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Abstract: The global stability analysis for the mathematical model of an infectious disease is discussed
here. The endemic equilibrium is shown to be globally stable by using a modification of the
Volterra-Lyapunov matrix method. The basis of the method is the combination of Lyapunov functions and
the Volterra-Lyapunov matrices. By reducing the dimensions of the matrices and under some conditions,
we can easily show the global stability of the endemic equilibrium. To prove the stability based on
Volterra-Lyapunov matrices, we use matrices with the symmetry properties (symmetric positive definite).
The results developed in this paper can be applied in more complex systems with nonlinear incidence
rates. Numerical simulations are presented to illustrate the analytical results.

Keywords: global stability; epidemic model; Lyapunov function; Volterra—Lyapunov stability

1. Introduction

Mathematical modeling has the best predictive analysis to accurately predict the prevalence of
infectious diseases, and with the help of predicting the prevalence of infection, effective strategies
for disease control can be determined [1-4]. The mathematical models used for infectious diseases
have evolved rapidly in recent decades. One of the reasons for this progress and development is the
improvement of researchers’ ability to collect data [5-11].

Investigation of the global stability of endemic equilibrium in the mathematical model of infectious
diseases is one of the important issues in epidemiology [12-20]. Several methods have been proposed by
researchers to prove the stability of equilibrium points, such as monotone dynamical systems, the geometric
approach, and the method of Lyapunov functions [21-25].
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Kar and Jana presented the mathematical model of an infectious disease [26]. They examined the
local and global stability of the disease free and endemic equilibrium for fixed controls. Then, they
studied the optimal control of the disease with time dependent controls. For the global stability of the
endemic equilibrium, Liao and Wang [27] proposed a combination of the Lyapunov function method
and Volterra—Lyapunov properties and proved the global asymptotic stability of the endemic equilibria.
This method does not meet the challenges of the Lyapunov function method including determining
appropriate Lyapunov function and coefficients. In this work, we will present a modification of the
method of Lyapunov functions combined with the theory of Volterra-Lyapunov stable matrices [27-29].
The fundamental difference between the two methods is that our modified method repeatedly uses
Lemma 2.4, Lemma 2.8 (presented in [27]) and reducing the dimensions of the matrices, while in some parts
of the original method this technique is not used. This approach transfers the analysis from differentiable
functions to related matrices. The main advantage of this modification is that the higher dimensional
matrices can be easily implemented. In each step, we reduce the dimensions of the matrix and use the
property of the Volterra-Lyapunov matrices. This can reduce the computational complexity of the original
method [27]. Furthermore, the authors in [26] used the complicated concepts and theorems to show
the global stability of the endemic equilibrium. Tian and Wang in [30] investigated the global stability
of the cholera epidemic models, based on the monotone dynamical systems, the geometric approach,
and Volterra-Lyapunov stable matrices. The models used in their work, including different types of
functions, included transmission pathways, and pathogen growth rate. Using the modified method, we
can easily prove the global stability of models with nonlinear incidence rates.

The paper is organized as follows. In Section 2, we investigate the mathematical model, boundness
and equilibria of model of infectious disease with fixed controls. The global stability of the endemic
equilibrium is given in Section 3. In Section 4, numerical results demonstrate the effectiveness of the
proposed method is presented. In this section, we have compared our modification with the original
method. Finally, Section 5, contains a summarized conclusion of the results.

2. The Mathematical Model

The mathematical model of the epidemic model with two controls was proposed by Kar and Jana [26].
In this model, we have four types of population, which are represented by susceptible S(t), infected I(t),
recovered R(t) and vaccinated V(t).

The model consists of the following system of ordinary differential equations:

ds ASI

E = (1 — ul)a —dS — m +/3R+m(1 —p1)1+bu2(1 —p2)1—|—U’V,
dl ASI

dR

i —(d+ B)R + (mpq + buypy) 1,

av

E :Mlﬂ*(d+0')V/

The initial condition of System (1) are S(0) > 0,1(0) > 0,R(0) >0,V (0) > 0.
The used parameters of System (1) are shown in Table 1.
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Table 1. The parameters of System (1).

