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Abstract: In the real world, the indeterminate phenomenon and determinate phenomenon are sym-
metric; however, the indeterminate phenomenon absolutely exists. Hence, the indeterminate dynamic
phenomenon is studied in this paper by using uncertainty theory, where the indeterminate dynamic
phenomenon is associated with the belief degree and called the uncertain dynamic phenomenon.
Based on uncertainty theory, the uncertain wave equation derived by the Liu process is constructed to
model the propagation of various types of wave with uncertain disturbance in nature, where the Liu
process is Lipschitz-continuous and has stationary and independent increments. First important of all,
only the equation has solution which can be used to clearly depict the wave propagation influenced
by uncertain disturbance. Therefore, the aims of this paper is to propose and prove a theorem of
existence and uniqueness with Lipschitz and linear growth conditions.

Keywords: existence and uniqueness; Liu process; uncertain wave equation; partial differential
equation

1. Introduction

Uncertainty theory was founded by Liu [1] to model the indeterminacy associated
with belief degrees. A belief degree is a chance that a possible event may happen and the
chance is estimated by a human. So, uncertainty theory could be regarded as an instrument
to describe uncertain phenomena in human systems. For example, Liu [2] uses uncertain
variable to model indeterminate factors and established uncertain programming, which
has been applied to green supply chain management [3]. After uncertainty theory was
constructed, some other scholars had also done much meaningful work in many fields,
such as reliability analysis [4], portfolio optimization [5,6], vehicle routing problems [7]
and uncertain risk analysis [8].

An uncertain process is a collection of uncertain variables varying with space or
time to model dynamic uncertain phenomena. Its investigation was pioneered by Liu [9].
Following that, Liu [10] proposed the Liu process, a special type of uncertain process, which
is Lipschitz-continuous and has independent and stationary increments which are actually
uncertain normal variables. On the base of the Liu process, Liu [10] initialized uncertain
calculus to handle integration and differentiation of some uncertain processes.

The uncertain differential equation was established by Liu [9] which is one kind of
differential equation motivated by the Liu process. After that, when satisfying linear
growth and Lipschitz continuity, Chen and Liu [11] presented and verified the existence
and uniqueness theorem of an uncertain differential equation. Following that, the property
of stability was studied, including stability in uncertain measures [10], stability in the pth
moment [12] and stability in mean [13]. Additionally, it is significant for us to obtain the
solution. Hence, the analytic solution was studied in [11] for a linear uncertain differential
equation and two special classes of nonlinear differential equations, respectively. To obtain
the numerical solution, the Yao-Chen formula was derived by Yao and Chen [14] by which
we can derive a class of equivalent ordinary differential equations. Then, Gao [15] applied
the Yao-Chen formula to design an algorithm and obtain the numerical solution of an
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uncertain differential equation. Recently, it has been used in high numbers of research
fields, such as finance [16] and optimal control [17].

The partial differential equation has been applied widely in many fields, while distur-
bances are always around us in real world. So, deterministic partial differential equations
are unable to model some phenomena with indeterminate disturbance. With the devel-
opment of the Wiener Process, the partial differential equation found it was extended
to the stochastic partial differential equation. For example, Walsh [18] investigated the
stochastic heat equation for dealing with heat conduction. In addition, Cabaria [19] studied
the stochastic wave equation driven by a white noise for modeling wave propagation phe-
nomena. Then stochastic wave equation was also studied by Orsingher [20], Marcus [21]
and Czapor [22].

Probability theory is employed to describe randomness in relation to frequencies,
while uncertainty theory is applied to model uncertainty associated with belief degrees.
So, to describe phenomena with uncertain disturbance, Yang and Yao [23] introduced
uncertainty theory into the partial differential equation and the presented uncertain partial
differential equation. They also studied the uncertain heat equation, a type of uncertain
differential equation. In addition, Gao and Ralescu [24] established the uncertain wave
equation involving the Liu process to describe wave propagation influenced by uncertain
disturbance. In this paper, the existence and uniqueness theorem will be presented and
proved regarding a nonlinear uncertain wave equation. Moreover, the paper will be
arranged as follows. Section 2 will introduce some necessarily fundamental knowledge
used in other sections. Then we show the process of proof of the existence and uniqueness
theorem with some conditions and give some examples in Section 3. Ultimately, a concise
conclusion is drawn in Section 4.

