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Abstract: A class of p-valent functions of complex order is defined with the primary motive of
unifying the concept of prestarlike functions with various other classes of multivalent functions.
Interesting properties such as inclusion relations, integral representation, coefficient estimates and
the solution to the Fekete-Szeg6 problem are obtained for the defined function class. Further,
we extended the results using quantum calculus. Several consequences of our main results are
pointed out.

Keywords: multivalent functions; Jackson’s g-derivative operator; prestarlike; starlike and convex
functions; subordination; Fekete-Szeg® problem; coefficient inequalities; g-calculus

1. Introduction
Let I'T, denote the class of all analytic functions of the form

XQ) =0 +Y a,ul"* (p=1,23..) 1)
k=1

and letIT = I;. Further, let R denote the class of functions k({) analyticin ) ={¢ € C: || < 1}
and satisfy R{(k({)} > 0 for all { in Q. Aouf ([1], Equation (1.4)) defined the class
h(¢) € R(X,Y, p,a) if and only if

_pEpY+ (X =Y)(p—a)]w(l)
[1+Yw(D)] '

h(Z) (-1<Y<X<1,0<a<1) )

where w() is the Schwartz function. The class R(X,Y, p,«) is an extension of the fa-

mous Janowski class of functions [2]. Further, it was proved, in [1] (Theorem 5), that, if

h(Q) =p+ X, bkgk isin R(X,Y, p,a), then
el < (X=Y)(p—a), k=1,2,....

Throughout this paper, we let ¥ € R and ¥, which has a power series expansion of
the form

Y() =14+ 00+ 6P+ 6P+, [, i #0. 3)
Letting w({) = 383 for some ¥(7) = 14 010 + 7% + - - - € Rin (2), we have the

following relation (see [1], Equation (1.6)):
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R(0) € R(X,Y,p,a)
_ [+ X)p+aly = X)[F(Q) + [(1 - X)p —a(Y — X)]
& MO= Y0¥ + (1Y) @
From (4), we see that
[MY—X%%l—walKP+EP+MY—XWHO}P(Y+UT@W1
¥-1 @Y —X) — (1—X)p] Y1
:[MY—X%%l—XWL+FMY—X%%l—XWKY+U2_
(Y-1) (Y-1)
CeEe = ©)
aY —X)—(1—- 2 alY —
{[(Y X)&{JﬁWKY+D —K1+thy9;mey+”}W“QF+”'
0o n—1 00 n—1
; Zp Y—|—1 ; n(X — Y()ép_l)n)g/+1) Glt

The first and second terms of infinite series (1) are convergent to p and w,

provided that | (Y +1)/(Y —1)| < 1. Hence, (4) can be rewritten as

(X=Y)(p—a)hy
2

(Y+1)

R(G)=p+ Y1

g+ if‘ ‘<1. (6)

For the functions x and ¢ that are analytic in ), we say that the function yx is subordinate
to ¢ if there exits a function w, analytic in Q with w(0) = 0 and |w({)| < 1, € Q, such that
X = ¢ ow. We denote this subordination by x < ¢ or x({) < ¢({). In particular, if the func-
tion ¢ is univalent in (), the above subordination is equivalent to (see [3,4]) x(0) = ¢(0) and
x(Q) C ¢(Q). For the functions x({) of the form (1) and ¢(7) = 7P + Y32 by lPH.,
the Hadamard product (or convolution) of x and ¢ is defined by (x * ¢)({) = ¢¥ +
2;0:1 Ap+k bp+k €p+k.

We let S;(6) and C(6) denote the familiar subclasses of A, consisting of functions
which are respectively p-valent starlike of order  and p-valent convex of order J in Q). In
addition, we let S,(J) denote the class of p-valent starlike functions of order ¢ satisfying

the condition o0
X
§R( 0 ) >3, (0<é6<p).

The extremal function for the class K, (9) is given by

Ks(Z) = 2P (1—) 219 = g7 1 Y ThgP k. %
k=1

ok I (i-20) : o
withT§ = ==2—, (0 <6 < 1,p=1,23,...). Afunction x({) € II, is said to be
p-valent prestarlike of order ¢ if

x() x Kp(d) € Sp(d), (0<d<p).

We denote by PS,(4) the class of all p-valent prestarlike functions of order 4. The
class of univalent prestarlike functions was introduced by Ruscheweyh ([5], Section 2). The
so-called class of prestarlike functions was further extended and studied by various authors;
refer to [6-8].

In the present section, we define a new differential operator motivated by the concept
of convex combination of analytic functions and we use the operator to define presumably
a new class of multivalent functions of complex order with respect to symmetric points.
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We focus on the coefficient estimates, inclusion results and solution to the Fekete-Szeg6
problem of the defined function class. In the subsequent section, we have extended the
study using quantum calculus.

