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Abstract: Incomplete Cauchy-type problems are considered for linear multi-term equations solved
with respect to the highest derivative in Banach spaces with fractional Riemann-Liouville derivatives
and with linear closed operators at them. Some new existence and uniqueness theorems for solutions
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shown. The asymmetry of the Cauchy-type problem under study is expressed in the presence of a
so-called defect, which shows the number of lower-order initial conditions that should not be set
when setting the problem. As applications, our abstract results are used in the study of a class of
initial-boundary value problems for multi-term equations with Riemann-Liouville derivatives in time
and with polynomials of a self-adjoint elliptic differential operator with respect to spatial variables.
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1. Introduction

A linear multi-term fractional equation

m—1 X n r
z(t) = Y AD;"Uz(8) + Y BiDYz(t) + Y Gl z(t) + f(1) 1)
j=1 =1 s=1

is investigated in this work, where D? is the Riemann-Liouville derivative with v > 0,
];Y is the Riemann-Liouville integral, m —1 <a <m € N,0 < a1 <ap < --- < ay < @,
ml—l < wa < m € N, o — my 7'é a—m,] =1,2,...,n, ‘31 > ,BZ > e > ,Br >0,
f € C((0,T);D) N L1(0, T; D), operators A, j=12,..,m—-1,B,1=12..nC,
s =1,2,...,r, are linear and closed with dense domains in the Banach space Z, and the
intersection D of which are also dense in the space Z and equipped with the sum of the
norms of the graphs of these operators.
In the case Z = R issues of the unique solvability of the Cauchy-type problem

D?_m+kz(0) = Zj, k= 0, 1/‘ <o, M= ]" (2)

for Equation (1) were investigated in [1-7] under various constraints on ay,. It is shown
in [6] that this problem is uniquely solvable if and only if ;, < & —m + 1. In [8], it is shown
that for Equation (1), generally speaking, only the incomplete Cauchy-type problem
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Df‘ferkz(O) =z, k=m"m*+1,...,m—1, 3)

can be solved. Here m* is a number defined by a set of orders of derivatives &, a1, ay, ...,
y, it is called the defect of the Cauchy type problem. If a solution of (1) and (2) exists, then
D¥~"+kz(0) = 0 fork = 0,1,...,m* — 1. This is the asymmetry of the studied Cauchy-type
problem. In [8], the unique solvability of the incomplete Cauchy-type problem (1) and (3)
is proved in the case of bounded operators Aj, j=1,2,....m—=1,B,1=12,...,n,C;,
s=1,2,...,r,at f € C((0,T); Z)NL1(0,T; Z).

In this paper, a class Ay (6o, a9) of tuples of linear closed, densely-defined operators
is introduced into consideration, 6y € (7r/2,7), ap > 0. It is shown that belonging of
operators to this class implies the existence of a unique classical solution of the problem (1)
and (3), which at f = 0 can be analytically continued into the sector {t € C : |argt| <
0p — 7t/2, t # 0}. Proposed class Ay” (6y, a9) generalizes the class of operators A, (6, a¢)
(see [9,10]), into which it passes if Aj=B =0C = 0,j=12,...m-1,1=12,...,n,
s=12,...,r—1,8, =0, and C, is a linear closed operator with a dense domain in Z. The
unique solvability of the Cauchy-type problem for linear and nonlinear equations with the
Riemann-Liouville derivative and with an operator from A, (6, ap) in the right-hand side
was studied in [11-15]. We also note the works [16,17], in which the initial problems for
multi-term equations of form (1) with the Gerasimov-Caputo derivative were investigated.

This paper is organized as follows. In Section 2, the definitions for the fractional
Riemann-Liouville derivative and integral, for the classical solution of the considered
incomplete Cauchy-type problem and for the defect m* of the Cauchy-type problem are
given. In Section 3, the class A" (6, ag) of tuples of operators is defined and the existence
and uniqueness of a classical solution for problem (1) and (3) is proved in the case of

(AlIAZI s /ATIZ71/ Bll B2/ cr Bi’l/ Cl/ C2/ e /CT> S Aglr(GO/ aO)

and f = 0. The solution is presented explicitly using the Laplace transform technique.
In Section 4, this result is extended to the case of inhomogeneous Equation (1) with
f € C((0,T); D) N L1(0, T; D). Finally, in Section 5, the obtained results are used for
the statement and the investigation of the unique solvability of a class of initial-boundary
value problems for equations with several Riemann-Liouville derivatives in time and with
polynomials of a self-adjoint elliptic differential operator with respect to spatial variables.
A nontrivial example illustrating our results is also given. In contrast to the results of
work [8] on the problem (1) and (3) with bounded operators, in this case the equations are
considered, in which the degrees of polynomials at lower fractional derivatives in time can
exceed the degree of the polynomial at the highest time-derivative.