2. Preliminaries

The uncertain wave equation involving the Liu process plays a significant role in mod-
eling wave propagation with uncertain disturbances. Consequently, some basic knowledge
will be introduced firstly.

Definition 1 (Liu [9]). Suppose that T is a totally ordered set and suppose that (T, L, M) is an
uncertainty space. If function X : T x (I, L, M) — R is measurable, that is, { X € B} is an
event for each Borel set B for every t, then X+ is called an uncertain process.

If X¢+s — Xs have a common distribution for each T > 0 and s > 0, then we say that X
is a stationary uncertain process. If forany 74, 7, - -+ , e withtp < 7 < --- < 1, Xy, Xy —
Xgy, -+, Xg — Xq,_, are independent, then we say X; has independent increments, where
Tp is the initial time.

Definition 2 (Liu [10]). If the uncertain process Cr satisfies the following conditions

(i)  Almost all of its sample paths are Lipschitz continuous and Cy = 0;

(ii)  Ct has independent increments and is also stationary;

(iii) The expected value and variance of every increment Csr — Cs are 0 and T2, and uncertainty
distribution of Cs4r — Cs is

P(x) = (1 +exp(\/§:)> , xeR, @

then Cr is called the Liu process.

Definition 3 (Liu [10]). Assume that C¢ is a Liu process and assume that X is an uncertain
process. For any partition of [a, b] satisfyinga = 71 < Ta < -+ < T,41 = b, we write the net
as follows

A = max [T.1 — Tl 2
1§i§n|l+l z‘ ()
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Then the Liu integral of X+ in relation to Cr is
b n
[ e = Jim 32X+ (€ = Co) )

providing that the limit almost surely exists and it is finite. Furthermore, we say X integrable.

Definition 4 (Liu [9]). Let C; be a Liu process. Assume that functions g and h are continual.
Then
dX: = g(7, X¢)dt + h(t, X7)dCr 4)

is called an uncertain differential equation.

Definition 5 (Liu [25]). Suppose there is a partially ordered set T and an uncertainty space
(T, £, M). If the function X (y) : T x (I, L, M) — R is measurable, that is, for any Borel set B
{X+ € B} is an event for each T, then X is said to be an uncertain field.

3. Existence and Uniqueness

This section is employed to show a theorem regarding existence and uniqueness for
the uncertain nonlinear wave equation [24] as follows.

°X ,0°X . n

32 (ty)=a W(T,y)u(w/X(T,y))+h(ffy,X(T,y))Cr, (Ty) e RT xR
X(0,y) =9(y), yeR Q)
90X

5 Oy) =9(y), ye R

where C; = dC;/dt. Then, Equation (5) is equivalent to

1 1 y+ar y+a(t—t)
X(t,y) = s[¥(y+at) + ¢y —at)] + Z_;_i/ /
2 2a Jy-ax y—a(t—t)
+a(t—t)
§(r,2 X(12)dz+ o [ dey /y "h(t, 2, X(t,2))dz. ©)
y—a(t—t)

Firstly, a lemma is introduced before proving the theorem of existence and uniqueness.

Lemma 1 (Chen and Liu [11]). Let the uncertain process X be integrable on [a, b] in relation to
T and assume that Cr is a Liu process. Then, we have

" xe(maciin)| <&, [ e %
Here, K., is the Lipschitz constant of X ().
Theorem 1. The solution of Equation (5) is unique if P(y) and ¢(y) satisfy
pWI <P o) <Q VyeR
where P, Q > 0, g(t,y,x) and h(t,y, x) satisfy
lg(t,y,x) —g(t,y,0)| + |h(t,y,x) —h(t,y,v)| < L|x —v|, Vx,v € R, T >0 8)

and
lg(t,y, )|+ |h(T,y,x)| < L(1+ |x|]), Vx e R, T >0 9)

for some crisp number L. Furthermore, the solution of Equation (5) is sample-continuous.
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n 1
XT,]/) — E
DY (y) <

1 +at 1 /7
9y + ) + 9y —am)]+ 5 /j "Gz o]

