symmetry MBPY

Article

Analytical Solution of Nonlinear Fractional Volterra
Population Growth Model Using the Modified
Residual Power Series Method

Patcharee Dunnimit !, Araya Wiwatwanich ¥ and Duangkamol Poltem »>*

1 Department of Mathematics, Faculty of Science, Burapha University, Chonburi 20131, Thailand;

61910071@go.buu.ac.th (P.D.); arayawi@go.buu.ac.th (A.W.)

Centre of Excellence in Mathematics, Commission on Higher Education, Ministry of Education,
Bangkok 10400, Thailand

*  Correspondence: duangkamolp@buu.ac.th; Tel.: +6-638-103-099

check for
Received: 1 October 2020; Accepted: 23 October 2020; Published: 27 October 2020 updates

Abstract: In this paper, we introduce an analytical approximate solution of nonlinear fractional
Volterra population growth model based on the Caputo fractional derivative and the Riemann
fractional integral of the symmetry order. The residual power series method and Adomain
decomposition method are implemented to find an approximate solution of this problem.
The convergence analysis of the proposed technique has been proved. A numerical example is
given to illustrate the method.
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1. Introduction

In recent years, fractional calculus appears frequently in the context of mathematical modeling in
various branches of science and engineering such as robotics [1], control theory [2], signal processing [3],
economics [4], viscoelasticity [5]. For more details and applications about fractional calculus, we refer
the reader to [6-9]. In most cases, the exact solutions for fractional nonlinear problems, if exist,
are not easy to find [10-13]. In order to describe the behavior of the unknowns of those systems,
many researchers usually perform some numerical or approximate analytical methods instead.
In this regard, some recent techniques are proposed for solving fractional functional equations.
Among them are sorts of integral transform methods which are well combined with the homotopy
analysis methods [14-19]. The Adomian decomposition method (ADM) [20] and the variational
iteration method [21,22] are also mentioned in many contexts. The residual power series method
(RPSM) is one of those techniques which quite suits nonlinear fractional differential equations [23-30].
Generalized from the classical power series method, the solution is written on the form of fractional
power series. However, the formula of all coefficients can be derived by enormous algebraic
manipulations. The main merit of the RPSM is that the series solution, in particular a truncated
series solution can be easily obtained.

The study of population growth model is one of the specific fields of science which is gaining
attention due to the limitation of resources on our planet. The Volterra model for population growth [31]
in a closed system is represented by the nonlinear Volterra integro-differential equation

t

Kd—u = u—u®— u/ u(t)dr, 1)
dt 0

u(0) = ap, ap>0, (2)
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where u = u(t) is the scaled population of identical individuals at a time ¢ and 4y is an initial population.
The nondimensional parameter x = - is introduced to explain overall increasing or decreasing rate of
the population, where a > 0, b > 0 and ¢ > 0 denote the birth rate coefficient, the crowding coefficient
and the toxicity coefficient, respectively [32].
In this study, we consider the following nonlinear fractional Volterra population growth model of
the form:
kD{u(t) = u(t) — u?(t) — u(t)*u(t), a € (0,1], 3)

subject to
u(0) =ap, ap > 0. 4)

The derivative in the fractional Volterra population growth model (3) is in the Caputo sense and [*
is the Riemann-Liouville fractional integral operator of order «. In order to keep the symmetry aspect,
we set the order of the derivative and the integral to be equal. Due to the nonlinear term in Equation (3),
solving this problem by RPSM is most likely cumbersome. In various method mentioned above the
well-known Adomian polynomials take their part to handle this difficulty. Actually, the Adomian
polynomials was introduced by George Adomian in 1988 [33] as a sequence of series of Maclaurin
type embedded in the ADM for nonlinear problems. The ADM has become a powerful technique
for analytic approximate solutions to initial value problems. Furthermore, according to [34-36] the
Adomian polynomials and the ADM itself can be combined well with other methods.

Motivated by the existing methods, the main objective of this paper is to study the nonlinear
fractional Volterra population growth model using the residual power series method and the Adomian
decomposition method. This method is called modified residual power series method (MRPSM).
The remaining sections of this paper are organized as follows. In Section 2, we present some
preliminaries of fractional calculus and the fractional power series. Applications of the MRPSM
to the nonlinear fractional Volterra population growth model are presented in Section 3. In Section 4,
the convergence analysis is investigated. In Section 5, the graphical result is also reported for different
values of fractional parameter. Finally, in Section 6 some conclusions are drawn.