For x € I1,, we now define following operator 7"5x () : Q@ — Qby

TEx(Q) = x(2) * Ks(2)

Tisx (@) = (1= (x(2) * Ks(§)) + 2 2(x(Q) * Ks(0)) (®)
Thsx(2) = Tis(Ts ' x(2))- ©)

If x € I, then, from (8) and (9), we may easily deduce that
Tsx(2) = ¢F + Z [ P Ak} 1"’{ Aptk gk, (10

where m € Ng = NU {0} and 0 < A < 1. For p = 1, 7" x is a special case of the operator
DY (a1, B1)x (see [9], Equation (5)). If we let 6 = 1/2and p = A = 1in (10), then T";x
reduces to D" x, the well-known Sildgean differential operator [10].

Unless otherwise mentioned,

-1<Y<X<1,0<a<],0<A<1,0<6<p.

Definition 1. For m € Ny := NU {0}, we say that the function x belongs to the class
A;"(b; Y; a; A, 6; X,Y) if it satisfies the subordination condition

p+1 1—(=1)*I¢ [MK( )}/7
b [7sx(©) = Tsx(=0)]
< [(1+x>p+a(Y—X>]‘P(C)+[<1—X)P—“(Y—X)1 (11)
[(Y+DY () + (1-Y)] ’

where “<" denotes subordination and ¥ ({) is defined as in (3).

Remark 1. In the literature, for p = 1, numerous study of Janowski starlike and convex functions
of complex order with respect to symmetric points can be found. Here, we give some recent studies
as special cases ofA’;f(b; Y a; A,0; X, Y).

1. Ifweletp=A=1,6=1/2,a =0and ¥({) = (1+¢)/(1— ), theclass A} (b; ¥; a; A,
8; X,Y) reduces to

2D+ (7) B 1+ X¢
X(©) — D" () 1) REERYe }

The class QL (X, Y, m) was recently introduced by Arif et al. in [11].
2. Ifweletm=0,p=1,X=1Y=—-1and ¥({) = (1+ )/ (1 — {) in Definition 1, then
Agi(b; Y; a; A, 5; X,Y) reduces to

Pled) = {x e w1t (et )| > <

Letting b = 1 in P («, &), we obtain the class of all prestarlike functions of order a with
respect to symmetric points.

1
b — .
Q)(X,Y,m) = {)(GH. 1+b<Dm

For studies pertaining to the classes of functions with respect to symmetric points, refer to [12]
and references provided therein.
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2. Inclusion Relationship and Initial Coefficient Estimates

Throughout this section, we let

MQ:[U+XW+NW—XWHQ+K1—mP—MY—XH
[(Y+1)¥ () + (1-Y)]

: (12)

We use the following results to obtain the solution of the Fekete-Szeg® problem for
the functions that belong to those classes we define in the first section.

Lemma1 ([4], p. 41). Ifp({) =1+ § pelF € R, then |pi| < 2 forall k > 1 and the inequality
k=1

) 1+
is sharp for p, () = 1_%, lu) < 1.

Lemma 2 ([13]). If p(0) =1+ E pkgk € R and v is complex number, then
k=1

‘pz —vp%‘ <2max{1;[2v - 1|},

and the result is sharp for the functions

1422

e and @) =

-

Ifx € A;”(b; ¥; a; A, 6; X,Y), then, by Definition 1, we have

p1(0)

—_

1- (—1Pi [T @)
[1- (17| T@)| = p+BR@(()) — p)- 13)
| Tix(@) ~ Ti(=0)]

Replacing ¢ by —( in (13),

1 (-0 Ta(-0)]

= p+bR@(-2)) - pl (14)
T -T-0] '

Subtracting (13) and (14), we have the following after-simplification:

TBLO] 1 )

w(-g)] 1 -

[TA%L(@)} ¢ q

) = TiaxQ) - Tix(=4)
- 2

with T/SL(Q . Integrating the equality (15), we obtain

TVL) | o (bR(w(t)) — R(w(—1)] 1
1°g{ X }‘/o< Lo )

or, equivalently,

TL0) = g ep{ [ (B XL ),

On summarizing the above discussion, we have the following.
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Theorem 1. Let x € A;”(b; Y; a; A, 6; X,Y) and R({) be defined as in (12), then we have

L) ¢ exp{/oé'(bm(wt([i))_—(_btl(%—t))] B 1) dt} 16)

where the odd function L({) is defined by the equality L({) = $[x(¢) — x(—0)], w({) is analytic
inQand w(0) =0, | w(Q) |< 1.

Remark 2. Lettingp =A=1,6=1/2,a =0and ¥({) = (1+ )/ (1 — Q) in Theorem 1, we
can obtain the integral representation for the odd function L(Z) in the class QL(X,Y,m).