Proof. Firstly, we testify the existence through the method of successive approximation.
Conveniently, X(7,y) is simplified as Xz,y-
Let

0)

X'r,y = XO,y = l[J(y), (10)

and

y+a(t—t)

gt z, Xg’z_l))dz
—a(t—t)

y+u T— t _
/ dCt/ 2, Xz n=1,2,- . (11)
2 y—a(T—t)
Define - . »
n n+ n
D7 (v) = max max [Xsy (1) = Xsy (7)], Yy €T (12)

By Equation (9) and Lemma 1, we have

D(O)( ) = max max ! [1/J(y—|—as) + 1y —as)] + 1 /yﬂs ¢(z)dz
‘ yeR 0<s<t|2 2a y—as
y+a(s—t) (0)
2[1/ /y e t) g(tz, X, (v)dz
y+a(s—t)
#ae [ acn) [0 Pt XDz -y
y—a(s—t)

+ max max

1 /s y+a(s—t)
bt
yeR 0<s<t 2a y—a(s—t)
y+a(s—t)
2W/d /asﬂ h(t, 2, 9(z))dz

1 rytas 1 /s y+a(s—t)
< 2P 4 max max —/ |(p(z)|dz+max max —/ dt/
yeR 0<s<T 24 Jy—qs yeR 0<s<t 24 y—a(s—t)

< 2P + max max
yeR 0<s<t

1 y+as
S / o(z)dz

as

t,z, d
8(t,z,9(z)) Z|+r;1€aﬁ<orgg<xr

3(6,2,9(z))Idz + max max o [ s /W Ky (2, 9(2)) dz

yeR 0<s<t 24

y+ast
<2p — L(1 1+K,)d
Qe max max oo [t [7 07 L0 Ip(z) )1+ K )de

< 2P+QT+mag%</ L(1+P)(1+K,)(t — t)dt
ye 0

LA+P)(1+Ky) 5

= 2P+ Q1+ 5 (13)
Forn=1,2,---,we claim that
2L"(14+Ky)"P 5, | L"(1+Ky)"Q L2t LM (1+Ky)" (14 P) L2n+2 (14)

emyr ¢ 2n+1)! (2n+2)! /
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where 0 < 7 < T and T is a crisp number. If k = 1, it follows from Equations (11) and (12)
and Lemma 1 that

DW () —
v (7) = max max 15

y+a(s—t)
o fracn [0 ez %2 0) - X2 ) a2

a(s—t)

1 s y+a(s—t)
2y 862X )~ gz X2 )]z

< max max
yeR 0<s<t

1 /s y+a(s—t) ) (0)
2y 4 [sm X200 stz X0 )]z

+ max max
yeR 0<s<t

20/ dc /yws ! [h(f,z,Xt(,lz)(y)) h(t,z, X\ >(7))}dz

a(s—t)

1 s y+a(s—t) (1) 0)
< r;leagorggég/ dt /H(H) ’g(tlzf X (1) — gtz X, (v))]dz

+ max max —/ dCi(7y /y+a(s t)‘h(t z X(l)('y)) —h(t,y X(O)(’Y))‘dz
yeER 0<s<t 2a y—a(s—t) R e

< max max i/sdt/yﬂs t)’ tZX()( ) — (tZX ’dz
yeR 0<s<t 24 y s 7 §

y+a(s— t) (1)
e 5 [rank [ Vo) —hiez X a9

Then, by using Equation (8) and Equation (13), we have

(1) < i/s /y+ust (0)
DY) < mag e 3z Jy 9 Jy ey LR () - KD

y+a(s—t) )
maxmax 52 [ar [ 13 0(0) - X2 ()]

_ 1 +K,\r s y+a(s—t) (1) 0)
= o RSy Ly PO - X

1+K s y+a(s—t)
TRy L max max / dt
0 y—a(s—t)

(1+P)1+Ky)
2a yeR 0<s<t 2

Ltz] dz

IN

[2P+Qt+

14K,

IN

L/OTZa(T —h) [2P+ Qf + T;L(l Y P)(1+ K«,)}dt

=L(1+Ky)|P
(+7)|:T+ 24

Equation (14) holds for k = 1 via Equation (16). If we think that Equation (14) holds for
k = n — 1, then we will prove that it also holds for k = n according to the induction method.
Through Equations (11) and (12) and Lemma 1, we derive
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D(”) —_
T (1) max Orgggr

