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Abstract: The purpose of this paper is to determine the existence of tripled fixed point results for the
tripled symmetry system of fractional hybrid delay differential equations. We obtain results which
support the existence of at least one solution to our system by applying hybrid fixed point theory.
Similar types of stability analysis are presented, including Ulam—-Hyers, generalized Ulam-Hyers,
Ulam-Hyers—Rassias, and generalized Ulam—-Hyers-Rassias. The necessary stipulations for obtaining
the solution to our proposed problem are established. Finally, we provide a non-trivial illustrative
example to support and enhance our analysis.

Keywords: tripled fixed point technique; Ulam-Hyers—Rassias stability; fractional hybrid delay
differential equation; Caputo derivative

MSC: 47H10; 26 A33; 34A08; 35R11

1. Introduction

The study of fractional derivatives is very important for many engineering applications
as it utilizes differential equations which have a long history of application in many
fields, including chemistry, physics and dynamical systems. The significance of fractional-
order differential equations is that fractional-order types are more accurate than integer-
order types because they have a greater degree of freedom [1-3]. Hybrid differential
equations (HDEs), which are one of the most common ways of representing perturbations
in dynamical systems, have piqued the curiosity of many academics [4-6]. Many studies
have involved the application of hybrid fixed point theory to HDEs by incorporating
various symmetry perturbations [7-10]. Before describing our investigation, we provide an
overview of related studies addressing the identified problem. In 2013, Dhage established
the existence and uniqueness of the following HIDIE solution:

!

z(g) — Als 2(5))] = Q(¢,2(5)),6 € 3= [go,a+ Gol, 1)

and z(gp) = zg € R, where A, Q € C(3 x R,R) [8,11]. Subsequently, Lu et al. [5] general-
ized (1) by employing the Riemann-Liouville derivative to obtain a satisfactory relation
between the analytical solution and the experimental results

DY4(z() — A z(g))) = Q(g,2(g)),c € 3,
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and z(gp) = zp € R. In addition, Hilal et al. [6] proposed the BVP for fractional hy-
brid differential equations (FHDEs), which included Caputo’s fractional-order derivative
as follows:

CDEO(%) =0(s,2(5)), ced,

z(0 Z(T
T1(deton ) + T2(wtatey) = T
here A € C(AxR,R—-{0}),Q € C(AXxR,R), Ty, T2(T1+ T2 # 0) and T3 are real

values. Recently, Igbal et al. [7] extended the work of [6] by adding a delay parameter to
obtain the following FHDDE

(6,¢(g), e(v16)),

DY (z(¢) — Alg z(g))) =
) = Q(g,2(¢), z(v26)),

DYy (c(g) — Algc(g))

02(0) = T1z(9y),2(0) =
CDE 1c(0) = IT1c(dy),¢'(0)

oNe)

(e)

0,...,2872(0) =0, CDyz(1) = Iyz(dy),
0,...,c" 7(0) =0, CD%ye(1) = Ihe(dy),

where ¢ € [0,1], 11, 1»,&,01, 01 € (0,1), I'Ty, IT, are non-zero real values, CDEO is Caputo’s
derivative, with ¥ € (B —1,8); here B € N, B > 3, A and Q) are non-linear continuous
functions. Samei et al. investigated the existence of solutions for the following hybrid
Caputo-Hadamard fractional differential inclusion

co (2(6) —0(c,z(c), T (¢, 2z()), ..., L7 hy (g, z(g)))
HDHJ( Alc,2(0),ZNz(c), ..., Tmz(c)) ) € Q(g,z(g)),

for ¢ € [1,7] and z(1) = pi(g), z(7) = pc(g), where § DY) and Z7 denote the Caputo—
Hadamard fractional derivative and Hadamard integral of order 1 < ¢ < 2and v; > 0
fori = 1,2,...,n, respectively; functions © : [1,7] x R**1 — R, A : [1,7] x R"*l —
R\ {0}, h; : [I,7] xR —» R, i = 1,2,...,n are continuous, u;, ur € C([1,7],R) and the
multifunction Q) : [1,7] x R — P(R) satisfies certain conditions [12]. Etemad et al.
investigated the fractional hybrid multi-term Caputo integro-differential inclusion

Cyd z(¢)
D+O (A(Q,Z(Q),(Pl(z(g)),- ] -/(Pn(z(g)))> € Q(Q/Z(Q)/ (Pl(z(g))/' "/q)m(z(g)))/

with three-point integral hybrid boundary value conditions, where ¢ € J = [0,1], CDij
denotes the fractional Caputo derivative of order 0 < ¢ < 2, A : [0,1] x R""!1 — R\
{0} is a continuous function and Q : [0,1] x R™*! — P(R) is a set-valued map via
certain properties [13]. Ma in [14] considered three pairs of local and non-local group
constraints for Ablowitz—Kaup-Newell-Segur matrix eigenvalue problems and generated
three reduced non-local integrable non-linear Schrodinger hierarchies. They performed two
group reductions of the Ablowitz-Kaup-Newell-Segur matrix spectral problems to derive
a class of novel reduced non-local reverse-spacetime integrable modified Korteweg—de
Vries equations [15].