Parameter Description
a The total recruitment
uq The constant vaccination control
o Transmission rates from vaccinated to susceptible
o The reciprocal of half-saturation
A The infection force parameter
% The saturated infection rate
m Infected population rate that have recovered naturally
01 The portion recovered (0 < p; < 1)
Uy The constant treatment control
b The effectiveness of the treatment
buy The rate by which the infected populations recovered
BR The part of the recovered class becomes susceptible
02 Recovered sections that go to recovery class (0 < pp < 1)
Y Death rate of infected people due to disease attack
d The natural death rate

2.1. Equilibrium of the Model for Fixed Controls

Throughout this paper, we assume that the controls u#; and u; are constant.
System (1) has two possible nonnegative equilibria. The first one is Ey(S1,0,0, V*) where

5 - oV +(1—uy)a

e
uja

v =17
d+o

This equilibrium is the disease free equilibrium. The other equilibrium is E* = (S*, I*, R*, V*), where

g* — 51(1+061*)
= 71% ,
- d +buy+ !
aSy + (T + a2 )R
R* _ (mp1 + buzpz)l*
p+d '
* ura
Vi = d+o’

and Rg = m. It is easy to see that E* is feasible if [* > 0, i.e., if Rg = % > 1. The average
rate of infection in susceptible individuals caused by a number of secondary infections is called the basic

reproduction number Ry.

Now, we want to get the basic reproduction number of System (1). Let us introduce matrices F and V,
as follows:
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d+m+ v+ buy 0
V =
—(mpl +b1/l2p2) d-l-,B

Then by applying the next generation matrix method developed by van den Driessche and
Watmough [31], the basic reproduction number Ry is the spectral radius of the next generation operator

—1 _ -1\ _ AS

2.2. Boundedness

Proposition 1. The closed set

r={GLRV)eRL:0<s+1+R+V <],

is positively invariant.
Proof. Let (S(t),I(t),R(t), V(t)) be any solution with positive initial conditions. We have,
N(t) = S(t) + I(t) + R(t) + V().
The time derivative of N(t) along the solution of (1) is

‘%’ 0 —dS(t) — dI(t) — dR(t) — dV(£) — yI(t) < a— dN(t).

Using theory of differential equations, we get

N(t) < 2(1 — e ) 4 Noe
and for t — oo, we have
TmN(t) < 2
t—o0 - d

Hence, I' is positively invariant and it is sufficient to consider solutions of System (1) init. O

3. Global Stability of the Endemic Equilibrium

In this section, we are concerned with the global stability of (1) in a positively invariant set of I'. To do
this, we define the Lyapunov function as follows:

L=wi(S—5)2+wy(I—1I")2+w3(R—R*)?+wy(V—V*)7?, 2)

where wy, wy, w3 and wy are positive constants. Calculating the time derivative of L along the trajectories
of System (1), we obtain:
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dL : : . .
=7 = 201(S = §7)8 + 2wa (I — I")1 + 2w3(R — R)R +2ws(V — V)R,

= 2w (S —5%)[-d(S = §") + B(R—R*) + (m(1 — p1) + bua(1 — p2)) (I = I")
ASI AS*I* l
1+al 14+ al*
" " ASI AS*I*
+ 2wy (I — I*)[—(d +m + v+ bup) (I — I*) + Tral 1tal

+2w3(R — R*)[—(d + B)(R — R*) + (mpq + bugpp) (I — I*)]
+ 2wy (V= V) [—(d+0o)(V -V

+o(V-V*) =

]

Then, we add the expression {\f II into the first and second square bracket and then subtract it. As a
result, we obtain

dL * * * *

I = 2w (S — §*)[~d(S = S*) + B(R — R*) + (m(1 — p1) + buz(1 — p2))(I — I")
L ASI ASIF AST AS*I

oV V) - Y T rar T 1Al Tral

ASI AS*I* AS*I  AS*I
2wy (I — I*)[— I-r - -
+2wp(I= D) [=(d m oy 4 bua) (= ) 4 e = T e T T 0l ~ T al

