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1. Introduction

The subjects of complex classes of Banach function spaces and composition operators
have gained extremely considerable popularity and high importance during the last few
decades. These important subjects have mainly demonstrated significant applications and
interesting, widespread, different fields of mathematical analysis. In the last few years,

sym13040528 regarding the above-mentioned evolved motivations, some extended complex classes

of function spaces associated with certain weights have been introduced and studied
actively; see the related references herein. The main goal of this article is to introduce
some new relevant classes of related holomorphic function spaces with the help of some
general relevant weights and then establish some numerous, potentially useful interesting
properties and general formulas. Some important properties of the composition operator
Cyp such as the boundedness and compactness are investigated using the defined general
classes in the considered complex disc.

Mainly definitions, notations and basic concepts will be recalled in the next section.

The considered class that contains all the analytic functions in the unit disk D = {w €
C: |w| < 1} is symbolized by H(D).
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Definition 1 ([1,2]). Let ¢ € H(D) and a € (0,00). When

I8l = sup(1 ~ [w*)*|g'(w)| < oo, w € D
BY webD
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Thus, g is said to belong to the known a-Bloch space B*. Additionally, the specific space B! is
called the analytic Bloch space B.

This article is an open access article
distributed under the terms and
conditions of the Creative Commons ~ Definition 2 ([3]). Let ¢ € H(ID) and suppose that p € (1, 00). If
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /

Hgll’f;p = sup / 18" (w) [P (1 — |w]*)P~2dg(w) < oo,
4.0/). weD /D

Symmetry 2021, 13, 528. https:/ /doi.org/10.3390/sym13040528 https:/ /www.mdpi.com/journal /symmetry


https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://doi.org/10.3390/sym13040528
https://doi.org/10.3390/sym13040528
https://doi.org/10.3390/sym13040528
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/sym13040528
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym13040528?type=check_update&version=2

Symmetry 2021, 13, 528

20f12

p
lgll T(p.gms¥)

then g belongs to the Besov space Bp.

Suppose that ¢ : D — D. Assume d¢(w) = dxdy defines the relevant Euclidean
area element on D. Using ¢, the composition operator C, is given by

Cog =80,

where ¢ € H(ID). This operator maps analytic functions g to analytic functions.

Composition operators are among the most interesting and widely studied of the
different types of operators. The study of their properties (boundedness and compactness)
is very important. For several studies of composition operators on some weighted classes
of analytic function spaces, refer to [4-8] and others.

Let F : X; — X be a linear operator; then, F is called compact if it maps relevant
bounded sets in Xj to sets in X5, where such sets have compact closure. For the spaces
X1 and X; of the Banach type, it is said that F is compact from X;j to X» if each bounded
sequence {a,} € X and the sequence {Fa,} € X, contains a subsequence converging to
some limits in X5.

Let M), and M; be two quantities, both of them depending on the function h, for
which h € H(D); thus, we can write M), ~ M, when have a constant 7 > 0, for which

1

Letb € D and 0 < |w| = p < 1. The symbol o (b, p) stands for the relevant pseudo-
hyperbolic complex disc such that (see [9])

1—|b?)?
(b, p)| = (i_pL‘Lll)zﬁ

2. Analytic Bloch Characterizations

In the present article, some properties of analytic functions belonging to T(p, g,m, s;'¥)
are studied. Additionally, certain Carleson measure characterizations of the relevant
compact composition operator qu onT(p,q,m,s;¥) spaces are given.

Interesting characterizations of Cy on T(p,q,m,s;'¥) spaces are also presented. In this
relevant study, the relevant function ¥ is supposed to be a nondecreasing bounded and
continuous function, where ¥ : (0,1) — (0, c0).

Definition 3. For a given nondecreasing continuous function ¥ : (0,1) — (0, o), the function
g € H(DD) is said to belong to the space By if

I18llBy = sup ¥ (Jw|) |g'(w)] < 0.
webD

Remark 1. In the above definition, suppose that ¥ (t) = (1 —t)*, 0 < t < oo; then, we obtain
the definition of an w-Bloch space where 0 < a < oo.
1-aw

| =1In |(pﬂ%w)‘,where ¢a(w) = =27 stands

1—aw
a—w

Let the Green'’s function g(w,a) = In |

for the Mobius transformation.
By the help of the function g(w, a), the following definition can be given.