A number of authors have sought innovative approaches to improve the various
types of fractional-order differential equations. Stability analysis of fractional differential
equation (FDE) solutions was introduced to address this issue. In 1940, Ulam developed
the novel concept of stability analysis to apply stability theory. In 1941, Hyers [16] then
generalized the concept using a more advanced approach. Rassias [17,18] amplified the
concept for the previously mentioned range to incorporate more types of stability, such
as Ulam-Hyers—Rassias (UHR) and generalized Ulam-Hyers—Rassias (GUHR). In bio-
mathematics, applications of tripled systems of fractional-order epidemic models, such as
susceptible-infected-susceptible and susceptible-infected-recovered models, with Caputo
fractional-order derivative [19], have been developed. Papers [20-25] provide additional
information on these stabilities and their applications.
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In this paper, we demonstrate the requirements for at least one solution and analyze
its stability for the following fractional hybrid delay differential equations (FHDDEs) with
non-homogeneous initial conditions and second-order quadratic perturbations

DIy (2(6) — Ma(g,2(6),¢(5),5(6)))
=M (g, z(vg), c(vg), s(vg)),

DS (c(g) — Aa(c,2(g), c(g), 5 5))) @)

—Qz(gl( 6),c(vg), s(vg)),

(

)
Dy (s(g) — As(g,2(6), c(6),5(6)))
—03(9 (vg), ( ), (v6)),

under conditions

2)| _ =70 c@)] _ =co s _ =% ©)
¢=0 ¢=0 ¢=0

where¢ € 1=[0,7], T > 0, D, is Caputo’s derivative, 9,¢,6 € (0,1), zo, co, sp are real
numbers, v = (0,1) is a delay parameter and A;, Q; : I x R® — R (i = 1,2,3) are non-linear
continuous functions. In addition, the hybrid fixed point theorem and other non-linear
functional analysis outcomes are used to construct compatible criteria for the existence and
uniqueness of the solution. The proposed system (2) is subjected to stability analysis in
many directions. Finally, an example is presented to support our findings.

A brief outline of the paper is as follows: Section 2 provides the definitions and pre-
liminary facts necessary for the analysis. We also review several definitions and properties
of fractional-order integral and differential operators that will be utilized afterwards. In
Section 3, we prove the existence of the problem (2). The existence, uniqueness and UH
stability results for the problem (2) are also investigated. An example is given in Section 4.
A concluding section completes the paper.

2. Preliminaries

In this section, we present notations and basic definitions which are useful for the deriva-
tion of our results. For supporting material to the current work, please see [3,11,26,27]. The
Riemann-Liouville fractional integral of order #€ R, for a function z(¢) : [0,7] — R is
given by

T02(c) = F(lﬁ) [ e= 0 2wy du,

provided that an integral exists. The Caputo derivative of order 9€ R* for z(g) on [0, 7] is

defined by

ey | (6= ) d

where 0 = [¢] + 1 and [¢] is the integer part of ¢.

CDﬁoz(Q) =

Lemma 1 ([1]). Differential operators and fractional-order integral are connected with the equa-
tion below

z° [CDEOZ((;)} =2(g) + a0 + mg +ax6> + - - + a5 167"
foranya; e R(i=0,1,2,...,0 — 1), hereo = [0] + 1.

Let X, Y, Z be Banach spaces having all continuous functions from J — R with a norm

2l = max{Iz(c) g €3}, el = max{le(c)| ¢ € I}, sl| = max {Is(c)| : ¢ € I}
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Then the product 2 = X x Y X Z is also a Banach space with the norm ||(z,¢c,s)|| =
[IzIl + lle|| + ||s]|, for each (z,¢,s) € E.
As in Theorem 2.4 in [9], we can state the following Theorem.

Theorem 1. Let O be a closed and bounded set so that O C E and the two operators R : E — E,
S O — E fulfil the following axioms

(1) R isa contraction;

(2) S is continuous and compact;

(3) (z,¢c,5) =R(z,¢,5)+(z,¢,5) foreach z,¢,s € B, implies z,¢,s € O.

Then the operator equations (z,c,s) = R(z,c,s) + (z, ¢, s) have a solution in O.

We now assume the following hypotheses in order to develop the results linked to the
presence of the solution as well as to the study of functional stability:

(H;) For positive real values w, v and s, the functions Ay, Ay and Aj satisfy the inequalities
below: V¢ € Jand z,Z,¢,¢,s,5 € R,

1A1(6,2,68) = M6, Z,65)| < w(lz = 2| +[e =€ + |s —5]),
1A2(6,2,¢,8) = Aa(6,Z,C8)| < (|2 =2 + [e = ¢[ + [s —35]),
1736 2,68) = A3(6,2,C,5)| < (|2 =2+ |e —¢| + s —5]);

(Hp) For continuous functionals p;, b;, d;, e; (i = 1,2,3) : [0,1] — R, the functions ()q, ()
and Q3 fulfil the following constraints

[O1(¢,2(vg), c(vg),5(ve))| < pr(g) +b1(6)|2(6) |+ di(e)le(e)] +er(g)Is(c) ],
[Da(6,2(vg), c(vg),5(vg))| < pals) + b2(6)|2(6) | + d2(6)[e(6)] + ea(6)Is(6)],

103(g,z(vg), c(vg),s(vg))| < pa(c) + ba(g)|z(g)| +da(c)|c(c)| +es(c)ls(c)l;

(H3) We present the notations below to prevent lengthy calculations and to help the reader
comprehend the main results.

l; = sup |Ai(g, 0, 0,0)|, i=1,2,3, (4)
ce[01]

and i = Supge]|pi(g)|/i =123,

J. = sup {|bi(g)| Li= 1,2,3},
cel

Jo = sup {|di(g)| = 1,2,3},
cel

= ; 1i=1,2,3¢, 5
J Sg‘él;{|5(€)| i } ©)

and | = max{Jz, Jc, Js}.

