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Abstract: In this paper we define the degenerate Carlitz-type (p, g)-Euler polynomials by generalizing
the degenerate Euler numbers and polynomials, degenerate Carlitz-type g-Euler numbers and
polynomials. We also give some theorems and exact formulas, which have a connection to degenerate
Carlitz-type (p, g)-Euler numbers and polynomials.
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1. Introduction

Many researchers have studied about the degenerate Bernoulli numbers and polynomials,
degenerate Euler numbers and polynomials, degenerate Genocchi numbers and polynomials,
degenerate tangent numbers and polynomials (see [1-7]). Recently, some generalizations of the
Bernoulli numbers and polynomials, Euler numbers and polynomials, Genocchi numbers and
polynomials, tangent numbers and polynomials are provided (see [6,8-13]). In this paper we define
the degenerate Carlitz-type (p, q)-Euler polynomials and numbers and study some theories of the
degenerate Carlitz-type (p, 9)-Euler numbers and polynomials.

Throughout this paper, we use the notations below: N denotes the set of natural numbers, Z
denotes the set of integers, Z, = N U {0} denotes the set of nonnegative integers. We remind that
the classical degenerate Euler numbers &,(A) and Euler polynomials £, (x, A), which are defined by
generating functions like (1), and (2) (see [1,2])
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respectively.

Carlitz [1] introduced some theories of the degenerate Euler numbers and polynomials. We recall
that well-known Stirling numbers of the first kind S (n, k) and the second kind S, (n, k) are defined by
this (see [2,7,14])

(x)n = i Sl(n,k)xk and x" = i Sa(n, k) (x)g,
k=0 k=0
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respectively. Here (x), = x(x — 1) --- (x —n 4 1). The numbers S,(n, m) is like this

£ syinm = €=

|
n=m L

We also have
" (log(1+t))"

n! m!

) Si(n,m)
n=m
The generalized falling factorial (x|A), with increment A is defined by
n—1
(x|A)n = [T (x = Ak)
k=0
for positive integer n, with (x|A)y = 1; as we know,

n
(x|A)n =) Si(n, kA" Rk,
k=0

(x|]A)y = A" (A71x|1), for A # 0. Clearly (x|0), = x". The binomial theorem for a variable x is

ti’l
a.

(14 At)¥/A = io(xm)n

The (p, q)-number is defined as

n
P :pn71+pn72q+pn73q +"'+p2qn73+pqn72+qn71.

We begin by reminding the Carlitz-type (p, q)-Euler numbers and polynomials (see [9-11]).

Definition 1. For 0 < q < p < land h € Z, the Carlitz-type (p,q)-Euler polynomials Ey pq(x) and

(h, p, q)-Euler polynomials E,(,}fz,q(x) are defined like this

0 T )
Z E”/M(x)ﬁ = [2]4 Z (—1)mqme[’”+x]n/qf,
n=0 . m=0

3)
3 tn - m _m m_|m-+Xx
Z éh}lq(x)ﬁ = [2]17 2 (=1)™q ph elm+ ]mt,
n=0 : m=0

respectively (see [9-11]).

Now we make the degenerate Carlitz-type (p,q)-Euler number &, ,4(A) and (p,q)-Euler
polynomials & ;4(x,A). In the next section, we introduce the degenerate Carlitz-type (p,q)-Euler
numbers and polynomials. We will study some their properties after introduction.

2. Degenerate Carlitz-Type (p, q)-Euler Polynomials

In this section, we define the degenerate Carlitz-type (p, g)-Euler numbers and polynomials and
make some of their properties.
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Definition 2. For0 < q < p < 1, the degenerate Carlitz-type (p, q)-Euler numbers &, p 5(A) and polynomials
En,p,q(x, A) are related to the generating functions

n 0 [m]p,q
Fpq(t,A) = Egnpq 2l Y (=D)"g"(1+AH) A, (4)
m=0
and
[m +x]pq
- t" - m_m
Fpq(t,x,A) = an,,w(x,)\)ﬁ =02, Y (—D)"g"a+A) A, (5)
n=0 : m=0
respectively.

Let p = 1in (4) and (5), we can get the degenerate Carlitz-type g-Euler number &, 4(x,A) and
g-Euler polynomials &, 4(x, A) respectively. Obviously, if p = 1, then we have

gn,p,q(x, )\) = gn,q (x, )\), gn,p,q(/\) = gn,q(/\).
When p = 1, we have

lim Enpq(x A) =En(x,A), lirr} Enpq(A) = En(A).
q—

q—}
We see that [ | [ |
X+ Ylpg X+ Ylpg
(1 n )Lt) 1 . 1 log(1+At)
e [x+ylpg\" (log(1+ At))"
-y () R ®
n=0
e} n tTl
=) Z (n, m)A™ " [x +ylp, | -
n=0 \m=0
By (5), it follows that
[ee) tl’l
Z gn,p,q(x, )\)E
n=0 :
- [m + x]
=2 Y ()" (1 +A) A
m=0
=2 ) (=1)"g" (7)
m=0