1 s y+a(s—t) _
55%‘”ﬁﬂ@4)E@LX$Rw>—gth$lkﬂﬂdz

+a(s—t)
i [, [z X2 k2 X))z
(s—t 4

y+a(s—t) B
g/m/ s X2 ) — gl X2 ()] e

< max max
yeR 0<s<t

+ max max
yeR 0<s<t

y+a(s—t) () (n—1)
M/mzn/mﬂwm&Awfw@&wam

< max gmax L[ [0 ot %02 () - 0,5, X027 o
yeR 0<s<t 2a y—a(s—t r Az Y 8\, 2, Ay, Y

+ max max —/ dC(y /er’J . t)‘h(t z X(n)('y)) —h(t,z X(n_l)(’y))‘dz
yeR 0<s<t 2a y—a(s—t) Tl o

1 s y+a(s—t) (n) (n—1)
< max max — X — X
max max 2a/ d /y a6-t) \g(fz 2 (1) —8(tz X (v))\dz

y+a(s—t) (n) (n l)
+Iyn€a§<01£13<xrg/ / et h(t,z, X;, (7)) — h(t,z, X; ))‘dz. (17)

According to Equation (14) for k = n — 1 and Equation (8), we obtain

(1) () < 1 / /“““ ()¢ (n—1)
Der(7) < max max 5 ateny F1Kaz (V) = i (7))\012

]/"l‘ﬂ S t) (Yl) (71—1)
*%m%5/ ey ) =X )

1+K s y+a(s—t
= + 7 I, max max/ dt
0

2a yeR 0<s<t

) _
X1 (1) = %270 ()| az
y—a(s—t)

1+ K y+a(s—t)
+ T I max max / dt/
2a yeR 0<s<t a(s—t)

)20 (1 + Kw)”leTzn—z
(21 —2)!

IN

L4 K0 g LK) (L4 P) o,
2n —1)! + (2n)! T dz

14K, 7 2L 11+ K" e, o, L1+ K,)"Q L1
L | 2a(t—t n n—
/ a(v—t) [ e ]

L1+ K) (14 P) o]
(2n)!
_2L"(14Ky)"P ,,  L"(14+K,)"Q 20t L”+1(1+K7)”+1(1+P)T2n+2

O 2n+1)! (2n +2)! 18

Thus, we show that Equation (14) is true for all n. For any sample 7, noting that

Y D (y) <

n=0

°° ZLH(1+KW)”PT2n L"(1+K7)”QT2n+1
2n)! (2n+1)!

Ln+1(1 + KW)nJrl(l + P) T2n+2
(21 +2)! '

i

(19)
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Clearly, according to Weierstrass’ criterion, we know that X7 () y (77) uniformly converges on
[0, T] for every given 7.
Denote

Xey(y) = lim XU (7), v €T, T€[0,7]. (20)

Then, we have

1 1 rytat 1 /7 y+a(t—t)
Xey(y) = 5[4)(}/ +at)+ ¢y —at)] + 2—/ ¢(z)dz + ﬂ/o dt /yia(rit) g(t,z, Xiz)dz
+a(t—t)
/ dCi(y / T 2, X, ) de. 1)
. y—a(t—t)

Hence, for all T > 0, Equation (5) has the solution X7y because of T being arbitrary.
Next, uniqueness is going to be proved. Assume that the uncertain equation has two
solutions X, and X7 . According to Equations (9) and (8), we have

XT,y('Y) - X'T’, (7)
| |

y+a T— t
2 / / t Z, thz) - g(tlzl X?,Z)}dz
a y=

uTt)

y+a(t—t)
/ dCe(y / [h(t,2, X,2) — h(t 2, X},)]dz

(T—t)

1 T y+a(T—t)
< 27/ dt/ |8(t 2, X2) — 8(t,z, X{;)|dz
a a(t—t)

y+a(T—t)
2/ / |h(t 2, X12) — h(t,z, X},)|dz

(T—t)
T y+a(t—t) .
SLO+K,) [t ey Xa:0) = X ()= (22)