Definition 1. A function R : & — E is called p—Lipschitz for a positive real value p if the
inequality below holds

Rz c,5) = RETS)| < p(|z =2 + [ —7| +|s —5]),

V(z,¢c,5),(z,¢,5) € E. Moreover, R is said to be a strict contraction if p < 1.
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Definition 2. A solution z(g) € C|[0, T| of the FDE that is described as

D8 (z(g) — A1(g,z(g), (), s(c)))
= O4(g,z(vg),c(vg),s(vg)), ¢€3, ©

Z(Q)L:O = 20,

» is UH stable if, for a constant Rgz5p > 0, so that, for each e > 0, and for every solution
z(¢) € C[0, 7], with the inequality below

‘CD‘ﬁo(Z(g) — Ai(g,2(6),¢(6),5(6))) — (g z(vg) c(vg), s(vg)) | <& (7)

G € 1, there is a unique solution p € C[0, ] of the FDE (6) with a constant Ry z 5 p > 0, so
that ||z — || <Nz

e is UHR stable, if we have h : (0,00) — RT, (4(0) = 0), so that, for every solution
z(g) € C[0, 7] of (7), there is a unique solution y € C|0, ] of the FDE (6) with a constant
N&,@,J,D >0, so that ||Z — yH < ng,g,(g,Dﬁ(S).

We provide the following definitions of UHR and GUHR stability for our considered
system (6)

Definition 3. FDE (6) is called

e UHR stable with respect to w € C([0, T],R) if there is a non-zero positive real value Ny, p
and for every € > 0, so that, for each solution z(¢) € C[0, | of the inequality

DY (z(c) — A1(5,2(6),c(6),5(5))) — (s, z(vg), c(vg),s(vg)) | < ew(c),

where ¢ € J, there is a solution y € C[0, T] of the FDIE (6) with a constant Ry, p > 0, so that
|z — u| < Ry, pw(g), for each ¢ € 1.

e GUHR stable with respect to w € C([0, T], R) if there is a positive real number X, p, so that,
for each solution z(g) € C[0, 7] of the inequality

“D20(2(6) — Ma(6,2(6), e(c), 5(6))) — Oule,2(ve), c(ve), s(ve)) | < w(e),
where ¢ € 1, there is a solution yu € C|0, T] of the FDE (6) with a constant Ny, p > 0, so that
12(6) = ()] < Ro,pw(g), forg €1

3. Main Results

The following section considers the conditions in which the underlying FHDDESs (2)
can be solved. We begin by proving the following lemma.

Lemma 2. Let © : I — R, then the solution of the FHDE

“Dlylz(c) — Ml 2(6),c(6),5())] = O(g), 0 €(0,1], g€,
®)
z(g) =0 20,
takes the form

26) = 20 = Mg 2(e),e(e) s(e))| _j+ Mg 2(e),e(c) s(e)) + °0@) )

Proof. Applying the integral Z% on “DY z(¢) and using Lemma 1, we have
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)1971

z(g) — A1(¢,z(¢),¢(g),s(g)) = /og (QL

9 O(u)du+by, byeR.  (10)

From the initial conditions z(g)| c—o = Zo, the Equation (10) transfers to (9) as
—u)
2(6) = 20— A(6,2(6),(6),5(0))|_ + Mile2(6)c(e)s()) + [ ETH—0m) au

O

Theorem 2. It should be noted that, according to Lemma 2, the proposed system FHDDEs (2) is
equivalent to the integral system below, ¢ € 1,

2(6) = 20— Ma(6,2(6), €(6), 5(6))|
+Al Q, (Q)/ (g),S(g))

—i—/ ~ O (u,z(vu),c(vu),s(vu)) du,
ddz%—&@ﬂ@d@ﬂdmﬂ

FA2(6,2(6),€(0),5(0)) an

+ [ T 0l ) (o) s(on)
ao:%—mgﬂodwmgmﬂ

+As( Q/ (Q)/ °(6),5())

+/ 5 = O3(u,z(vu),c(vu),s(vu)) du.

Now, we have a theorem to produce the required result for at least one solution of the
problem (2).

Theorem 3. Problem (2) has at least one solution under assumptions (Hq)—(Hs) if the following
condition is met

T19
re+1)

76 70

TE+1)  T(E+1

Y = <w+’y+%+ + >>]<1. (12)

Proof. Suppose a closed bounded set
0= {(z,c,s) €0 :|(z¢s)] < R} C 5,

where 5
I:lpl +lp2 +17l]3 +£1 +€2 +€3 + 1“(19+1) + F(§+l) ‘I’ r(5+1)i|

1— (“’+7+”+r(ﬂ+1) +r(g+1) +r(5+1))]

<R,

and
1 = |20 — A1(6,2(6), ¢(6),5(6)) | o,
Py = |C0 - AQ(Q,Z(Q),C(Q),S(Q))|g:0,

3 = [so = As(g,2(6),¢(6),5(6)) | =o- (13)
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Let: & — Zand ¥ : O — E be operators defined by
R(z,c,5) = (R1(z,¢,5), Ra(z,¢,5), R3(z,¢,5)),
S(z,¢,8) = (S1(z,¢,5),S2(z,¢,5),33(2,¢,9)).
Then, we get, ¢ € ],
R1(z(6),c(c),s(g)) = A(g,z(¢), c(¢),s(c)),
Ra(z(6),c(6),8(5)) = Ma(g,z(¢), c(¢),5(c)),
R3(z(c),c(5),s(5)) = As(c,z(¢), c(¢),s(c)), (14)
and for¢ € J,
S1(z(6), c(g),s5(g)) = z0 — A1(g,2(g), ¢ (Q)rS(G))L:O
8—1
+/ r(l;) O (u, z(vu), c(vu),s(vu)) du,
S2(z(¢), c(g),s(g)) = Az(G/Z(G)/C(G),S(Q))‘ S
u)e! © (15)

+/ g— ) O (u,z(vu), c(vu),s(vu)) du,
3(2(c), ¢(c),5(c)) = 50 — Aa(5,2(6), (6, 5(c))|
(5 1

+/ G;(L:S Qs (u,z(vu), c(vu),s(vu)) du.