2] ()( 1)jp(x+m>(l—j)q(x+m> p
(r—aq) n!
( n LS (n DA () (=1)igip =D )tn

Sq(n, A"}

ngk:
1=
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I
o
=
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I
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=5 (p—q) L+ gtipt | nl

3
I
o

By comparing the coefficients fq—", in the above equation, we have the following theorem.
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Theorem 1. For0 < q < p < landn € Z, we have

n LSy DA (~1)igeip i)
Enpq(x,A) =124 ), Z (p—9) 14 git1pl

=0
= 2y Y 3 Sy A1) x4,

(p—q) 1+qittpl=i

=0
=2, i 2 S1(m, DA™ (—1)"g" [m], .

We make the degenerate Carlitz-type (p, q)-Euler number &, ; 5(A). Some cases are

Eopg(A) =1,
_ 2lq B 2]4
Erpat) = (p—a)1+pg) (p—g)(1+42)
_ [2]4A 2] [2]57
CpalN) =t T o002 T ()
2y
(r—9*A+pg?)  (p—9)*(A+4%)’
PR 1 3(2A 2],
Wil = G ) (-0t 2 (- P P
o0 (2], 30254
P-00+a)  (p—9?0+pP)  (p—9°1+p*P)
3[2]4A 3[2l B 2]
-2 +¢) T (- +pg?)  (p—a)P(+4qY
We use t instead of e in (5), we have
A
N )& M-1\"1
Z::Emm o Zgnpqx}\)< 1 )n;
— Z Enpg (X, M)A i Sz(m,n))\mt—m' (8)
= i (i Enpq(x,A) "Sy(m n)) —m'
m=0 \n=0
Thus we have the following theorem.
Theorem 2. For m € Z., we have
Ep,pq(x Z Enp,g(X, M)A Sy (m, m).

n=0
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Use t instead of log(1 4 At)!/% in (3), we have

n

2 Enpq(x) (IOg(l + /\t)l/A) 1|
n=0

tm

= 2 gm,p,q(x/ /\) —
0 m!

and
= 1a\" 1
Y Enpa(%) (og(1+20)1)"

tm

- io (i)E"/p/q(mensl(m/ﬂ)> m!

Thus we have the below theorem from (9) and (10).

Theorem 3. For m € Z., we have
m
Em,p,q(x,)\) = Z En,p,q(x)/\mfnsl(m,n).
n=0

We have the degenerate Carlitz-type (p, g)-Euler polynomials &, 4(x, A). some cases are

50,p,q(x, )\) = 1,

[Z]qpx [%ff‘
G = G0 ) TR
Expalt,A) = — [2]4Ap" [z]qux 2],7A 9"
P (p—a)L+pg) (p—92(1+p4) (p—9)(1+4g%)
B 2[2]gp"q" I [2]g7*
(r—a2?(1+ps?)  (p—0)21+4%)
&3 p0(x, 1) = Z[Z]q/\sz _ 3[2]q)‘l92x I [z]qP3x
AR (p—9)+pg) (p—q)20+p2) (p—q9)30+p3)
_ 200t eRlAptgt  3[2lep™g”
(r—a)1+4¢*)  (p—9)*A+pg*) (p—9)3(1+p3?)
3[2]4Aq* 3[2]yp* g 244

P02+  p-0P0+pP) (p-0 0+

We introduce a (p, q)-analogue of the generalized falling factorial (x|A), with increment A. The
generalized (p, q)-falling factorial ([x],4|A), with increment A is defined by

n—1

([x]p,qM)n = H([x]p,q — Ak)

k=0

for positive integer 1, where ([x],4[A)o = 1.
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By (4) and (5), we get
- 1+ n]pq
— 2" L (-Dg 1+ A A
1=0
(14 n]p,

qz Dig'(1+ar) A

_ Mpa
Z Dig'a+At) A

Hence we have
m tm

Hlnzgmriq”/\ijZEmw Al

q
. mZ y (1)
,3;0( )

By comparing the coefficients of % on both sides of (11), we have the following theorem.

,-\

Theorem 4. For n € Z., we have

(=1)" " Ep p g (1, A) + Empg(A) .

