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Abstract: In this work, we define the concept of a w-b-cone distance in fvs-cone b-metric spaces which
differs from generalized c-distance in cone b-metric spaces, and we discuss its properties. Our results
are significant, since all of the results in fixed point theory with respect to a generalized c-distance
can be introduced in the version of w-b-cone distance. Moreover, using Minkowski functionals in
topological vector spaces, we prove the equivalence between some fixed point results with respect to
a wt-distance in general b-metric spaces and a w-b-cone distance in fvs-cone b-metric spaces.
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1. Introduction and Preliminaries

In 1931, Wilson [1] introduced symmetric spaces, as metric-like spaces lacking the triangle
inequality. Thereinafter, b-metric spaces or metric type spaces as a new kind of spaces were defined by
Bakhtin [2] and Boriceanu [3].

Definition 1 ([2,3]). Let X be a nonempty set. A real-valued function D : X x X — [0,00) is said to be a
b-metric if the following properties hold:

(D1) D(x,y) =0iffx =y forall x,y € X;
(D7) D(x,y) =D(y,x) forall x,y € X;
(D3) D(x,z) <s[D(x,y)+ D(y,z)| forall x,y,z € X.

With this definition, (X, D) is named a b-metric space. Obviously, a b-metric space with s = 1 is a metric space.

Then, they introduced some definitions and topological properties in b-metric spaces and obtained
some applications of these spaces in nonlinear analysis (also, see [4,5]). In 1996, Kada et al. [6]
considered a w-distance in metric spaces for solving some non-convex minimization problems.
Then some authors [7,8] applied this concept in fixed point theory.

Definition 2 ([6]). Consider a metric space (X,d). Let p : X x X — [0,+00) be a function satisfying the
following conditions:

(p1)  p(x,z) <p(x,y) +p(y,2) forall x,y,z € X;

(p2) p is lower semicontinuous in its second variable; that is, if x € X and y, — y in X then p(x,y) <
liminf, p(x, yn);

(p3) foreache > 0, there exists 5 > 0 such that p(z,x) < 6 and p(z,y) < 6 imply that d(x,y) < e.
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Then p is named a w-distance on X.

In 2014, Hussain et al. [9] generalized this w-distance to wt-distance on a b-metric space and
obtained several its properties.

Definition 3 ([9]). Consider a b-metric space (X, D) withs > 1. Let p : X x X — [0, +c0) be a function
satisfying the following conditions:

(w1) p(x,2) <slp(x,y) +py,2)] forall x,y,z € X;

(wp)  p is lower b-semicontinuous in its second variable; that is, if x € X and y, — y in X then p(x,y) <
sliminf, p(x, yu);

(w3) foreach e > 0, there exists 6 > 0 such that p(z,x) < 6 and p(z,y) < 6 imply that D(x,y) < .

Then p is named a wt-distance on X.

Obviously, a wt-distance in a b-metric space with s = 1 is a w-distance in a metric space in the
sense of Definition 2.

Ordered normed spaces and cones have many applications in applied mathematics. Hence,
fixed point theory in K-normed and K-metric spaces was extended in the 20th century (see, e.g.,
[10-12]). In 2007, Huang and Zhang [13] reintroduced these spaces under the name of cone metric
spaces by substituting the set of real number by an ordered normed space. Also, topological vector
space-valued version of this concept was discussed in [14-16]. In 2011, analogously with the definition
of b-metric spaces and cone metric spaces, Hussain and Shah [17] and Cvetkovi¢ et al. [18] defined
cone b-metric spaces (or cone metric type spaces) and proved some topological and analysis properties
(also, see [19]). Moreover, topological vector space-valued version of cone b-metric spaces was defined
in [20]. On the other hands, in 2011, Cho et al. [21] and Wang and Guo [22] introduced a cone version
of the w-distance which is named c-distance. Then, some fixed point results under w-distance in metric
spaces and under c-distance in cone metric spaces and tvs-cone metric spaces were obtained in [23,24]
and the references cited therein. In 2015, Bao et al. [25] introduced a generalized c-distance in cone
b-metric spaces and proved several fixed point theorems with respect to this generalized distance (also,
see [26,27]).

We start with some preliminary definitions and results in [10,28,29].