Definition 4. Let 0 < p < 00, -2 < g < 00,0 <m < c0and 0 < s < oo. Additionally, let
g+ s+ m > —1. For a given nondecreasing continuous function ¥ : (0,1) — (0, 00), the function
g € H(D) is said to belong to the space T(p,q,m,s;¥) if

sup | 18" ()" (1 = [w*) TP (Jew]) g°(w, a) (1 — [ @a(w) [*)"dE (w) < co. ey
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Remark 2. The analytic T(p,q,m,s;¥) function classes involve some various special analytic
classes of complex-type function spaces. For example, when m = 0 and ¥ = 1, the analytic
F(p,q,s) classes can be obtained (see [10]). Additionally, when q =0,m =0,p =2and ¥ =1,
the analytic Qs classes can be followed ([2]). Furthermore, upon setting s = 0 and ¥ = 1, the
known analytic Besov-type classes are also obtained (see [3,11]).

In this current manuscript, the conditions of g 4 s +m > —1 and the boundedness of
the weighted holomorphic function ¥ are necessary to guarantee nontrivial holomorphic
spaces. Moreover, these classes of complex-type function spaces have interesting, clear
importance and different applications in various research areas, for instance, in operator
theory and in measure theory as well as in differential equations. In the present article,
useful interesting discussions with the help of a class of composition operators on the
defined analytic T(p, q,m, s; '¥)-type classes are introduced.

Theorem 1. Let 0 < |w| = p < 1,0 < p < oo, and 0 < m < oo withq+s+m > —1.
Assume that 0 < s < oo. Let ¥ : (0,1) — (0,00) be a given nondecreasing bounded and
continuous function. Then, for ¢ € H(ID), the next fundamental quantities are equivalent:

) gl
(B)
sup 1 [ g @) P ()G (w) < o,
acD |U(a,p)| 2 JU(ar)
(©)
sup 18 (@) [P (1 = Jw|*)P 2P ([w])dE (w) < oo,
acD 7 %a,)
(D)
sup 18 (@) [P (1 = [w])P~2¥7 (|w]) (1 — [ pa(w) [>)"*dE (w) < oo,
aeD Cr(a,p)
(E)
sup 18" (@) [P (1 — [w])P =27 (|w])g"** (w, a)dg (w) < oo,
acD Y %a,)
(F)

14
e /%) 'g’(“’)'”(logl) ¥ (|w])| ¢} () P (w) < oo,

aeD |w|

Proof. The proof can be obtained as the corresponding results in [1,12,13] with very simple
modifications. [J

3. Nevanlinna-Type Functions

Composition operators on weighted classes of function spaces are intensively re-
searched by several authors (see [4,5,14-19] and others).
Nevanlinna-type counting functions are playing a significant role in such studies. Some
types of Nevanlinna counting functions for different function spaces are defined. For
instance, in [4], the known Nevanlinna-type counting holomorphic function is defined to
help with studying some interesting useful properties of composition-type operators on
holomorphic-type F(p, q,s) classes.

Next, an alternative definition for the Nevanlinna-type counting holomorphic function
will be introduced to characterize certain properties of C, on holomorphic T(p, q,m,s;¥)-
type classes.
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Definition 5. The alternative definition of the Nevanlinna-type counting holomorphic function for
the holomorphic T(p, g, m,s;¥)-type classes is given by:

Lp,g,ms0(w) = (; {l¢' )P 21— 2P)T¥P(|z))g° (2, @) (1 — |@al2) )"}, )
p(z)=w

for we (D), pe(2,0), g€ (—2,0),s€ (0,00)and0 < m < oo.

Remark 3. In Definition 5, let ¥ (|z|) = 1 and m = 0; then, we obtain the Nevanlinna-type
function as introduced in [4]. Additionally, if we let ¥(|z|) = 1 and s = m = 0, then we obtain
the counting function that is given in [20].