; (lpaltm = 2,
We get that
(X +Ylpg
(1+At) A
pY[x]p,q T [Ylpq
=(1+At) A (1+At) A
q* [V]p/q

I
M%

( []qu) 10g(1+At) A

m oo x i o ;
(P [x]p,q| A)m fn' y (q L?M) 1 g(lljr)\t)

0 I=0

(<l al t’”i(q )zs (DAL

3
Il

(e}
—
—
N
N~—

I
Mg

3
i

n k n
(2 Z ( > ¥ gl A k/\quxl[y];,qsl(k,l)> %

MS ﬁme

n=0
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By (5) and (12), we get
Y Enpac(x, /\)%
n=0 :
- [m+x]p4
=[2; Y}, ()" 1+ A
m=0
00 oo n k n
=2 X 07 X (23 () ¢ lpalthnsdt g i) ) o
m=0 =0 \k—0i=o \K n.

n

S 0 k n
-y (mq >y (k)<—1>mqm<pm[x1p,qm>nkA"—’qxlsuk,l));,

By comparing the coefficients of 1n the above equation, we have the theorem below.

Theorem 5. For 0 < q < p < landn € Z, we have

o n k
Eapal W) = 2 1 1 ;( ) (=) (P ] A A1 K, ).

3. Symmetric Properties about Degenerate Carlitz-Type (p, 7)-Euler Numbers and Polynomials

In this section, we are going to get the main results of degenerate Carlitz-type (p, q)-Euler numbers
and polynomials. We also make some symmetric identities for degenerate Carlitz-type (p, g)-Euler
numbers and polynomials. Let w; and w; be odd positive integers. Remind that [xy]pq = [x] v [V]p.g
forany x,y € C.

A

By using wyx + wl instead of x in Definition 2, use p by p*2, use g by 4“2 and use A by ——— 2]
P4

7

respectively, we can get

ZU271 . n
i i wii A t
Z < g1 wZ pq l_;) (_1) q ! gn,pr,qwz <ZU1X—|— w*/ )) E

=0 2 [wa]pg
wl e wi A\ ([walpgt)”
= 2 w- —1 LaWit 5 Wy W w x+ 71 ) pPq
[ ]q 1 lgo ( )q 7;) n,p2,qv2 ( 1 wy [wz]p’q n
— 2 w271 71 i wli 2 - 71 n_wyn
2l Yo (1) 2l Y (=1)"q
i=0 n=0
[wlx =+ %121 + n}pwz,qwz
A A
(14 bt
wy—1 ) ) oo
= [2lge Y (=1)'q"V[2]ge2 ) (—1)"g""
i=0 n=0

[wlwzx + wli + leﬂp,q
X (14 At) A
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Since for any non-negative integer n and odd positive integer w;, there is the unique non-negative
integer r such that n = wyr + j with 0 < j < w; — 1. So this can be written as

wy—1 ) =S
2l 2l Y (1) 30 (=1)"q"2"
i=0 n=0
[wwpx + wyi + nws]p 4
X (14 At) A
wy—1 ) ) ) ‘ ‘
= [Z]qwl [Z]sz Z (_1)1qw11 Z (_1)w1r+]qw2(wlr+])
i=0 wqr+j=0
[w1wox 4 w1 4 (w1 + j)wa]pg
X (14 At) A
wy—1 wi—1 oo
= [Z]qwl [2]qw2 Z l w1z Z Z w17’ qwzwquwz]
i=0 j=0 r=
[w1wox + Wyl + wiwar + Wwajflp,g
X (14 At) A

wy— lwl 1

L"l - Z Z 2 1)jqw1iqw2w1rqw2j

i=0 j=0 r=
[w1w2x + w11 + wiwor + Wajlpg
x (1+At) A

We have the below formula using the above formula

wy " [ws] pA

ZU271 . n
. wyi A t
Z < 72 [w,] pq Z;) (—1)lqwllgn,pw2,qwz (w1x+ ,)) )
=l
wZ—lbU]*l o

= 2o [2] g2 Z(l) Z(l) Z;)(—1)i(—1)’(—1)jqz”1iqw2wl’qw2j (13)
i=0 j=0 r=

[w1w2x + Wi + wiwar + wajlp g
x (1+At) A

From a similar approach, we can have that

) w1 — 1 . n
Wyl A t
2 <[ 102 wl p q 2 l w2 gn pwl qwl (ZUzX + ) > m

- w1 [wl]p,q

wlfl wz—l o

= 2o [2] g2 Z(l) Zé Z())(—1)i(—1)’(—1)ft7“’2iqwlw1’qz"1f (14)
i=0 j=0 r=

[wywax + wai + wywar + wlf]p/q
X (1+ At) A

Thus, we have the following theorem from (13) and (14).
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Theorem 6. Let wy and wy be odd positive integers. Then one has

ZU2—1

2| w n —1 ! wllg Wy W o T Teoal
Jgor [wa2lp 4 1;3 (=1)'qEy ez g2 <w1x+ wy [%hw)

wl—l

; ; ij A
= 2 w: wl n —1 J wZ]S Wy LW (’LU2X + —_—, ) .
[ ]q 2[ ]p,q ];) ( ) q n,p=l,go1 wy [wl]p,q

Letting A — 0 in Theorem 6, we can immediately obtain the symmetric identities for Carlitz-type
(p, q)-Euler polynomials (see [10])

Wy — 1 w l
g4 ZUZ g Z wyt En 02,472 <W1x + u}l2>
wlfl ) ) 2]
e [Z]qw2 [wl]z,q ZO (71)]qw2]En,pwl,qwl <w2x + w1 )
j=

It follows that we show some special cases of Theorem 6. Let w, = 1 in Theorem 6, we have the
multiplication theorem for the degenerate Carlitz-type (p, g)-Euler polynomials.