Theorem 2. If x({) = {7 + aPHgPH + ap+2§p+2 +..- € A’;(b,' Y; a; A, S; X,Y), then, for
odd values of p, we have
I(X —Y)(p —a)|t4]

p
|aP+1| < 4(;7—1—)\)(1 _5) (17)
and
la,,0| < — PRIX =) (p = a)l6y]
PR = 2(p+2)(p+21)(1—6)(3—20) a8

max{l- Y+1)l L pb(p+2)(X=Y)(p—a)hy
o2 2 4(p+ 1)1 —03)

Additionally, for all u € C, we have

s ] < Tl
P2 T 1] = 00 1 2) (p + 24) (1 — 0) (3 — 20)

b

max{1, |20, — 1]},

where Q1 is given by

1 ¢ pb(p+2)(X=Y)(p —a)l
Q= 4{(”1”1+2<1‘Z> B PRV R

L Hpbl(X = Y)(p —a)(p +2)(p +24)(3 —25)}
4(p+21)%(1-9) '

The inequality is sharp for each u € C.

Proof. As x € A%”(b; Y; a; A, 6; X,Y), by (11), we have

L[ o= o)
+: L pt =R(@). (19)
U0 o -Tao] T

Thus, let & € R be of the form ¢({) =1+ Y37 ; 9,¢" and defined by

1+ w()

19(@ - 1_7“)@),

geq.
On computation, we have
1 1 1 1 1
w(l) = 5615 + 2(02 - 219%>g2+ 2(193 — 010, + 419§>g3 +-, €.

The right-hand side of (19):
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p+b{Nw(e)] — p} = p+ ANEEDE =y

B N Y +1)0 +2
b(X Y)4(P lx)fl [ﬁZ_ﬂl (( ) ! ( fl))]CZ_i_”. . (20)

4

For odd values of p, the left hand side of (19) is given by
1 (-1 [Te@)]
(T = T (-0)]
21 AN 5 ’
(p+2)(1-9) {(3 —2/) (1 + p)ap+2 - 2(1 + p)aPH]C, +o (21)

=p +2(1 + 2) (1-0)ap 10+

From (20) and (21), we obtain

pbliy (X = Y)(p —a)

apy1 = 8(p+A)(1—-9) )
and
- b(X—Y)(p—a)bp {19 _
PR a(p+2)(p+20)(1-6)(3—-20) | (23)

s ea(1- ) - B0 2XC 00 0l L]

4 4y 2(p+A)(1—9)
Applying Lemma 1 on (22), we can obtain (17). Using (23) together with Lemma 2,
we have
pIbI(X = Y)(p —a)|t1] 1{ ( fz)
= ) — Y+1)h+2(1—--=
el = g —e) G252 Y T DAY 2
ST RO
2(1+ /\)( — ) !

K=l (400t
“2(p+2)(p+21)(1-6)(3—-29) ! 2 0

_pb(X=Y)(p—a)(p+2)4 }
Hence, the proof of (18).

4p+Ar)(1-9)
Now, to prove the Fekete-Szeg6 inequality for the class A’;Z (b; ¥; a; A, 6; X,Y), we
consider

b(X—-Y)(p—a)hp 1 14
4@+@@+mmfak—wﬂﬁ 4%””””QO‘Z>

X =Y)(p—®)(p+2)s }192' PP (X - Y)(p — a)?
200+ A)(1-0) 64(p + A)2(1—0)2

2 | _
ap42 — Wpﬂ‘ =

pr2)(pr2)i-0)(3-2) | —7+719 %
Ph(X = Y)(p—a)(p+2)41
2(p+A)(1-9)
_P‘Pb&(X—Y)(P—a)(p+2)(p+2)\)(3—2(5)>}‘
4(p+A)2(1-9)

b(X—Y)(p—a)lip 8 1 (262
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2Ly 1)y
4

Ib|(X —Y)(p—a)ll1]p |8, ]2
< 4(p+2)(p+2/\)(17(5)(1372(5) {“ 4 (
pb(p +2)(X=Y)(p —a)ly
200+ A)(1—0)
upbli (X =Y)(p —a)(p +2)(p +24)(3 — 29)
B 1 V1 —0) “Q>} 29

Denoting
_ |26 pb(X=Y)(p —a)(p+2)¢
Hi= |72 (+ 10+ FES i) L
_ppbl (X =Y)(p—a)(p+2)(p+21)(3 —29)
4(p+A1)2(1-9) '

if H < 2, from (24), we obtain

‘a 2 ‘ b|(X = Y)(p—a)|t1]p
p+2 — My “2(p+2)(p+21)(1-06)(3—26)"

(25)

Further, if H > 2, from (24), we deduce

b|(X —Y)(p—a)|t1]p 2t
’ap+2 - ,ull%ﬂ»l < 2(p+2)(p +2A)(1 — 5)(13 —20) ( 712 -+ Da+
pb(p+2)(X-Y)(p—a)ty
2(p+2)(1-0)
_ upbt (X = Y)(p — @) (p +2)(p +2A) (3 — 29) D (26)
A(p+A)2(1—0) '