¢=0

From (14) and (15), we obtain operator equations as
R(z,¢,5) +S(z,¢,5) = (z,¢,5), V¢el,
that is
(§R1 (z,¢,5),Ra(z,¢,5), Rs(z, c,s))
+ (gl(z,c,s),gz(z, ¢,s),s(z, c,s)) = (z,¢,5),
this implies that
Ri(z,¢,8) +31(z,¢,8) =z, Ra(z,c,5)+S0(z,c,5) =¢, R3(z,¢5)+33(z,0,5) =s.

Now, we show that R and < fulfil the hypotheses of Theorem 1. For this, we prove that
R is Lipschitz on & with w + ¢ 4+ 3¢ > 0, and § : O — E is completely continuous. Let
(z,¢,5) € E, then from (H;), we obtain that

|R1(z,¢,8) —R1(z,¢,5)| = |A1(¢c,z,¢,5) — A1(6,Z,C,5)|
<w(lz—z|+|c—¢|+|s—75])
<w(lz=z| +lc =2l + s —5]),

V¢ € J. Taking supremum over ¢, we have
R4 (z,¢,8) =R (2,6,5)[| < w(llz =zl + e ] + ls = 5]]), (16)

Y (z,¢,s),(z,¢,5) € E. Similarly, we can write
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[Ra2(z,¢c,8) =R (z,6,5)[| < v(llz —Z[[ + [le — [l + ||s = 5[]), (17)

and
[Rs3(z,¢c,8) —R3(Z,C,5) || < »(||lz —z[| + [le — | + [|s = 5]]), (18)

V(z,¢c,),(z,¢5) € E. Thus, R is Lipschitz on E with a positive constant w + 7 + 3,
from (16)—(18), one gets

IR(z,¢,8) =R(Z,¢,5)|| < (w+7+32)(z = Z| + [le =€l + [|s = 5])-

For continuity of S, suppose that (zg, cg, sp) is a sequence in O converging to (z,¢,s) € O,
based on the Lebesgue dominated convergence theorem, we can write

tim 31 (25, ¢5,55) (€) = i, |20 — A (6, 2(6),<(6), 50| _,

—u 9—-1
4—J€g(gfﬁg)()10hzﬁ(vu%6ﬁ(vulsﬁ(””))du}

— 7 — Al(g,Z(g),C(g),S(g)) L:o

—l—/ g — hm O (u,zg(vu), cp(vu),sg(vu)) du
= 29— A1<g,z<g>,c<g>,s<g>> | oso
¢ (g—u)’!
—l—/ WQl(u,z(vu),c(vu),s(vu)) du = 3(z,¢,9)(¢), V¢el
0
Analogously, we get, for each ¢ € J,
ﬁlgﬂﬁz(zﬁfcﬁfsﬁ)@) = a(z,¢,9)(g),
/311_1’)1;0%3 (zp,cprsp) (c) = I3(2,¢,5)(6)-
Now, we shall show %(zﬁ, Cps sﬁ) is equicontinuous. So, we must conclude that S is

equicontinuous and uniformly bounded on O. Assume (z,¢,s) € O is any solution, then by
(Hp), we have

1S1(z,¢,8)(6)| =

20— Ai(62(6), (), s(0))|_,

9-1
+/og (g;gg)Ql(u,z(vu),c(vu),s(vu))du

< |zo —A1<g,z<g>,c<g>,s<g>>]

¢=0
—|—/ c—#) ’Ql u,z(vu),c(vu), s(vu))’du
(r.;—u)ﬂfl Tf
< +S;£ o~ ey (Pldut TRy
which leads to
(1 + JR)7?

181(z, ¢, 9)[| < g1 + (19)

T(0+1)
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Follows the same scenario, we have

R 9
[9a(z,,3)] < o+ V2T 0

and .
[9a(z,c,9) | < o+ V2R el)

Therefore, from (19)—(21), we obtain that

(1 412 + 13+ 3JR)7°
T(@+1)

[S(z e, 9)[| <1+ + 3+

Thus, S is a uniformly bounded operator on O. Now, assume that g, « € Jwith ¢ < «, then,
for each (z,¢,s) € O, we can write

S1(z,¢,5)(6) — Su(z,¢,5)(a)]|

N N
< /Og (c—u) F(19§ ) ‘Ql(u,z(vu),c(vu),s(vu))‘ du
—i—/ “_bl; ’Ql (u,z(vu), c(vu), s(vu))’du
S -
which yields that
191(¢5)(0) ~ Sz e, )] < AT [0 - 20— 9] @
Similarly, we get
[92(6)(0) - a(ze o)) < B[ 0t v20 -0 @)
and ) R
[9a(z)(60) - Saz e, )] < BT [0 —a 26— 0]

If ¢ — «, then the right sides in (22)—(24) tend to zero. Furthermore, J1, Sy, 33 are bounded
and continuous. Hence, from (22)—(24), we get

[S1(z,¢,5)(c) =S1(z,¢,8)(a) |
+182(2,¢,5)(6) — Sa(z,¢,8) (@) |
+11D93(z,¢,9)(g) — S3(z,¢,8)(a)|| — 0, as¢ — a,

N

thatis, ||3(z,¢,5)(c) — S(z,¢,5)(a)| — 0,as ¢ — a. Hence, S is uniformly continuous for
each¢ € Jand (z,¢,5) € O.So, S is equicontinuous in O. According to the Arzela—Ascoli
Theorem, & is compact and, hence, completely continuous. Now, in order to show the
postulate (H3) of Theorem 1, let (z,¢,s) € O and, using the postulate (H;), we have
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1R(z,,5)(6) +9(z,6,5) (0)]
< R(z,¢,8) ()] +[S(z¢,5)(6)]
< [Ri(z68) ()| + [Ralz,¢,5)(6) + [Ra(z,¢,8) ()]
+[S1(z,6,8)(6)] + [S2(z,¢,5) ()| + [S3(z,¢,5) (6) |
+ 1+ P2 + ¢35 + [Aa(g, 2(g), c(6),5(6))]
+ [A2(6,2(6), ¢(6),5(6)) | +1A3(g,2(¢), c(5),5(¢))|
9-1
+ /0g (gl__(uﬁ))|Ql(u,z(vu),c(vu),s(vu))| du
-1