2. Incomplete Cauchy Type Problem and Its Defect

Let Z be a Banach space, £(Z) denote the Banach space of linear bounded operators
in Z, and by CI(Z) the set of linear closed operators with dense domains in Z be denoted,
Ry:={a€eR:a>0},R; :=R, U{0},h: Ry — Z.For p > 0let gg(t) := tF~1/T(B) at
t>0,

t

h(e) = (5 + (0 = [ 8500 = )hle)ds = s [ (0 9)P s
0 0

By J?, we denote the identity operator. Let & > 0, m be the smallest integer, which is
greater or equal &, D}" be the usual derivative of the order m € N, and Df be the fractional
Riemann-Liouville derivative, i.e., D{h(t) = DJ"J" " *h(t). At B < 0, we will use the
notation th(t) = ];ﬁh(t).

By £[h], we denote the Laplace transform of a function & : Ry — Z, and by £~ 1[H]
the inverse Laplace transform of a function H: Q@ — Z,Q D {u € C: Rey > w} at some
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w € R, is denoted. The Laplace transforms of the fractional Riemann-Liouville integral and
the fractional Riemann-Liouville derivative, respectively satisfy the following equalities

LUFRI(A) = A7 £[h](A)

and

L[DE¥R](A) = A*L[h](A) — mf Am-1=kpa=mtkp @),
k=0

where Df‘*’"”‘h(o) = tlirgl Df‘*m”‘h(t). For further details, see [18] and references therein.
—0+
Letm—1<a<meNI<y<a<- -~ <a,<am-1<aq <m eN,
op—mp#Fa—m,l=12,...,n 6 >py> > B > 0. Denote
a:=max{a;:1 € {1,2,...,n}, 0 —my < a,m},
and
w:=max{a;:1 € {1,2,...,n}, 0y —m; > a —m}.
We define
m=[a] and W= [a],

where [-] indicates the ceiling function.

Remark 1. Note that for integers a; we have oy = my, so they always fall into the second group,
provided that « is not an integer, otherwise the second group is empty; in the first group there are
fractional numbers only. Therefore, by construction it is always « < m, m < m (otherwise there
will be w;, greater than w). If any of the sets, which determine the numbers ®, a, is empty, we put by
definition the corresponding value m or m equal to zero.

In this paper, we consider a linear multi-term fractional differential equation

m—1 . n r
bz(t) = Y AD;"z(t) + Y BiDYz(t) + Y CJi7z(t), t € Ry, (4)
=1 I=1 s=1

where A; € cl(z),j=12....m—1,B € Cl(2),] =12,...,.n,Cs € ClI(2),s =
1,2,...,r,ie., closed linear operators with domains D, Da,,...,Da, ,, Dp,, Dg,, ..., D3,,
Dc,,Dc,,...,Dc,, respectively. A function z : R, — Z is called a solution of Equation (4),
if "%z € C"(Ry; 2), J" "z € CJ(R+;DA,),J' =12,...,m—1, """z € C"(Ry4;Dg,),

1=1,2,...,n]*z€ C(Ry;D¢,),s =1,2,...,r,and equality (4) holds for t € R ..
For the equation, consider the Cauchy-type problem:

DY "tkz(0) =z, k=0,1,...,m—1. (5)
The following statements were proved in [8].

Corollary 1. If &« > wj, o —m; > o« —m for some | € {1,2,...,n} and for some k €
{0,1,...,m; —1} tlilglJr Dy l_ml+kz(t) # 0, then there is no solution to problem (4) and (5).
—

Corollary 2. If &« > «j, &) —m; < a —m for some | € {1,2,...,n} and for some k €
{0,1,...,m; — 1} tlir&r Df"fmﬁkz(t) # 0, then there is no solution to problem (4) and (5).
—

Corollary 3. Ifa > 1and z; # 0 forany k € {0,1,...,m — 2}, then there is no solution to
problem (4) and (5).
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Corollary 4. If & > 0and z # 0 for any k € {0,1,...,m — 1}, then there is no solution of
problem (4) and (5).

By applying results presented above, one can easily see that there exists a solution of
problem (4) and (5), only if

DY Hkz(0) =0 fork=0,1,...,m* —1

and
D/z(0) =0 for y € A,

where A := {ag — 1,090 —2,...,a09 —my,ap —1,ap — 2,...,a, —my}. Therefore, for Equa-
tion (4) it makes sense to consider only, generally speaking, the incomplete Cauchy-
type problem

Df‘*"”kz(O) =z fork=m*m*"+1,...,m—1, (6)

where m* := max{m — 1,71} is the so-called defect of the Cauchy-type problem [8], which
is determined by the set of numbers «, a1, a5, .. ., &, and characterizes the number of the
lower initial conditions omitted in the incomplete problem. It is not difficult to make sure
that 0 < m* < m —1 (see [8]).

