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Abstract: In this paper, we extend Darbo’s fixed point theorem via weak JS-contractions in a Banach
space. Our results generalize and extend several well-known comparable results in the literature.
The technique of measure of non-compactness is the main tool in carrying out our proof. As an
application, we study the existence of solutions for a system of integral equations. Finally, we present
a concrete example to support the effectiveness of our results.
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1. Introduction and Preliminaries

The notion of a measure of non-compactness (shortly, MNC) was introduced by Kuratowski [1]
in 1930. This concept is a very useful tool in functional analysis, such as in metric fixed point theory
and operator equation theory in Banach spaces. This notion is also applied in studies of the existence
of solutions of ODE and PDE problems, integral and integro-differential equations, etc. For more
details, we refer the reader to [2-6]. In [7], the authors generalized the Darbo’s fixed point theorem via
the concept of the class of operators O(f;.).

The aim of this paper is to generalize the Darbo’s fixed point theorem via weak JS-contractions in
a Banach space and to study the existence of solutions for the following system of integral equations:

B(1)

) = £ (el @), [ 5 0m () () de )

B(1)

waln) = £ (nralaln)m@m), [ 5 0 ml(e)m () de )

where 77 € [0, T].

We introduce some notations and definitions which are used throughout this paper. Let R denotes
the set of real numbers and let R = [0, +00). Let (€, || - ||) be a real Banach space. Moreover, B(, r)
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denotes the closed ball centered at # with radius r. The symbol B, stands for the ball B(0,r). For A,
a nonempty subset of £, we denote by A and ConvA the closure and the closed convex hull of A,
respectively. Furthermore, let us denote by ¢ the family of nonempty bounded subsets of £, and by
Ng, its subfamily consisting of all relatively compact subsets of £.

Definition 1 ([8]). A mapping u : Mg — Ry is said to be a measure of non-compactness in & if it satisfies

the following conditions:

1°  The family kery = {A € Mg : u(A) = 0} is nonempty and kery C Ng;

2 ACE= u(A) <ux);

30 u(A) = p(h);

4°  u(ConvA) = u(A);

590 u(AA+ (1 —=MZE) < Au(A)+ (1= A)u(X) forall A € [0,1];

6° if {An} is a sequence of closed subsets from Mg such that Ayy1 C Ay for n = 1,2,... and if
Lim pu(Ay) = 0, then Ao = N5 Ay # @.

n—00
We denote by O the set of all functions 6 : [0,00) — [1, o0) satisfying the following conditions:

1. 0 isa continuous strictly increasing function;
6. for each sequence {t,} C (0,00), nlgn 6(t,) = 1if and only if nlgn ty = 0.

Let ® be the class of all functions ¢ : [1,00) — [0, c0) satisfying the following properties:

¢1. ¢ is lower semi-continuous;

$2. (1) =0.

¢3. for each sequence {t,} C (1,0c0), lgn ¢(ty) = 01if and only if lgn ty = 1.

n—oo n—o00
Remark 1 ([9]). Itis clear that f(t) =t — /t (n > 1) belongs to ®. Other examples are f(t) = '~ — 1 and
f(t) =1Int.

Definition 2 ([9]). Let (A, d) be a metric space and Y be a self-mapping on A. We say that Y is a weak
JS-contraction if, for all , 0 € A with d(Yn,Yo) > 0, we have

6(d(Yr,Ye)) < 0(d(y,0)) — ¢(6(d(1,0))) ©)
where p € Pand 6 € O.

Theorem 1 ([9]). Let (A, d) be a complete metric space. Let Y : A — A be a self-mapping satisfying
the following assertions:

(1) Y is a weak JS-contraction,
(ii)) Y is continuous.

Then, Y has a unique fixed point.
Now we recall two important theorems playing a key role in the fixed point theory.

Theorem 2 ([10]). Let C be a nonempty, bounded, closed, and convex subset of a Banach space £. Then, each
continuous and compact map Y : C — C has at least one fixed point in the set C.

Obviously, the above theorem is the well-known Schauder fixed point principle. Its generalization,
called Darbo’s fixed point theorem, is arranged as follows.
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Theorem 3 ([11]). Let C be a nonempty, bounded, closed, and convex subset of a Banach space £ and let
Y : C — C be a continuous mapping. Assume that there exists a constant K € [0,1) such that u(YA) < Ku(A)
for any nonempty subset A of C, where y is an MINC defined in €. Then, Y has at least one fixed point in C.

2. Main Results

Now, we state one of the main results in this article, which extends and generalizes Darbo’s fixed
point theorem by using the concept of weak JS-contractions.