Let E be a real Hausdorff topological vector space (for short, is named tvs) with the zero vector
6. A proper closed subset P # @ of E is said to be a cone if P+ P C P, AP C P for A > 0 and
PN (—P) = {6}. For an arbitrary cone P C E, we consider a partial ordering < with respect to P
byx fy<=y—x € P. Wesay x < yifx <yandx # y,and x < yifand onlyif y — x € intP,
where int P is the interior of P. Also, the cone P is called solid if int P # @. Now, the pair (E,P)isan
ordered tvs. For a pair of elements x,y € E withx <y, set [x,y] = {z € E: x <z <y}. Asubset A of
E is called order-convex if [x,y] C A. By this definition, an ordered tvs (E, P) is order-convex if it has
a base of neighborhoods of  consisting of order-convex subsets. In this case, P is named a normal
cone. If E is a normed space, this condition means that the unit ball is order-convex; that is, there is a
number K such that forall x,y € E, 0 < x < yimply ||x|| < K||y|.

Theorem 1 ([11]). Let the underlying cone of an ordered tvs be normal and solid. Then tvs is an ordered
normed space.

Below, we provide a full explanation of the main motivation behind this project:
In 2010, Du [14] studied the equivalence of vectorial versions of fixed point theorems in cone metric
spaces and scalar versions of fixed point theorems in general metric spaces. Especially, he proved
the equivalence between Banach contraction principle in general metric spaces and in tvs-cone
metric spaces by a nonlinear scalarization function. Almost simultaneously with Du’s work, in 2011,
Kadelburg et al. [30] showed that the same results can be obtained more easily using a Minkowski
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functional in topological vector spaces. In the meantime, Ciri¢ et al. [31] defined a w-cone distance
in tvs-cone metric spaces, which is a generalization of the w-distance introduced by Kada et al. [6].
This definition is differ of the definition of the c-distance introduced by Cho et al. [21] and Wang
and Guo [22]. Indeed, each w-cone distance is a c-distance, but the converse is not true. Also,
Ciri¢ et al. noted that the method of Du for cone contraction mappings cannot be applied for a w-cone
distance contraction mappings. Then they proved some fixed point theorems with respect to a w-cone
distance in tvs-cone metric spaces. Also, at the end of their paper, they posed an open question about
the existence and uniqueness of fixed point of quasi-contraction mappings by applying a w-cone
distance. In the same year, Kadelburg and Radenovi¢ [32] answered this question by using a similar
technique in [30]. On the other hands, in 2013, Du and Karapinar [20] studied about the equivalence of
vectorial versions of fixed point theorems in cone b-metric spaces and scalar versions of fixed point
theorems in b-metric spaces. Now, let us we define a tvs-cone b-metric space, which is introduced by
Kadelburg et al. [19] and Du and Karapinar [20].

Definition 4 ([19]). Let X be a nonempty set, s > 1 and (E, P) be an ordered tvs. A functiond : X x X — P
is said to be a tvs-cone b-metric if the following properties hold:

(dr) d(x,y)=0iffx=yforallx,y € X;
(da) d(x,y) =d(y,x) forall x,y € X;
(d3) d(x,z) <Xs[d(x,y)+d(y,z)] forall x,y,z € X.

With this definition, (X, d) is named a tvs-cone b-metric space.
Now, by applying Definition 4, we can obtain other version of metric spaces as following.

Remark 1. Obviously, a tvs-cone b-metric space with s = 1 is a tvs-cone metric space in the sense of [14].
If we replace E by a real Banach space in Definition 4, we get the cone b-metric space in the sense of [17,18].
Now, if we consider s = 1 then we can obtain the classic definition of cone metric space introduced by Huang and
Zhang [13] (also, see [33]). Moreover, it is evident that our definition coincides with the definition of b-metric
spaces (Definition 1) if we replace E by the set of real numbers and P by the set of nonnegative real numbers.
In this case, if we consider s = 1 then we obtain the same well-known results of metric spaces. Therefore,
it seems Definition 4 is the most complete version of type metric spaces.

Definition 5 ([20,23,34]). Let {x,} be a sequence in a tvs-cone b-metric space (X,d). Then

o {x,} converges to x if for every c € E with 6 < c there exist ng € N such that d(x,,x) < c for all
n > noy, and we write x, — x as n — oo,

o {x,} is called a Cauchy sequence if for every ¢ € E with 6 < c there exist ny € N such that d(x,, xp) < ¢
forall m,n > ny.

o Xis said to be complete if every Cauchy sequence in X is convergent in X.