3. Analytic in a Sector Solutions of a Homogeneous Equation

Let A1, Ay, ..., Au—1,B1,B2,...,B4,C1,Cy, ..., C; be closed linear operators with do-
mains Dy,,Da,,...,Da,, Dp,,Dg,,...,Ds,, Dc,,Dc,,...,Dc, respectively. Denote:

m—1 n r
D:= () Da;N () Ds,N () De,,
j=1 1=1 s=1

and
m—1 ) n r -1
Ry:=[AT— Y A ™A - Y AuB — Y A PG| :Z2—D.
j=1 I=1 s=1

We supply the set D with the norm
m—1 n r
I-llp=1-llz+ X 14;-llz+ X 1B -llz + X ICs - |z,
j=1 =1 s=1

with respect to which D is a Banach space, since it is the intersection of the Banach
spaces DA1' Da,,...,Dg Dg,, Dg,, ..., Dg,, Dcl, Dc,,...,Dc, with the corresponding
graph norms.

m—17

Definition 1. A tuple of operators (A1, Ay, ..., Au—1,B1,B2,..., By, C1,Ca, ..., C,) belongs
to the class A" (6p, ag) for some 6y € (71/2,7), a9 > 0, if

(i) Disdensein Z;

(ii) Forall A € S 4, :={p € C: |arg(y —ag)| < 6o}, p=0,1,...,m— 1, operators:

m=1
R, - (1— y /\f‘mA]) €L(2)
j=p+1
exist;
(iii) For any 0 € (71/2,6p), a > ap, there exists such a K(6,a) that forall A € Sg,, p =
0,1,...,m —1, we have

m—=1
Ry-(I— Z )\]_mA]'

j=p+1

K(6,a)
T A —aApt
Z)

L(
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Remark 2. It immediately follows from condition (ii) that Ry € L(Z) (take p = m — 1) and
RyAp € L(Z) forallp =0,1,...,m — 1, since

m—=1 m=1
R, - (I — Z )\]_mA]) — R, - (I — Z /\]—mA]) = /\p_mR)\Ap.

j=p+1 i=p
Note also that the inequality in (iii) at p = m — 1 has the form

K(6,a)
R < —
H /\HE(Z) — |)\—ﬂ||)\|"‘_l

Remark 3. When B, = 0, the condition (0, ...,0,C,0,...,0) € Ay" (6o, a0) is satisfied, if and
only if Cr € Ax (6o, a9) (see works [9-15]), at & = 1 such an operator is called sectorial [19,20].

Theorem 1. et m —1 < « < m € N, 0 < 1 < p < - < app <, my—1 <
a; < my € N, K — my 75 oa—m, 1l = 1,2,...,n, ,Bl > ,Bz > e > ‘Br > 0, A]‘ €
Cl(2),j=12....m—1 B € Cl(2),] =12,...,.n, C € Cl(Z),s = 1,2,...,r1,
(Al,Az,...,Am_l,Bl,Bz,...,Bn,Cl,Cz,...,Cr)G.AZ'r(Qo,llo),ZkED,kzm*,m*—‘rl,‘..,
m — 1. Then there exists a unique solution to problem (4) and (6), and it has the form

m—1
z(t) = ), Zp(H)zp,

p=m*

where:

_ 1 m—uo a—1—p = a—m—1+j—p o . | At
zp(t)_zm,/A RA<A -y A Aj]eMda,

rg,ro ]:p+1

Tepy =T, UL, UTY, T, :={AeC:|A—ay—¢| =7y >0,argA € (—0y+¢,60—¢)},
rgm ={AeC:arg(A—ag—¢) = £(6g —¢),|A —ag —¢| € [ro,00)}, € € (0,00 — 71/2),
ro > 0. Moreover, the solution can be analytically continued in the sector {t € C : |argt| <
g — /2, t 75 0}.

Proof. Note that by virtue of Definition 1 for A € I'¢,

< K(6g —€,a9 + €)|A|"—4F
- |/'\—a0—£| '

m—1
)\m—aR/\ (Aa—l—pl _ Z )\a—m—l—kj—ij)
j=p+l1

L(Z)

Consider the integral defining Z,(t) for t > 0, on the part I'j, of the contour T,

take A = ag + £ + re(®~%) and get an upper bound for the norm of this integral at p = 0,
we then obtain

w T m—a—1,-1
Cle(ao+€)f / rm—a—lercos(f)o—s)tdr < Cle(g0+g)t / id’f

tm—acm—ﬂé
ro troca 2
a—m ag+e)t
cic T(m — a)eldo
L ad"T(m —a)

— fm—uo 4

where c; = |cos(p —¢€)|. Forp =1,2,...,m — 1, we get

—+o0
Cle(uo-‘rs)t / rm—zx—l—pe—czrtdrg

o

a1 r(’)”*”‘*l’e[(a0+s) —cprolt

a—m+p
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On Fg ror We have similar inequalities. Such an estimate for the norm of the integral on

the part I’gro of the contour is obtained after substituting A = ag + ¢ + rge’? and have the
formatp=0,1,..., m—1,

90—8
Clrgl—tx—l—pe(ﬂO'i‘S)t / eti’o COS(qu) S Zﬂclrgn_a_l_pe(“0+s+"0)t'
*9'0+e
As a result,
Celaote)t (agetro)t
1ZoB)lez) < —mma—r 1Zp(B)llg(z) < Ce @)

forp=1,2,...,m—1, and to the functions Z,, p = 0,1,...,m — 1, the Laplace transform
can be applied, since m — & < 1. In addition, it follows from estimates (7) that the families
of operators {Zp(t) :t >0}, p=0,1,...,m—1, can be analytically continued into the
sector {t € C: |argt| < 6y — /2, t # 0}, since e € (0,0p — 71/2) is arbitrary.