Theorem 4. Let C be a nonempty, bounded, closed, and convex subset of a Banach space £ and letY : C — C
be a continuous operator such that

B(1(Y(A)) < 0(r(A)) = 9(8(n(A))) ®)
forall A C C, where ¢ € @, 0 € O, and y is an arbitrary MNC. Then, Y has at least one fixed point in C.

Proof. Define a sequence {C; } such that Cy = C and C,, ;1 = Conov(Y(C,)) foralln € N.

If there exists an integer N € N such that u(Cy) = 0, then Cy is relatively compact, and the
Schauder fixed point theorem implies that Y has a fixed point. So, we assume that y(Cy) > 0 for each
neN.

It is clear that {C, },cNy is a sequence of nonempty, bounded, closed and convex sets such that

Co2C 2 2Cn 2Cuy1.

We know that {y(Cy) },en is a positive decreasing and bounded-below sequence of real numbers.
Thus, {§(Cn) }nen is a convergent sequence. Suppose that nh_I>I010 #(Cy) = r. Also, we have

#(Cny1) = p(Cono(Y(Cy))) = p(Y(Cn)).

In view of condition (3), we have

0(p(Cut1))

IA I
D
—~
=
—
a2
=
~
~—
[
<
—
D>
—~
=
—
D
=
~—
~—
~—

4)

Taking the limsup in the above inequality, we have

limsup 0(p(Cpp11)) < limsup 6(p(Cn)) — Hminf p(6(p(Cn)))-

n—o0 n—o0

Therefore,
0(r) < 6(r) — ¢(6(r)).

Hence, ¢(6(r)) must be 0, which means that 6(r) = 1. Consequently, r = 0. Therefore,
limy, 00 1£(Cn) = 0. According to axiom (6°) of Definition 1, we derive that the set Coo = (51 Cy is a
nonempty, closed and convex set, that it is invariant under the operator Y, and that it belongs to Kery.
Then, in view of the Schauder theorem, Y has a fixed point. [

Remark 2. We obtain the Darbo’s fixed point theorem if we take 6(t) = e, ¢p(t) = t — t* in Theorem 4, where
Ae(0,1).

In [12], Bhaskar and Lakshmikantham introduced the notion of coupled fixed point and proved
some coupled fixed point theorems for some mappings, and discussed the existence and uniqueness of
solutions for periodic boundary value problems.
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Definition 3 ([12]). An element (17,0) € € x & is called a coupled fixed point of the mappingY : € x € — &
ifY(11,¢) =1 and Y (¢, 1) = 0.

Theorem 5 ([6]). Suppose that yy, 12, . .., un are measures of non-compactness in Banach spaces £1, &, ..., En,
respectively. Moreover, assume that the function T : [0, 00)" — [0,00) is convex and T'(11, ..., 1,) = 0 if and
onlyify; =0fori=1,2,...,n. Then

A(A) =T (p1(A1), p2(A2), - - -, fn(An))

defines a measure of non-compactness in £, x £ X ... x E,, where A; denotes the natural projection of A into
&, fori=1,2,...,n

From now on, we assume that 0 is a subadditive mapping. For instance, a concave function
f :[0,00) — [0,00) with f(0) > 0 is a subadditive function. 8(t) = v/t+1, 8(t) = v/t+ 1 and
6(t) =1+ In(t + 1) are some subadditive functions which belong to ®.

Theorem 6. Let C be a nonempty, bounded, closed and convex subset of a Banach space € andletY : C xC — C
be a continuous function such that

0[n(Y(A1 x A2))] < S[0(n(A1) + 1(A2)) = (0(1(A1) + 1(A2)))] ®)

N =

for all subsets A1, Ay of C, where y is an arbitrary MINC and 0, ¢ are as in Theorem 4. In addition, we assume
that 0 is a subadditive mapping. Then, Y has at least one coupled fixed point.

Proof. We define the mapping Y : C2 — C2 by

Y(1,0) = (Y(1,0),Y(e,n)),

where C2 = C x C. It is clear that Y is continuous. We show that Y satisfies all of the conditions of
Theorem 4. Let A C C? be a nonempty subset. We know that 71(A) = u(A1) + pu(Az) is an MNC (see,
[8]), where A and A, denote the natural projections of A into £. From (5), we have

O[E(Y(A))] < 0(H(Y (A1 X A2) X Y(Az2 x A1)

= 0[u(Y(A1 X A2)) + u(Y (A2 x Ay))]
5 [0(u(A1) + p(A2)) = p(6((A1) + p(A2)))]
+ %[G(V(Az) + 1(A1)) — ¢(O(r(A2) + p(A1)))]
(1 (A)) — P(O(H(A)))-

Now, from Theorem 4, we deduce that Y has at least one fixed point which implies that Y has at least
one coupled fixed point. [

Taking ¢(t) =t — t* (A € (0,1)) in Theorem 6, we have the following result.

