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Abstract: The geometry of the image domain plays an important role in the characterization of
analytic functions. Therefore, for a comprehensive and detailed study of these functions, a thorough
analysis of the geometrical properties of their domains is of prime interest. In this regard, new
geometrical structures are introduced and studied as an image domain and then their subsequent
analytic functions are defined. Inspired and motivated by ongoing research, Malik et al. introduced a
very innovative domain named the cardioid domain, which is symmetric about a real axis. Extending
the same work on this symmetric cardioid domain, in this article, we provide a deeper analysis
and define and study the convex functions associated with the symmetric cardioid domain, named
cardio-convex functions.

Keywords: analytic functions; shell-like curve; Fibonacci numbers; symmetric cardioid domain;
convex functions; cardio-convex functions

1. Introduction

In classical mathematics, the theory of analytic functions is one of the outstanding
and elegant parts. In this theory, we study the analytic structure as well as the geometric
properties of univalent and multivalent functions. In recent decades, there has been
remarkable growth in the research on structural and geometrical properties of analytic
functions. We can see the applications of analytic functions in mathematics such as in
complex analysis, algebraic geometry, and number theory. Other than mathematical
analysis, these functions are extensively used in various fields including fractional calculus,
ODEs and PDEs, and operators’ theory, to name a few. There are many other problems
in physics and other sciences that use differential equations and benefit from analytic
functions. An interesting fact is that the relationship between the theory of analytic function
and the logarithmic potential is the same as that between the theory of three-dimensional
functions and the Newtonian potential. Moreover, some results of potential theory can be
studied in the framework of this theory.

Analytic functions have also been used in image processing to define the mathematical
background of analytic signals. In the late 40s, in the framework of communication theory,
analytical signals were introduced. From then onward, these signals were used to represent
real valued signals. To give an idea of the approach taken to relate the analytic functions
and analytic signals, one can notice that the analytic signals represent the boundary values
of an analytic function in the upper half plane or that the periodic signals represent the
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boundary values of a periodic function in the unit disc. An interested reader can find
further details in [1] and the references therein.
Let A denote the class of functions f of the following form:

fl6) =¢+ Y ang", 1)

n=2

which are analytical in the open unit disk & = {g: [¢| <1, ¢ € C}. Let S represent the
class of analytic and univalent functions such that it satisfies (1). A function f is said to
be subordinate to a function g if there exists a function @ with @(0) =0, |@(g)| < 1 such
that f(¢) = g(@(g)) for ¢ € U, written as f < g. The class of convex univalent functions,
denoted by C, contains all those functions f € S such that

¢f"(¢)
1+ ) =< p(s),

where p(g) € P ={p:p(0) =1, Rp(¢) >0, ¢ € U}.Additionally, S*(a) denotes the class
of functions that are star-like of order « such that

S*(tx):{fes:%gj]:ég)) >1x,0<oc<1,g€bl}.

The class P is further subdivided into classes depending upon the geometrical inter-
pretation of p(U/). The geometrical structures of these image domains appear to be very

interesting. Using the concept of differential subordinations, the class P can be rephrased
as follows:

1+¢
= {p :p(0) =1, p(g) < ¢ eu},
where the geometry of the image domain of the function i(g) = Hg is the right half plane.

By replacing this function 1f with the following suitable functlons one can obtain several
subclasses of the class P, which are associated with the indicated symmetric domains.

1. I(g) = %, 0 < a < 1. (The plane to the right of the vertical line u = «; see [2])

2. h(g) = %, —1 < B < A < 1. (The circular domain centered at 11:‘;? and radius

A=F; see [3,4])

3. h3(g) = v/T+¢. (The right half of the lemniscate of Bernoulli |w? — 1| = 1; see [5])

4. h(g)=1+3% ( og 1+§) (The parabolic domain; see [6-8])
5. hs(g) =1+ ;%5 sinh®[(2 arccosk) arctan11,/g], 0 < k < 1. (The hyperbolic domain;
see [6,7])
u(g)
1 : T i 1 d k h g \ﬁ
6. h6(g)_1+m51n T(t) 6[ m X +k2 17 >1 W. ereu(g) 1-Vic/

t € (0,1) and ¢ is chosen such that k = COSh( 4R((t))) R(t) is Legendre’s complete

elliptic integral of the first kind and R’(t) is the complementary integral of R(t). (The
elliptic domain; see [6,7])

A+1)h;(¢)—(A-1 .
7. hy(g) = %, -1 < B < A<1,i=3,4,5. (The oval and petal type

domain; see [9-11])