The alternative known Nevanlinna function is introduced by using the change of
variables formula in T(p, g, m,s;'¥) classes as follows:
Forge T(p,q,m,s;¥),2<p<oo, —2<g<o0,0<s<ooand0 < m < oo,

10817y qmpy = S0P [ 150 9)' ()71~ =77 (2] (z,0) (1~ ga(2) )" 42 2)
=sup | [g'(9()IPle/ ()P (1 = [21)"¥7 (|2])g*(z.a) (1 = | pa(z)*) " dE (2).
By using the known change in variables as obtained in [4,20], we yield
ICo8lF sy = 9P [ 18/ P Ly gy () ) ©)

Next, there are some restrictions of C, to T(p,q,,m,s;'¥) that shall be clarified.
Then, C, is a bounded operator if and only if there is a positive constant K such that

p 14
1C 8117y, g m,57) < KlI& N7 m,50) @

forallg € T(p,q,m,s;¥).

sup |g/(w)|pr,q,m,s;‘P(w>d€(w) < CHgH?(p,q/mls;\y)
aeD /D
forallg € T(p,q,m,s;¥).

Suppose that h € (0,1), 6 € [0, 27]; also let

Q(h,0) = {re" : r € (1—h,1) with h > |0 —t|},

S(h,0) = {re'* : h> |re't —re®®|}.

It is known that any positive-type measure y on D is a Carleson-type measure when
we find a positive M; such that

u(S(h,0)) < Mph, for h € (0,1) and 6 € [0 < 271].

Now, we clarify things by using the considered measures, which induce certain types
of Carleson conditions, playing an important role in understanding how the analytic
function ¢ mapping ID onto itself provides some types of bounded composition operators
on the classes W = (T(p,q,m,s;¥) or By.

For various intensive and essential results on Carleson measures, see [4,5,20,21]
and others.
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sup
aeD

[ g2 Pdu(z)

Definition 6. Assume that y is a positive-type measure on D, and t W = By or T(p,q,m,s;'¥)
for0 < p < o0, g€ (—=2,0), s € (0,00)and m € (0,00). Thus, the measure y is a
(W, p)-Carleson-type measure when we find a constant C > 0; hence

[ 18 @)Pante) < Clglty,
forallg e W.

Definition 7. For p € (1,00), the specific measure y is called a vanishing-type p-Carleson
measutre when

lim sup F(p,h)=0,
h=0 gej027)

where F(u,h) = %ﬁ/@))'

With the help of (2) and (3), we can deduce that the considered operator C, is bounded
on T(p,q,m,s;¥) if the measure Ly sy (w)d¢(w) is a (T(p,q,m,s;¥), p)—Carleson
measure.

Next, some global and interesting characterizations of compact composition operators
on T(p,q,m,s;'¥) classes in terms of p1-Carleson-type measures are given.

Theorem 2. Let 2 < p < o0, 0 < m < ocoand 0 < s < oo. For a given nondecreasing
continuous function ¥ : (0,1) — (0, 00), the next fundamental quantities can be equivalent:

a) The measure wisa (T(p,p —2,m,s;¥), p) —Carleson-type measure,

(
(b) We can find a positive constant Cy, for which u(S(h,0)) < Cih?, ¥ 0 < h < 1 and
0<0<2rm,

(

c) We can find a specific positive constant Cy for which

sup [ |@h(z)[Pdu(z) < Gy, YV a€D.
ach /D

Proof. Now, assume that (a) holds. Thus, by using Theorem 1 and Definition 7, we infer that

/D 18'(2)[Pdu(z) < C/D 18" ()P (1= [z)P 297 (|z)g° (z,a) (1 — | @a(2) )" dE (2),

forallg € T(p,p —2,m,s;¥). This can be obtained for

8(z) = @a(z) = f__;z.
Thus,
< Coup [[Ioh(2)" (1= s 24P () )1 = lga(2) )" )
= C\|€0a|\§~(p,p_2,mls;xy) < C const.,

for all a € D. This gives (c). It is not hard to prove the equivalence between (b) and (c).
Now, assume that (b) holds; we shall prove that (a) is true. For z = rel?, let

01(2):{t:|t—z|< 1—2|Z!}/

o (z) = {t: |t—z| <1— |z|}
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Then,
1(z) C on(z) C S(2(1 — |z|),0).

