1 − 8128 β c0 r2c1 − 4864600 β c0
7r14c1 − 4896320 β c0

8r16c1

−67200 β c0
2r4c1 − 315840 β c0

3r6c1 − 987392 β c0
4r8c1 − 2220960 β c0

5r10c1 − 3750528 β c0
6r12c1 − 3827824 β c0

9r18c1

−2306304 β c0
10r20c1 − 1051960 β c0

11r22c1 − 351680 β c0
12r24c1 − 81360 β c0

13r26c1 + 1680 β c0
2c1

2r4 + 8512 β c0
3c1

2r6

+23856 β c0
4c1

2r8 + 45696 β c0
5c1

2r10 + 64340 β c0
6c1

2r12 + 68640 β c0
7c1

2r14 + 56056 β c0
8r16c1

2 + 34944 β c0
9r18c1

2

+16380 β c0
10r20c1

2 + 5600 β c0
11r22c1

2 + 1320 β c0
12r24c1

2 + 192 β c0
13r26c1

2 + 13 β c0
14r28c1

2 − 778 β c0
15r30c1

+1209208 β c0
10r20 + 1166880 β c0

9r18 + 682180 β c0
8r16 + 46592 β c0

7r14 − 400960 β c0
5r10 − 356496 β c0

6r12

−94080 β c0
3r6 − 245840 β c0

4r8 + 352 c0
6r14c1 − 2176 β c0 r2 + 392 c0 r4c1 + 1064 c0

5r12c1 + 873600 β c0
11r22

+453180 β c0
12r24 + 166880 β c0

13r26 + 41640 β c0
14r28 + 6336 β c0

15r30 + 1792 c0
4r10c1 + 1820 c0

3r8c1 + 1120 c0
2r6c1

+112 c1
2c0 r4 + 210 c1

2c0
2r6 + 50 c0

7r16c1 + 445 β c0
16r32 + 140 c1

2c0
4r10 + 224 c1

2c0
3r8 + 7 c1

2c0
6r14 + 48 c1

2c0
5r12

−21248 β c0
2r4 + 64 r2c1 − 384 β c1 − 64 β c1

2 + 28 r2c1
2 + 576 c0 r4 + 1820 c0

2r6 + 3248 c0
3r8 + 3570 c0

4r10

+2464 c0
5r12 + 1036 c0

6r14 + 240 c0
7r16 + 23 c0

8r18

}
,



Symmetry 2022, 14, 545 21 of 26

Fh =
c0

8π (c1 − c0 r2)

{
− 28 β c0

15r27c1 − 896 β c0
2rc1 − 160160 β c0

8r13c1 − 128128 β c0
9r15c1 − 6720 β c0

3r3c1

−25536 β c0
4r5c1 − 63616 β c0

5r7c1 − 114240 β c0
6r9c1 − 154416 β c0

7r11c1 − 78624 β c0
10r17c1 − 36400 β c0

11r19c1

−12320 β c0
12r21c1 − 2880 β c0

13r23c1 − 416 β c0
14r25c1 − 240 c0

8r15 − 240 c0 r− 1680 c0
2r3 − 5040 c0

3r5 − 8400 c0
4r7

−8400 c0
5r9 − 5040 c0

6r11 − 1680 c0
7r13 + 66304 β c0

3r3 + 346080 β c0
4r5 + 1137920 β c0

5r7 + 2633120 β c0
6r9

+4526976 β c0
7r11 + 5945464 β c0

8r13 + 6040320 β c0
9r15 + 4756752 β c0

10r17 + 2882880 β c0
11r19 + 1321320 β c0

12r21

+443520 β c0
13r23 + 102960 β c0

14r25 + 14784 β c0
15r27 + 6016 β c0

2r− 14 c0
7r13c1 − 96 c0

6r11c1 − 56 c0 rc1 − 224 c0
2r3c1

−420 c0
3r5c1 − 448 c0

4r7c1 − 280 c0
5r9c1 + 990 β c0

16r29

}
, (A7)

Appendix F. The Form of the Mass in Terms of the Central Density at the Surface of
the Star

The form of the mass in terms of the central density at the surface of the star takes the form:

M(ρ0) =
1

2836619246897071128576β15π

{
(3 + Υ3)l3

(
3 l2 + l2Υ3 + 96 β

)(
3 l4 + l4Υ3 + 16 l4β ρ0 π + 768 β2 + 48 l2β

+16 l2β Υ3

)
×
(

9 l8 + 3 l8Υ3 + 96 l8β ρ0 π + 16 l8Υ3β ρ0 π + 128 l8β2ρ0
2π2 + 288 l6β + 96 l6β Υ3 + 2304 l6β2ρ0 π