Also, we apply the following property several times in the proof of our theorems:
(*) Letv < Avwithve Pand0 <A < 1. Thenv = 6.

In [19], Kadelburg et al. showed that the same results of Du and Karapinar [20] can be obtained
more easily using a Minkowski functional in fvs-cone b-metric spaces.

In this work, we first define a w-b-cone distance in the framework of tvs-cone b-metric spaces.
Then we introduce several its preliminary properties. As an application, we obtain several fixed
point and periodic point theorems for contractive mappings in such spaces with a non-normal cone
under contractive conditions introduced in the terms of w-b-cone distance. Furthermore, we prove the
equivalence of vectorial versions of fixed point theorems with respect to a w-b cone distance in cone
b-metric spaces and scalar versions of fixed point theorems with respect to a wi-distance in b-metric
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spaces. In fact, this research is a continuation of the former articles such as [6,14,20-22,30-32] which
extended, generalized and unified all of them in this literature.

2. Main Results

Let’s start by introducing the following definition.

Definition 6. Let (X, d) be a tvs-cone b-metric space. A real-valued function f : X — P is said to be lower
b-semicontinuous at a point x € X if for each ¢ € int P, there is ng € N such that f(x) < sf(xn) + ¢ for all
n > ng, where {xy} is a sequence in X and x, — x.

Now, we introduce the following new definition of distance version in tvs-cone b-metric
spaces. The idea of this definition comes from the definition of w-cone distance was introduced
by Ciri¢ et al. [31] and the definition of generalized c-distance in cone b-metric spaces was defined by
Bao et al. [25] and Soleimani Rad et al. [34].

Definition 7. Consider a tvs-cone b-metric space (X,d) with s > 1. Let q : X x X — P be a function
satisfying the following properties:

(q1) q(x,z) ZslaCxy) +q(y,2)] forall x,y,2 € X;
(q2) 4q(x,-) : X — P is lower b-semicontinuous for all x € X;

(q3) forall 8 < c, there exists 0 < e such that q(z,x) < eand q(z,y) < e implying d(x,y) < c.
Then q is said to be a w-b-cone distance on X.

Remark 2. Applying the definition of c-sequence, the condition (q) of above definition can be considered
equivalently as follow:

(q5) Ifyny € X yn = yasn — ooand g(y) = q(x,y), then g(y) — g(yn) is a c-sequence.

Remark 3. Each wt-distance in a b-metric space (in the sense of Hussain et al. [9]) is w-b-cone distance in
the tvs-cone b-metric space. Also, for s = 1, a w-b-cone distance is a w-cone distance of [31]. In this manner,
let E=Rand P = [0, 00). Then we have the same definition of w-distance of Kada et al. [6].

Remark 4. Note that the definition of generalized c-distance of Bao et al. [25] and the definition of generalized
c-distance of Soleimani Rad et al. [34] differ from Definition 7 of w-b-cone distance. Also, it is evident that every
w-b-cone distance is a c-distance, but the reverse is not true.

Now, we give some examples in the framework of tvs-cone b-metric spaces.
Lemma 1. If (X, d) be a cone b-metric space, then the cone b-metric d is a w-b-cone distance q.
Proof. Note that if § = d, then g satisfies (41). Thus we only prove (42) and (g3). Let x,y,y, € X,
Yn — Y, and ¢ € E with ¢ € int P be arbitrary. Since y, — y, there exists N € N such that d(y,,y) < g
for each n > N. Now, if G(y) = d(x,y), then

Gly) =d(x,y) =X sld(x,yn) +d(yn,y)] = sd(x,yu) + ¢ = sG(yn) +¢

for all n > ny. Hence, q(x,-) = d(x, -) is lower b-semicontinuous and (g, ) is established. For proving
(q3), for each ¢ € intP, sete = 2is Then g(z,x) < e and g(z,y) < e imply that d(x,y) < c.
This completes the proof. [

Example 1. Let (X, d) be a tvs-cone b-metric space and u € X fixed. Then q(x,y) = 1d(u,y) is a w-b-cone
distance. Indeed, we have sq(x,z) = d(u,z) < s?(d(u,y) +d(u,z)), ie., q(x,z) < sq(x,y) +sq(y,z). Thus,
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(q1) is true. Similar to Lemma 2, one can prove the validity of condition (g ). Finally, (q3) is obtained by taking
e

_C_
252"

Example 2. Let E = Cg[0,1], max-norm, P = {f € E: f(t) > 0fort € [0,1]}, T* and X are as in same
Example 3 of [23]. Also, define the cone b-metricd : X x X — (E, ) by d(x,y)(t) = |x — y|[*¢(t) with
s € {1,2}, where ¢ € P is a fixed element. Then

n(xy)(8) =dxy)(1), qxy)E) =y et) and q3(xy)(E) = (& +y°)e(t).
are three examples of w-b-cone distances in a tvs-cone b-metric space.