Furthermore, if 2 € 01(z), then

1— |t

<
— Iz

<

N —
—_
N W

Letg € T(p,q,m,s;'¥); because the function g is analytic,

§@) = i [, €040,

By Jensen’s inequality (see [22]), we obtain

SO < g 18O,
Thus,
Llg@rane < [ooton ([0 i)
4 . 3 2
< UL o () w0 )
< 2 [ L1807 Ao (0~ 1) (0)dn(z)
<

2 [l @Pa=16)7 [ A ducd ),

where A, ;) (t) stands for the characteristic function with A, 2)(t) < Agpa—|z),0) (),
z = re'?, because a € 01 (z), which means that

it —e®] < 2(1—|t]).
Now, by applying (b), we infer that
/DAzrl(z)dV(z) < u(S(2(1 ~ 1), 8)) = AP (1 |t])".

Therefore,

[Ig@Pran) < Za2 [1g0ra -2
< C [ I3 -,

where Cj is a positive constant. From Theorem 1, the statements (C) and (E) are equivalent;
hence,

Llg@Pdn)

IN

C/D 8" (1P (1= [t)P 7P (|2])8° (z,a) (1 |ga(2)[)" d2(t)

C Hg” T(p,p—2,m,s¥)”

IN

which is (a). The proof is thereby finished. [

Using Theorem 2, the following result can be proved.
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Theorem 3. Let ¢ be an analytic functiononD, 2 < p < 00, 0 <m < o0 and 0 < s < oo.
Let¥ : (0,1) — (0, 00) be a given nondecreasing continuous function. Then, the operator C is
boundedon T(p,p —2,m,s;'¥) <=

sup ”C(P (PﬂHT(p,p—Z,m,s;‘Y) < 0.
acD

Next, some interesting results on T(p, q, m,s;'¥') spaces are proved.

Lemma1l. Let ¥ : (0,1) — (0, c0) be a given nondecreasing bounded and continuous function.
Let 0 < p <00, 0<g<00,0<s <000 < m < co. Suppose that

T rdr < oo
o ¥(r)

Then:
(i) Every bounded sequence (h,) C T(p,q,s, m;¥) is converging, uniformly bounded in compact
specific sets.

(ii) For any specific sequence (hy) on T(p,q,s,m;¥), [l 1(p,qsmw) — O by the uniform
convergence hy, — hy, (0) — 0 on compact sets.

Proof. From Theorem 1, we have

”gHB\{J < Al Hg”T(p,q,m,s;‘If)r

A1 is a positive constant. If z € U(0,7), 0 < r < 1, then we get

1
[ =1 (0)| = | | Wa(2t)zdt| < Aa [l By < AllPall7p,qms0)
0 (p.g.ms;¥)
where A and A; are positive constants. The lemma is therefore completely established. [J

Lemma 2. Let ¥ : (0,1) — (0, 00) be a given nondecreasing continuous function. Suppose that
2<p<o,0<g<o, 0<m<oo,and0 <s < oo Let X1,Xp = T(p,q,m,s;¥) or By.
Then,

Cy : X1 — Xp is a compact operator <= ||Cygul/x, — 0

where (g,) C X1 is a bounded sequence converging uniformly to zero on compact sets as n — oo,
gn — 0.

Proof. For the spaces T(p,q,m,s;'¥) or By, the quantities (i) and (ii) can be proved in view
of Lemma 2.10 [20]. From Lemma 1, it is not hard to clarify that (i) holds. To clarify that the
quantity (ii) holds, assume that (g,) is a sequence in the closed unit ball of X;. Then, by
Lemma 1, the sequence (g,) is uniformly bounded on compact sets. Applying Montel’s
theorem (see [23]), we can find a subsequence (g, ), (11 < np < ...) such that g,, — f
uniformly on compact sets, for some f € H(DD). Now, we clarify that f € X;.