1/«
8. hg(c) = <1+ll+;ﬁg> ,a>1, B> 1. (The leaf-like domain; see [12])
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9. ho(c) = v2-— (\/271) 5t A (The left half of lemniscate of Bemoull

1+2( _2g—1)g'
‘(w - ﬁ)z - 1‘ — 1;see [13])

10.  hyo(g) = ¢+ /1 + ¢ (The crescent-shaped region; see [14])
11. h(g) = 1+ sg)z, 0<s< % (The limagon-shaped region; see [15])

13.  h13(g) = 1+ sing. (The eight-shaped region; see [17])

(¢)
()
12. h1p(g) =1+ —=, 0 < & < 1. (The booth lemniscate; see [16])
()
14. hua(g) =1+4¢— % (The nephroid domain; see [18])

(

15. hs(g) = %, a € (—1,1)\{0}, 0 <y < 1. (The Pascal snail regions; see [19])

The abovementioned functions and their associated domains have been studied thor-
oughly and can be found in the literature; see [20-27]. However, the one most related to our

work is a shell-like curve [28,29]. The function p(g) = Lo

= Torc_pzg generates the shell-like

curve, where T = 1;5/5 In a more elaborated manner, the mapping of unit circle through

2 2 . . . . .
1_1;;7_5%2 gives the conchoid of Maclaurin, which is also called a

the function p(g) =
shell-like curve:

' V5 . sing(4cos¢p —1)
ip\ —
p(e ) 2(3 —2cos ¢) +12(3—2c05(p)(1—i—cosqo)'

0<¢<2m.

This important function has the following series representation:

14 7% . 0 n
P(Q) = 52— 1+ Z(un—l + upy1)T¢",
1—7t¢—15¢ e’
where u;,, = (PT)’;*TW ,T = 1_2‘6, which generates a Fibonacci series of coefficient constants

that makes it closer to Fibonacci numbers. Inspired and motivated by the ongoing research
in the area of image domains, especially shell-like and circular domains, Malik et al. [30]
defined and discussed a new geometrical structure as the image domain.

Let CP[A, B] be the class of functions p that are analytic and p(¢) < p(A, B;¢), where
P(A, B; ) is given as
_2AT¢+ (A—1)Tg+2

p(A,B;g) = ,
P(A/Bic) 2Bt%2¢%2 4+ (B—1)16 + 2

()

with =1 < B < A <land 7t = PT\@, ¢ € U. If we denote %ﬁ(A,B;eig) = u and
SP(A, B;e®) = v, then the image p(A, B;e”) of the unit circle is a cardioid-like curve
defined by the parametric form as

4+ (A—1)(B—1)12 +4ABt* +2A cos 0 + 4(A + B)t? cos 20
44 (B—1)*12 +4B21* + 4(B — 1)(7 4 B7®) cos 0 + 8B12 cos 26
2(A = B)(t — 7%) sin6 + 272 sin 20

= , 3)
4+ (B—1)*12 +4B27* + 4(B — 1)(7 + B13) cos 0 + 8BT2 cos 26

where A = (A+B—-2)t+ (2AB—-A—-B)1®, -1 < B< A <1land0 <60 < 27 In
addition, we note that

AB+9(A+B)+1+4(B—A)V5
BZ2+18B+1 ’

5(A,B;0)=1 and p(A,B;1) =
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The cusp defined by (3) of the cardioid-like curve is given by

(A B) = p(A, Brettaeeos/))

2AB—3(A+B)+2+(A—B)\V5

2(BZ—3B+1)

The above discussed symmetric cardioid curve with different values of parameters
can be seen in Figure 1. The violation of condition B < A flips over the cardioid curve as

shown in Figure 2.
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Figure 2. The curves presented by (3) with certain values of A and B with B > A.

In this regard, it is interesting to observe that, if we consider the open unit disk I/ as
the collection of concentric circles in which the center is at the origin, then we notice that
the image of each inner circle is a nested symmetric cardioid-like curve. Consequently,
the function p(A, B;¢) gives the cardioid region as an image of the open unit disk /. That
is, p(A,B;U) is a cardioid domain that is symmetric about the real axis, as shown in

the Figure 3.
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Figure 3. The image of U under p(4, B; g).

Here, p(A, B;¢) is univalent in |g| < 72 only. Inspired by the idea of a symmetric
cardioid domain, we contribute to the literature by introducing convex functions that are
associated with symmetric cardioid domain, named cardio-convex functions. The class
CCJA, B] of such functions is defined below.

Before studying the class, first, we state the following lemma, which is useful in our
main results.