+2w3(R = R*)[—(d + B)(R = RY) + (mp1 + buzpz) (I - I")]
+ 2wy (V = V) [=(d+0)(V = V7)),

]

therefore, we have

o= 201(5 — ) [-(d + 1) (S — )+ (R - RY)
AS*

+(m(1— Pl) + buy(1 —PZ) - (1 +al)(1+al*)
)\I AS*

YI=TI")+0o(V—-V")]

+2w3(R — R¥)[— ( + B)(R = R7) + (mpy + buzpz) (I — I")]
+ 2wy (V = V) [~ (d +0)(V - V)],
from where,
o= 2w (d 4 (S~ S+ 2w (S — §°) (R - RY)
42w, (m(1— p1) + bua (1 — pg) — (1+MA)(51+0¢1*))(55*)(11*)“1‘)1"(55*)(""*)
+2wzlila1(5—5*)(l—1*)_2w2(d+m—|—’y+bu2+ (1+a13\?;+a1*))(1_1*)2

—2w3(d + B) (R — R*)? 4 2w3(mpq + buppy) (I — I*)(R — R*) — 2wy (d + o)(V — V*)?
=Y(WA+ ATw)YT, ®)
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where Y =[S — §*,] — I*,R — R*,V — V*|, W = diag(wy, wp, w3, wy), and

[ —(d+ L) m(l—Pl)‘FbMZ(l—PZ)—% B u |
That —(d+m+y+buy+ (1+a1))\(51*+a1*)) 0 0
A= : (4)
0 mp1 + bupy —(d+B) 0
L 0 0 0 —(d+0o) |

To establish the global stability of the endemic equilibrium E*, we investigate that the matrix A
defined in Equation (4) is Volterra—Lyapunov stable. Below we briefly review the following prerequisites:

Here, we recall the basic definitions related to Volterra—Lyapunov stable matrices [26]. Suppose, A xx
is a real matrix.

(D1) All the eigenvalues of A have negative (positive) real parts if and only if there exists a matrix
H > 0 (that is, mean H is symmetric positive definite) such that HA + ATHT < 0(> 0) [32].

(D2) The nonsingular matrix A, is Volterra-Lyapunov stable if there exists a positive diagonal
n x n matrix M such that MA + ATMT < 0.

(D3) The nonsingular matrix A, is diagonal stable (or positive stable) if there exists a positive
diagonal matrix M,,x, such that MA + ATMT > 0.
din diz

(L1) [32,33]. The D =
[ | dy1 dy

is Volterra—Lyapunov stable if and only if:

(C1-1)dq;; <0,

(C1-2) dyp <0,

(C1-3) det(D) = dy1dyy — d1pdr1 > 0.

(L2) [34,35]. Suppose the nonsingular Dy, = [dl-]-], (n >2), Myxn = diag(my, - - - ,my) is a positive
diagonal matrix and H = D!, such that:

(C2-1)d,;, >0,

(C2-2) MD+(MD)" > 0,

(C2-3) MH +(MH )" > 0,

it is possible to choose m,, > 0 such that MD + DTMT > 0.

Note that, D denote the (1 — 1) x (1 — 1) matrix obtained from D by deleting its last row and
last column.

Theorem 1. The matrix A defined in Equation (4) is Volterra—Lyapunov stable.