An examination of the proof shows that the equality for (25) holds if p; = 0, p» = 2.
1+ 2
1-¢%

Equivalently, by Lemma 2, we have p(Z?) = p2(0) = Therefore, the extremal

function of the class A;”(b; ¥Y; a; A, 6; X, Y) is given by

-]
U0 @ -0

_ A+ X)p+a(Y = X)]p(d?) +[(1 - X)p —a(Y - X)]
(Y +1)p(2?) +(1-Y)] '

Similarly, the equality for (25) holds if pp = 2. Equivalently, by Lemma 2, we have

p(0) =p1(0) = % Therefore, the extremal function in A;,”(b; Y; a; A, 6; X,Y)is given by

1 - e [Tao)]
Pl Tx@) - Tix(=0)]

_ A+ X)p+aly - X)] 1(0) +[(1 = X)p — a(Y = X)]
(Y +1D)pr(Q) + (1 =Y)] '

and the proof of the theorem is complete. [J

p+
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3. Subclasses of Analytic Functions Using Quantum Derivative

In this section, we define a g-analogue of the operator 7,";x({) defined in Section 1.
The study of Geometric Function Theory in dual with quantum calculus was initiated by
Srivastava [14]. For recent developments and applications of quantum calculus in Geometric
Function Theory, refer to the recent survey-cum-expository article by Srivastava [15] and
references provided therein.

Now, we give a very brief introduction of the g-calculus. We let

[mzéfﬂ 0, =0, (q€C).

For x € Ily, the Jackson’s g-derivative operator or g-difference operator for a function
X € I1, is defined by
'(0), if=0,

X
Dgx(0) = {x(é) x(q2) (27)
(

AT if £ £ 0.

From (27), if x € I1,, we caneasily see that Dyx () = [pls0P 1+ ¥ [p+klgapil? ™1,
k=p+1

for { # 0 and note that lir? Dyx(¢) = X'(Z). The g-Jackson integral is defined by (see [16])
=1

LX) = [ 0yt =1 - 0) ¥ ahxe) e8)
qlX = X\t)ay q = q x\6q
provided the g-series converges. Further, we observe that

Dalgx(9) = x(8)  and  Dgx(¢) = x(¢) — x(0),

where the second equality holds if x is continuous at { = 0.
The class of g-starlike functions introduced by Ismail et al. in [17] is defined as the
class of functions which satisfies the condition

quX(C)_ 1 1
x(2) l—gq| =~ 1-¢q

Here, we let S; denote the class of g-starlike functions. Equivalently, a function
X € &7, if and only if the subordination condition (see ([18], Definition 7))

(x €S).

zDgx(8) < 1+

x@ o 1-q¢
holds.
The g-analogue of the function KC,(6) defined as in (7) is given by
1 Ks(0) = sy =+ L O, @)
(1_’7@ (1=t k=1

with @’g = w, 0<d<1,p=1,23,.... Srivastava et al. [18,19] introduced
function classes of g-starlike functions related with conic regions and also studied the
impact of Janowski functions on those conic regions. Inspired by the aforementioned
works on g-calculus, we now define the g-analogue of the operator Q77 ;x({) as follows:

Alp +k]g 1™

[mq ®§ Ap+k €p+k. (30)

QTHsx(Q) =P+ ) [(1—A)+
k=1
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The function py»({) plays the role of those extremal functions related to the conic
domain and is given by

1+(17§0)§, v =0
1+ 2057 (log }*%) ifv=1

Puo(C) = ( ) inh? , (31)
1+ sinh* [ (2 arccos v) arctan 1/Z], ifo<v<l1

( ) ”(C)
1+ 50 sm<2R(t oo @m

i) by, it

where u({) = Ci\\;, € (0, 1) and t is chosen such that v = cosh(%/((tt))), where R(t) is

Legendre’s complete elliptic integral of the first kind and R’(t) is complementary integral
of R(t). Clearly, p, () is in R, with the expansion of the form

ﬁv,a(g) :1+T1€+T2€2+"' , (T]:P](V/ U)/jzll 2/ 3/”')/ (32)
we obtain )
Mgk, ifo<v<l,
5 = {80, ifv =1 (33)
7 (1-0) ifv> 1.

4/H2—1)R2(1) (14+1)’

Instead of defining the same class of functions defined in Definition 1 involving
quantum derivative, we define a class (motivated by the study of [12] (Definition 1.2))
involving additional parameters.