Take p € C from the right side of the contour I'¢ ;,,, we have

K(8p — & a9 +€)|A|"—*P
|A —ag —el|p — Al

/\mfthA m—1 )
3 X /\aflfpl _ Z AafmflJr]prj
w= j=p+1

L(2)

Since 2 4 p +a — m > 1, the function

(Z,)(n) = - / MRy (aetepy - Y paemettiop g, an
P = 5mi | = Rp j
Ter, =pr

1

m— .
= "R, (1— ) WmAf)

j=p+1

is analytic in the part of the plane C-bounded from the left by the contour I'¢ ;. Since € and
1o can be taken arbitrarily small, then E[Zp] (u) are analytic in Sopa atp=0,1,...,m—1.
Using this fact, it is not difficult to show that the value of Z,(t) does not depend on the
choice of parameters € € (0,6p — 71/2), rg > 0.

Forp=0,1,...,m—1,p > m*, z, € D,we have

m—=1
S Zp) () = p*"1PRy (I ) uf"”A]),
j=p+1

B 1 m—1 i eMAA

Terg j=p+1
1 eMdA 1 A L Lo\ eMdA
=5 | )\P+1zp+2m’/RA<ZAa A LAYBE LATEC )
Toro T j=1 =1 s=1
and
p . n r A
[ R A mtia Y A+ YA Pe )z
r j=1 =1 s=1
&R Z
P —m+j - a—n : —Bs—a |d/\|
< 01/ Y M A Nz + 3 AT IBizpllz + 3 AT TGzl 2 A 0,
Tor j=1 =1 s=1
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when R — oo, since p+1+m—p =m+1> 1, p+1l+a—a >14+a—a > 1,
p+1+a+ Bs > 1. Therefore, /" “Zy(0)zo = zo for zo € D and [;" *Z,(0)z, = 0 for
zp€D,p=12,... m—1

Next, let m* = 0,i.e., m <1and m = 0. This means thata; —m; < « —mand a; < 1
foralll =1,2,...,n. Then for &« > 1 wehavea —a; > 1and forzg € D,

m—=1
E[D?_mﬂzo(f)zo} (1) = u*Ry (Zo - ﬂ]_mAjZo> — 20
j=1

n 14
=Ry <Z piB + ) y‘ﬁSCS>zo

=1 s=1
and
1 n r
DgierlZO(t)ZO = % / R)\ (2 A B[ + 2 AﬁSCs> €/\t20d/\,
o =1 s=1
&rQ
therefore, D* " %17,(0)zy = 0. Continuing this process, at the mth step we get
1 n r
DY 1Zo(t)z0 = 5o / Ry ( Yo A4tm=2p; 4 Y~ A-Pstm=2C JeMzod)
r I=1 s=1
&1Q

and
D¥1Z74(0)zg = 0,

sincem; <1l,ap+m—2—a<m—2< -1
Letm* < p,ie,m <p+1,m < p. Thena; < p+1fora; —m; < a—m,and also
ay < pforaj—my >a—m Wegetatp=1,2,..., m—1,9q=1,2,...,p,z, € D such that

Y
a—m+q . 1 e d‘u
Pr "2z =55 | e
r
&1

1 p
— R
Jr27ri / A &~

J s=1 APt

) n r e/\tZ i
/\a—m+]Aj + ZZAIXIBI + Z )\_‘BSCS> |4
1 =1

re,ro

o

Therefore, at ¢ < p, since p — g+ 1 > 2, we obtain D,
can be seen that Df

For p <m —2and z, € D, we have

—m+qu(0)zp = 0. From here it
7m+pr(O)zp = zp due to the inequalitiesm —p+1>1,a —a; +1> 1,

_ 1 m—1 .
gDy "t Zp(t)zlﬂ} (1) = "Ry (ZP - 211‘] "Ajzp | —zp
j=p+

p . n r
=Ry (Zl ‘urxferJAj + IZ u“B; + Z ‘uﬁscs> Zp
j= =1

s=1

and

P n r
—m+p+1 1 — 7
Dy Zy (02 = 5 | RA<§:A”‘ SRS MELED W ﬁscs>eszdA.