Proof. Clearly —A44 > 0. Let us consider D = — A, denote the 3 x 3 matrix obtained from —A by deleting
its last row and last column. From Equation (4), we obtain

(d+A4) —m(l—Pl)—buz(l—Pz)JrWSLm —B
DZ—A: —1?_&] (d+m+’y+bu2+W) 0 . (5)

0 —mpy1 — buspy (d+B)
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Based on (L2), we state and prove the following results. The first Lemma, proves that D = — A is
diagonal stable and in the next Lemma, we show the H = —A~! is diagonal stable. Therefore, all the
conditions of (L2) are satisfied. Hence the matrix A is Volterra—Lyapunov stable. [
Lemma 1. The matrix D defined in Equation (5), is diagonal stable.
Proof. Let’s now discuss the diagonal stability of D. It is guaranteed by the following steps:
Step 1. Itis obvious that D33 > 0.
Step 2. By using (L2), we shall prove that the matrix D is diagonal stable. From (5), we obtain
Al AS*
i (d+ 13a1) _m(l—Pl)—b“Z(l—P2)+m
D =
Al AS*
~Ttal (d +m + 7 +buz + gy irary)
Obviously, D11 > 0, and Dy, > 0. It remains to show that det(D) > 0:
det(D) =
AS* A
dd+m+y b+ G marary) T Tra ")
Al AS* Al
—(d - b
Pt e rar)) T Tra )
+ AL (mpy + buaps + AS” )
T4 al LT IR T DA+ al)
then we have
det(D) =
AS* Al AS*
d(d b d
(@rmtyt+bet g v Y it ad Y T Grana s

AS*
1+ al)(1+al*)

) >0,

+L(m + buspa +
1ol OT T T02 7

therefore D is diagonal stable.

Step 3. Now, we must show that DAjl is diagonal stable. Let us consider the D 1as following:

din dip diz
Dl'=|dy dn dy |,
d31 dzp ds
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where,
dip=(d+pB)d+m+y+buy+ AS? ]
n= L Gy S T W
AS*
AS*
dlS = ,B(d+m+’)/—0—bu2+ (1+061)(1+0(1*)>/
Al
dy = r Toag @ +h)
Al
dyy = (d + m)(d‘f‘ B).
Al
B =P
Al
d31 11 al (mp1 + buzpz)
I = (d+ T2 (mpy + i),
32 = Tt ar M1 202
dsz = d(d+ m+ v+ buy + AS” ) + M (m + vy + mpy + buypy)
3= TR AT DAt ) T 1l Y TP 002
Al AS*
P AT ana e
Now, we have f)jl as:
(d+ ﬁ)[d‘*‘m‘i"Y‘*‘ bus + W} (d+B)[m(1 —p1) + bua(1 — p2) — W] + B(mp1 + buspa)
THa (d+B) (d+ )@+ B)
Following some calculations, we obtain that
det(D) =
A(d + B) (m -+ bu) + (d+ B)(d+ ) (d 4+ o)
2 T+al’ YT A aD(d +al?)

Al AS*
@B Tran T ary

Al
+d———(mp1 + buyps) + >0,

1+al



Symmetry 2020, 12,1778

Then
det(D-1) =
e (D)) d(d+ B)*(d+m+ 7+ buy + (1+a3?1*+“1*))
(det(lD)) (‘”ﬁ)z(%)(““ (1+a1?(51*+a1*))
(det(lD)) (@+p) (1ila1)((1+a3g+w))
+ g+ B ) e+ buzpa) > .

It is easy to see, D11 >0and 15:122 > 0. Therefore, le is diagonal stable. [
Lemma 2. The matrix H = —A~1is diagonal stable.
Proof. We can obtain the — A~ as following:

- 1 €11 €12 €13
H=(-A")=———< 1 en ex ex3 |,
det(iA) €31 €32 €33

where,

AS*
(T+al)(14+al*)

),

*

ern = (d+B)(d+0o)(d+B)*(d+m+y+buy +

ey = (d + p)(d + ) (m + buy) — d(d + o) (mpy + buapy +
AS*

~ BN G A ey
er3 = p(d +o)(d +m+ 7 +buy + (1+al);f;+al*)>'
en = @+ B)(d+0) (o),
2= (d+B)d+a)d+ o),
e23:ﬁ(d+a)(1fal),

es1 = (d + o) (mpy + buazpa),
Al
3 = (d+(7><d+ 11 al )(Ti’lpl + buzpz)

AS*
(T4 al)(14al*)

esg =d(d+m—+y+buy+

),

2A8*
(1+al)(14 al*)

Al
(d+0)(——)(d+ v+ mpy + buypy + ).