2. Preliminaries
In this section, we give some preliminaries of fractional calculus and fractional power series [37,38],
which are further used in this paper.

Definition 1. Let u(t) € C"(0, 00). The Caputo fractional derivative of order « > 0 is defined as

t
[ — _ \n—a=1_(n) _
D¥u(t) = { I'(n— zx)./o (t=7) u(t)dr, n—1<a<n,

u™ (1), x=neN,

where n is the smallest integer greater than or equal to a and I'(-) is the well-known Gamma function.

Theorem 1. The Caputo fractional derivative of the power function is as follows
r(p + l) tp*lX/

DitP = T(p—a+1)
0, n—1l<a<n p<n—1peN

n—1l1<a<n p>n—1peR,

Definition 2. The Riemann—Liouville fractional integral operator I* of order & > 0 is normally defined by

1t u(r)
)/o ( T, a >0,

Pu(t) ={ T(a t— 1)l
u(t), a=0.

where u(t) is a function defined on (0, t].
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Theorem 2. The Riemann—Liouville fractional integral operator of power function is given by

[*P = Mtrﬂr“.
I'(p+a+1)

The following definition and theorem related to the RPSM [38].

Definition 3. The fractional power series (FPS) about t = tg is given by
o
Y cm(t —to)™ =co+ea(t—to)* +cat —t)* +- -,

m=0

where0 <n—1<waandt > t,.

Theorem 3. Suppose that f has a fractional power series represent at t = tg of the form

FO =Y emlt— o)™,

where 0 <n—1<a, tg <t < ty+ Rand R is the radius of convergence.

IfFD™ f(t),m =0,1,2, ... are continuous on (tp, to + R), then c;, = ?gi{ggi

3. Modified Residual Power Series Method (MRPSM) for Nonlinear Fractional Volterra
Population Growth Model

Consider the fractional nonlinear Volterra population growth model
kDfu(t) = u(t) — u?(t) — u(t)I*u(t), « € (0,1], (5)

subject to
u(0) = ag, ap >0, (6)

where x > 0 is a prescribed non-dimensional parameter and u(t) is the scaled population of identical
individuals at time t. The derivative in the fractional Volterra population growth model (5) is in the
Caputo sense and I* is the Riemann-Liouville fractional integral operator of order «.

According to the RPSM, let u(t) be the solution of fractional Volterra population growth model of
the form:

NPT
u(t) = n;) T +na) @)
Using the initial condition (6), we approximate u(t) in Equation (7) by
k a, %
u(t) :ao—f—’;m, k=1,2,3, ... (8)

To find the residual power series (RPS) coefficient a,, we solve the equation
D" V¥Res,(0) =0, n =1,2,3, ..., )
where Resy(t) is the kth residual function and is defined by
Resi(t) = xDfug (£) — upe(t) + ug (t) + up(£) *ug (). (10)

Since the fractional Volterra population growth model (5) has a nonlinear term F(u) = u?(t),
the Adomian polynomials play their role in dealing with it.
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Let .
ue(t) =Y _ v, (11)
i=0
where vy = a¢ and '
o a;t .
v = 71,(1 i)’ i=1,2,3, ..k (12)
Let
k
F(up(t)) = ) An, (13)
n=0

be a nonlinear operator where A, are called Adomian polynomials and can be determined from
the formula

1 dn n
Ay = [ T E ] : (14)
A=0

From Equation (11), we can rewritten the nonlinear polynomials u% (t) as
F(up(t)) = (vo+v1 +va+ 03+ +v5)% = ZAH'

Using the Algorithm presented in [39], the Adomian polynomials for F(ug(t)) = u?(t) are

given by
Ay = v
A1 = 2v9m
Ay = 2u9vp+ v%
Az = 2uv9v3+ 20107
Ay = v% + 20103 + 20904
As = 2003+ 20905 + 20104
Ag = 20906 + 20105 + 20504 + v%
Ay = 20qvy 4+ 20505 + 20304 + 2010¢
Ag = 2vyv4 + 20305 + Uﬁ + 2vgvg + 20107.