It follows from the Gronwall inequality that
[Xey(7) = Xey ()] < 0. (23)

Therefore, X, = Xfﬁ,y. Thus, we prove the uniqueness.
Finally, we will verify that X+, is sample-continuous. According to the above proof,

Xr,y('Y)
Z 2L" 1 + Kv)np o, L"(1+ Kv)nQTan n L™ (1+Ky)" 1 (14 P) 242
= 2n+1)! (21 +2)!
< (1+2P+Q)exp< L(1+K7)T) (24)

holds. Suppose that 0 < s < T and z < y, we have
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|Xr,y(7) - X:,z (7) !

1 /7 y+a(t—t) z+a(s—1)
—/ dt/ gt v, Xio dv——/ dt/ <(tv, Xip)do
y

" |2 —a(t—t)

y+a(t—t) z+a(s—t)
/ dCe(vy / h(t,v, X;p)dov — —/ dCt('y)/ h(t,v, X;p)do
y— 2a Jo z

a(t—t) —a(s—t)

y+a(t—t) s y—a(t—t)
t U, thp)dv_/ dt/ g(t/ Z)/ Xt,‘l))dv
0 z—a(s—t)

y+a(t—t) t y+a(t—t)
+/ / tU,Xt,z,)dv+/ dCt('y)/ h(t,v,X;,)dv
z s y

+a(s—t) —a(t—t)

y—a(t—t) s y+a(t—t)
/ dCi(y / h(t,0, Xip)do + / dci(7) / h(t,0, X)do
—t) 0 z+a(s—t)

according to the interval additivity of the integral. By using Lemma 1, Equations (9) and
(24), we have

(25)

’XT,y (’)’) - X:z ('7) ‘

1 T y+a(t—t)
< V dt 12(t,0, X1 |dv+/ dt/ \g(t v, Xt.)|do
2a | /s y—a(t—t)
y+a(t—t) y u( —t)
+ [a 20,0, Xpo)|do+ [ dt1<7/ (¢, 0, X;,0)|do
z4a(s—t) s y—a(t—t)
y—a(t—t) s y+a(t—t)
+ [a, |h(t,v,xt,v)|dv+/ dtKy/ Ih(t,0, X,,0)|do
z—a(s—t) 0 z+a(s—t)
1 y+a(t—t) —a(t—t)
< (1+K7)L[/ dt/ 1+ |X10) dv+/ dt (1 + |X10|)do
2a s y—a(t—t) z—a(s—t)

s y+a(t—t)
+/ dt (1+ |Xt,v|)dv]
0 z+a(s—t)

< G2 QeRWLLLEI o2+ Lejly —2) - a(r-9)
a

+%s[(y —2z)4a(t— s)]}

_ (1+2P+ Q) exp(y/L(1+Ky)T) {

2
5 (T—s)2+as(y—z) . (26)

Thus |X¢y — Xi.| — 0as (s,z) — (7,y). Thatis, X, is sample-continuous. Thus, we
proved the theorem. [

Example 1. Considering

92X 92X . 0X
ﬁ(ﬂ}/) = QQﬁ(T/y) +X(t,y) +Cr, X(0,y) =0, g(or}/) =0, (27)

Then, the unique solution of Equation (27) is

y+a(t—t)
X(T,y) =5 / /y tzdz+/ (t—H)dC (28)

a(t—t)

according to Theorem 1.
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Proof. Now we verify that Equation (28) is the solution of Equation (27). Obviously, we
have X(0,y) = 0 from Equation (28). Noting that

)¢ 1179 T y+a(t—t)
g(w) = L)T/O dC: /yfa('rft) X(t,z)dz

_ %/;[X(t,y—i—a(r—t))—|—X(t,y—a(’r—t))]dt+CT, (29)
we have o
5. (0y) =0. (30)
Since
0°X 9 [1 /7
T = |5 [ Xyt ate=0) + Xty - ate - )+ ¢
axX dc;
= X(1,y) 2/ { (tby+a(t—t)) — ay(t,y—a(r—t))]dt—i—d , (31)
X orl1 T y+a(t—t) T
@(T,y) = ax[za /O dt/y—a(’r—t) X(t,z)dz—l—/o (T—t)dct}
= o0 [ Xty +atr—0) = Xty - az - )ld, (32)
and
0°X 1[0 [T
SR = 55 5 [ Xy a(r =) = X(ty—a(r— 1))
1 [7[oX X
- 5/0 [ay(t,y—l—a(’r—t)) - ay(t,y—a(’r—t))]dt. (33)
Then, we have , )
92X 2X .
W(T,y) = aZW(T,y) + X(t,y) + C=. (34)