¢ (g—u)f
+/0 W|Qz(u,z(vu),C(vu),S(W))|d“

—u 6—1
+ [ (gr«s)>Iﬂsw,z(vu),c(vu),s(vu>>| du,

it follows that

1R(z,¢,5)(c) +S(z,¢,5)(¢)]
<SPr+P2+ s

+[A1(g,2(6), c(g),8(¢)) — A1(g,0,0,0)]

+ [A2(6,2(6), ¢(g),s(6)) — A2(g,0,0,0)|

+ As(6,2(6), ¢(g),s(6)) — As(5,0,0,0)|

+ A1(c, 0,0, 0) + A2(g,0,0,0) + A3(c,0,0,0)
-1

+ / (Ip1a0) + bw)|z(w)]

+ d<u>|c(u>\ + e<u>|s<u>|) du

o R (st + )

+d(u)]c(u)] +e(u)ls(u)] ) du

[ T (st + bl

+d(u)|e(u)| +e(u) () ) du. (25)
Passing supremum over J in (25), we have

[R(z,c5) +S(z08)| S pr+ 92+ 93+ (w+ 7+ 2)]R
(m+JR)T  (p+JR)T | (13+]R)T
Te+1) e+l T oresn) =R (O

Hence, all the hypotheses of Theorem 1 are fulfilled. Then the system of FHDDEs (2) has a
solutionin O. O

+ b4+ by + b3+

4. Stability Results

This section focuses on demonstrating and analyzing the necessary and required
criteria for UH, GUH, UHR and GUHR stability in the proposed three-fold problem
solution (2).
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Definition 4. Fore = (g1,¢€3,€3) > 0,4 (z,¢,s) € R is called a solution of

D (2(5) — A1l 2(6), ¢(5),5(6)))

—Mi(g,z(vg), c(vg),s(vg)) | < e,

DS (c(¢) — Aa(s,2(g), c(g),5()))
(
(

vg))

As(6,2(6),c(¢),s(¢)))
—3(g,z(vg), c(vg),s(vg))

_QZ(G/ (Ug ,C Vg),S < &,

DYy (s(g) —

(o}

(
)
(
)
(
)

< €3,

for each ¢ € J, if there are three functions O1,07,03 € C[0, T| which only depend on z, c, s, so that,

V¢gel,
(i)

[91(6)| < e1, [92(6)] < &2, [93(¢)] < &3,

(i)  The perturbed system is defined by

Dy (2(6) — Al 2(6),(6),5(6)))
= (6, 2(v6), c(vg), 5(v¢)) +21(c),

DSy (e(6) — Aa(6,2(6), €(6),5(6))) @)
= M(g,2(vg), c(vg), s(vg)) +0a(g),

D4 (s(c) — Aals, 2(6),e(c),5(c)))
= 03(6,2(v6), ¢(ve), 5(v6)) +s(c).

In order to obtain the results for the underlying form, we make the following assump-

tion:

(Hy4) The three operators (21, (), Q)3 fulfil the more general Lipschitz type conditions below

|01 (g,z(vg), c(ve),s(vg)) = (g, u(vg), q(ve), p(vg))|

<pi(©)(Jz= pl+le—aql + s —pl),
[Ma(g,z(vg), c(vg),s(vg)) —Ma(g, u(ve),q(ve), p(vg))|

< pae) (|2 = pl+ e —ql + s — pl),
1Q3(¢,z(vg), c(vg), s(vg)) —Qs(g, u(ve),q(ve), p(vg))|

< ps(e) (2=l +le =gl +1s—pl),

Vpl, p2,p3 € C[O, 1].

Lemma 3. If the hypotheses (i) and (ii) are true, the solution (z,c,s) € E of the following

FHDDEs

under conditions z(¢) .
g:
¢€las

“Dly(z ( (G) A6 2(6),¢(6),5(6)))
M (g z(vg), c(vg),s(vg)) +01(),
Do (e(6) ~ Aale,2(6),¢(6),5(6)))
= a6, 2(vg), c(vg),s(vg)) + Da(6),
CDio(S(g) As(6,2(6),c(6),5(5)))
= O3(g, 2(vg), c(vg),s(vg)) + D3(¢),
= zp, c(g)‘ )= o s(g)’ = s, which obeys the inequalities for
c= =
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49—(—%+M@J@ﬂ@ﬁ@)

- Al (Q, (Q)/ (Q)/S(Q))

¢=0

_/ c—u) Ql u,z(vu),c(vu),s(v ))du> (;_1‘_ 1’
dd—(—w+&@x@w@M@D¢o
— Ma(6,2(6), ¢(6),5(¢))
‘o d £
o (20, ), s(v) )| <
s(6) ~ ( =50+ Mol 2(0)e(e) ()|,
— As(6,2(6), ¢(6),5(¢))
1
Qs (u, z(vu), c(vu),s(vu)) du) < F(;—Bi- g (28)
Proof. Based on Theorem 2, we obtain a solution of the problem (27) for ¢ € J as
2(6) = 20— Mi(6,2(6),¢(e),5(9))] _,
+A1( g Z(g) <(o)s(c))
+/ Ql (u,z(vu), c(vu),s(vu)) du
+/ g 4 91(@?
d@—m—M@d)d@()mﬂ
+A2(€ z(g),c 5(91)'5@)
+/ —4) Oy (u,z(vu), c(vu),s(vu)) du (29)

n%1
+/ F(@’) ¢)du,
4@—%—M@4@<qam\
+2A3(6,2(6), ¢(6),5(5))

+/ g;(lg)(g 103 u,z(vu), c(v),s(vu)) du

+/ F(L; du.