Definition 2. For u, v € C, with u # v, |v| < 1, let the class Qg(u, v, ;Y A6 X,Y)
consist of a function in 11, satisfying the subordination condition

1) [W—oP)iDg[QTRsx(0)]

[Pl + { QT T x(uD) — QT (00)] [P]q} <

[(1+X)[plg +a(Y = X)]¥(Q) + [(1 = X)[plg —a(Y — X)]
[(Y+1)¥() + (1-Y)]

= Nq(@/ (34)

where b € C\ {0} and R, (0) = [plg + Tp>y bilF € R.

Remark 3. Unlike the function class Azf(b; Y; a; A, 6; X,Y), the presence of u and v in the
function class Q’;} (u,v; b; ¥; a; A, 6; X, Y) unifies the various subclasses of analytic functions and
classes of functions with respect to symmetric points. Now, we list some special cases:

1. Forachoice of the parameters u = 1,v = —land g — 1— in (34), the class Q;ﬁ’(u,v; b; ¥;
A, 6; X, Y) reduces to the class A;,”(b; ¥; a; A, 6; X,Y) defined in Definition 1.

2. Ifweletq—1—,p=u=b=16=1/2,m=a = 0and ¥({) = pi,({) (see (31))
in Definition 2, the class Q’;(u, v; ;Y A, 6; X, Y) reduces to class k —US(X, Y, 0, t)
introduced by Arif et al. ([12], Definition 1.3).

For other special cases of our classes, see [12] (p. 264).
Coefficient Estimates of Q’;}(u, v, ;Y A0 XY)

We need the following results to establish our main results.

Lemma 3 ([20], Theorem VII). Let x({) = Z ;¥ be analytic in Q) and g(7) = E bZ* be
k=1
analytic and convex in Q). If x() < g(0), then |ak| < |by| fork=1,2,.
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Lemma 4 (see [21] (Lemma 6)). Let the function X,((), defined as in the right hand side of (34),

be convex in ) where the function Y is defined as in (3). If () = [plq + § rel¥ is analytic in Q)
k=1

and satisfies the subordination condition

(L + X)[plg + (Y = X)[¥() + [(1 = X)[plg — a(Y — X)]

r(g) < (Y +1D¥ () + (1-Y)] ’

(35)

then

4] (X = Y)([plg — &)
2

el < ,k>1. (36)

Proof. If the function ¥ has the power series expansion (3), then, from (1), we have

R(Q) = [plg + (X_Y)([zp]q_“)glgju..., Teq.

Since the subordination relation is invariant under translation, the assumption (35) is
equivalent to

r(8) = [plg = R(Q) = [plg-

Further, because the convexity of X implies the convexity of 8({) — [p]4, from Lemma 3,
the conclusion follows (36). [

Theorem 3. Let x € Q’;f(u, v; b; Y; a; A, 6; X, Y) and ¥ be chosen so that R, ({) is convex in Q).
If|lY +1| < |Y —1], then, fork > 1,

b(X=Y)([ply—u Zl(u”*”—v””)
—2([p-+1 (P —0P)—[plg (4" —o ) )Y

1 k—1 [
N Y"[p m, 6| ,IIOZ] [p+n+1]g(uP —oP) — [p], (uptntl _Up+n+1)|

lap k| < (37)

Alp+k],
(Plq

k+1
with Y1[p, m, 8] = | (1—A) + ] Mo Ma-Bld) g < 5<1,p=1,2,3,....

Proof. Let us consider
w7~ 012D, [QTRx(@)]) = {Iply + b[H(E) — [p1g] } QTR x(u0) — QTRx(00)] G9)

where h({) = [pl; + L " is analytic in Q) and satisfies the subordination condition
k

() < Rq(0).

Equivalently, (38) can be rewritten as

(P —oP) ([p]qé” + i [P+ Kl Yi[p, m, o] ﬂp+k€p+k>

k=1

k=1

- [(u” —ong 4 3 (- o) Yilp, m, o] ap+kap+k] {mq oy, rkgk},
k=1

m
where YZ[P' m, 8] = {(1 —A) + W} @75. On equating the coefficient of {P*", we

obtain
(uP —oP)[p+ ”]QYZ [p, m, 8] apin = [plg[uP™" — UH”]YZ [p, m, Slapint

n—1 . .
by rp [up“ — UP+Z}Y?[p, m, 8lay i, (ap =1, Yo[p, m, 6] =1).
i=0
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On computation, we have

b
[P+ nlq(uP —oP) = [plg(up* — oP™)[Yi[p, m, J]

|ﬂp+n| < |

n—1
X [ Z |rn7i‘

i=0

ub*i vp+i‘Y?[p, m, dl|apyil |-

Using (36) in the above inequality, we have

14 |(X = Y) ([plg — a) b]
2|[p +nlg(uP — o) = [plg(uptr —oPt)[Yi[p, m, J]

|apin| <
n—1 ) )
s o, m,

where a, = 1, Yo[p, m, 6] = 1. Taking n = 1in (39), we obtain

la,1] < 4 ](X = Y)([ply — ) |uP — oP|[b]
S Al Ay~ oP) — [ply (00— o) YT, m, 0]