From above examples, for all x,y € X, we conclude that

e gq(x,y) = q(y, x) is not presently true;
e g(x,y) = 6 does not certainly equivalent to x = y.

Lemma 2. Consider a tvs-cone b-metric space (X,d) with w-b-cone distance q on X. Also, let {a,} be a
sequence in X and o, B,y € X, and {x,,} and {y, } be two c-sequences in P. Then

(I1) Ifq(an, B) = xyand q(ay,v) = yu forn € N, then B = «y. Specially, if g(«, B) = 0 and q(a,y) = 9,
then B = 1.
(I)  Ifq(an, an) =< xp for m > n > ng (for some ng € N), then {a, } is a Cauchy sequence.

Proof. Since the proof is easy and similar as in the case of w-distance in fvs-cone metric spaces in [31],
we omitit. [J

Now, we prove some fixed and periodic point results with respect to a w-b-cone distance.
Note that the scalarization method of Du and Karapinar [20] for linear contractive condition cannot be
considered for a linear w-b-cone distance contractive condition. Thus, our results are substantial and
new. In the following theorem, which extends and improves Theorem 9 of [31], Theorem 4.2 of [9] and
Theorem 2 of [6], we obtain an estimate for a w-b-cone distance g(x,, z) of an approximate value x;,.

Theorem 2. Consider a complete tvs-cone b-metric space (X, d) with w-b-cone distance q on X. Assume that
f : X — Xis a mapping such that

q(fx, f2x) 2 kq(x, fx) )

forall x € X, where 0 < k < % Suppose that one of the following assertions holds:

(i) If fy # y, there exists ¢ € int P with ¢ # 0 such that ¢ < q(x,y) + q(x, fx) for each x € X;
(ii) f is continuous.

Then z € X is a fixed point of f and

271
1(Fx0,2) < T g, fo) @

forall n € N. Moreover, if fu = u for some u € X, then q(u,u) = 6.

Proof. Let xg € X and x,, = fx,_1 = f"x¢. If x,,41 = X, for some ng € N, then x,,, is a fixed point of
f. Otherwise, we obtain from (1) that

Q(xn/ xn+1) = q(fxn—lrfzxn—l) = kQ(xn—lffxn—l)
= kq(fxn—2, fxn_2) X K2q(xn_2, fxn_2) < -+ < k"q(x0,x7). 3)
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Hence, for all m,n € N with m > n, it follows from (3) and (g ) that

q(xn, Xm) = 8[q(xXun, Xug1) + 9(Xnt1, Xm)]

= 50 (xn, Xnt1) + 5[s[9(xn11, Xns2) + G (Xnr2, xm)]]

= 5q(xu, 1) + 529 (X1, Xna2) + -+ 5" (01, )

< (Skn + San-i-l e Sm—nkm—l)q X0, xl)

<K q(x0, x1). @)
—1-—sk ’

Thus, by applying Lemma 2(5), {x, } is a Cauchy sequence in complete space X. Hence, there exists a
point z € X such that x, — zasn — oo.

Now, we will prove the estimate (2). Consider a function g : X — P by g(x) = q(x,,x) for
each n € N. Consider (42) and (1). Since x, — z as n — oo, there is M € N such that g(x,,z) =
sq(xn, Xm) + ¢ for m > M and for each ¢ € int P. Now, it follows from (4) that

2kn
q(f"x0,z) = q(xn, z) =< 15_ 5 7(x0, fxo) +c. ©)

c ‘ .
If we consider c = i for some j € N, then we obtain

s2k" c "
. kq(xo,fxo) + i q(f"xo,z) € P.