Corollary 1. Let C be a nonempty, bounded, closed and convex subset of a Banach space € and letY : C x C —
C be a continuous function such that

(Y (A1 x A2))] < 2 (Bl(A) + p(Aa)]) ©)

for all subsets Ay, Ay of C, where y is an arbitrary MNC, A € (0,1) and the subadditive mapping 6 is as in
Theorem 4. Then, Y has at least one coupled fixed point.
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Corollary 2. Let C be a nonempty, bounded, closed and convex subset of a Banach space € and letY : C x C —
C be a continuous function such that

[1+ln(1+y(/2\1) + (M) @)

1T+ In[1 4+ pu(Y(A1 x A))] <

for all subsets A1, Ay of C, where i is an arbitrary MNC and A € (0,1). Then, Y has at least one coupled fixed
point.

Theorem 7. Let C be a nonempty, bounded, closed and convex subset of a Banach space € andletY : C xC — C
be a continuous function such that

Olu(Y (A1 x A2))] < O(max{p(A1), #(A2)}) — ¢(O(max{p (A1), u(A2)})) ®)

for all subsets A1, Ay of C, where y is an arbitrary MNC and 0, ¢ are as in Theorem 4. In addition, we assume
that 0 is a subadditive mapping. Then, Y has at least one coupled fixed point.

Proof. We define the mapping Y : C> — C? by

Y(1,0) = (Y(1,0),Y(a,1))-

It is clear that Y is continuous. We show that Y satisfies all of the conditions of Theorem 4. We know
that i(A) = max{pu(A1), #(Az)} isan MNC (see, [8]), where A and A, denote the natural projections
of Ainto €. Let A C C? be a nonempty subset. From (8), we have

B[A(Y(A))] < 6(ji(Y(A1 % Ag) X Y (A2 x Ar)))
= O[max{pu(Y (A1 x Az)), p(Y(A2 X A1)}
< max{O[p(Y(A1 x A2))], 0[u(Y (A2 x A1))]}
< max{f(max{p(A1), u(A2)}) — ¢(0(max{p(A1), u(A2)})),
0(max{p(Az), 1u(A1)}) — ¢(0(max{p(Az), p(A1)}))}
= 0(max{p (A1), ( 2)}) = p(0(max{p (A1), 4(A2)}))
= 0(#(A)) — (0(H(A)))-

Now, from Theorem 4, we deduce that Y has at least one fixed point which implies that Y has at least
one coupled fixed point. [

Corollary 3. Let C be a nonempty, bounded, closed and convex subset of a Banach space € and letY : C x C —
C be a continuous function such that

B[1(Y(A1 x A2))] < (Blmax{p(A1), 1(A2)}])* ©)

for all subsets A1, g of C, where y is an arbitrary MNC, A € (0,1) and the subadditive mapping 0 is as in
Theorem 4. Then, Y has at least one coupled fixed point.

3. Application

In this section, as an application of Corollary 3, we study the existence of solutions for the system
of integral Equation (1).

Let the space E := C(J,R)(J = [0, T]) consists of all real valued functions which are bounded
and continuous on J equipped with the standard norm

7]l = sup{|n(t)|: t € T}
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Recall that the modulus of continuity of a function # € & is defined by
w(n, €) = sup{[y(t) =n(s)| : ;s € T, [t —s| < €}.

Since 7 is uniformly continuous on 7, then w(#,€) — 0 as € — 0, and the Hausdorff measure of
non-compactness for all bounded sets (2 of = is

x(Q) = lim { sup w(n,e)}.

e—0 7760

(See [6], for more details).

Theorem 8. Suppose that the following assumptions are satisfied:

(i) &, B:T — J arecontinuous functions;
(i) the function f : J x R3 — R is continuous and

0(1f (7, x1,2,0) = f (11, v1,v2,0)]) < (B(max{|xy — w1, iz = v2|} + [ = Z]))",

where A € (0,1) and 0 is a subadditive mapping such that 6 € ©;
(iii) N :=sup{|f(4,0,0,0)|: 7 € T};
(iv) §: I x J % R2 — R is continuous and

B(1)
G = sup { ] /0 801, 0,%1(x(0)), x2(w(@)))de| : .0 € T, 11,00 € B

(iv) there exists a positive solution ro to the inequality
0(r +G)* +0(N) <.

