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Abstract: Recently, there has been an increased interest in exploring periodic structures having higher
symmetry properties, primarily based on metallic realization. The design of dielectric glide-symmetric
structures has many challenges, and this paper presents a systematic analysis approach based on
Floquet mode decomposition and mode matching technique. The presented procedure connects the
analysis of standard periodic structures and glide-symmetric realizations, thus giving insight into the
wave propagation and interaction characteristics. The obtained results were verified in comparison
with results from known references and using a commercial solver, proving that the proposed analysis
technique is inherently accurate, and the degree of accuracy depends only on the number of modes
used. The proposed analysis approach represents the first step in the design process of dielectric
periodic structures with glide symmetry.
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1. Introduction

Interest in different artificial electromagnetic structures has led to investigation of various
structures, applications and ideas in general. A very promising direction in these developments is
structures with higher symmetries. For a periodic structure we can say that it possesses a higher
symmetry when the unit cell coincides with itself after more than one geometrical operation of
a different kind—translation, rotation, mirroring, etc. [1-3]. The glide operator, for example, is a
geometrical transformation composed by a translation and a mirroring with respect to the so-called
glide plane. The idea to combine different types of symmetry in a periodic structure will have a strong
influence on the propagation properties. One of the most interesting is the possibility to tune the
dispersion of lower propagating modes depending on the application, i.e., dispersion can be reduced
or increased. In addition, as a direct consequence of this, the electromagnetic bandgap can be extended
or reduced, or even completely removed.

Periodic structures with higher symmetry were first studied in the 1960s and 1970s in relation to
one-dimensional periodic waveguides [1-3]. Recent work on structures with higher symmetries (in
both one and two dimensions) has demonstrated various effects and devices, such as ultra-wideband
Luneburg lenses [4,5], leaky-wave antennas with low frequency dependency [6], cost-efficient gap
waveguide technology [7,8], contactless flanges with low leakage [9], low-dispersive propagation in
periodic structure-based transmission lines [10,11], and fully metallic reconfigurable filters and phase
shifters [12]. These results were obtained using metallic structures, however, in many applications
only dielectric types of materials are allowed. Therefore, our interest lies in the investigation of the
fully dielectric structures with higher symmetry.
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Dielectric waveguides containing periodic variation along the propagation direction have been
used in many applications ranging from microwave to optical frequencies. They are designed to
either support a bounded propagating wave (in microwave or optical filters and distributed feedback
reflectors for high-quality lasers) or an unbounded leaky wave (in leaky-wave antennas and optical
couplers) [13]. Recently, some new applications were investigated, like plasmonic optical modulators
for nanophotonic architectures in which the modulator transmittance is changed with bias voltage [14].

The reported analysis methods were often based on the assumption that periodic variation acts
only as a small perturbation of a planar multilayer waveguide [15-17], which may produce erroneous
results in many cases, e.g., if the corrugated grating is thick. The proposed rigorous solution is based on
the Floquet mode decomposition and a mode matching (MM) technique [18,19] in which the corrugated
layer is modeled as a periodic array of infinite dielectric slabs [20]. All previously considered structures
contained one layer of corrugations, except in Reference [21] where two layers of corrugations with
different periodicities were investigated. The Floquet mode expansion approach can also be combined
with the boundary integral formulation in which the boundary conditions at each interface inside
the structure follow Floquet’s theorem [22]. Similarly, the finite element method can be adapted for
computation of modal decomposition and scattering matrices [23,24].

In this paper we have extended the MM analysis method to glide-symmetric dielectric periodic
structures. The presented analysis description is focused on one-dimensional glide-symmetric
structures [25]. The first part of the paper describes the analysis procedure and it is followed by initial
results obtained for a test case found in literature, while the properties of the glide-symmetric dielectric
structures are discussed in the second part of the paper.

2. Analysis of Waveguides Containing Periodic Dielectric Structures

A periodic structure possesses a higher symmetry when the unit cell coincides with itself after
more than one geometrical operation. Glide symmetry is the invariance of a periodic structure under a
translation of half its period and a mirroring with respect to a plane parallel to the periodicity directions.
Written as a formula, if the periodicity is present along the x-direction with the period Py, a glide
operator can be written as:

Dy
{ (x,y)—>(x+7,y) . (1)

zZ— —Z

Other kinds of higher symmetries are defined by combination of rotation and translation (twist or
polar glide symmetries) or by time operations (parity-time symmetries).