Other polynomials can be calculated by Equation (14).
To find a1, we substitute the first RPS approximate solution

th
uy(t) = ao + ﬂlm
into Equation (10) as follows
Resi(t) = xDfuy(t) — ug(t) + ud(t) + ug () 1% (uq (t))

= «kDf (ao +a F(1+zx)2) (ao +a r(1+zx)>
+ (a0 +arpelzsy) (a0 + a1 ety ) G0 + a1 )

= w0~ () + (o i)
+ (”0 + ”1r<fia)) (“Or(1+a> T r(fizw) '
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Then, we solve Res1(0) = 0 to get

1 2
{11 — % |:ﬂ0 - a0j| .
To find a5, the second RPS approximate solution is in form

o t2a

T+a) T +2a)

uy () = ap +m

Using Adomian polynomials for F(u(t)) = u3(t) and vy = ag, we have

2 B 2 tﬂ( tza tl?( 2
us(t) = a +2aoa1m +2ﬂ0ﬂ2r(1+2a) + (”1 F(1+a))

t3a t2a
200 rrrary T (aZ r(1+2a)> :
On substituting Equations (16) and (17) in Equation (10), we have
Resy(t) = «D¥up(t) — ua(t) + u3(t) + ug(t) 1% (ua(t))
_ e 2
= Kkl ta 1"(1+0c)) - (“0 + 0y T2 1"(1+2a))

20 e
+ |a3 + 2aom r( ) +2”0”2r(1+2a) + (‘“F(Hﬂc))

2 t3ﬂ( tth 2
20 F (T 2a) T (azl”(lJthx))

+ [(r(m«)) £+ (rztzﬁm + F(q(fétx)) 2

2

apa a7 aga 3,
+ 1"(1+oc)01"(21+2a) + 1”(1+0¢)1”(1+21x) + 1"(1-&-:2’10() £

aja aa 4 a3 5
+ (r%fﬁm) + F(l+0¢)1r(21+3a)) B+ <F(l+21x)%(1+3uc)> t “} :

On applying the derivative Df on Equation (18), we obtain

DfResy(t) = xap— (ﬂl +az F(l+u¢)>
r(1 «
+ |2apay +2ﬂ0‘12r(1+a) + % 12325?0)5
[(143a)t2 T(1+4a)t3
+2u1a21"(1+1x)1"2(1+21x) +a 2F2(1+2tx) (1+3W)}
T(142a)t"

+ [+ (et i)

I2(1+a) 14+20) T'(1+a)
apa a2 apa C(1+3a)t%
+ | raverare T rareraT) T T ) T2
aa aa T(144a) a3 T (145a) 4%
+ (F2(11+22a) + 1"(1+oc)11"(21+3a)) T+3a) T F(1+2a)%(1+3a)> Titda) | °

Then, we solve D Res,(0) = 0 to get

1
ap = — {al — 2apa; — a%} .
K
To find a3, the third RPS approximate solution is in form

ta tZa t3a

Tra) T r20) BT +3a)

uz(t) = ﬂ0+ﬂ1r(

5o0f 14

(15)

(16)

(17)

(18)

(19)

(20)
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Using Adomian polynomials and F(u3(t)) = u3(t), we have
w2 = a3+ 2ap0y o 4 2agay e+ (g
3 = 4 0 1r(1+ ) 0%2 T (1+2q) 1T(1+a)

+2apa3 r(1+3 ) + Zalazm + (azr(lt?:za)) i (21)
+2a1a3m + 2a2a3m + (%ﬁ) .
On substituting Equations (20) and (21) in Equation (10), we obtain
Ress(t) = xDfus(t) — us( ) + u3(t) + us(t)I* (u3(t))
= K (”1 +az F(l+u¢) +as r(1t-2:2a))
o + @ r(1+a) +az 1"(1—21—204) +a3 r(ﬁm))

2
th
+ |af + Zﬂoﬂlm + Zﬂoﬂzm + (“1m)