The hypothesis is true for n = 1. Now, let n = 2 in (39); we obtain

141X = Y)([plg — ) [b]
2|[p +2]q(uP —vP) = [plg (ur*? — 0P *2)[Y][p, m, 0]

{1 o714 o, m, )]t = 0Py}

|“p+2| <

[ |(X = Y)([plg — a)[b]|[uP — oP|
2|[p +2]4(uP —oP) — [plg (uP+? — 0P+2) |Yg[p, m, 6]
lg —

{1+ 41X = Y)([plg — @) [uP*! — oP*1[b] }

2[[p +1]g(uP — o) — [plg (uPt! —oPF1)|

If we let k = 2 in (37), we have

! 14 (X — Y)([ply — a)]u? — oP|b]
aypsal < [

Ylp, m, 8] [2|[p + 1]g(uP — oP) — [ply (ur? — 0P+

X

(39)

2|[p +2]g(uP —vP) — [plg(ur™? —vP*2)|

< 1 { [ [(X = Y)([plg — a)[uP — o ||b]
B YZ[PI m, (5] 2([}7 +2]q(up - UP) — [p]q(up-i-Z _ Up+2))

6(X = Y)([plg — &)l (P ™ — 0P *H1) —2([p + g (u? — vP) — [plg(uP* — vﬁl)m]

IBIX = ¥)([ply — )
2[[p + Uy (uP — oF) — [plg (u 1 — 0P +1)]
[ [(X = Y)([plg — &) |b][uP — 0P|
= 2|[p+ 2] (uP —oP) — [plg(uP2 — 0P F2)|Ya[p, m, 8]
|

]
]
{ [al(X = Y)([plg — @) [uP*! — 0P ][] +1}

2|[p + 14 (u”—v”) [Plg (wr*t —or+h))] '

— 0P 42| [p + 1 (uP —oF) — [plg(uP™ — UVH)HYW

Hence, the hypothesis of the theorem is true for k = 2. Following the steps as in [22]

(Theorem 2), we can obtain the desired result using mathematical induction.

Ifweletu =1,v = —1and g — 1— in Theorem 3, we obtain the coefficient estimate

of the class A;,”(b; Y; a; A,5; X,Y) (see Definition 1).
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Corollary 1. Let x € AJ(b; ¥; a; A, 6; X, Y) and ¥ be chosen so that ¥g({) is convex in Q). If
Y +1| < |Y — 1], then, fork > 1,

b(X=Y)(p—aw)tr (1-(=1)P*")
—2((p+n)(1—(=1)P)—p(1—(=1)Pt1))Y

1 k—1
il < G o] LL 31 i — (<0 = pl = e

m
withYk[p,m,é]:[”;’\k} I ZIE D o<s<1, p=123,.

Lettingg - 1—,p=u=0b=1,0 =1/2,m = a = 0and ¥({) = pue({) in
Theorem 3, we obtain the following corollary.

Corollary 2 ([12], Theorem 2.3). Let x € v—US(X,Y,0,t) (see Remark 3), then for k > 2,

un|T1| (X-Y) +2(n—un)
2(n+1—upy41)

| ax |<H

where T is defined as in (33) and uy, =1+ v+ o

Ifp=u=b=1Lv=m=a=0,6=1/2and ¥({) = p,0({) in Theorem 3, we
obtain the following result.

Corollary 3 ([23], Theorem 2.3). Let x € v — SL4(X,Y), then

—1 _
ak | S 1:[ ‘ X };)—i_ 1]‘5[_]11) 1)Y’ (k Z 2),

where T is defined as in (33) with o = 0.

Ifwechoosep=u=0b=1,6=1/2,v=m=a=0,%() = pyo({) andg — 1—
Theorem 3, we obtain the following corollary.

Corollary 4 ([24], Theorem 2.6). For a function p, () defined as in (31) with o = 0, let x € I1
satisfy the condition
K@ |, (Xt Dpuo@) ~ (X-1)
x(@ Y+ 1pue@) (@) — (Y =1)

Then, for k > 2,

2 (X~ Y)r - 2jY|
il = H 2(j+1)

where T is defined as in (33) with o = 0.

Lettingp=u=b=1Lv=m=a=0=0,¥() = pve({) and g — 1— in Theorem 3,
we obtain the following corollary.

Corollary 5. For a function py () defined as in (31). Let x € I1 satisfy the condition

1+~

Then, fork =2,3, ...,
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1522 (X = Y)bry — 2]
|ﬂk| EH ]+1) s

where T is defined as in (33).

Byputtingp=u=0=1,X=1-24,0<1n<1,Y=-1,6=1/2v=m=a=0
and ¥({) = pv,0({), as g — 1— in Theorem 3, we obtain the coefficient bounds for the class
SD(k,n), defined by Shams et al. [25].