The analysis of guiding dielectric structures having higher symmetries is based on Floquet mode
decomposition and MM approach [26-29]. The electric and magnetic fields in each section of the
structure are represented as a sum of suitable modes with unknown complex amplitude, i.e., we used
the preknowledge about the electromagnetic (EM) field configuration and symmetry properties to
reduce the number of unknowns, to precisely describe the EM field present in the structure, and to
give a physical insight about the presence of higher symmetry properties.

The dielectric waveguide structure of interest is shown in Figure 1. It is a parallel-plate waveguide
(PPW) with top and bottom walls realized using dielectric corrugations. The period of corrugations is
denoted by Py, the height of corrugations by lcorr, the width and permittivity of periodic dielectric
inclusions by W3, Wy, and €1, €3, and the height and permittivity of parallel-plate waveguide by
hppw and eppw. Note that the plane z = 0 is located in the middle of the parallel-plate region. We will
first analyze the simple periodic structure (i.e., the one with classical translation/mirroring symmetry,
see Figure 1a) and then we will modify the analysis procedure for structures with higher symmetry
in which the corrugations are shifted with respect to each other by P,/2, i.e., the structure will be
glide-symmetric, as in Figure 1b.
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(a) | (b)

Figure 1. Sketch of the parallel-plate dielectric waveguide with periodic structure; (a) simple periodic
structure with translation and mirroring symmetry, and (b) periodic structure with glide symmetry.
Direction of wave propagation is sketched using a red arrow.

The waveguide mode of interest is propagating in the direction perpendicular to corrugations
(i-e., in the x-direction). Therefore, we can distinguish transverse electric (TE) and transverse magnetic
(TM) propagating modes (i.e., they do not mix due to presence of the periodic structure corrugations).
Here we will give the formulation for TE modes because it is straightforward to repeat the formulation
for TM modes.

The analysis is based on representation of the EM field in all regions of interest: Parallel-plate
region, layer with corrugations, and outer space. The analysis procedure can be simplified if the
modes are orthogonal. This is enforced in the parallel-plate waveguide region by representing the EM
field as a series of Floquet harmonics by virtue of periodicity. For each Floquet mode present in the
parallel-plate waveguide the y-component of the E-field can be expressed as

Nppw
Ey(x,z) = Z [A}n cos(k;z) + A2, sin(kzz)]e_]kxx ()

m=-Nppw

2mm
ke = kyo + P, ky =0, k; = 1/k%8ppw -K2 —ki. (3)

The tangential x-component of H-field can be calculated using the following expression

—j 9E,  —j N 1. 2 — jhyx
- noko 0z - oko Z kz[_Am sin(k;z) + Az, cos(kzz)]e o 4)

m=—Nppw

Here, m is the index of the Floquet mode, Nppyy is the highest-order considered Floquet mode
(in total 2Nppyw + 1 modes are taken into account), and kg and 1)y are the wave number and the wave
impedance of free space.

In order to determine the Floquet coefficients A, and the propagation constant ky of the
propagating wave inside the parallel-plate waveguide we need to match the tangential EM components
with the ones in the corrugated walls. The wave propagating in the corrugated region can be modeled
as a wave propagating along a periodic array of dielectric slabs [18,20] with the following EM field
distribution (N¢orr denotes the highest-order considered mode).

NCU}‘T
S (x,2) = Y | EQ(x)(Cfe 7 + Cret ) ®)
i=1

B} cosky(x + Py/2) + BZsinkya(x + Px/2)  —Px/2 <x < —Py/2+Wy/2
Eg (x) = B]coskyix + B} sinky1x ~Wi1/2<x<Wi/2 ©)
B} coskya(x = Px/2) + BSsinkyp(x = Py/2)  Py/2—-W3/2<x<Py/2

HCOrr_ _j ﬂ k —\/lﬁ k _ k2‘ .2 (7)
T kg dz x1 = \KGEL — Vi Kx2 = [[KpE2 — Y5
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The coefficients B} - Bi6 and the propagation constant in the z-direction y; are determined by
considering the wave propagation along the periodic array with an assumed progressive phase delay
per unit cell. In more detail, for each possible propagation constant ky o, i.e., for each considered
progressive phase delay we need to solve the secondary (local) mode-matching problem. The problem
is described with a linear system of four equations representing the continuity of the E, and H; field
components at two boundaries x = +W1/2. Since for each considered case we have six unknown
coefficients as seen in Equations (5)—(7), the Floquet theorem is used to express B? and B? using B},
B? and assuming progressive phase delay. The determinantal equation resulting from the linear
system gives the value of the propagation constant along the interfaces y; and then it is possible to
determine the field distribution of the considered ith mode. The details of the formulation are given in
Reference [18].