2 2 tSA tZuz 2
+2a0a3 F(1+30¢) T emm F T T (”2r(1+2a))

ou 13
+2ﬂ1ﬂ3m + 20203 v ayrii e T (a3 T(1+3w)) }

(22)
+ l:([’(l—l-a)) £+ (rzu((i?a) + r(?ﬂa)) 12
+ | it + F(1+vc)ul"%(1+2ac) + i )
+ (r(1+aa)0rafl+3a) + 5 + e r([{(fia)) -
+ (F(l+ofl)1l“u(31+4a) + 1"(1—&-20([)1%"(1-&-30() + raatare )
+ (r(1+2z3?3(1+4a) + r2g12133a)> 1o 4 <r(1+m§§(1+4@> tm] )
Then, we solve D?*Res;3(0) = 0 to get
Lo (e ) (S )]
The same procedure is performed to obtain u4(t) as
ug(t) = ap+a & +ap & + a3 i +ay i , (24)
I'(l1+a) (14 2a) I'(1+3«) (1 +4a)
where the coefficient a4 can be calculated by
a, = % [ag, — (2a0a3 +2ﬂ]ﬂ2%) 5)

23T (143) agapl (143w
<a0a2 + (1+1x)1"(1+21x) + r(10+2a)(r(1+2)1x)

In general, for a positive integer k, the coefficient a; for the approximate solution u(t) in
Equation (8) is supposed to be

1 = g T(1+ (k—1)a)
e = [ﬂk—l - (1;) r(1 +kioi)1"(1 +(k—1- i)a)) 26)
k=2 aiak,z,,vl"(l + (k - 1)06)
B Z;) TA+i)T(A+(k—-1-i)a) )|

We give the proof in the following theorem.
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Theorem 4. The nonlinear fractional Volterra population growth model (5) subject to the initial condition (6)
has the approximate solution in the form

where

a = 1[ (Z aak11F(1+(k—1)a) >

‘ K T(1+ia)F(14 (k—1—i)a)
. a;a z(1+(k 1)0()

(Z 1fwf (1+(k—1—i)oc))]’

fork=1,2,3, ..

Proof. Let

t?’ltx

a0+z 1+n¢x

be the approximate solution of Equation (5) subject to the initial condition (6). Then the kth residual
function is expressed as

—~~

Resi(t) = «kDfug(t) — upe(t) + ug(t) + ue(t) 1% (ug(t))

I
A
)
-8
M»

e k e
I'(1+ na) ;F(l%—na)

n

3
i
o

Aildy—i na

I'(1+ia)T(1+ (n—i)a)
A4 n—i ) t(k+n)o¢

+ =
Il =
o
o
~ Il b
. Ir1-2t7

| I

T(1+ia)[(1+ (k+n—i)a)
k ntn“ tmx
+{ X F(1+mx> <Z T(1+ na) )
So,
aytn=e £ aut™
Res(f) = KZW (; (14 na >
k k a;i0,_; na
nX::O <1 T (1+ia)T(1+ (n— i)"‘)> t
L (i G )gmm] @)
T(1+i)[(1+ (k+n—i)a)
i y Ay ‘ pln+1)a
S\ ST +ia)[(1+ (n+1—i)a)
k Ailgyn—i (k+n+1)a
+Z<ZI’1+10¢ T1+ (k+n+1—i)a )>t++ '

1=n
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Now, operating Dt(kfl)“ on both sides of Equation (27) yields
“1a *
Dt(k b Resi(t) = xap — (ak_l + 1”(?—}—0{))
n ki aiag_1_; T (14 (k—1)a)
ST +ia)T(1+ (k—1—i)a)
k 4
Ly aia_;T(1+ ‘kzx) "
ST +ia)0(1+ (k—i)a)T(1+a)
+ i i aiag 0L (1 + (k+ n)a) 1)
2\ETA+ia)T(1+ (k+n—i)a)l(1+ (n+1)a)
+ kiz aijdg_p— zr(1+(k*1)’x)
ST +i)T(1+ (k—1—i)a)
+k_1 aiag_1_;T(1+ ka) N
=T +ia)T(1+ (k—i)a)T(1 +a)
n i aiag_iT(1+ (k+1)a) 2
ST +ia)0(1+ (k+1—i)a)T(1+2a)
+ i i ;iU (1+ (k+n+1)a) p(n+2)a
=\ET1+ia)l(1T+ (k+n+1—i)a)l(1+ (n+2)a) ’

Then, we solve Dt(k_l)“Resk(O) = 0 to obtain
1 k1 aiag_1_;T(1+ (k—1)a)
=k l”“ N <Zr(1 Fi)T(1+ (k—1—i)a)

— ajap_o I(1+ (k—1)a)
_<):r1+kz; 1—|—(k—1—i)o¢)>]'

O

4. Convergence Analysis
Now, we prove the convergence of the MRPSM. We start by Lemma 1 which is a connection

between the classical power series (CPS) and the fractional power series.