Lemma1l. [31] If p(c) =1+ Y;7 pnc" is a function with a positive real part in U, then for v,
a complex number

‘pz —vp%‘ < 2max{1,|2v—1]|}.

2. Main Results

First, we include the definition of the class of convex functions that are associated
with the cardioid domain.

Definition 1. The class CC[A, B] of convex functions associated with the cardioid domain is
defined as the set of functions f of the form (1) satisfying the condition

f' () <~ s
TP < p(A B;g), 4)

where p(A, B; ¢) is given by (2).

Therefore, it is easy to say that %(g))), takes all of the values in the cardioid p(A, B;U).

In addition, it is worth mentioning that

1.  The class of convex functions associated with the cardioid domain with A = 1 and
B = —1 reduces to the class S L of those convex functions that are connected with
Fibonacci numbers. This class was introduced and studied by Sokét [29]; see also [28].
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2. CCIA Bl CC(p) = {fES 3?(]1:(())) >p,g€Z/{} where p is given by

2(A+B—2)T+2(2AB— A —B)t® +16(A + B)7%y
4(B—1)(t+ Bt3) +32Bt?y '

Theorem 1. If f(¢) € CC[A,B], —1 < B < A < land is of the form (1), then forn = 2,3,4, ...,
we have

af < 1{( ‘T((n—l)(A—l)—(n—l)z(B—l))‘z)|anl|2

4n2(n —1)>2 —4(n—1)*(n —2)?
n—2 2
+Y <(|T|)k(A —1) - KB - 1)\ +2T2‘Ak— BkZD — 4Rk — 1)2) |ak2}.
k=1
Proof. Since f(g) € CC[A, B], —1 < B < A < 1, therefore from (4), we obtain

(cf'(c))
f'(¢)

where @(0) =0, |@(g)| < 1forg € U. Itis easy to see that

=p(A B;@(g)),

(cf'(¢)) _ 2A7T%@%(g) + (A —)tea(g) +2
f'(g) 2B12@02%(¢) + (B—1)t@(g) + 2

which, upon simplification, gives
2((cf'(6)) = £(6)) = T@(e) (A= 1Df'(¢) = (B=1)(cf"))
+2v2@2(c) (Af'(¢) = Blcf")')-
Combining it with (1) takes the form
¥ 2k(k - 1aret! = a(c) Lo (A =1k — (B—1)k*)arc!
k=1
+272@02(g) T2 4 (Ak — BK?) aygk 1

Upon multiplication by ¢, we obtain

[e0]

Y 2k(k — Darg* = t@(6) T2y ((A — Dk — (B — 1)k?) ayg”

k=1
+272@0%(g) T2 q (Ak — BK?)ay6F.
Therefore,
ZZk —1)ack + Z bick = T (¢ Z( —(B—-1)k )akgk
k=1 k=n+1 k=1

+27%@0%(¢) Z (Ak - Bkz)akgk, (5)

where

YR e gk = Z 2k(k — 1)arg* — t@(¢) i, (A — Dk — (B — 1K) gyt
20202 () TR, (4K - BR)ayc.
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Now, from (5), we have

T@(c) K (A — 1k — (B~ DR)ags -+ ‘2
27 wz(g)E “1(Ak — BK?)ayct '

2
ZZk —1Dagck + Z bick
k=1 k=n+1

Since |@(¢)| < 1, we have

2 2

<

e}

Y dic*

k=1

T((A=1)(n=1) = (B=1)(n—1)")a, 1¢" 1+
Y2 ((t(A—1)k— (B —1)k?) + 27%(Ak — Bk?)@(g) ) ayc*

7

where
g — 2k(k — 1)ay, 1<k<n,
T b, k> n.

27| oo . 2 00
Using the formula ,L- [ ‘ Y d (rele)k d0 = Y |di|*r%*, (see [2]) and then integrating
0 k=1 k=1

ong:reie, 0<r<1,0<80 <2m, we obtain

i (A= 1m=1) = (B = 1) = 1) a1 (re?)" ?
T JaePr < 2 w2 T(A=Dk=(B-1D)+\ 4 | P
ZH( 272(Ak — Bk (re'?) )“k’ ¢
) t((A=1)(n=1) = (B=1)(n—1)*)a,_yr" el D0+
_ L2 v | y
2 i Z}:f( T((fZ(Alk)li B;E%@(lr)lje))Jr )ﬂkfkelke
(A=) =1) = (B 1)(n 1))y T 010
woof T(A=DI=B-=1DP)+ \_, 4 de.
Lisi | 2e2(a1- BR)a(e®) )T

Since the integral of product with k # I gives 0, as a result, we obtain

Y |2k (k — D)a[Fr2 4 2 n+1|bk\2 2
< ‘T((A—l)(n—l)—(B—l)(n—l )‘ |21 |72
+ Y2 (T((A = 1)k — (B — 1)k?) + 272 (Ak — Bk?)@(g)) [*|ac |2r2*.
Furthermore, we have

|T((A—1)k— (B—1)k?) 4+ 27%(Ak — Bk*)@(¢)|
< |t(A-1)k— (B-1)k*| + LZTz(Ak — Bk?)||@(¢)
< |t||(A = 1)k — (B — 1)k?| 4+ 27%| Ak — BK?|.