Corollary 1. Let wq be odd positive integer. Then

[ 7’1 wy—1

pq X+j A
Frali ) = pml Lt Ve (G ) 1

Let p = 1in (15). This leads to the multiplication theorem about the degenerate Carlitz-type
g-Euler polynomials

2 nw11 .
Eng(X,A) = %2{q 7 2: V@&, gon <“;:1],[uﬁ}q) . (16)

Giving ¢ — 1 in (16) induce to the multiplication theorem about the degenerate Euler polynomials

wp—1 .
En(x,A) = wlf Z 1Y&, (x—i—z,/\>' (17)

w1 wq

If A approaches to 0 in (17), this leads to the multiplication theorem about the Euler

polynomials(see [15])
w1 - x+i
— n — ]
mzm%(na(w)

Let x = 0 in Theorem 6, then we have the following corollary.

Corollary 2. Let wq and wy be odd positive integers. Then it has

Wy — 1 .
w1 A
w w l w 15 Wo W <, >
1 [w2} Z mpe2a%2 \ g, [w2] g
wlfl .
. . woj A
= 2y ] <4wwsmm(, ).
! " Jg) T N [wi ]

By Theorem 3 and Corollary 2, we have the below theorem.
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Theorem 7. Let wy and wy be odd positive integers. Then

n l wz—l . . w]
2 I’l l AT WQ}pq[Z]qwl Z (—1)1qw]lEl,pwz,qw2 <'w21)

= i=0
n | , wy—1 ) ) Wy

- %Sl(ﬂ,l))\ni [w1]p,q 2l Z(:) (=1Vq“7 Ey pn g <wl]> '
- =

We get another result by applying the addition theorem about the Carlitz-type (p, q)-Euler
polynomials E;, ; 4(x).

Theorem 8. Let wq and wy be odd positive integers. Then we have

n
IZOI;)( >Sl AT lpwlwﬂk[z]qwl [wl]pq[ }l kE( )kp"’Z 42 (w1%) Sy por gor (w032)
n 1
= ZZ Z ( >51 n, l A IPW]szk[Z]qwz [w2]]1§,q[w1]l kE( )klﬂwl qwl (wzx)Slkpwz g2 (wl)

where Sy p,q(w1) = 2?20_1 (—1)iq(l_k+1>i[i]’;’q is called as the (p, q)-sums of powers.
Proof. From (3), Theorems 3 and 6, we have

wy—1

2| wy |w n -1 ! wllg Wy LW <’(,U X + ,>
[ ]q 1[ Z]p,q l;) ( ) q n,p@2,q4v2 1 W, [w2]p,q
w21 wyi A\
zzwwn Zwll E W w<wx+ 1><) S Tl,l
[ ]ql[ Z]p,q ;}( 2 1Lp"2,q%2 1 w0, [w2]pq 1( )
n wy— 1
_ [2]17“’ Z (n l)/\n l w2 pq Z ( 1 i w11 Z qwl (1—- k)lpwlwzxk
1=0 i=0 k=0
k
X E( ) Wy W (T/U1x) (Wl]p,q) [i]kw] Wy
I=k,p*2,42 [w2]p,q peia
n
_ 41 Z n l A 1 Z ( ) wlwzxk ZU ]];J,q[wz]i;q pwlwleEl( )k gung (wlx)
! Ik k
« Z 1qwlzq( Ywqi [l] Cor o
Therefore, we induce that
n K=, i wii wyi A
2| wy |w -1 e wy w wx+,>
by 02l z;) (L g ( T Wy [walpg
L ) _ 18
_ lio]g (k) 51(71, Z)An lpw]wzxk [z}qwl [wl]];;,q [w2]é} qkpwlwle ( )

k
< B oo (013)S1 1 (02),
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and

ZUl—l . . w . /\
2] s [w1 ]! —1)igPE, oy o (wzx+2], )
2=ty ];:) I o w1 [wi]p,g
LA ! n—I_ wywyxk k 1—k (19)
=Y ) k S1(n, A" p 2 (2] gus [wa] ) 4 [wn ]
1=0k=0

k
X El(_)k,pwl ,qwl (wa)Sl’k,pwz,qu (wl)

By (18) and (19), we make the desired symmetric identity. O
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