Thus, we prove that Equation (28) is the solution of Equation (27). Next we prove the
uniqueness. Since ¢(7,y,x) = x and h(7,y,x) = 1, we obtain

8(Ty, )|+ [h(T,y, %) =1+ x|, VxR, (35)

and
18(T,y,x) = &(T,y,0)| + [h(T,y,x) = (T, y,0)| = |x = 0|, Vx,0 € R. (36)
Due to Theorem 1, Equation (27) has a unique solution which is Equation (28). O

Example 2. The solution of the following uncertain wave equation

02X , 02X . . X
W(T'y) =a W(T/y) +Cr, X(0,y) =siny, E(O,y) =0. (37)
is .
X(t,y) = siny cos m’—i—/ (T —1t)dC; (38)
0

and it is unique from Theorem 1 .

Proof. Obviously, we have X(0,y) = siny from Equation (38). Noting that

T
%(T,y) = a%[smycos aT+/0 (t —1)dC] = —asinyysinat + Cr, (39



Symmetry 2022, 14, 191 10 of 13
we have 3%
E(O’y) =0. (40)
Since )
0°X 0 L. o dC;
ﬁ(f,y) = a—T[—a sinysinat + C¢| = —a“siny cosat + EE (41)
0X J . T T
@(T,y) = @[smycos at + ./0 (T —t)dC¢] = cosycosat + /0 (T —t)dCs, (42)
and
X J ‘ dc ' dC 43
bt = —t = si —t
32 (t,y) 3 [cos y cos aT+/O (T —t)dC] smycosar—i—/o (t —t)dCy, (43)
we have 5 5
*X ,0°X .
a?(r,y) =a W(T,y) + Cr. (44)

Thus, we prove that Equation (38) is the solution of Equation (37). Next, we prove the
uniqueness. Since ¢(7,y,x) = 0 and h(t,y,x) = 1, we obtain

(T y, )+ k(T y, )| =1 <1+ |x]), VxeR, (45)

and
1g(t,y,x) — g(T,y,0)| + [h(T,y,x) — h(T,y,0)| =0, Vx,v € R. (46)

According to Theorem 1, Equation (37) has a unique solution which is Equation (38). O

Example 3. Considering

0°X ,02X w . 0X
ﬁ(r,y) =aq a—yz(T,y) +sin” X(7,y) + Cr, X(0,y) =0, g(O,y) =0, 47)

Then, the unique solution of Equation (47) is

y+a(t—t)

T T
X(7,y) = 2171 /0 a | sin X(t,2)dz + /0 (7 — dC; (48)

—a(t—t)

according to Theorem 1.

Proof. Now we verify that Equation (48) is the solution of Equation (47). Obviously, we
have X(0,y) = 0 from Equation (48). Noting that

0X 170 (7 yta(t=t)
g(r,y) = 2{1[%/0 dC; /yia(Tit) sin” X(t,z)dz

_ %/Or[sinZ X(ty+a(t—1)+X(Ly —a(r—t)|dt+Cr,  (49)

we have o

Since



Symmetry 2022, 14, 191

110f13

92X
a?(r,y)

= % [; '/(;T[Sin2 X(try + Q(T — i’)) + sin? X(t,y — g(T — t))]dt + CT:|

= sin? X(T,y)+a/OT[sinX(t,y+a(T —t))cos X(t,y+a(t — t))?;j(t,y+a(r — 1))

sinX(t,ya(rt))cosx(t,ya(rt))gf(t,ya(rt))}dwilcf (51)
Ty ai [21 y+a ’ t;) sin? X (t,z)dz + /OT(T — t)dCt}
= Z/0 [sin? X(t,y—i—a(f—t)) —sin® X(t,y —a(t —t))]dt, (52)
and
9?X
TJ/Z(T"V)
= 2171 [;y /OT[sinz X(t,y +a(t—1t)) —sin® X(t,y —a(t — t))]dt}