It is easy to show that

an San

lim (a0 fx0) + 5 = (Fx0,2)) = 7 a0, fx0) —4("x0.2).

j—oo

Since P is a closed set, we have

s2k"

m’ﬂxoff%) —q(f"x0,z) € P,

which implies that q(f"xg,z) < fz_—k:kq(xo, fxo). Thus, (2) is established.
At the first, suppose that (i) is satisfied. Then we show that fz = z. Let fz # z (to the contrary).
Then, from (i), we have

¢ < q(x,z) +q(x, fx) (6)

for all x € X, where 0 < c. Now, using (2), (4) and (5), there exists 19 € N such that
c c
q(xn,z) < i q(xn, xp11) < 1 @)

for all n > ny. Now, let x = x,. It follows from (6), (7), (42) and the convergence x, to z that

¢ < q(xnz) + q(xn i) < S+ S =
q(Xn, q\Xn, Xn+1 4 4_2/

which is a contradiction (because 6 # ¢ € int P). Thus, our guess about fz # z is false. Hence, fz = z.
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Now, suppose that (ii) holds. By applying continuity of f, convergence x;, to z and the uniqueness
of limit, we have fz = z. To complete the proof, let fu = u. It follows from (1) that

a(u,u) = q(fu, fu) < kq(u, fu) = kq(u,u). ®)
Since 0 < k < % and s > 1, then (8) and () imply that q(u, u) = 6. This completes the proof. [J

Remark 5. Since all of other theorems in various version of distances can be obtained of Theorem 2, we claim
our theorem is the most complete theorem with respect to a version of distance (see, Remarks 1 and 3). Also,
using Theorem 2, we can obtain many fixed point results in tvs-cone b-metric spaces and especially in tvs-cone
metric spaces by considering s = 1. Consequently, we can prove all of them in metric fixed point theory without
direct proof and also without using Du’s method [14] (by considering E = R and P = [0, 00)).

Question: Can the conditions (i) and (ii) be replaced by another condition in Theorem 2?

Corollary 1. Consider a complete tvs-cone b-metric space (X, d) with w-b-cone distance q on X. Assume that
f+ X — Xis a mapping such that

q(fx, f2x) 2 hq(x, f*x) €)

forall x € X, where 0 < h < a5 If one of the assertions (i) or (ii) in Theorem 2 holds, then z € X will be
a fixed point of f. Further, if fu = u, then q(u,u) = 6.

Proof. Let x € X is arbitrary. It follows from (9) and (g;) that
q(fx, fx) 3 hq(x, f2x) 2 hs[q(x, f2) +q(fx, f22)].
Thus, we have (1 — hs)q(fx, f2x) = hsq(x, fx), which implies that g(fx, f2x) < kq(x, fx) with 0 <

hs
k= 1—hs

< % The proof further follows by Theorem 2. [

Corollary 2. Consider a complete tvs-cone metric space (X, d) with w-cone distance q on X. Assume that
f : X — X is a mapping such that q(fx, f>x) = hq(x, f?x) for all x € X, where 0 < h < % If one

of the assertions (i) or (ii) in Theorem 2 holds, then z € X will be a fixed point of f. Further, if fu = u,
then q(u,u) = 6.

Proof. In order to proof, set s = 1in Corollary 1. [

Clearly, if z is a fixed point of f, then z is a fixed point of f" as well for all n € N, but the reverse is
not true. If a mapping f : X — X satisfies Fix(f) = Fix(f") for each n € N, where Fix(f) is the set
of fixed points of f, then f has property (P) [35-37]. The following theorem extends and improves
Theorem 12 of Ciri¢ et al. [31], Theorem 4 of Pordevi¢ [23] and Theorem 2 of Abbas and Rhoades [35].

Theorem 3. Consider a complete tvs-cone b-metric space (X, d) with w-b-cone distance q on X. Assume that
the mapping f : X — X is subject to

q(fx, f>x) = kq(x, fx) (10)

forall x € X with0 < k < %, then f has property (P).
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Proof. Obviously, if f has a fixed point z, then z is a fixed point of f" for each integer number 7.
Let z € Fix(f"); thatis, "z = z. Then, from (10), we have

q(z, fz) = q(f"z, ff"z) = q(ff" 'z, f2f"'2)
<kq(f" 'z, ff"1z) = kq(ff" 2z, f2F"22)
< IPq(f" Pz, ff"?2) 2 - 2 K(2, f2),

which implies that q(z, fz) = 6 (by () and 0 < k < %). Hence, for each m € {1,2,--- ,n}, we get
q(f"z, fmHlz) < k"q(z, fz) = 0. Thus, q(f™z, f™"*1z) = 6. Using (q1), we have

9(z, f*z) < s(q(z, fz) +q(fz f*2)] = 6,
which implies that q(z, fz) = 6. By following this process, we get q(z, f"z) = 6. Since "z = z,
we have q(z,z) = 6. Now, by applying Lemma 1.(I1), we conclude that fz = z; that is, z is also a fixed

point of f. Hence, z € Fix(f) and so Fix(f") C Fix(f). This ends to the proof. [

Corollary 3. Consider a complete tvs-cone metric space (X, d) with w-cone distance q on X. Assume that the
mapping f : X — X is subject to

q(fx, f2x) = kq(x, fx)
forall x € X with 0 < k < 1, then f has property (P).