Then, the system of the integral Equation (1) has at least one solution in the space E2.

Proof. Let us consider the operator

Y:EXE—&E
with the formula
Y(x1,%2)(17) = f(n,%1(e(17)), %2 (2(17)), (10)

()
[ 8,0 (@(0)) mala(e)))de).

We observe that for any 7 € J, the function Y is continuous. For arbitrary fixed 7 € J, by applying
the assumptions (i)—(iv), we have
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(1Y (1, k2) (1)) < 9(|f(77,K1(“(U))/Kz(“(ﬁ))/

(1)
[ st 11(a(@)) malele)) g
— £(1,0,0,0)| +1£(1,0,0,0)])
< 0 max{rr (), Iz (a()) }

(1)
1 [ st 0m (), m2(ae)) el

+6(|f(1,0,0,0)])
< 0 (max{|fr]|, [ k2| } + G)* + 6(N).

Therefore,
O([1Y (k1,%2)||) < 6 (max{]|x [, [[x2l|} + G)* + O(N). (11)

Due to the inequality (11) and using (iv), the function Y maps (By,)? into (By,). Now, we prove
that the operator Y is a continuous operator on (By,)?. Let us arbitrarily fix ¢ > 0 and take
(x1,%2), (v1,12) € (By,)? such that max{||x; — v1]|, |x2 — v2||} < e. Then, for all y € J, we have

0(1Y (k1,72) () — Y (v1,v2) ()])
(n)
< 9<|f(7717<1("<(77))/7<2(0‘(77))r/Oﬁ " s(1,0,51(a(0)), ma(a(@))do)

(1)
—f(n,vl(a(n)),w(vc(n)),/oﬁ ' 8(1,0,v1(2(0)), v2(e(0))do))

< G(maX{|K1 (a(17)) —vi(a(n))|, [x2(a(y)) — va(a(y))]}
B(n) A
+ | /O [8(17, 0, k1 (a(0)), k2(a(0))) — &(11, Qle(“(Q))WZ(“(Q)))WQD
<0(e+B(T)w" (g,¢)",
where
w'(g,¢) = sup{|g(n,0,x1,%2) — g(n,0,v1,v2)| : n € T, 0 € [0, B(T)],
K1,K2,V1,V2 € =70, 70], max{|x; — 1], [[k2 —v2 } < e}

and

B(T) = sup{B(n) : 1 € T}.

Applying the continuity of ¢ on J x [0, B(T)] x [—ro,70]?, we have w’(g,&) — 0as e — 0, hence
0(e+ B(T)w™(g,))* — 1ase — 0, which implies that Y is a continuous function on (By,)?.

Now, we prove that Y satisfies all conditions of Corollary 3. To do this, let A; and A, be nonempty
and bounded subsets of B,,, and assume that T > 0 and € > 0 are arbitrary constants. Let 1,12 € 7,
with | — m| < eand (x1,%2) € A1 X Ap. Then, we have



Symmetry 2020, 12, 424 8of 11

0(1¥ (51, 52) 12) — Y1, 52) )

< 01 a(atm)) malatm)), [ 0,0 ka(ale)), ma(ae))do)
~ fam) i), [ stn e me)d)
et i), [ 2n 0 8 (e) xle)de)

(112)
~ fmem ), [ s0n e ne(e), ne))

(112)
+ If(m,m(w(m)),Kz(vc(m)),/OB ! g(n2,0,x1(a(0)), k2 (a(e))do)
(112)
—f(m,m(vc(m)),Kz(w(m)),/Oﬁ ! g1, 0,x1(a(0)), k2 (a(0))do)|
1 Om @) mlatn), [ 8o (@) ke(0)de)

(1)
~ fmmatatn))malatm)), [ 8Om0 m(ate)), ma(ate))da)])

< (6(max{ | («(12)) = 1 ()], k2 ((12)) = w2 (@()) [} + wry (£ )
" /0’5('72) 18012, ¢, 11 (a(0)), %2(a(0))) — & (11, 0, K1( (@), K2 (2 (0)))|de
(m) (m)
w1 [ stm e m(a(e) sa(atode— [ st 01 a(e)) mala(e))del) )