Lemma 1. The classical power series Y ;. uut", —co < t < oo, has a mdi]us of convergence R if and only if
the fractional power series Y} . ant"™, t > 0, has a radius of convergence Rx.

Proof. See [38]. O

The next theorem indicates that the series solution of nonlinear fractional Volterra population
growth model converges in a neighborhood of t = 0.

Theorem 5. The fractional power series solution of the nonlinear fractional Volterra population growth model
(5) subject to the initial condition (6)

ti’lﬂ(

o
; I(1+na)’

where ay, are the coefficients in Equation (26), has a positive radius of convergence.
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Proof. From Equation (26), we can see that

k=1 aiak,l,il”(l + (k - 1)0&)

g | 1) o] 1 ig’)l"(1+io¢)l"(1+ (k—1—1i)a)
I'(1+ ka) I'(1+ ka) I'(1+ ka)
k_zz aiag_o_;T(1+ (k—1)a)
1| |5 T(1+ia)0(1+ (k—1—i)a)
*lx I'(1+ ka)
< |1 el
x| T(1+ka)
1 I'(1+ (k—1)a)
*lx oi?fk"l{r(1+m)r(1+ (k—1—)a)I(1 1 ka) Z aif a1l
1 T(1+ (k—1)a)
ar oi?‘f‘kxz{r(1+m)r(1+(k—1 — )T (1 + ka) 2 il 1ax—2|
k—1 k-2
= Ala | +BY |ail lag—1-i| +CY_ |ail g2,
i=0 i=0
where
1 _ I(1+ (k—1)a) 1
A= ‘K’m +ka), B= max, {m )T+ (k=1 = Da)T(1 + ka)
- I(1+ (k—1)a) 1
€= 2, { T(1+ )01+ (k—1—i)a)[(1 + ka)
Let -
t) =Y bt* (28)
k=0
where by = |ag|, b, = r(llaﬂa) and
k-2
by =Ab_ 1+Bbek11+C2bbk21,k—234 (29)
be the classical power series. Thus,
w=f(t) = by+bit+ Y bt*
k=2
00 1) k—1 oo k—2
= byp+bit+AY b 1t*+BY <Z bibk_l_l-> th+Cy” (Zbibk_z_i> £k
k=2 k=2 \i=0 k=2 \i=0
0o 0o k oo k
= bo+bit+AtY bt* + Bty (2 bibki> t+cry <Zbibk,~> tk
k=1 k=1 \i=0 k=0 \i=0
Let
G(t,w) = w — by — byt — At(w — by) — Bt(w? — b) — Ct2w?. (30)
Then

Gw(t,w) =1—tA — 2Btw — 2Ctw

Regarding at point (0, by), the function G(t,w) is 0 and the partial derivative of the function
G(t,w) with respect to w is 1. We can see that G(t,w) is an analytic function, so G(t,w) has
continuous derivatives. By implicit function theorem [40], there is a neighborhood of (0, by) so
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that whenever ¢ is sufficiently close to 0 there is a unique w so that G(t,w) = 0. Then, f(¢) is an
analytic function in the neighborhood of the point (0, by) of the (t, w)-plane with a positive radius of
convergence. From Lemma 1, the series in Equation (7) converges. The proof is complete. [J

5. Numerical Example

In this section, a numerical example of the MRPSM for nonlinear fractional Volterra population
growth model is presented.
Consider the following nonlinear fractional Volterra population growth model

kDMu(t) = u(t) — u?(t) — u(t)*u(t), a € (0,1], (31)

subject to
u(0) =04. (32)

The graphical results of the solution for Equation (31) and initial condition (32) is illustrated
through Figures 1-3 for different « and x values. Figure 1 represents the behavior of an approximate
solution ¥ = 0.7 with various values of a. Figures 2 and 3 show the behavior of an approximate
solution for & = 0.75 and 1 with various values of x. We observe that increasing the parameter «
resulted in decreasing of the approximate solution.