1+al

(14 al)(1 4 al*)

90f19
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It is obvious that H33 > 0. Below, we show H and H-1are diagonally stable.

1

= det(—A)

€11 €12
€1 €2

First, we show that det(—A) > 0:

det(—A) =
As*
A+ al)(1+al")
AT As*
@A) A+ al)(1+al")
Al As*

+d1+al(d+a)(mp1 - buzpz (I4+al)(14al*)
) > 0.

d(d+ B)(d + o) (dm + v+ buy + )

)

Yd+ v+

)

AT AS*
+P @+ G mnararm

1+al

Also, we can show that det(H) > 0 (see the Appendix A).
It remains to show that H~1 is diagonal stabe. Define

ol 1 hir hi2
det(H) | hy hyp |

The hq is writen as

AS* e M
(1+al)(14 al*) 1+al
A AL 208"
Tral ) Toar) @7+ me+bier + g vm s
AL A 278"
1+le))1+txl)(d+7+ (1+al)(1+ al*)

hip = d(d+ B)(d + o)*(dm + vy + buy +

+d(d+0)?(d +

)

+B(d+0)*(d+ ) >0

The hy; is writen as

AS* )
(1+al)(1+ ocl*))
Al Al 2AS*
Tra ) Tap) @ty Hmertbie+ o ma )
T E R A — L
(1+al)(1+al*) (1+al)(1+ al*)

hyo = d(d+ B)(d+0)*(d+m + v+ buy +

+d(d+0)*(d +

+ B(d + 0)? )(d 4y +

Al
T+al )>0.

It is easy to see det(H) > 0, see the Appendix B. Therefore, Hlis diagonal stable. [

Summarizing the above discussions, we have the following conclusions for the globally asymptotically
stablity of the endemic equilibrium.

Theorem 2. When Ry > 1, the endemic equilibrium E* = (S*, I*, R*, V*), of Model (1) is globally asymptotically
stable, in T.
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Proof. Lemmas 1 and 2 with the aid of Theorem 1, guarantee that the endemic equilibrium of the model
System (1) is globally asymptotically stable. O

4. Numerical Simulations and Discussion

In this section, we present some numerical simulations of System (1) using the basic reproduction
number Ry, to support the analytical results. Parameters were taken from [26].

4.1. Simulations

Example 1. We choose the parameter values as follows: a = 100, d = 0.2, A = 0.01, § =04, ¢ = 0.05,m = 0.8,
p1 = 078,00 =093,y =0.02,« = 0.01, u; = up =0.5,b=15.

With the mentioned parameters, System (1) has only a disease-free equilibrium point of
Ey = (300,0,0,200). In this case, the basic reproduction number is less than one. The phase diagram is
demonstrated in Figure 1, at different initial values I(0) = 1,100,200, 600, 1000, to validate the stability
of the disease free equilibrium at I = 0,S = 300. In Figure 2, we observe that the five orbits converge to
the Ep at R = 0,S = 300, with five different initial conditions R(0) = 1,100,200, 600, 1000. In Figure 3,
there are five solution curves corresponding to initial conditions with V(0) = 1,100,200, 600, 1000, which
ensures the stability of the disease free equilibrium at V = 200, S = 300.

1000

8001

600

400

infected number

2001

0¢

_200 i i i i i
300 400 500 600 700 800 900

susceptible number

Figure 1. The phase portraits of I vs. S for System (1), with initial conditions I(0) = 1, 100, 200, 600, 1000, (Ry < 1).
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1000

800

600 -

400

recovered number

2001

_200 i i i i i i
200 300 400 500 600 700 800 900

susceptible number

Figure 2. The phase portraits of R vs. S for System (1), with initial conditions R(0) = 1,100,200, 600, 1000, (R < 1).