Corollary 6. Let x € SD(v,1). Then,

=215 (1 - '
o < [T ks, (40)
i=0

The inequality (40) is better than the result obtained by Owa et al. [26].

Letting X =1, Y = -1 0v=a=0,0=1/2,p =0 =u = 1and ¥({) =

—n. 1—e2mi((1=7)/(v=1))

Corollary 7 ([27], Theorem 2.1). Let the function x € I1 satisfy the condition

rn(Sar) <o

Then, fork =2,3, ...,

‘ak|§ |: _2_'_2(777;7) : 7T(1—’)/) )

1 k
_1)!H "

‘n=2

4. Conclusions

Using the Hadamard product, we define a new family of multivalent differential
operator involving the convex combinations of analytic functions. Using the newly defined
operator, the family Ag (b; ¥; a; A, 6; X,Y) of multivalent functions of complex order with
respect to symmetric points is defined to unify the study of various classes of p-valent
functions. Inclusion relationship and solution to the Fekete-Szeg® problem for the defined
function class are here established.

Further, a more comprehensive class of multivalent functions involving quantum
calculus is introduced. Srivastava, in [15] (Equation (9.4)), showed that all the results inves-
tigated using quantum derivative (g-derivative) can be translated into the corresponding
so called post-quantum analogues ((, q)-derivative) using a straightforward parametric
and argument variation of the following types:

Dyx(0) = Dyx(r?) and Dyx(@) = Dr($5), @ <q<r<.

Hence, the additional parameter r is unnecessary; therefore, here, we restrict our
study with a g-derivative rather than extending it to a (7, q)-derivative. Numerous g-results
obtained by various authors are shown as special cases of our main results.

Author Contributions: Conceptualization, D.B., K.R.K. and A.S.; methodology, D.B., KR.K. and
A.S,; software, D.B., K.R.K. and A.S; validation, D.B., KR K. and A.S.; formal analysis, D.B., KR.K.
and A.S.; investigation, D.B., K.R.K. and A.S,; resources, D.B., K.R.K. and A.S.; data curation, D.B.,
KR K. and A.S.; writing—original draft preparation, K.R.K. and A.S.; writing—review and editing,
D.B.,, KR.K. and A.S;; visualization, D.B., KR.K. and A.S.; supervision, D.B., KR.K. and A.S.; project



Symmetry 2022, 14, 20 14 of 15

administration, D.B., K.R.K. and A.S. All authors have read and agreed to the published version of
the manuscript.

Funding: This research study received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: The authors thank the reviewers for their valuable remarks, comments and
advice that helped to improve the quality of the paper.

Conflicts of Interest: All the authors declare that they have no conflict of interest.

References

1.  Aouf, M.K. On a class of p-valent starlike functions of order «. Internat. J. Math. Math. Sci. 1987, 10, 733-744. [CrossRef]

2. Janowski, W. Some extremal problems for certain families of analytic functions I. Ann. Polon. Math. 1973, 10, 297-326. [CrossRef]

3.  Bulboacid, T. Differential Subordinations and Superordinations; Recent Results; House of Science Book Publ.: Cluj-Napoca,
Romania, 2005.

4. Pommerenke, C. Univalent Functions; Vandenhoeck & Ruprecht: Gottingen, Germany, 1975.

5. Ruscheweyh, S. New criteria for univalent functions. Proc. Am. Math. Soc. 1975, 49, 109-115. [CrossRef]

6. Shenan, G.M.; Salim, T.O.; Marouf, M.S. A certain class of multivalent prestarlike functions involving the Srivastava-Saigo-Owa
fractional integral operator. Kyungpook Math. J. 2004, 44, 353-362.

7. Marouf, M.S,; Salim, T.O. On a subclass of p-valent prestarlike functions with negative coefficients. Aligarh Bull. Math. 2002, 21,
13-20.

8.  Silverman, H.; Silvia, E.M. Prestarlike functions with negative coefficients. Internat. J. Math. Math. Sci. 1979, 2, 427-439. [CrossRef]

9.  Selvaraj, C.; Karthikeyan, K.R. Differential sandwich theorems for certain subclasses of analytic functions. Math. Commun. 2008,
13,311-319.

10. Saldgean, G.S. Subclasses of univalent functions. In Complex Analysis—Fifth Romanian-Finnish Seminar, Part 1, Bucharest, Romania,
28 June-3 July 1981; Lecture Notes in Mathematics; Springer: Berlin, Germany, 1981; Volume 1013, pp. 362-372.