It is simple to obtain (28) using the solution provided by (29). O

¢=0

Theorem 4. Assume that (H1) and (Hy) hold and consider Lemma 3 endowed with the condition
U1 + Uy + U3 # 1, where

O1=w+e¢1, Ca=7+¢s, Uz=3x+gs (30)
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and
_f(r=w)!
e A e AOLY
!
¢2 /O r( ) Pz(u) du
[ r=w!
@3 _/o T0) p3(u) du. 31)

Then the solution of the problem (2) is UH and GUH stable.

Proof. Let (z,c,s) € E be an arbitrary solution of the problem (2) of FHDDEs and
(1,9, ) € E be the unique solution of the suggested problem (2). Consider

16) ~2(6)1 = |u(6) = (20~ Ma(6,2(6) c(6)5(0)
+A1(g Z(g) (Q)rS(G))

(u,z(vu), c(vu),s(vu))du)

¢=0

< \y(g) - (Vo - Al(g,u(g),q(g),@(g))‘
+A1(€ ﬂ(G) q(g),@(g»

(u, (), q(vu>,p<vu>>du)

¢=0

T ] (Ho ~ Ai(e 1), q(6), 9(6)
+A1(g V( ) q( ), 9(5))

(u,z(vu), c(vu),s(vu))du)

¢=0

_ (zO — A(e2(0),¢(c), 5(c))
+ Al(g (g) C(Q)rS(G))

(u,z(vu), c(vu),s(vu))du) ,

¢=0

it follows that

ln(g) —z(g )I
< m +A1(s,2(6),¢(6),8(¢)) — A1(g, 1(¢),q(5), 9(5))]

+/ c—u) ’Ql (u,z(vu),c(vu),s(vu))

—ol<u,u<vu>,q<vu>, (va) | cu

€1
< — —_ —
_r(19+1)+w(|y zl+|g—c|+|p—s|)

01
e r(L;)) P2l —zll + llg — el + llp —s]) du
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Hence,
€1
_ < _ _ _
I =2l < g gy + (I =2l + lla —ell +llo =)
+ (I =2+ llg =l + o —sll ) 1. (32)
Similarly, we have
€
lg—ell < sy + 7 (e =2l + la —ell +llo =l
+ (Il =zl + llg = cll + lp sl ) o2 (33)
and
€3
_gll < _ _ _
o= sl < mosy (e =2l +la =cll+ llo = 1))
+ (Il =2l + llg = ll + llp = sll) @3- (34)
From (32)—(34), we get
€1
— —z|]| - —c|| - —s|| <
(1= (w+ @)k =zl = (w+)llg —cll = (w+ g1)llp S”—r(19+1)’
€
— — — —c|| - —s|| <
(r+e2)lp =zl + A=+ el —cll = v+ e2)lle =sll < 775
and
€3
_ _ ol = _ _ _gll < 2
(et @s)lln =z = et pa)lla —ell + (1 = G+ 9a)) 0 = sll < 77775
The inequalities above can be arranged as
€
I—(wt+g) —(wtg) —(w+g1) [ CRSY
—(v+¢2) 1-(r+92) —(r+92) lg—cll | <| &
—(c+@3)  —(cte3) 1—(x+¢3) o — sl NCESY
Applying (30) in the above inequality, we have
-1 €1
[ —z|| 1-0y -0y -0y CESY
l[g—cll | <] -0z 1-0p =0 T (35)
lp — sl U 05 1-0s YRSy
By simplification and putting D = 1 — (U1 + Uy + U3), (35) implies that
1-(02+U3) & U1 & U &3
_ < ) )
=zl =< D T6+1)  DIE+1) DI@G+1) (36)
[8)3 €1 1-— (U1 + U3) € (e)) €3
_oll <« == —-= 7
l7=cl= 5 rm+n D T¢+1) DIGr1) B7)
U3 €1 U3 ) 1-— (U1 + Uz) €3
_gll < =22 = .
lo=sl< pre+nt DrE+D D T(6+1) 38)

Hence, from (36)-(38) and taking ¢ = max{ey, €, €3}, we have

I(kq,0) = (z.¢,8)[ < Rogs0,
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where
1 1 1 1

I == + .
99D = DT+ 1) TE+D) TO+1)
Therefore, the solution of the suggested system (2) is UH stable. In addition, suppose

that i(e) = Ny ¢ 5 p, which yields fi(e) = 0. So the solution of the proposed problem (2) is
GUH stable. O

Now, the following hypothesis is assumed to be accurate in order to obtain the
results below:

(Hs) For some given functions w, r and g, assume that the inequalities below are true
Pw(g) < Tww(c), 1r(¢) < Trr(e), 1°8(6) < Tgglo):
Lemma 4. If the postulate (Hs) holds, the solution (z,¢c,s) € & of the following system

Dy (2(¢) — Ai(g,2(6),c(6),5(6)))
=M (g, z(vg), c(vg),s(vg)) +w(g),

with conditions

2(0)|

obeys the relations given for each ¢ € ]

= 20, C(g) ‘g— = Co, S(g) ‘g— = 50, (39)

¢=0

2(0) = ((~ 20+ M6 2(6),c(0)5(0)|
— A(6,2(6),¢(6),5(6))

— /og (g;(?;_lﬂl(u,z(vu),c(vu),s(vu)) du) ‘

< &1 lww(c),

¢=0

(c) - (— o+ Aal62(0), ¢(¢), 5(¢)

¢=0
— Na(6,2(6), ¢(5),5(¢))
)1
— /og %Qz(u,z(vu),c(vu),s(vu)) du>
<er(g),
s(6) = ( =50+ Mol 2(0)c() 0],
— As(g,2(6), c(5),5(¢))
5—1
— /og (Q;(L;))Qg(u,z(vu),c(vu),s(vu)) du) ‘
< £37148(6). (40)

Proof. Asin Lemma (3), proof can be obtained. O
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Theorem 5. Under assumptions (Hy), (Ha), (Hs) and Lemma 4 with
U1 +0,4+03 #1,
the proposed system (2) is UHR and GUHR stable provided that (30) and (31) hold.