1000

900 -

800 -

700 -

600 |-

500

400

vaccinated number

300 -

200

100

250 300 350 400 450 500 550 600
susceptible number

Figure 3. The phase portraits of V vs. S for System (1), with initial conditions V(0) = 1,100,200, 600,1000, (Ry < 1).

Example 2. For System (1), we choose the parameter values as follows: a = 100, d = 0.2, A = 0.5, § = 04,
c=0.05m=2>538, p1 =078, pp =093,y =0.02, « =0.01, u3 = up =05, b =15.

System (1) has two equilibria; one is disease free and the other is endemic equilibrium
E*(30,13.3,255,200). It can easily verified that Ry > 1. The phase diagram of System (1) at different
initial values I(0) = 1,100,200, 600,1000, shown in Figure 4, which shows that all system responses
converge to point of E* at [ = 13.3,5 = 30. In Figure 5, we see that five orbits converge to the E* at
R = 255,S = 30, at different initial conditions R(0) = 1,100,200,600,1000. In Figure 6, there are five
solution curves corresponding to initial conditions with V(0) = 1,100,200, 600, 1000, which proves the
stability of the disease-free equilibrium point at V = 200, S = 30.
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1200

1000 [ T

800 b

ool \

400 b

infected number

200

0 100 200 300 400 500
susceptible number

Figure 4. The phase portraits of I vs. S for System (1), with initial conditions I(0) = 1,100, 200, 600,
1000, (Rg > 1).

1400

1200 b

1000

800 b

600

recovered number

400 b

200

S R———

0 100 200 300 400 500
susceptible number

Figure 5. The phase portraits of R vs. S for System (1), with initial conditions R(0) = 1,100,200, 600,
1000, (Ro > 1).
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1000
900 ; q

800 q

700 1

600

500 b

recovered number

400 1
300 B
200
100 j
0
0 100 200 300 400 500
susceptible number

Figure 6. The phase portraits of V vs. S for System (1), with initial conditions V(0) = 1,100,200, 600,
1000, (Rg > 1).

4.2. Discussion

The authors in [27], applied the original method for proving the global stability of endemic equilibrium
of the system of three-dimensional and four-dimensional. At first, they define D = —A and E = (—A) "},
to discuss the Volterra-Lyapunov stability of A3, 3. Hence, following the steps they concluded that Az3 is
a Volterra—Lyapunov stable matrix:

1.  Showing that E is stable, based on (L1).
2. To prove that D is Volterra-Lyapunov stable, they performed another process. Defined

~ o T
WE+(WE) = —-2Q>0,

WD +(WD)' =P,
where, Q> is positive. Finally, by some algebraic and matrix manipulations, showed that P, > 0.

To compare the results in this paper with the original method, the process of proving the stability of
matrix Agy4 is shown in Figure 7. According to our investigations on different systems, and as the
authors mentioned in Section 6 [27], the implementation of the method for the higher dimensions
systems (in the second step proposed by the authors) is very difficult and complex. Therefore, the use
of the modified method, can reduce the complexity of the calculations.

Based on Figure 7, by decreasing the size of the matrix Ay, 4 to Azy3, applying (L2), finally reducing
to 2 X 2 matrix, and using (L1), it can easily be proved that A is a Volterra-Lyapunov stable matrix.
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Is Agxa

Volterra-

Lyapunov

Stable?

Figure 7. All steps of proving Volterra—Lyapunov stability of matrix A, 4 using the modified method.