In the following theorem, we prove the existence of fixed point with respect to a w-b-cone distance
for a contraction, which is included Banach contraction version, Kannan contraction version and Cho
contraction version as you will see in the sequel.

Theorem 4. Consider a complete tvs-cone b-metric space (X, d) with w-b-cone distance q on X. Assume that
f+ X = Xis a mapping such that

q(fx, fy) 2 mq(x,y) + axq(x, fx) + a3q(y, fy) + aaq(x, fy) (11)
forall x,y € X, where a; > 0 fori=1,2,3,4 and
s(ay +ap) + a3+ (5% +s)ag < 1. (12)
If either (i) f is continuous, or (ii) there exists ¢ € intP with ¢ # 6 such that
c < q(x,y) +q(x, fx) +q(fx,y)
for each x,y € X with y # fy, then f has a fixed point. Further, if fu = u, then q(u,u) = 6.

Proof. For arbitrary x € X, consider the sequence {x,} with x, = f"xo, where n € N. If x, = x,, 1
for some n, then x,, will be a fixed point of f. Hence, let x;, # x,41 for all n € N. Consider x = x,,_1
and y = x, in (11). By a simple calculation, we have

qCen, Xng1) = G(Fxn1, fon) 2 (a1 + a2 +504)q(Xn -1, Xn) + (a3 +504) (X0, Xn11),
which implies that

q(xn,xn+1) < a1 + ap + Ssey

= mq(xnflz Xn)
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for all n € N. Now, by repeating the procedure, we obtain g(xy, x,11) < A"g(xo,x1) foralln € N,

where 0 < A = Mt an+say
1— (a3 +saq)
conclude that f has a fixed point z € X. Now, let fu = u. Then, from (11), we have

1
< 3 by (12). By using a similar procedure in Theorem 2, we can

q(u,u) = q(fu, fu) 2 (a1 +az + a3 + ag)q(u,u)
which means that g(u, u) = 6 by (12) and (). This completes the proof. []

Remark 6. Note that we also can obtain the proof of the Theorem 4 by considering y = fx in (11) and applying
Theorem 2. Moreover, assume that from conditions (i) and (ii) in Theorem 4 only (i) is satisfied. By choosing
proper w;, respectively, we can obtain Banach-type, Kannan-type, Cho-type [21,31,34] fixed point results with
respect to a w-b-cone distance in tvs-cone b-metric spaces as follows:

A f) < M), Ae D)
q(fx, fy) 2 Ma(x, fx) +4q(y, fy)), A€o, s%)}
q(fx, fy) 2 aq(x,y) +aoq(x, fx) +asq(y, fy), sl +az) +as <1

In Theorem 4 and Remark 6, let s = 1. We have the same results under a w-cone distance.

In the sequel, we discuss on the equivalence some w-b-cone distance and wt-distance introduced
by Hussain et al. [9]. Let V be an absolutely convex and absorbing subset of E. Remember the
Minkowski functional gy (x) = inf{A > 0: x € AV} for x € E is a semi-norm on E [28]. Also, W C V
implies that gy (x) < gw(x) for x € E.

Now, if (E, P) is an ordered fvs with solid cone P and e € int P, then [—¢,e] = (P —e) N (e — P)
will be an absolutely convex neighborhood of 6 [29], and g, denotes its Minkowski functional g(_, .
Also, int [—e, e] = (int P — e) N (e — int P). Moreover, g, is a non-decreasing function on P.

Theorem 5. Let P be a solid cone, e € int P and q. be the corresponding Minkowski functional of [—e,e].
Consider a tvs-cone b-metric space (X, d) with a w-b-cone distance q on X, and a b-metric space (X, d,) with
dg = qe od. Then p = g o q is a wt-distance on X.