Proof. Let (z,c,s) € E be a chosen point of the suggested system of FHDDESs (2) and
(1,9, 9) € E be a unique solution of the considered problem (2); consider

€)= 201 = |ie) = (20~ Mg 2(e)e(e)s(e)
+A1(6,2(6),¢(6),5(6))

9-1
+/og (g;(uﬁ))Ql(u,z(vu),c(vu),s(vu))d”)

¢=0

< ‘u(g) - <140 —Al(G/V(fQ)rQ(Q)/@(Q))’

+ A1 (g, ﬂ(g),q(g),p(g))

-I—/ (u, u(vu), q(vu),p(vu))du)

=0

+ ‘ (Vo — A(6 (), 4(6), ()

+ A1(6 1(¢),q(5), 0(c))

9-1
+ [ Oz, ), s(vm)

¢=0

- (ZO — Ar(e2(¢), ¢(c),5(c))

+ A (6,2(6),¢(),5(6))

-1
. /:@;(uﬁ))le,z(w),c(vu),s(vu))du) :

¢=0

it follows that
1(6) = 2(0)] < e1Tww(6) + | A(g2(6), (), 5(6))
—A1<g,u<g>,q<g>,p<g>>]
+/ c—u) ‘Ql (u, z(vut), c(vn), s(vir))

- ol<u,u<vu>,q<vu>,p<vu>>\ du
< &1 Tow(c )+w(IV—Z|+|q—CI+\p—SI)

+ [ €0 (@12l + g —cl + 1o — sl du
Therefore,
I =zl < &1 Twrw(s) + (Il —zll + llg = cll + 9 —s1])

+ 1 (I —zll+llg —cll + o —sll). (41)
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Analogously
lg—cll < e2Tor(e)+(Iln =2l + llg —ell + o )
+ 2 (Il —zll+llg —cll + o —s])) “2)
and
o —sll < eTgg(6) + 3¢ (lln =zl + llg — cll + llp = s1))
+ 3 (Il =zl + llg = cll + 1o =51l ). (43)

Now, inequalities (41)—(43) can be written in matrix form as

[ 1-0; -0 =0 17T e1Tww(g)
lg—c| | < -0 1-06, -0 e hr(g) |- (44)

o — sl -U3 -Uz3 1-0; €3 1¢8(¢)

Solving (44) and putting D = 1 — (U1 + U, + U3),

max { Tuw(e), Trr(e), Tes(6) } = Tuww(e)

and ¢ = max{ey, €2, €3}, we have
=zl +llg —cll + llo — sl| < Rw,pw(s),

where Ny, p = 3%". Therefore, the solution of the suggested system (2) is UHR stable with
respect to w. Obviously, one can show that the considered Problem (2) is GUHR stable with
respect tow. [

5. Supportive Example

To reinforce our study findings, we present the example below. All the experiments
were carried out in MATLAB Ver. 8.5.0.197613 (R2015a) on a computer equipped with a CPU
AMD Athlon(tm) II X2 245 at 2.90 GHz running under the operating system Windows 7.

Example 1. Define the following system of FHDDEs with T = 1so¢ € 1= [0,1] by

Cph (z(g) — 2= (sing + cos|z(g)| + c(g) +5(g )))
= §(c+sin|z(§)] +c(§) +5(§)),

D5 (( ) — mg(cos¢ +2z(g) + cosc(g) +5(¢))

¢)— o G (45)
= &(g+z() +sinjc(g)] +s(8)),
D7 (s(g) — oy (e +2(¢) + (g)+COSS(€)))
= §(c+2(8) +¢(8) +sinls(5)]),
under conditions 1 1
0] =1 @ =5 s©| =7 (46)

Clearly, 9 = % €(0,1),¢= % €(0,1),6 = % €(0,1),zg=1€R, ¢ = % ER,s0 = % eR.
From (45), we get
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A1(6,2(0),¢(6),5(6)) = gg(sing + cosfz(c)| +€(c) +5(c)),
Na(6,2(g), c(g),s(¢)) = 110 (cos ¢ +2(g) +cosfe(¢)| +5(c)),
A3(62(6),(6),5(6)) = 535 (¢5 +2(6) +¢(6) + cosls(6)]),

220

and

(e 2(ve), c(ve), s(ve)) = £ (
(6, 2(v6),e(v6), s(ve)) = £ (¢ +2(g ) +sinfe(2 )] +5(
i
7

1 1 1 1 1 1
Further, wecan get w = g5, Y = 115, * = mg M = 8, 2 = &, 13 = 3. P1 = P2 = P3 = %5,

using (13) we have

g1 = |20 — Aa(62(6), (6),5(6))|

¢=0 B %

1
=1|1- 55 % 1. 2903' = 0.9765,

¥2 = |oo = Aal6,2(c), c(c), 5(c))|

1 1 1 1
—‘—<1+1+COS+>’