5. Conclusions

A 4

—Ayxa >0

D =—A3;

is diagonal stable

D3y3>0

v

— | det(M) > 0

M =Dy

is diagonal stable

A 4

My, >0

My >0

—»| det(C) >0

C = DF:lzxz

> Hzz3>0

A\ 4

il = —A—:13><3

is diagonal stable

A 4

is diagonal stable

J C>0

N = Hzxz

W @, 50

| det(N) > 0

Niy >0

is diagonal stable

A4

—| N,, >0

P=H"5,

is diagonal stable

> det(P) > 0

Py >0

15 0f 19

We have investigated the global stability of the endemic equilibrium point of an infectious disease
model. In this paper, using the modified Volterra-Lyapunov matrices method, the stability of the model has
been analyzed. The main advantage of this modification is its application to various systems of epidemics,
infection diseases and even chaotic dynamical systems. This leads to better performance and reduces the

complexity of the proofs. The numerical results verify the effectiveness of the proposed scheme.
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Appendix A
Proof of det(H) > 0:
Let
a1ay = d(d+ B)*(d + )2 (d + m + 4 + buy + NS )
122 = TR T A D (1 + al)
Al
2 2
+(d+B)(d+0) (1+a1)(m+bu2)
Al AS*
2 2
B ) T A e
and
a1p0p1 = d(d+ ﬁ)z(d+a)2(m + buz)
—d(d+ B) (@ + 0 (LY mpy + bruspy +
T4 ar/ 01T OR02 T AT A 1 alr)
B Al AS*
P+ p+ o (T o) T rana v ar)
Therefore, we have
det() = ()2 (ayya22 — arpaz) =
= Ger(—ay) \mo2 — d2im) =
AS*
2 2
d(d+ B)*(d+ o)™ (d+m+y+buy + (1+M)(1+M*))
A *
2 2
Hd+p)(d+0) (14—1x1)(d+ﬂhL (1+oc1)(1+vc1*))
) AS*
+d(d + )+ 0P () (s + buzpa + )
Al AS*
2
FREER O ) (T ran T e
Hence, it is clear to see det(H) > 0. The proof is then complete.
Appendix B

Proof of det(H) > 0:
The det(H) is written as

1
(m)3[011 (1122!133 - a23ﬂ32) — a1 (ﬂ12033 - ﬂlsaaz) + ﬂsl(ﬂlzazs - ﬂ13ﬂ22)}-
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It is easy to see that ay1413a3p — 43141342 = 0, hence we show that
a11a22033 — A11423A432 — 21412433 + A31412423 > 0.
To this end, we have

11422033 =
Al AS*
2 2 2
d(d+ p)°(d+o) (d+—1+ﬂ)(d+m+v+buz+<1+M)(1+M*))
Al Al AS*
a9 ) T G s a)
2A8*

(1+al)(1+ al*) )

+(d+ B)*(d + o)*(

(d+ v + mpq1 + buypr +

17 of 19

)

and
11423432 =
B(d +0)3(d + B) (mpy1 + buzpa) (1357 (d + 57 (d + m + oy + buy + 7(1“5)‘?1%1*)),
and
Ap1012033 = (d+¢7)3(d+,8)2(m+bu2p2)(L)(d+m+’y+buz+ S )
1+ al (T+al)(1+al*)
Al AS*
o2 3
AS*
(d+m+y+buy+ (1+M)(1+M*))
Al AG* AS*
B 3 2
pd(d o) @+ B () (T an @ v ar) @ T Y T T D A e
Al 2A8*
3 2
A+ d o B) (g ) O+ bua) (d oy 4 mpy o+ buapy + v )
Al AS*
B 3 2
A +0 -+ B) (g 2y + buspa + (o)
278* 3 AL
(@4 7+ 1+ bips + ot aey) — B+ 0P+ B ()
AS* 2AS8*
(AFanagar) @y Fmot b+ G pamy )
also
31012423 =
Al
,5(d+¢7)3(d+/3)(m)2(mpl+bM2P2)(m+bu2)
Al AS*
B 3 2
pald + o) (g (mer + buap2) (moy + buaps + == iy )
AS*
2 3, Mo
pld+o) (1—1-041) (mpl+bu2p2)((1+al)(l+al*))’

Hence, it is clear to see det(H) > 0. The proof is then complete.
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