=1 s=1

rs,ro
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Inthiscase,j—m <p—m < =2, fora; —m; <a—m,
a—o>m—m>m—m>m—(p+1)>m—(m—-2)—-1=1,

is executed and for &y — m; > a — m, the inequalitiesarevalidaw —a; >0 —p > —m+2 > 1.
Hence, & > 1, Df_m+p+lZp(O)zp = 0. Continuing the process, we get at p < m — 3,
g=p+2,p+3,.... m—1,

r

p . n
/\a—m+]Aj + Z)\MBZ + Z )\_ﬁSCS>3/\tzpd)\,
=1 I=1

_ 1
DY "7, (0zp = ~— / A‘HHRA(
27ti =

Fe,ro

j
sincej—m+q—p—-—1<qg—m—1<2, fora; —m; < a—m,wehave
p+l—g+a—a;y>p+2-—m+m—-—m=p+2-—m2>1,
and for oy — m; > « — m, the inequalities
p+l—gt+a—-—uy>p+2-—-m+a—p=2-m+a>1

hold. Since p +1 — g < 0, it follows thata > 1, D} ""17,(0)z, = 0.
Further, by virtue of Corollaries 1 and 2, we obtain

Jim DM 7, ()2, =0 forzp € Dandl=1,2,...,1,

which implies
£[DFZy(t)zp] (1) = u*L[Zp (2] () — 1" P2y

m—=1
— VaRy (Hmlpzp _ Z ,‘I/l]lpA]‘Zp> _ ymflfpzp
j=pr+1

r

m—1 ) n m—=1
B ( pI A+ Y B+ ) VﬁsCs) KR (ZP - X W’"Afzv>
1 =1

j= s=1 j=p+1
m—1
- L WA
j=p+1
m-l x—m+j < o 4 B
=g Z; AD{ "7, (zp + 12 B,D'Z,(t)zp + Z% Csl* Zp(t)zp | ().
= =1 =

By acting of the inverse Laplace transform, we get that Z,(t)z, at z, € D is a solution
of Equation (4) fort > Oand p = m*, m* +1,...,m—1.

Let z1(t) and z;(t) be two solutions of problem (4) and (6) on R. Fix T > 0, then
y(t) = z1(t) — z2(t) is a solution of problem (4) and (6) withz, =0, p = m*, m* +1,...,m —
1, on the interval (0, T'). Let us define the function y as zero for t € [T, 4+o0). Such a function
is bounded and is also a solution to this problem for all t > 0, except maybe t = T. Note
that by virtue of Corollaries 1 and 2, tlil& Dfi M +ky(t) =0forl=1,2,...,n. Letusactby
the Laplace transform on both parts of the equality

m—1 n

. r
fy(t) = Y ADE " Ty() + Y. By () + Y CJPy ()
j=1 =1 s=1
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and hence we get

LID{yl(n) = u*Llyl (1)

=g

1 . n r
ADy "y + Y BDy + Y Gy Syl (u)
j=1 I=1 s=1

r

m—1 ) n
= ( pA Y pM B+ ) V'SSCS> Lly)(p),
=1

j=1 s=1

which deduces
m—1 ) n r
(V"‘I — ) uIA =Y B =) VﬁsCs> Llyl(u) =0
j=1 I=1 s=1

and £[y](u) = 0at u € Sy, 4,- Therefore, we obtain z1(t) — z2(t) = y(t) = 0fort € (0,T).
Since T > 0 can be chosen arbitrarily large, z1 () = zp(t) forall t > 0. O

Remark 4. From equality (8), it can be seen that for z, € D,

1
Zy(H)zp = I Zo(t)zp + P / Ry,
]

P
y]_p_lAjzpery.
Teory 171

4. Inhomogeneous Equation

Consider the linear inhomogeneous multi-term fractional equation:
nl a—m-+j 3 « -
Diz(t) = Y AD{ "z(t) + ) BiDy'z(t) + Y CoJpz(t) + f(t) )
j=1 =1 s=1
with initial conditions
D‘t"_m+kz(0) =0, k=m*"m*+1,...,m—1. (10)

A functionz : (0, T) — Z is called a solution of (9) and (10), if J;"*z € C™((0,T); Z) N
¢ 1([0,T); 2), Ji'*z € C((0,T);Da), j = 1,2,...,m =1, ]} "z € C™((0,T); Dg,),

1=1,2,...,n];°z€ C((0,T);Dc,),s =1,2,...,r, and equalities (9) for t € (0, T) and (10)
are satisfied. Recall that

-1
- 1 « = a—m-+j - «; - Bs At
Zna(t) =5 / (A I—]:l/\ A/—l;)\ BZ—S;A Co| eMda, t>0,

Fs,ro

and introduce the operators

1 "
Vilt) = 5 / ARyeMdA, t>0, keR

rs,ro
Theorem 2. [et m —1 < « < m € N0 < 1 < ap < - < oy <, my—1 <
o <m € Na—m #a—m 1l =12,...n B > B> >pB >0, Aj €

Cl(2),j=12....m—1 B € Cl(2),] =12,....n,C € Cl(Z),s = 1,2,...,7,
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(A1/A2/o~-/Am71/B1/B2/-~~/Bn,C1,C2/~--/Cr> S AZ’r(GO,ﬂo) andf € C((O,T),D)ﬂ
L1(0,T; D). Then the function

24(t) = /zm,l(t—s)f(s)ds
0

is a unique solution to problem (9) and (10).