+256 l6β2Υ3ρ0 π + 3456 l4β2 + 1152 l4β2Υ3 + 18432 l4β3ρ0 π + 18432 l2β3 + 6144 l2β3Υ3 + 147456 β4

)(
− 1358954496 β7

+81 l14 + 6193152 l8β4Υ3ρ0 π + 5505024 l8β5Υ3ρ0
2π2 + 41287680 l6β5√9 + 96 β ρ0 πρ0 π + 132120576 l4β6Υ3ρ0 π

+23040 l12β2Υ3ρ0 π + 73728 l12β3Υ3ρ0
2π2 + 32768 l12β4Υ3ρ0

3π3 + 145152 l10β2 + 23224320 l6β4 + 148635648 l4β5

+5184 l12β + 2322432 l8β3 + 594542592 l2β6 + 516096 l10β3Υ3ρ0 π + 1032192 l10β4Υ3ρ0
2π2 + 432 l14Υ3β ρ0 π

+1920 l14Υ3β2ρ0
2π2 + 2048 l14Υ3β3ρ0

3π3 + 96768 l12β2ρ0 π + 516096 l12β3ρ0
2π2 + 688128 l12β4ρ0

3π3 + 2322432 l10β3ρ0 π

+9289728 l10β4ρ0
2π2 + 5505024 l10β5ρ0

3π3 + 30965760 l8β4ρ0 π + 82575360 l8β5ρ0
2π2 + 247726080 l6β5ρ0 π

+330301440 l6β6ρ0
2π2 + 1189085184 l4β6ρ0 π + 3170893824 l2β7ρ0 π + 1728 l14β ρ0 π + 11520 l14β2ρ0

2π2

+24576 l14β3ρ0
3π3 + 8192 l14β4ρ0

4π4 + 452984832 Υ3β7 + 27 l14Υ3 + 1728 l12β Υ3 + 48384 l10β2Υ3 + 774144 l8β3Υ3

+49545216 l4β5Υ3 + 7741440 l6β4Υ3 + 198180864 l2β6Υ3

)}
, (A8)

Υ3 =
√

9 + 96 β ρ0 π. The form of the derivative of M(ρ0) w.r.t. the central density takes
the form
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∂M(ρ0)

∂ρ0
=

l3

461689330549653504β14Υ3

{
50497270528868352 α12l4 + 215205838848 l18α5Υ3 + 509483520 l22β3Υ3

+262440 l26β Υ3 + 12227604480 l20β4Υ3 + 6673792914948096 β10l8Υ3 + 22355562473717760 β11l6Υ

+1442426916962304 β9l10Υ3 + 2869411184640 l16β6Υ3 + 67329694038491136 β13l2Υ3 + 14696640 l24β2Υ3

+29495597727744 β7l14Υ3 + 235047487537152 β8l12Υ3 + 88486793183232 β7l14 + 4327280750886912 β9l10

+67066687421153280 β11l6 + 151491811586605056 β12l4 + 705142462611456 β8l12 + 201989082115473408 β13l2

+44089920 l24β2 + 36682813440 l20β4 + 645617516544 l18β5 + 787320 l26β + 1528450560 l22β3 + 8608233553920 l16β6

+20021378744844288 β10l8 + 76948221758275584 β14Υ3 + 2187 l28Υ3 + 81618807029760 l18β8Υ3ρ0
3π3

+8115506380800 l20β7Υ3ρ0
3π3 + 1672151040 l26β5Υ3ρ0

4π4 + 901722931200 l22β7Υ3ρ0
4π4 + 23224320 l28β4ρ0

4π4Υ3

+1981808640 l26β6ρ0
5π5Υ3 + 52022476800 l24β6ρ0

4π4Υ3 + 37158912 l28β5ρ0
5π5Υ3 + 660602880 l26β7ρ0

6π6Υ3

+41617981440 l24β7ρ0
5π5Υ3 + 412216197120 l22β8ρ0

5π5Υ3 + 9274864435200 l20β8ρ0
4π4Υ3 + 54412538019840 l18β9ρ0

4π4Υ3

+22020096 l28β6ρ0
6π6Υ3 + 5284823040 l24β8ρ0

6π6Υ3 + 1648864788480 l20β9ρ0
5π5Υ3 + 2097152 l28Υ3β7ρ0

7π7

+53562342113280 l16β7Υ3ρ0 π + 306070526361600 l16β8Υ3ρ0
2π2 + 544125380198400 l16β9Υ3ρ0