Thus, we have

Y| 2K(k = Dag*r¥ + T n+1|bk\ r
<|t((A-1n-1) - (B-1)@-1) )] |1 212
+ Y02 () [(A = 1)k — (B — 1)k?| + 272| Ak — BK2|)?|ag |21,

which reduces to

AT Rk =1 < [ ((4 1)<n—1>—<B—1><n—1>2)]|a e
+ X2 (17)[(A = 1)k — (B — 1)k?| + 272| Ak — BK?|)?|ag|2r2.
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Letting r — 1, one may have
Y2 ak? (k — 1)%|ag* +4(n — 1)*(n — 2)?|ay_1|* + 4n?(n — 1)|a, |
2
<t ( ~1)(n=1) = (B=1)(n=1))| |,
+ X2 (|7 (A = 1)k — (B — 1)k3| + 272 Ak — BK3|)|ay |,
and consequently, we obtain the required form. O
Theorem 2. Let f € CC[A, B], —1 < B < A < 1and of the form (1). Then
2] < (A B)|7|, |%|<||@4 Bﬁmm{ (A 2B+5ﬂ}
Proof. Since f(g) € CC[A,B], =1 < B < A <1, we have
(cf'(e)) -
2 < p(A,B;g), (6)

where p(A, B; ) is given by (2). Consider the function

_1+a(g)

=L =1+ pig+pg+--
p(s) T P16 + pag

such that @(0) = 0, |@(¢)| < 1for ¢ € U. Itis clear that p € P. Thus, we have @(¢g) =
ggg: Using (6), we have (g}((( ))) = p(A,B;@(g)), where

p(g) —1
p(g) +1

Simple calculations lead us to

1
@(g) = 2P1€+ <2P2—P1)
P(A,Bi@(c) =1+ FL(A=B)s+ 1-(A—B){ (5t —2 = tB)pi +4p2 [P+ ()
Additionally, it is easy to see that

(cf'(c))
f'(¢)

Comparing the coefficients from (7) and (8), we obtain

:1+2a2g+(6a3—4a§)g2+---. ®)

1
= 5(A=B)tpy, a3 = %(A -B){(-2+T(A-2B+5)pt +4p}. O

Therefore, by using the well-known result |p,| < 2 for coefficients of class P, we
obtain a bound for second coefficients. Now,

|as| =

32 (4= B)|p2 v,

where v = %(2 —17(A—2B+5)). Now, using Lemma 1, we obtain the required result. This

result is sharp for the functions fy(g) = f [exp Iy Mdt} dw and f1(¢)
= f exp [y al ABt dt} dw, where p(A, B;.) is defined in (2). O

Based upon the Theorem 2, we have the following.
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Conjecture If f(¢) € CC[A,B],—1 < B <0, B < A <1and is of the form (1), then

L5] [ 1Bo1ym2k gk m—1—k }
|T|t’l—1 n—1 |:Z <|%m|—2k)‘|k' H ‘A233_(m_1_k)+]‘> X

k=0

jan| < )3 1 , (10)
m=0 e —m—1=2\ (] | qn—1—m—1
R (Cmm il )]
1=0
A—B)(1+B _B_VB?_18B11 B /BT 18BA )
where § = zé\/BZ)—(lgBll’ c=18 11 18B+1 and d = M. This bound is sharp

and sharpness is due to the function

Fo - [,

where

(A-B)(1+B)

N B_1 - 4B 1 _ (1—B—\/L12—188+1>Tg 28v/B2—18B+1
f(G):g[1+ 5 T(H—Btg] 1_(17“ WHSM)T
1 G

Theorem 3. The function h(g) = ¢ + cg" does not belong to the class CC[A, B] with —1 < B <
(3-v5)/2B<A<1if

(A—B)(s—\/é—zB)

c| > . (11)
n<2n(B2 —3B+1)—2AB+3(A+B)—2—(A —B)\/E)
Proof. Let . ) )
ch"(¢) 1+mncg"”
H(g) =1 = .
(g) + h’(g) 1—}—1’1(1(‘;”71
The image domain H(U) is a disk with diameter end points D; = %:“Ccll and
D, = 11122“;". If (11) is satisfied, then one of D; would satisfy D; < (A, B), but this

as a consequence gives the negation of inclusion relation H(U) C p(A,B;U). Thus,
H(g) # P(A, B;g) and, hence, it leads to the required result. [

For A =1, B = —1, the above result reduces to the one given below, and it is proved
in [28].