By matching these two expressions (e.g., for the E-field at the boundary z = hppw/2) and testing
it with (1/Px) exp(+jkyx), one equation per each Floquet harmonic is obtained (as a consequence of
orthogonality of Floquet harmonics):

NCDT’Y

A}, cos(kzhppe /2) + A2, sin(kohppe /2) = Z Eggzr r(m)(C;r e rilwal2 4 C e+jyth/2)’ ®)
i=1
Py/2
EST (m) = Pl f ECTr (x) e kot (2mm/P))x gy )
i

We can further simplify Equation (8) by considering only even or odd modes (with respect to the
symmetry plane z = 0). By doing so, only one coefficient A}, or A2, is left and we have consequently
expressed each Floquet coefficient A,, with the Fourier transformation of the E-field distribution at the
corrugation boundary. Thereby, only the coefficients C;—' (among all coefficients Ay, B;, C; and Dy, that
describe the field distribution) are the unknowns.

The goal is to derive one characteristic equation for the propagation constant ky ¢ of the propagating
wave inside the parallel-plate waveguide. Therefore, we should also match the tangential magnetic
field Hy at the boundary between parallel-plate waveguide and corrugated region.

i Nppw ‘
no_k]o )y kz[—A%q sin(k.z) + A2, Cos(kzz)]e—lkxx
N (10)
— =L 3 (CF o Tilp /2 _ o= g ity /2
ke X Eoi () yi(C;reiritme/2 — Cet e /2)

=1

Equation (10) can be simplified using the connection between the coefficients A, and C;" (given
by Equations (8) and (9)). By multiplying Equation (10) with (E’f "(x))", where * refers to the complex
conjugate, and integrating over the period we obtain the following linear system of equations whose
determinant is the characteristic equation for the propagation constant k; g

[vi|[ci] = [0, (11)

The coefficients of the linear system of equations related to the unknowns CI.+ and C; are
respectively equal (e.g., for the even symmetry case)

Nepw . —iVilypw / 2 Tcorr Tcorr *
Yipii= L ]kz[— tan(kzhppw/z)]e It 2EQ) (m)(EOI (m))
m=—Nppw ’
/2 (12)
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NPPW _ .
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Note that the field distributions of the propagating modes along the periodic array of dielectric
slabs E( "(x) (i.e., along the corrugations) are not orthogonal.

Since we have two times more unknowns than equations, we have to repeat the procedure for the
half-space above the corrugations. The EM field in the upper half-space (i.e., in the space outside the
structure) can be represented as:

Nppw , »
By(v,z)= ) Do ere R G hanheow/2) (14)
m=—=Nppw

] / 2mmn i 2 2 2
k =kyo + k, =0, K = k k k=. 15
kO 0 9 x,0 Px s Ry r Rz 0 X Y ( )

Here, we have assumed that the space outside the structure is air (or vacuum) with the relative
permittivity equal to one. The corresponding coefficients of the linear system of equations related to
the unknown C;" are equal

YNeorr +1,2i-1 = r ke 1yilheorr o/ Z)Ecm( )(Ecm(’”))*

oo 0,
'7 Py/2 . (16)
—yie Il o2 4 g (x) (g (x)) d
—Py/2

YNchrl,zj = m:Z N ka're+171 (heorr+hppw / 2) T Ecorr( )(Egolrr (m)>
% (17)
+7i e Ivilheorr+hppo/2) L 2 f Ecorr (Ecorr( )) dx

It is enough to consider only the upper half of the structure shown in Figure 1a; the lower part is
taken into account using even or odd mirroring symmetry of the considered modes.

For the structures with glide symmetry, i.e., if the upper corrugated plate is shifted by half a
period in the x-direction, the E-field distributions at the top and bottom corrugation interfaces can be
related as:

h
E(x,y,z- hpgw) ¢ ke Px/2 E(x—% vz =+ (18)

This expression should have the double sign + in front of the exponential term. However,
the double sign + does not define two different sets of modes or introduce any ambiguity because the
solutions of the two problems actually coincide: the Floquet harmonic 0 becomes the harmonic —1
when switching the sign from plus to minus (see Reference [28] for details).