WXy =T(pgms;¥),2<p<o,-2<g<o, 0<m<o, 0<s < o), then by
applying Fatou’s theorem, we deduce that

LIg@Isg e = [ tim g, (I'S(¥.g ¢.)di)

lim inf /D 185, (2)|PS(¥, 8, 9a) dE(2),

k—oc0

IN

— 1 1 P
— 11lgglf||8nk”T( ) <

p.q,m,8;¥
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where
S(Y¥, 8, ¢a) = (1—[2)T¥P(|2])8° (z,a) (1 — [@a(z) )"
(ii) If Xq = By , we get
1§ (@)1= [z)¥(lzl) = lim |g}, (D)¥(|z))(1 = |z[*) < lim [|g}, |8, < oo,
k—r00 k—o00

Lemma 1 gives
Cp : X1 — Xo isa compact operator <= ||Cygnl|x, — 0

where the sequence (g,) C Xj is a bounded specific sequence that converges uniformly
to zero on compact sets as n — co. Hence, |8, (¢(0))| + [|Cygullx, — 0, as n — oo . The
lemma is therefore proved.

For the compactness of the operator Cp on T(p,q,m,s;¥) spaces, the next results can
be proved. O

Theorem 4. Let ¥ : (0,1) — (0, c0) be a given nondecreasing continuous function. Let 2 < p <
p1 <00,0< g <oo,and0 <s < oo. Then, the next essential quantities are equivalent:

(a) The operator Cy : T(p,q,m,s;¥) — T(p1,q,m,s;¥) is compact.

(b) The measure Ly, gm,s;¥(w)dG(w) is a vanishing pi-Carleson measure.

(c) The norm ||Cy ¢a| — 0as |a|] — 1.

T(p1,4ms¥)

Proof. Using (3), we infer that
HCQ" (Pa”};}(pl,q,m,s;‘I’) = Slel]]ljg) ~/]D) |(Pla (w)|P1 LP1,q,m,S;‘P(w)d§(w)
a

Using Lemma 2.1 in [24], we have (b)<=>(c). Next, we show that (a)==(c).
Let us assume that
Cyp:T(p,q,m,s;¥Y) = T(p1,q,m,s;¥Y)
is a specific compact operator. Because the set {¢, : a € D} is bounded in classes
T(p,q,m,s;¥),
”(PIIHT(p,q,m,s;‘P) =|lzo qoﬂHT(p,q,m,s;‘I’)/

with the norm of ¢, in T(p, q,m, s;'¥) such that

|q)ﬂ(0)| + Hq)ﬂ”T(p,q,m,s;‘I’) <1+ ||§0H||T(p,q,m,s;‘I’) < 0.

Additionally, the convergence (¢, —a) — 0 as |a| — 1 is uniform on specific compact
sets, since
1—|af?

|pa —a| = Mﬁ, for r = |z|; z € D.

Hence, by Lemma 2, we obtain

||C(P(q)ﬂ - a)HT(pl,q,m,s;‘I’) —0, as |a‘ — L

Now, we clarify that (b)=-(a). Let (g.) be a certain bounded sequence in
T(p,q,m,s;¥) that converges to 0 uniformly on compact sets. Using the mean-value
property for the gj,, shows that

2

)= ' (z z
gn(g) - 7'[(1— |€|)2 /\§72|<1_m ’gn( )‘dg( ) (5)
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Jensen’s inequality gives

70) = {z:10 -2l < 4L},

/ 1 4 / 1
SOP < e L, o I8P ) ©)

Thus, by using (6) and applying the known Fubini’s theorem, the following inequality
can be deduced

1Cosall iy qmery = 590 [ 11O Lpramsre (O (Q)
ac

IN

sup W (/01@ 8%(Z)|pldé‘(z))Lm,q,m,s;w(é)dﬁ(é)-

aeD /D

Then,

4 Agy
||C<p8n||§}(p1,q,m,s;\y) —sup |gn( )|p1 (/ID) OJQ(Z)szl,q,m,s;Y(C)dC(g)>dé(z)/ (7)

7T 4eD /D [4)