Corollary 1. The function h(g) = ¢ + c¢" does not belong to the class KS L if

V5—1
lc| > —/——.
n (n\@ — 1)
Letg = rel?, 0 < 0 < 2. Then, we have
ﬁ(A, B; reig) _ ZATZrZeZZ:G + (A - 1)Tref9 +2
2B72r2e28 + (B — 1)Trel +2

4+ (A—1)(B—1)1%r* + 4ABt*r* 4+ 2, cos 0 + 4(A + B)1?r? cos 20
2B7212620 4 (B — 1)Trei® 42|
(tr — 7313) sinf + 272r? sin 26

|2B72r262i0 + (B — 1)Trei? + 2’2’

+i2(A - B)
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where A, = (A + B —2)1r + (2AB — A — B)7°r%. Using the above given representation,
we have

3P (A, B; reig)
Rp (A, B;rei?)

2(A—B)tr(1 — %r* + 4trcosf) sin 6
4+ (A—1)(B—1)t%? + 4ABT*r* + 2, cos 8
+4(A + B)1?r?(2cos? 0 — 1)
- —2(A = B)tr(1 — v — 47r)
= 44 (A-1)(B—1)T%r2 + 4ABt*r* — 2\, + 4(A + B)T?r?
—2(A = B)tr(1 — tr* — 41r)

- (24+ (1 = B)tr +2Bt2r2) (2 + (1 — A)tr + 2A72r2) =1y(A, Br).

The radius pf univalency for the function p(A,B;g)isr, = 372—‘/5 That is, for an r, the
curve p(A, B;re®), 6 € [0,27)\ {7} has no loops; see [30].

Lemma 2. A function f belongs to the class CC[A, B if and only if there exists an analytic function

q < p(A, B;¢), such that
T2 -1
= /{exp/ tdt:| dw. (12)
0
0

Proof. The proof follows the same lines as given in [28]. [

Theorem 4. Let f belong to the class CC[A, B]. Then,

ro- iy sy
for some g € S*(1+CT) and h € S*(Hd ) where

1-B—VB?—18B+1

. (13)
and
_ 2 _
d:1 B+ VB 18B+1. (1)

4

Proof. Let f € CC[A, B], then using (12) shows that there exists an analytic function @(g)
with @(0) = 0and |@(¢g)| < 1 such that

c
p(A, B; -1
= / ot dt, ¢e lU.
0
Now,
- AT+ (A—-1D1c+2 A ®
2Bt2g2+ (B—1)t¢+2 B 1—ctg 1-—d1g
where

a:B—A<1+ 1+B >,ﬁ:B—A<1_ 1+B )
2B VB2 —18B+1 2B VB2 —-18B+1
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with —1 < B < 0, with B < A < 1, and where ¢ and d are defined by (13) and
(14) respectively. Therefore,

¢ (A w B
+ + ~1
f/((;) . exp/ (B 1—ct(t) 1—d'rco(t)) dt

0
_ exp/g (1—cm(t) "‘) j: (1—dm(t) ﬁ) s
0

- ey

where ¢(¢) = gexpf L and h(g) = gexpf% Thus, we have

68'(e) _ 1 o) and 8 1
R~ M mag S YA, and RS = e > 1/ (14-4d7)

[Sq— —
with @(0) = 0and |@(g)| < 1,¢ € U. Consequently, this depicts that g(¢) = gexp [ =" — ¢
0

S*(1/(1+ct)) and h(g )—gexpf% € S*(1/(1+dr)). O

3. Conclusions

We introduced and studied the convex functions associated with the symmetric
cardioid domain, named cardio-convex functions. These functions have the convex image
domain bounded by the cardioid curve on the right half of the complex plane. The extremal
function for said convex region was introduced, which gives the convex curve, lying
entirely inside the cardioid domain. Moreover, certain geometrical properties related to
cardio-convex functions have been discussed. Since this cardioid domain has just been
introduced, there is a lot of roam to explore and investigate, and this work can be useful
for future work in this direction.
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