0.58 T T T T T T T T T
—+a=0.75
-©-a=0.85
0.54 a=0.95 -
- =1
__ 05F .
=1
0.46 .
042 1
1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

Figure 1. Approximate solution of Equation (31) for various of « and x = 0.7.

For « = 1, Equation (31) becomes the classical Volterra population growth model. Table 1
represents the relation between «, 1,5 and t,tjc,;. The maximum value is presented as 1, and the
position of .y is presented as t.isicq;. The exact value of 1., was evaluated by using

K
Umax = 1 +K11’1 <1—|—K—u(0))

obtained by [32].

In Table 1, we observe that the approximate value of u,,,x decreases as « increases. It is noted that
the approximate value of 1,y is close to the exact value of 1,y for all values of x. In fact, the results
reported in Table 1 illustrates the validity and good accuracy of the method.

In order to show the convergence of the MRPSM, the absolute errors of u,,,, for different x
values and a« = 1 are shown in Table 2. The absolute error tends to decrease when the number of
truncated terms (k) increases. This shows that the method works reasonably for the classical problem.
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The results for other values of « are shown in Table 3. The approximate solution of u,,,, at each «
and k changes slightly when the number of truncated terms increases. We can say that only 20-term
approximation is acceptable to explain the behavior of the population with less computational effort.
Table 4 demonstrates how the step size & affects the approximation for « = 1. Compare to the exact
values of 1,5, in Table 1, it is natural that the smaller step size is, the better approximation performs.
For h = 0.002, the computation time is less than 0.08 second which we hardly have to wait.

0.54
0.52
0.5
0.48
Ef
0.46
0.44
0.42
04 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t
Figure 2. Approximate solution of Equation (31) for various of x and a = 0.75.
0.65 T T T T T T T T T
=k =05
-5k =0.6
0.6} k=07 |
=5 =0.8
0.55F
Ef
0.5 1
0.45F .
0.4 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t
Figure 3. Approximate solution of Equation (31) for various of x and & = 1.

Table 1. The approximation of u,,;x and exact value of 1,y for various of x at « = 1.

K teritical Approximate .y Exact u;.x  Absolute Errors

05 0738 0.6057712361 0.6057713198  8.37213 x 1078
0.6  0.800 0.5841115047 0.5841116917  1.86934 x 1077
0.7  0.852 0.5666724313 0.5666725541  1.22786 x 1077

0.8  0.896 0.5523073685 0.5523073697  1.14278 x 107
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Table 2. Absolute error of 1, for various of x and & = 1.

K

k=20

k=25

k=30

0.5
0.6
0.7
0.8

3.33491 x 10~°
1.12750 x 10~°
4.28738 x 107
1.10182 x 107

448341 x 10~7
2.47310 x 10~7
1.34831 x 107
3.89890 x 10~

8.37213 x 108
1.86934 x 107
1.22786 x 107
1.14278 x 10~°

12 of 14

Table 3. The approximation of u;4y for different « and « values.

[ i k=20 k=25 k=30
0.75 0.6 0.5502368550 0.5502415323 0.5502426850
0.85 0.7 0.5469171943 0.5469180381 0.5469181062
095 0.8 0.5458638855 0.5458640377  0.5458640426

Table 4. The approximation of u;,, and computation time for « = 1 and k = 20.

h x = 0.5 x=0.7
Approximate #,,,, ~Computation Time (s) Approximate u,,,x Computation Time (s)
0.002 0.605771236096562 0.078953 0.566672431329788 0.075677
0.02  0.605769084446570 0.072933 0.566655106763389 0.070760
0.1 0.605246758144338 0.070844 0.566135276851748 0.067380

6. Conclusions

In this paper, we proposed a computational method called the modified residual power series
method (MRPSM) for solving nonlinear fractional Volterra population growth model. A closed
form of the fractional power series solution is obtained which is the advantage of this method.
The convergence analysis was also investigated. We gave a numerical example supporting that this
method is efficiently applicable for the nonlinear fractional Volterra population growth model with
high accuracy. Finally, it can easily be applied to other fractional nonlinear initial value problems to
obtain numerical or analytical solutions.
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