< (0 max{e(sr, (@, 0), wlk,w(x,0)} + @6 (f,6) + BTwn(,6) + Upe(p,)) (12)

where

w(w,e) = sup{la(i2) —a(p)| :n,m2 € T, Iz — 1l < e},
w (K1, w(w,€)) = sup{|r1(72) =1 (1)l = 11,12 € T, Iz — 1| < w(w, )},
B(T) = sup{p(n) : € T},
Uy, = sup{[g(n,0,%1,%2)| : 1 € T, @ € [0, B(T)], ¥1,%2 € [0, 70]},
G = B(T)sup{lg(n, e, x1,k2)[ : 71 € T, @ € [0, Bal, K1,72 € [=r0,70]},

wro,6(f,€) = supl|f(n2,%1,%2,2) — f(i11,%1,%2,2)| : 1,12 € T,
2 — 11| <& x1,x2 € [—10,70), z € [-G,Gl},

wry(g,€) = sup{|g(i2,0,%1,%2) — g(111, 0, %1, %2)| : 111,112 € T,
12 —m| <& x1,% € [=10,70], 0 € [0, B(T)]}.
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Since (x1, k) is an arbitrary element of A1 X A; in (12), we have
O(w(Y (A1 x Ap),¢)) < (0 (er,G(f,s) + max{w(A1,w(a,¢€)),w(A, w(a,e))}
A
+ B(T)wr(8,8) + Unw(B,0)) ),

and by the uniform continuity of f and g on the compact sets
[0, T] x [=ro,70] X [=ro,70] X [=G, G]

and
[0, T] x [0, B(T)] x [—ro,70] X [—70,70]

respectively, we infer that w,, (f, &) — 0, wy,(g,€) — 0 and w(B,e) — 0.as ¢ — 0. Therefore,
we obtain

O(p[Y(A1 x A2)]) < (B(max {p(A1), 1(A2)})™

Thus, from Corollary 3, we deduce that the operator Y has a coupled fixed point. Therefore, the system
of the functional integral Equation (1) has at least one solution in 52. [

Example 1. Consider the following system of integral equations:

2, arctany(t)+sinh~! o(t)

U(t> :%ei 87-+18
+1/~tsz|sin17(s)—l—\/es(l—l—iyz(s))(l—l—sinzg(s))d
8 Jo et(1+752(s))(1+sin” o(s))

+

(13)
arctan inh~!
o) :%e ct Q(g);rsts n(t)
L1 tsz|sing(s)|+\/es(1+y2(s))(1+sin217(s))d
5 e (1+ 2(5)) (1 + sin? 1)) i

12

+

We observe that the system of integral Equation (13) is a special case of (1) with E = C([0,1],R) and

at) =p(t) =t tc[01],

-2 arctany +sinh ™! o
8 + 18

_ 1 4
f(f,mefp)—ze +g

s?|siny| + \/es(1+172)(1+sin2())

t/ 7 7 -
g(t:s1.0) et(1+72)(1 + sin? o)

To solve this system, we need to verify the conditions (i)—(iv) of Theorem 8.
Let 0(t) = \/t+ Land A = 1. Condition (i) is clearly evident. On the other hand,
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0(1f(t,n,0,m) — f(t,x,v,n)])

| arctan 57 — arctan k| 4 |sinh ' o —sinh ' v|  |m — #|
3 +
87+t 8

+1

J— 1 _1 — j—
<\/arctan|17 K| sinh |Q v|+\m n|_'_1

8
\/|’7—K| |Q—V| Im—n\

< \/G(max{m - KI, lo —v[} +[m—n]).

So, we find that f satisfies condition (ii) of Theorem 8. In addition,

N = sup{|f(£,0,0,0)| : t € [0,1]} — sup{%e_tZ .t e[0,1]} = 05.

Hence, condition (iii) of Theorem 8 is valid. Moreover, g is continuous on [0,1] x [0,1] x R? and

B t 2| siny(s)| + \/es (14 72(s))(1+sin? o(s))
=sop{] ] TR AT
:t,s€10,1], 7,0 € E}

£2
< sup 7 ~ 0.4.

Furthermore, it is easy to see that r > 2.65 satisfies the inequality in condition (iv), i.e.,

0(r+G)2 +0(N) = \/vVr +04+1+V15<r.

Consequently, all of the conditions of Theorem 8 are satisfied. Hence, the system of integral Equation (13) has at
least one solution which belongs to the space (C([0,1],R))?.

4. Conclusions

There are many generalizations of Darbo’s fixed point theorem. Some authors have
made generalizations via certain contraction conditions. On the other hand, many authors have
generalized Darbo’s fixed point theorem by changing the domain of mappings which possess a fixed
point. In this paper, we used the notion of weak JS-contractions to verify that a mapping defined on
a nonempty, bounded, closed, and convex subset of a given Banach space has at least one fixed point.
We applied our results to prove the existence of solutions for a system of functional integral equations.
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