3π3

+145100101386240 l16β10Υ3ρ0
4π4 + 471978486005760 β8l14Υ3ρ0 π + 2097986565832704 β9l14Υ3ρ0

2π2

+2238339386179584 β10l14Υ3ρ0
3π3 + 3136706152759296 β9l12Υ3ρ0 π + 10050610019696640 β10l12Υ3ρ0

2π2

+4476678772359168 β11l12Υ3ρ0
3π3 + 15451638768599040 β10l10Υ3ρ0 π + 31122449718312960 β11l10Υ3ρ0

2π2

+54267032044044288 β11l8Υ3ρ0 π + 49795919549300736 β12l8Υ3ρ0
2π2 + 126243176322170880 β12l6Υ3ρ0 π

+168324235096227840 β13l4Υ3ρ0 π + 13586227200 l22β4Υ3ρ0 π + 8398080 l26β2Υ3ρ0 π + 102643200 l26β3Υ3ρ0
2π2

+597196800 l26β4Υ3ρ0
3π3 + 431101440 l24β3Υ3ρ0 π + 4702924800 l24β4Υ3ρ0

2π2 + 130427781120 l22β5Υ3ρ0
2π2

+293462507520 l20β5Υ3ρ0 π + 4591057895424 l18β6Υ3ρ0 π + 75816 l28Υ3β ρ0 π + 1026432 l28Υ3β2ρ0
2π2

+6842880 l28Υ3β3ρ0
3π3 + 541033758720 l22β6Υ3ρ0

3π3 + 2434651914240 l20β6Υ3ρ0
2π2 + 32137405267968 l18β7Υ3ρ0

2π2

+23410114560 l24β5Υ3ρ0
3π3 + 6561 l28 + 1887865021661184 β8l14ρ0 π + 12587136637206528 β9l14ρ0

2π2

+26856941602996224 β10l14ρ0
3π3 + 8954749114122240 β11l14ρ0

4π4 + 13170878258872320 β9l12ρ0 π

+70310435701653504 β10l12ρ0
2π2 + 93893362389614592 β11l12ρ0

3π3 + 69433746977193984 β10l10ρ0 π

+279050020995465216 β11l10ρ0
2π2 + 166921533137092608 β12l10ρ0

3π3 + 269581782771302400 β11l8ρ0 π

+732911773648158720 β12l8ρ0
2π2 + 736418528545996800 β12l6ρ0 π + 1066053488942776320 β13l6ρ0

2π2

+1312929033750577152 β13l4ρ0 π + 1615912656923787264 β14l2ρ0 π + 262440 l28β ρ0 π + 4199040 l28β2ρ0
2π2

+34214400 l28β3ρ0
3π3 + 149299200 l28β4ρ0

4π4 + 29393280 l26β2ρ0 π + 431101440 l26β3ρ0
2π2 + 3135283200 l26β4ρ0

3π3

+1528450560 l24β3ρ0 π + 20379340800 l24β4ρ0
2π2 + 130427781120 l24β5ρ0

3π3 + 48910417920 l22β4ρ0 π

+586925015040 l22β5ρ0
2π2 + 1076029194240 l20β5ρ0 π + 11477644738560 l20β6ρ0

2π2 + 17216467107840 l18β6ρ0 π

+206597605294080 l16β7ρ0 π + 405775319040 l24β6ρ0
4π4 + 3246202552320 l22β6ρ0

3π3 + 53562342113280 l20β7ρ0
3π3

+160687026339840 l18β7ρ0
2π2 + 1652780842352640 l16β8ρ0

2π2 + 102023508787200 l20β8ρ0
4π4

+612141052723200 l18β8ρ0
3π3 + 4897128421785600 l16β9ρ0

3π3 + 816188070297600 l18β9ρ0
4π4 + 11705057280 l26β5ρ0

4π4

+8115506380800 l22β7ρ0
4π4 + 3917702737428480 l16β10ρ0

4π4 + 334430208 l28β5ρ0
5π5 + 330301440 l28β6ρ0

6π6

+20808990720 l26β6ρ0
5π5 + 541033758720 l24β7ρ0

5π5 + 94371840 l28β7ρ0
7π7 + 13872660480 l26β7ρ0

6π6

+206108098560 l24β8ρ0
6π6 + 7419891548160 l22β8ρ0

5π5 + 54412538019840 l20β9ρ0
5π5 + 1509949440 l26β8ρ0

7π7

+1099243192320 l22β9ρ0
6π6 + 174120121663488 l18β10ρ0

5π5

}
. (A9)
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