We will use the following translation property of the Fourier transformation:

x = Py/2) e heoPx/2pikex gy — — ) eIl gyt — (keI = G(ky)-(-1)™. (19)
o( P(x ¢ @

Term (—1)" actually means that depending on the index of Floquet mode we have even or odd
symmetry across the z = 0 plane (see Equation (2)). For even Floquet modes (m = 0, £2, +4, ...) the
E-field in the parallel-plate region is described with A}, cos(k,z) terms, while for odd Floquet modes
(m = +1, £3, ...) the E-field is described with A2 sin(k,z) terms. In other words, the presence of glide
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symmetry causes the odd and even symmetries to be mixed inside the PPW resulting in extraordinary
properties of the glide-symmetric guiding structure.

3. Results

In order to test the developed code, we compared the results of a calculated field distribution
inside the corrugated layer with the results from [18]. We plotted the normalized value of the H, field
component of the TM wave for different values of assumed progressive phase delay per unit cell.
The parameters of the corrugated structure are the following: &, = 2.56, €, = 1.0, Py = 0.6 Ay, Wy
=0.26 Ag and W,y = 0.34 Ay. Excellent matching of the obtained results can be noticed in Figure 2.
We also tested the accuracy of the calculated propagation constant of the first two modes travelling
along the periodic array of dielectric slabs (Figure 3). Again we got excellent agreement with results
given in [18]. It is interesting to notice that for values ky ¢ less than 0.5-7/Py the first high-order mode
is evanescent, i.e., the values of y, are imaginary (ky ¢ is the transverse propagation constant in the
corrugated region). For values ky o larger than 0.5-7/P, the wave propagates along the dielectric slabs
and consequently ) is a real number. The dominant mode is of a propagating type for all values of k o.
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Figure 2. Normalized value of the H field component of TM wave for different values of assumed
progressive phase delay per unit cell; solid line—results calculated using the developed program,
diamonds—calculated results from [18]; (a) first mode, (b) second mode.
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Figure 3. Normalized value of the propagation constant of the first two modes travelling along
the periodic array of dielectric slabs; solid line—results calculated using the developed program,
diamonds—calculated results from Reference [18]. y, = 0 is the cut-off condition of the 2nd mode,
thus for the values k, o smaller than the cut-off value (0.5-7/Py) y; is imaginary (the mode is evanescent).
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In order to investigate the properties of glide-symmetric dielectric structures we considered
the following periodic structure: eppw = 2.56, hppy = 10 mm, P, = 35 mm, W,q = 15 mm, Wy, =
20 mm, & = 10.0, & = 1.0, and heorr = 10 mm. First, we analyzed the simple periodic structure
(Figure 1a). In Figure 4 the dispersion diagram of the first three propagating modes are given. Note that
only the values of the propagation constant larger than the free-space propagation constant kj are
given, otherwise the excited mode is a fast wave and the structure is radiating part of the EM energy
(i.e., we have a leaky-wave antenna). The obtained results were compared with the ones obtained
using a general electromagnetic solver, CST Microwave Studio in our case, and the agreement is very
good. Specifically, the Eigenmode Solver in the CST Microwave Studio package was used to find the
dispersion characteristics of the considered structures, thus it was necessary to analyze only a unit cell.
In x- and y- directions the periodic boundary conditions were applied, while at the top and bottom of
the periodic cell the PMC boundary conditions were used to simulate infinitely long symmetric and
glide-symmetric structures. Note that the unit cell was quite long in the z-direction since it was needed
to ensure that the amplitude of the evanescent fields was negligible at the top and bottom boundaries.

—Floquet-mode analysis
¢ CST Microwave Studio

S

w

frequency (GHz)
N

Figure 4. Propagation constant of the first three modes travelling along the dielectric waveguide with
corrugations from Figure 1a; solid line—results calculated using the developed program (blue line: 1st
even mode, red line: 1st odd mode, green line: 2nd even mode), diamonds—results calculated using
CST Microwave Studio (dashed black line represents the light-line). The E-field distribution in the unit
cell of the first three modes for ky o = /Py is also shown (the structure is infinite in the y-direction).