Proof. We must prove the conditions of Definition 3 are hold. Since g, is a semi-norm and g is a
w-b-cone distance, we have

7e(q(x,2)) < sqe(q(x,y)) +9e(9(y, 2))]

for all x,y,z € X, which implies that p(x,z) < s[p(x,y) + p(y,z)]. Thus, the condition (w7) of
the Definition 3 holds. Now, let x € X and denote f(y) = p(x,y). We show that ¢ is lower
b-semicontinuous. Let y,y, € X such that y, convergent to y in d;. It is equivalent to y, — y
in d. Since q is lower b-semicontinuous, for given € > 0, q(x,y) = sq(x,yn) + €e for n large enough.
Since g, is a semi-norm, then p(x,y) < sp(x,yn) + €; thatis, f = p(x, -) is also lower b-semicontinuous.
Thus, the condition (wy) of the Definition 3 holds. In order to proof the validity of (w3), select arbitrary
€ and €, and set ¢ = ee. Clearly, ¢ € int P and hence, by (g3), there exist < ¢’ = €’e with g(z, x) < ¢/
and q(z,y) < ¢ implying that d(x,y) < c. By Minkowski functional g., we have p(z,x) < €' and
p(z,y) < €, which implies that d;(x,y) < €. This completes the proof. [

Note that all examples about the existence of fixed points in the framework of w-cone distance and
generalized c-distance can be obtained in the version of w-b-cone distance by considering introduced
distances in Example 2 and applying Theorem 5.
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A order C is called a partial order or an order relation if it is reflexive, symmetric and transitive.
Now, we consider the main theorem of Hussain et al. [9] in the framework of w-b-cone distance in
ordered tvs cone b-metric spaces by applying the assertion of Theorem 5.

Theorem 6. Consider a complete partially ordered tvs-cone b-metric space (X, d) with parameter s > 1 and
w-b-cone distance q on X. Assume that f : X — X is a non-decreasing mapping such that

q(fx, f2x) < rq(x, fx) (13)
forall x C fx, wherer € [0,1/s). Also, suppose that the following conditions hold:

(i) forall x € X with x C fx, there exists ¢ € int P such that
¢ <q(x,y) +q(x fx) (14)

for each y withy # fy;
(ii) thereis xg € X such that xy C fx.

Then f has a fixed point in X.

Proof. Let e € intP and g. be a Minkowski functional, p = g. o g be defined by Theorem 5 and
dg = ge o d be defined by Lemma 4 of Kadelburg et al. [19]. Then, by g, and from (13), we have

p(fx, f2x) 2 rp(x, fx)

for all x € X, where r € [0,1/s). Also, by g, and (14), we obtain inf{p(x,y) + p(x, fx)} > 0 for all
x € X withx C fx and all y with y # fy. Thus, the conclusion follows from Theorem 4.2 of [9]. [

Remark 7. Similar to the above theorem, one can obtain all results of Hussain et al.’s paper [9] in the
framework of w-b-cone distance in ordered tvs cone b-metric spaces by applying the assertion of Theorem
5. Also, in Theorem 6, set s = 1. Then we can obtain this theorem in the framework of a w-cone distance.

3. Conclusions

In this paper, we defined the concept of a w-b-cone distance in fvs-cone b-metric spaces and
discussed on its properties. Note that a w-b-cone distance with s = 1 is a w-cone distance. Hence,
the class of w-b-cone distances in tvs-cone b-metric spaces is bigger than the class of w-cone distances
in fvs-cone metric spaces. Also, a generalized c-distance is a w-b-cone distance, but the converse is
not true. Hence, the class of w-b-cone distances in tvs-cone b-metric spaces is bigger than the class
of generalized c-distances in cone b-metric spaces. Our results are significant, since all of the results
in fixed point theory with respect to a generalized c-distance can be introduced in the version of
w-b-cone distance. Also, by Theorem 5, if a theorem proved in the version of wt-distance, then this
theorem is held in the version of w-b-cone distance. Thus, henceforth, the published results about fixed
point theorems with respect to a w-b-cone distance or a generalized c-distance (a w-cone distance or a
c-distance) in tvs-cone b-metric spaces (tvs-cone metric spaces) are not new and real unless they did
not proved in the version of a wt-distance (a w-distance) in b-metric spaces (metric spaces). As a new
subject, one can check this idea about distances in various cone b-metric spaces such as: generalized
cone metric spaces, generalized cone b-metric spaces and etc.
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