When |{ —z| < l%m, 7 €S(2(1—|z|),6), where z = |z[e?, since

. . 1-1¢
0= e®| <z—g)+]e® —2) < L2

—z| <2(1—z|).
2 \ |
1—
Hence, when |{ — z| < %”‘,
1 e 1
1 ,
(1=12n> = (=122

where c; is a positive specific constant. Then,

ICogall?: < eysup [ &GN Ly, amsrt(0) dE(2) ) dE(2)
P Tams®) = D0 Jo (1= T2 Usa—pne P

acD
_ lgn(2)[™* ( ) )
R </|z>1§ +/|z\<1 g (1—1z1)? /s<z<17\z\),e> Eraamsr (D)AE(E) J2(2)
=czsup(J+]7)
ach

for any 0 < 0 < 1, where ¢ and c3 are specific positive constants. By fixing ¢ > 0 with
d > 0 for which 6 € [0,271] with h; <6,

Sup/S(h,G) Lm,q,m,s,@;‘l’(w)dé(w) < ¢ hijl 8)

aeD

Therefore, we deduce that

. |80 (2) |71 .
J < e2f /‘Z|>17é 1_7|Z|)2(1_|Z|)p dg(z)

e 2P /l\ g lgh(z)|Pr(1 — |Z|)p172d§(z)

e g lgnllgn < € cs,

IN

IN

where ¢4 and c5 are positive constants.
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Additionally, we have
* 185 (2) |1 /
< Jom\ L w (w)déE(w
J —k?el]g z<1-3 (1—[2))2 \Jsa—|=0) Ly, qsm¢ (w)dg(w) |dE(z)

— 1 sup ([ Lypgemr(@Mlz(@)) [ 6@ < const,

achD 2

where k, ki and k; are positive constants. For the case when # is large enough, because
the convergence type of g, — 0 is uniform on considered compact sets, the following
inequality can be deduced

||C‘Pg;1| g"l(Plrlirm,s;‘I’) <c Sug(]+]*) < & const.,
ac

/

for a larger 1, where c* is a specific positive constant. Then, ||Cyg7, )~ 0, when

[t
T(p1.9m,sF
n — 00, so Lemma 2 implies that

Cyp:T(p,q,m,s;¥Y) = T(p1,q9,m,s;¥Y)

is an actually compact operator. The proof is thereby clearly established. [J

Remark 4. For our current study, when ¢(w) = w, the composition operator C, is not a compact
operator. The condition is ¢(e'%) < 1 (almost everywhere). Thus, the operator Cy is compact

whenever
27 4o
—_— < 00,
J 1@ =%

This manuscript covers a global study of a class of composition operators acting
between a new general family of analytic function spaces on a disk ). The elementary
properties of the new class of functions are characterized with a class of specific univalent
functions.

Motivated by a nondecreasing and continuous function as well as the Green’s function,
some certain weighted holomorphic classes of functions are defined and carefully discussed
in the present manuscript. Important and global characterizations for the weighted classes
T(p,q,m,s;'¥) with the general weighted Bloch-type class By are introduced. Concerning
the defined classes, the values of all the parameters have significant and large effects in the
obtained results. Some interesting specific properties for the class of composition operators
are discussed. The essential width for the operator C, is clarified between the defined
weighted classes. The compactness and boundedness properties of the operator Cy, are
discussed with the help of Carleson-type measure roles as well as the alternative considered
Nevanlinna function.

For future research on the classes T(p, q,m, s;'¥), we make the following remarks.

4. Conclusions

Remark 5. How can we establish some properties for other classes of operators, such as superposi-
tion and integral operators on the analytic T(p,q,m,s;'¥) classes?

Remark 6. There are some interesting recent studies on hyperbolic-type spaces (see [25,26]). Thus,
it is possible to discuss some problems by using hyperbolic T(p,q, m,s;'¥)-type classes.

Remark 7. Generalizing the analytic T(p,q, m,s;'¥)-type spaces to the known quaternion analysis
can be considered a future open problem, too. For some numerous recent studies with the help of
quaternion techniques, one may refer to [27-30] and others.
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