0| |2 110 21

1 1
=15 " 10 x 3. 1276‘ = 0.4716,
1 1 1 1
P35 = |so — AS(GrZ(Q),C(G)rs(Q))‘GZO = ‘4 ~ %0 (1 +1+4 75 +cos 4> ‘
= 1—L><34689 = 0.2342
14 220 o
using (4), we get
¢1 = sup |A1(5,0,0,0)]
¢e(01]
1
= sup |—=(sing + cos|z(g)| + ¢(¢) + s(g))‘ = 0.0153,
55
cel01]
4y = sup |A(¢,0,0,0)]
cel01]
1
= sup |——(cosg+z(g) + cos|c(g)| + s(g))’ = 0.0091,
110
¢e[01]
03 = sup |A3(g,0,0,0)]
¢€[0,1]
1
= sup |=== (e +z(g) + c(g) + cos|s(¢ |)’ = 0.0124,
celo1] 220

and, by employing Equation (5), we obtain



Symmetry 2022, 14, 2579

19 of 22

. ¢ 1
J. =supq|bi(g)] :i=1,23 =supZ =,
: gej{ Z } g€J5 5
. ¢ 1
Je =sup<ldi(g)| :i=1,23} =sup2 = -,
‘ gej{ l } ge]é 6
. ¢ 1
Js =supqlei(g)] :i=1,23,=sup=_,
° gd{ ! } e’ 7
and so, | = max{%, %, %} = % From (12), we deduce that
Y ( SO I N )]
=|w P
i T@+1)  T(E+1)  T(E+1)
—1(00181+00090+00045+ vt + vt + vl )~06536<1
e . . . 6 7 8 — . .
5 re) r@) 1)

One can check these numerical results in Table 1 and can see a 2D plot of v, R > and ¢; (i = 1,2,3)
in Figure la—c for T € [0,1].
Further,

%)

0 s
|:1/11 + IIJZ + lp3 + 61 + 62 + £3 + F(b“T—i—l) + r(g—+1) + 1"((5T+1)

n z 5
1- (“’ Y+ 2t e e T r((sT+1))]

} ~ 14.3037 <R,

@1 =0.1650, @, =0.1421, @3 =0.1247,

Therefore, assumptions (Hy), (Hp), (Hs) hold and so, by Theorem 3, the problem (45) has at least
one solution. The red dotted lines in Figure 1b show that R must be more than 14.35 for T € [0, 1].
So, applying Theorem 3, we conclude that the proposed Problem (45)

0= {(z,c,s) CE: |(z¢39)|| <R, stR> 14.3037}.
In addition to,
U1 =w+ @1 =01832, Uy =17+ ¢, =0.1512, Uz = »+ @3 = 0.1292,

we obtain Uy + Uy + Uz =~ 0.4637 # 1; this proves that the solution of (45) is UH stable, and the
proposed solution is simply demonstrated to be GUH stable.

Table 1. Numerical values of Y and ¢; (i = 1,2,3) in Example 1.

@i(7)

T Y <R P1 @2 @3
0.00 0.0064 1.7301 0.0000 0.0000 0.0000
0.10 0.4445 7.0393 0.0010 0.0010 0.0009
0.20 0.4990 8.3475 0.0048 0.0043 0.0040
0.30 0.5340 9.3498 0.0117 0.0105 0.0095
0.40 0.5603 10.2100 0.0220 0.0195 0.0175
0.50 0.5817 10.9868 0.0359 0.0317 0.0282
0.60 0.5998 11.7089 0.0536 0.0470 0.0417
0.70 0.6155 12.3928 0.0753 0.0656 0.0581
0.80 0.6295 13.0488 0.1010 0.0877 0.0773
0.90 0.6421 13.6841 0.1309 0.1131 0.0995

1.00 0.6536 14.3037 0.1650 0.1421 0.1247
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1435 < R

T

Tﬁ 7 g}
r(e+1)+r(5+1)+r(5+1)>'] |

] (w+q+n+

00 0?1 0:2 0?3 0:4 0?5 0:6 0?7 0:8 0?9 1 00 0?1 0:2 0?3 0:4 0?5 0:6 0?7 0:8 0?9 1
T T
(@Y (b) <R
0.18
0.16
014
0121

0.08

0.06

0.04

0.02

() ¢

Figure 1. Graphical representation of Y < Rand ¢; (i = 1,2, 3) in Example 1 for T € [0, 1].

One can check these numerical results in Table 2, which shows the numerical results of
Ui (i=1,2,3). A2D plot of U; (i = 1,2,3) is shown in Figure 2 for T € [0,1].

Table 2. Numerical values of U; (i = 1,2, 3) in Example 1.

Gi(7)

T U1 (S)) U3 U1+0,4+03#1
0.00 0.0182 0.0091 0.0045 0.0318
0.10 0.0192 0.0101 0.0054 0.0347
0.20 0.0230 0.0134 0.0085 0.0449
0.30 0.0299 0.0196 0.0140 0.0634
0.40 0.0402 0.0286 0.0221 0.0908
0.50 0.0541 0.0408 0.0328 0.1276
0.60 0.0718 0.0561 0.0463 0.1742
0.70 0.0935 0.0747 0.0626 0.2308
0.80 0.1192 0.0967 0.0819 0.2978
0.90 0.1491 0.1222 0.1041 0.3753

1.00 0.1832 0.1512 0.1293 0.4637
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References

Figure 2. Graphical representation of U + i for T € [0, 1] in Example 1.

Moreover, for w(g) = r(¢) = g(c) = ¢; similarly, Theorem 5 states that the requirements of
UHR and GUHR stability can be easily satisfied.

6. Conclusions

In this paper, we defined a new fractional mathematical model of an FHDDE and
investigated the qualitative behaviors of its solutions, including existence, uniqueness and
stability. To confirm the existence criterion, we utilized the presumptions of the famous
fixed point for the operator within the hybrid case. Modeling using systems of fractional
differential equations is an important class of bio-mathematics, physics, applied chemistry
and many other areas. The field has recently been extended to FDEs as well. BVPs have
many applications in engineering and physical sciences. In addition, stability analysis
in the Ulam-Hyers sense of a given system was considered. Finally, illustrations were
provided to confirm the legitimacy of the results obtained.
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