11.  Arif, M.; Ahmad, K;; Liu, J.-L.; Sokél, J. A new class of analytic functions associated with Saldgean operator. J. Funct. Spaces 2019,
8, 6157394 [CrossRef]

12.  Arif, M.; Wang, Z.G.; Khan, R; Lee, S.K. Coefficient inequalities for Janowski-Sakaguchi type functions associated with conic
regions. Hacet. |. Math. Stat. 2018, 47, 261-271. [CrossRef]

13. Ma, W.C,; Minda, D. A unified treatment of some special classes of univalent functions. In Lecture Notes Analysis, 1, Proceedings
of the Conference on Complex Analysis, Tianjin, China, 19-23 June 1992; International Press Inc.: Cambridge, MA, USA, 1992;
pp- 157-169.

14. Srivastava, H.M. Univalent functions, fractional calculus, and associated generalized hypergeometric functions. In Univalent
Functions, Fractional Calculus, and Their Applications (Koriyama, 1988); Ellis Horwood Series Mathematics Applied; Horwood:
Chichester, UK, 1988; pp. 329-354.

15.  Srivastava, H.M. Operators of basic (or g-) calculus and fractional g-calculus and their applications in geometric function theory
of complex analysis. Iran. J. Sci. Technol. Trans. A Sci. 2020, 44, 327-344. [CrossRef]

16. Jackson, EH. On g-definite integrals. Quart. |. Pure Appl. Math. 1910, 41, 193-203.

17. Ismail, M.E.H.; Merkes, E.; Styer, D. A generalization of starlike functions. Complex Var. Theory Appl. 1990, 14, 77-84. [CrossRef]

18. Srivastava, H.M.; Khan, B.; Khan, N.; Ahmad, Q.Z. Coefficient inequalities for g-starlike functions associated with the Janowski
functions. Hokkaido Math. |. 2019, 48, 407—425. [CrossRef]

19. Srivastava, H.M.; Khan, N.; Darus, M.; Rahim, M.T.; Ahmad, Q.Z.; Zeb, Y. Properties of Spiral-Like Close-to-Convex Functions
Associated with Conic Domains. Mathematics 2019, 7, 706. [CrossRef]

20. Rogosinski, W. On the coefficients of subordinate functions. Proc. Lond. Math. Soc. 1943, 48, 48-82. [CrossRef]

21. Karthikeyan, K.R.; Murugusundaramoorthy, G.; Bulboacd, T. Properties of A-pseudo-starlike functions of complex order defined
by subordination. Axioms 2021, 10, 86. [CrossRef]

22. Karthikeyan, K.R.; Murugusundaramoorthy, G.; Nistor-Serban, A.; Riducanu, D. Coefficient estimates for certain subclasses of
starlike functions of complex order associated with a hyperbolic domain. Bull. Transilv. Univ. Bras. Ser. III 2020, 13, 595-610.
[CrossRef]

23. Shamsan, H.; Alsarari, F.; Latha, S. On coefficients inequalities of functions related to g-derivative and conic regions. J. Math.
Inform. 2017, 9, 9-17. [CrossRef]

24. Noor, K.I.; Malik, S.N. On coefficient inequalities of functions associated with conic domains. Comput. Math. Appl. 2011, 62,

2209-2217. [CrossRef]


http://doi.org/10.1155/S0161171287000838
http://dx.doi.org/10.4064/ap-28-3-297-326
http://dx.doi.org/10.1090/S0002-9939-1975-0367176-1
http://dx.doi.org/10.1155/S0161171279000338
http://dx.doi.org/10.1155/2019/6157394
http://dx.doi.org/10.15672/HJMS.2017.448
http://dx.doi.org/10.1007/s40995-019-00815-0
http://dx.doi.org/10.1080/17476939008814407
http://dx.doi.org/10.14492/hokmj/1562810517
http://dx.doi.org/10.3390/math7080706
http://dx.doi.org/10.1112/plms/s2-48.1.48
http://dx.doi.org/10.3390/axioms10020086
http://dx.doi.org/10.31926/but.mif.2020.13.62.2.17
http://dx.doi.org/10.22457/jmi.v9a2
http://dx.doi.org/10.1016/j.camwa.2011.07.006

Symmetry 2022, 14, 20 15 of 15

25. Shams, S.; Kulkarni, S.R.; Jahangiri, ].M. Classes of uniformly starlike and convex functions. Int. |. Math. Math. Sci. 2004, 55,
2959-2961. [CrossRef]

26. Owa, S,; Sekine, T.; Yamakawa, R. On Sakaguchi type functions. Appl. Math. Comput. 2007, 187, 356-361. [CrossRef]

27.  Kuroki, K.; Owa, S. Notes on new class for certain analytic functions. RIMS Kokyuroku 2011, 1772, 21-25.


http://dx.doi.org/10.1155/S0161171204402014
http://dx.doi.org/10.1016/j.amc.2006.08.133

	Introduction
	Inclusion Relationship and Initial Coefficient Estimates
	Subclasses of Analytic Functions Using Quantum Derivative
	Conclusions
	References