= %/OT {sinX(t/]/—l-a(T—t))cosX(t,y+a(T—t))?;(t,y+a(7_t))
Sinx(t’ya(Tt))COSX(t’ya(Tt))%;((t,yﬂ(’ft))]dt_ (53)

Then, we have
9°X , 02X

ﬁ(r,y) =a a—yz(r,y) +sin? X(t,y) + Cr. (54)

Thus, we prove that Equation (48) is the solution of Equation (47). Next we prove the
uniqueness. Since g(T,y, x) = sin? x and h(t,y,x) =1, we obtain

lg(t,y,x)| + |h(T,y,x)| =1 +sinx < (1+]x]), Vx € R, (55)

and
18(T,y,x) = &(t,y,0)| + |h(T,y,x) — h(T,y,0)| <2|x — 0|, Vx,0 € R. (56)

Due to Theorem 1, Equation (47) has a unique solution which is Equation (48). O
Corollary 1. The solution of Equation (5) is unique if functions (x) and ¢(x) satisfy

W) <P, loy)| <Q, VyeR (57)

for P, Q >0, and g(t,y,x) and h(t,y, x) are bounded and its partial differential is continuous in
relation to x. Furthermore, the solution of Equation (5) is sample-continuous.

Proof. There is a crisp number K such that
lg(t,y,x)| <K, and |h(T,y,x)] <K, Vx e R, (58)
due to ¢(7,y, x) and h(7,y, x) being bounded in relation to x. Thus we have

8(T y, %)+ |1(T,y, %) < 2K < 2K(1 + |x|). (59)
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Since the partial differential of g(7,y, x) is continuous with in relation to x, there is a crisp
number H such that

dag

ﬁ(‘t,y,x) < H, Vx e R. (60)

It follows from the Lagrange Mean Value Theorem that

98(T, Y, x)

lg(t,y,x) —g(T,y,0)| = ’ax(x—v) < H|x —v|, Vx,veR. (61)

Denoting L = max{2K, H}, we derive the result via Theorem 1. In addition the proof of
sample-continuity for the solution is as the same as one in Theorem 1. Therefore the proof
is completed. O

Corollary 2. The solution of the following linear uncertain wave equation

X X : IX
52 (Ty) = azafyz(w) +8(ny) +h(t,y)Ce, XO,y) = ¢y), 5-(0y) = ¢ly) (©2)

is unique if functions ¥ (y) and @(y) are bounded

YW <P, [p(x)| <Q VyeR (63)

for P, Q > 0, and functions g(t,y) and h(t,y) are also bounded. Furthermore, the solution of
Equation (62) is sample-continuous.

Proof. There is a crisp number K such that
lg(t,y,x)| <K, and |h(T,y,x)] <K, Vx € R, (64)
because g(7,y) and h(7,y) are bounded. Following that, we have
18(T,y, x)| + [h(T,y,x)| <2K <2K(1+ |x|) LL=2K 11 4 |]), Vx e R (65)

Denoting
g(ty,x) =g(t,y), h(tyx)=h(ty), VxeR, (66)

we have
18(T,y,x) —g(T,y,0)| + |h(T,y,x) —h(T,y,0)[ =0, Vx,v € R. (67)

Hence we obtain the corollary by using Theorem 1. O

Remark 1. The proofs show that Corollarys 1 and 2 are special cases of Theorem 1. Theorem 1 is more
general and it is convenient for the complex case. However, Corollarys 1 and 2 are more convenient for
special cases.

4. Discussion and Conclusions

The uncertain wave equation is established to model wave propagation with uncertain
disturbances. For an equation, the property existence and uniqueness of the solution is
important. Hence, the existence and uniqueness theorem was proposed and proved under
the Lipschitz condition and linear growth condition. Then, some examples were given to
illustrate how to obtain an uncertain wave equation’s solution. Finally, two corollaries were
derived, which is the special case of the general existence and uniqueness theorem and is
convenient for judging whether the special wave equation has a unique solution or not.
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