Proof. Arguing as in the proof of the inequality (8), we obtainatx <« —1land t € [0, T],

+o00 Bo+e
”VK(t)HL(Z) < 2cle(u0+s)t / rK—ae—rcztdr+Clrg—vce(ao+s)t / etrOCOS(Pd(p
) —6p+e

2cle(u0+efr0c2)trgﬂx+l

+2ncle(ﬂo+€+70)tr6—a < Ce(ll()-‘rs-‘ri’o)t
x—x—1 -

for some C > 0. Hence,

t

/ Vie(t =) f(s)ds

0

t
< Ce(”O“HO)t/ | f(s)||zds forx < a—1. (11)
z 0

Also, for a € (0,1] and zy € D, we have

1
Vao1(t)zp = i / A“ilRAeAtZOd)\
Terg

1 ‘e/\td)‘ 1 ‘ 1 ! x—m+j - o . B At
_ 1 Lo g ! :C A
2m'/ : zo+2m,/A S A]+l:ZlA B+ Y APCy | zge

Ter, Ter, j s=1

1 B m—1 _ ) n r
=20+ //\ 3 ( 21 ATMHA + 121/\“13, + ZlAﬁscs)zoeMdA,
r = = =

while for A € T,

m—1 n r

j C11|Z

e (e frns fvc)| <3
j=1 =1 s=1 z

where § = min{l,& —a;: 1 =1,2,...,n}. Therefore, for t € [0, T|, we get
IVe1(B)zol|z < Cel Tt |z0]|p  fora <1,

and

t
< Ce(“0+£+r0)t/ Ilf(s)||pds  fora <1. (12)
0

t
[ Vea(t=9)f(s)ds
0

z

Next, we define f as zero for t € [T, c0) and get the equalities
Llzfl() = L[Zna] () LIf1 (1) = RuLlf](1),

SUF 26l () = 1w R L[S (1)
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and ,
£z (t) = /Va,m(t —s)f(s)ds,
0
therefore, [{""z¢(0) = 0, due to (12), if « < 1, or (11) in other cases. By taking into account
inequality (11) when k = 1,2,...,m — 2, and inequality (12) at k = m — 1, we obtain

e[DF" g (A) = pt " HERuL[f] (),

t
DRz (t) = [ Vi ot = 9)f(s)ds
0
and
D}~ z4(0) = 0.
Note that according to corollaries 1 and 2, we have
D?Zf(()) =0
fory=oa;—m;+kke{0,1,...,m—1}and ! =1,2,...,n. Therefore,

L[Dfzs](n) = W RuLlf1(p)

m—1 ) n r
= £[fl(m) + ( Y wA l; H' By + Zlﬂ‘ﬁscs> Ry L[f)(1)

]:1 s=

m—

= L[fl(w) + £

1 . n r
& A]'Dfim+]2f(t) + lzl BlDlef(t) + Zl Csﬂgst(t)‘| .
= = 5=

Acting by the inverse Laplace transform on both parts of this equality, we obtain
equality (9) att € (0, T), since f € C((0,T); D).

The proof of the uniqueness of a solution is the same as for the homogeneous
equation. [

Due to the linearity of the Equation (9) under study, we immediately get the follow-
ing result.

Theorem 3. [etm—1 <a<meN a <ap < - <ay,<am—1<a <m €N,
o —myFa—ml=12,...nBp>p> >p ZO,A]-eCl(Z),jzl,Z,...,m—l,
B eCl(Z),1=12,...,n,CeCI(Z),s=12,...,1,

(A1/ AZ/ e /Am—lr Bl/ BZ/ cecy Bl’l/ Cl/ C2/ e /CV) 6 AZ/V(QO, aO)/

zx € Z,k=m*,m*+1,...,m—1, f € C((0,T); D) N L1(0, T; D). Then there exists a unique
solution to problem (6) and (9), and it has the form

m—1 £
2(t)= Y Zp(t)z+ / Zon1(t — 5)f(s)ds.
p=m* 0
5. Initial-Boundary Value Problems
Let] C {1,2,...,m — 1}. Define polynomials Py, Pé, Pé, P} by

l

] s
vy : Voo V3 V4

Pi(A) =Y ayAP, Pi(A) =Y BLAF, Pi(A) =Y c,A? and P(A) =Y d5AF,
p=0 p=0 p=0 p=0
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where ap,b;,c;],d; € R, avlb{/jclvédii #0,je],1=1,2,...,n,s=1,2,...,rand the degree
2

of at least one of the polynomials Pé, PL, P; be greater than the degree of P;. Put Pé =0at

je{1,2,....m—1}\7J.
Let QO C R? be a boundary region with a smooth boundary 90,

a\qlu(g)

@u)(G) = ), ”q(@W'

lq1<2p

a, € C(Q0),

and

a\q\u(g)

» = Y by ()
( ’Yu)(g) 2 Vq(g)agglaggzaggd

[71<py

br)/q € Coo(aQ), ')/ = 1,2,...,p,

where 9 = (q1,92,...,94) € N4, |9] = g1+ - - - + g4 and the operator pencil 2, B1,®B,, ...,
B, are regularly elliptic (see [21]). Assume that the operator 2l; € CI(L»((2)) has the domain

Dy, = pr%}(n) = {ve H¥*(Q) : B,0(8) =0,7v=1,2,...,p, & € 00}

and 20,0 := Av. Suppose that ; is self-adjoint, then the spectrum o (2;) of 2; is real and
discrete (see [21]). Moreover, let the spectrum o (2l;) be bounded from the right and does not
contain zero point, { ¢ : k € N} is an orthonormal in the L, (()) system of eigenfunctions of
the operator 20, numbered with respect to non-increasing of the corresponding eigenvalues
{Ak : k € N}, taking into account their multiplicity.

Takeh : Ox (0,T) 2 R, 1 <a<2,0<a; <ap < - <ap<am-1<ua <
meN,a—m #Fa—-—m,1=12,...,n B > P2 > -+ > B > 0. Determine by the set
of these numbers the defect m* € {0,1}, choose the maximal degree v of polynomials P},
Pé, Pijel, l=12,...,n,s=1,2,...,r (then vy > v7) and consider the initial-boundary
value problem

DY MRy (E,0) = up(€), k=0,Tork=1, Fe€Q, (13)

B Au(Et) =0, k=0,1,...,10—-1, y=1,2,...,p, (&) €dQx(0,T), (14
DEP (M)u(E, 1) = & PYDE " Tu(g, 1) + ¥ PL)DIu(E, )+
]E]r =1 (15)
+ gl Pi(R)J;u(G,t) + h(E,t), (¢,t) € Ax(0,T).
Set

X ={ve H¥(Q): B, 20 =0,k=0,1,...,1 =1,y =1,2,...,p, & €30},

Y =1(Q), L =P(®) € LX), Mj = Pé(?l) € Cl(xX;Y) forj =1,2,...,m—1,
Ny = Pi(A) € CI(X;Y) forl =1,2,...,n,Ss = P(A) € CI(X;Y) fors =1,2,...,r. The
domains of these closed operators are defined by polynomials, for example,

Dp, = {v € H¥(Q) : B,20(¢) =0,k =0,1,...,v5 =1,y =1,2,...,p, & € 9Q}.
Therefore,
D= {ve H¥"(Q):B,2%(&) =0,k=0,1,...,up—1,7v=1,2,...,0, & €9Q}

is dense set in X.
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Theorem 4. Let in the conditions of this section be vy > vy, Py(Ax) # 0 forall k € N, and the
following conditions hold:

(i) In case of odd vy — v, the inequalities bjj /ay, > 0at vé =1, Clvz /ay, > 0at vé = vy and
vy 3
cfli/a,/1 > 0at v = vg hold;

(ii) In case of even vy — v1, the inequalities b]]- /ay, < 0at vé =1, cf/, /ay, <O0at vé = vy and

V2 3
Cf/;/”w < 0at vy = vp hold;

(iii) Bs < waatvy =y

Then (Al,Az,. ., Ay_1,B1,By, ..., By, Cq1,Cy, .. .,Cr) € Ag'Y(GO,ao).
Proof. Forv € D,

m—1 ) n r )
</\"‘I — Y ATTHA - Y ANB - Y /\_’SSC5> v =) A"Q(A A){v, o) xs
=1

j=1 s=1 k=1

where,

Pé(/\k) _ - a;—ap?i(}\k) _ . —ﬁs—vcpi(/\k)
I T e P DL T

QA Ap) i=1=Y 4™

j€l

s

It is evident, that for a fixed k € N, |)}‘im Qk(A, Ag) = 1. Choose a sufficiently large
—00
N € Nso large R > 0, that Qx(A,Af) > 1/2fork = 1,2,...,N and |A| > R. Since

klim Ag = —oo, letting k — oo, we have
— 00
P i
~a AT
By "ty ferTe )
PL(Ag) -
3\ Mk -1 4V3— "1 o
By (\) ~ a, Cvg/\k3 forl=1,2,...,n,
and Pi(A)
4\ -1 vi—n _
By (A ~ a, dsvi)‘k4 fors=1,2,...,r.

Hence for a fixed A as k — oo, we get

j—m _—1p] yVo—v1
Qk(/\, )\k) ~1-— Z N ﬂvl bvj)tk
VéZI/U 2
_ 2w -1l A0V Afﬁsﬂx 71ds A0
ay, cvé " ay, dys Ay
vé:vo VZ:V(J

= A7V | [Ag1TY0 —signA 2T YD )J—*%z;fbfvé

Ué =1

+ 12 )\“’*”‘a;llcf/é—l— Z /\ﬁsaavlldii)].

vhi=yp vi=1p
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For sufficiently large k, Ay < 0 due to properties of the spectrum of 24, therefore,
due to conditions (i) and (ii) of this theorem all coefficients at the degrees of A in the last
expression are negative. Hence at A > 0 and for sufficiently large k Q(A, Ax) > 0. Take a
sufficiently large agp > Rand 6 € (71/2, 7/ «), so that the ball Bg := {A € C: |A| < R} lies
outside the sector Sq ;. Then for A € Sy 4 \ R subject to condition (iii) of this theorem,

arg | signA,* ™" Z A *1b] Z Ay Z AP 71d5 €(0, n),
Vz—Vo V3—Vo 3 v3=1o
therefore, Qx (A, Ax) # 0. If 9Sq, 4, contains zeros (with respect to A) of functions Qy (A, Ay)
at some k € N, beginning with N + 1, make the shift of a4y on 1 to the right and go back
to the previous designation ag. Now due to the continuity of the functions Qx (A, Ax) with
respect to A we can state that for A € S, g, we have [Qy(A, Ax)| > ¢ > 0.
Thus, for every A € Sq 4,, we obtain

> c|A*lvllx,
X

m—1 n r
H (/\"‘I — Y AvHA - Y AMB - ) A—ﬁscs>v

j=1 1=1 s=1

consequently, there exists the inverse operator
-1
m—1 ) n r
R) = <A“I— Y ACTTHA =Y AMB — ZAﬁscs) € L(X),
j=1 I=1 s=1

and for all A € Sq 4,
C

Rl £ ———.

Forv € Dand A € Sy, 4, we have

2

m—=1
Ry-(I— Z /\]_mA]‘ v

j=p+1

X

j=p+1
IAPQ(A, Ag) 12

y (1+ T (AR0- §1§§k§2)|<v,¢k>|2
L

Vé =1

Ca| Ag[2o7) (IM o) T | 2|b] [PIAR0~ m>)|<v,(pk>2

|A|2] Ay [20=v1) | Qq (A, Ag)

<Z Gl _  Callel
= S APEDA—al = APETA =

IA
3 i MS

and
. — _ : 1 — l s — —
Ql(/\/)\k) — )Lk (vo—v1) _ Z A mﬂavllb{/j _ Z 24—, l 1/ Z A~ B aavlldii'
vh=vp 2 dh=y vi=vo
We take into account, that Ay # 0 for all k € N, therefore, due to the pointiness of the

spectrum {A;} there exists rkniI{]l |Ax] >0. O
€

Remark 5. For the case of vo < v1, a similar result in the absence of constraints (i)—(iii) from
Theorem 4 is obtained in [8].
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Due to Theorem 3 for arbitrary ug, u; € &, or only u; € X, depending on the defect
value, under the condition L™14 € C ((0,T); D) NLy(0, T; D) there exists a unique solution
to problem (13)—(15).

Finally, a nontrivial example illustrating Theorem 4 is given.

Example 1. Takea« = 7/4, m =2, n=1,r =1, 01 =4/5, p1 =5 P(A) = A, 11 =1,
PI(A) =0,] =@, P}A) = co+ A+ A% v3 =2, PEH(A) = do+diA, va = 1, v :=
max{vs, va} = 2,d = 1,0 = (0,7), p = 1, % = 34 and By = L Thenm = 0,7 = 1,
m* =1, and problem (13)—(15) has the form

D7/482” - o2 ot DA/5 do+d N\ s
t @(E,t)— CO+C187§2+C2@ cu(s, t) + (do+ 1@ Jiu(g,t)

for (&, t) € (0, ) x Ry,

2 2
w(0,6) = u(rm, £) = %(o,t) - %‘(m) —0 forteR,,

and
D3*u(,0) = uy (&) for & € (0, 7).

It is solvable at c; > 0 by Theorem 4 (i), since vo — v1 = 1is odd, v3 = vy, v4 < vgy. Here
the problem does not contain the initial condition for J'/*u(¢,0), since m* = 1 and the equality
JV4u(&,0) = 0 is necessarily fulfilled.

6. Conclusions

For a linear equation with several Riemann-Liouville derivatives and with constant
coefficients, the authors of this work showed that the set of orders of derivatives from
the equation determines the defect of the Cauchy-type problem, which determines the
number of lower-order initial conditions that must be excluded from the statement of the
problem for its solvability. In this paper, the incomplete Cauchy problem is considered
for linear multi-term equations solved with respect to the highest derivative in Banach
spaces with fractional Riemann-Liouville derivatives and with linear closed operators at
them. A class of tuples of operators A" (6, ag) is introduced, generalizing to the case of
several operators a class of generators of analytic in a sector resolving families of operators,
called sectorial operators. Using the Laplace transform technique, it is proved that the
incomplete Cauchy-type problem for the multi-term equation with a tuple of operators
from A" (0, a0) has a unique classical solution. Some new existence and uniqueness
theorems for solutions are presented explicitly and the analyticity of the solutions of the
homogeneous equations are also shown. Our abstract results are used in the study of a
class of initial boundary value problems for multi-term equations with Riemann-Liouville
derivatives in time and with polynomials of a self-adjoint elliptic differential operator
with respect to spatial variables. In contrast to our earlier result, the consideration of the
equation with unbounded operators allowed us to investigate the case when the highest
of the degrees of the polynomials at lower time-fractional derivatives is greater than the
degree of the polynomial at the highest derivative.
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