In Figure 4 the field distributions of the first three propagating modes are also given. Note that
the dominant mode is even (relative to the symmetry line z = 0), the first higher order-mode is odd,
and the second higher-order mode is even again. Note also that the evanescent field is present also in
the air close to the structure. This is probably the most important difference compared to the metallic
waveguides. The higher the mode (or for frequencies closer to the cut-off frequency), the larger the
percentage of the power actually propagating out of the parallel-plate waveguide and consequently
in the half-spaces around the guiding structure. In Figure 4, the third mode has more than half of
the power propagating outside the waveguiding structure. Theoretically, for frequencies just above
cut-off almost all power is actually propagating outside the parallel-plate layer [30]. This is one of the
limits in the design of dielectric glide-symmetric structures since the designed metallic components
mostly have a very thin parallel-plate region (in order to obtain the desired electromagnetic properties).
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In the dielectric case probably there is no point to make equivalent structures with a thin gap between
corrugations since almost all power will propagate outside the guiding structure.

The dispersion diagram of the glide-symmetric dielectric waveguide (having the same dimensions
as considered simple periodic structure) is given in Figure 5. The shape of the obtained dispersion
diagram is similar to the ones obtained with metallic glide-symmetric waveguides. The obtained
bandgap is between 2.52 and 3.65 GHz. The field distribution of the first two modes is also shown for
ky o = /Py. Like in the case of the simple periodic structure (Figure 4) a much larger percentage of EM
power is propagating outside the dielectric structure for the second mode. The selected time moment
gives the best illustration of the E-field distribution for the depicted modes. Other time moments could
be selected, as illustrated in Figure 6 where the E-field distribution of the dominant mode is given for
relative phase shifts 45°, 90°, 135° and 180°, respectively.

5 : : : ;
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s
~N -7
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s

O3l X i a—
3 BECH
S —
g2 N e
o -
2 e
Y- -

10 g

” -~
0 1 1 I L
0 0.2 0.4 0.6 0.8 1
k P /r
x,0 X

(b)

Figure 5. Propagation constant of the first two modes travelling along the glide-symmetric dielectric
waveguide with corrugations (Figure 1b); solid line—results calculated using the developed program,
diamonds—results calculated using CST Microwave Studio (dashed black line represents the light-line);
(a) glide-symmetric structure only, (b) comparison of glide-symmetric and simple-symmetric structures
(blue dashed line). The E-field distribution in the unit cell of the first two modes for ky g = /Py is also
shown (the structure is infinite in the y-direction).
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t=T/4

Figure 6. The E-field distribution in the unit cell of the first mode for ky g = 7/P, at different time
moments where T denotes the period of oscillations (T = 1/f).

In order to be able to tune the dispersion diagram according to the designer’s needs one should
understand the background of such a shape. The key point is Equation (19), i.e., the fact that glide
symmetry actually means mixing of odd and even modes. This is visible in Figure 5b where we have
displayed on the same diagram dispersion curves of simple and glide-symmetric dielectric waveguides.
It can be seen that the lower part of the dispersion curve is nearly indistinguishable from the even
mode profile of the non-glide structure (up to the vicinity of the propagation constant ky g = 7/Py),
while the upper part is mostly affected by the odd mode.

This property actually enabled us to tune the dispersion diagram (see Figure 7). For example,
if we reduced the thickness of the parallel-plate region from 10 mm to 2 mm, then the odd mode
had a higher cut-off frequency and therefore the dispersion diagram of a glide-symmetric case was
less dispersive and the bandgap started at higher frequencies. This was even more prominent if we
reduced the thickness of the corrugated region from 10 mm to 2 mm (Figure 7b) because the overall
thickness of the dielectric structure was then much smaller.

5 w ; w ‘ 5 T ‘
—Floquet-mode analysis —Floquet-mode analysis
41L° CST Microwave Studio P all® CST Microwave Studio P
N ~
T T
St S3
> >
&) [5)
c c
S2 $2;
o o
o 2
Tl 1
0 . - - : 0 L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
k 0 Px/ﬁ k ,0~le'7r
(a) (b)

Figure 7. Propagation constant of the first mode travelling along the glide-symmetric dielectric
waveguide with corrugations (case of thinner parallel-plate dielectric slab); solid line—results calculated
using the developed program, diamonds—results calculated using CST Microwave Studio (dashed
black line represents the light-line); (a) case of thinner parallel-plate dielectric slab (fipy = 2 mm),
(b) case of thinner corrugated region (fico;y = 2 mm).

We tested various combinations of refractive indexes for PPW and corrugated regions. One natural
choice is to have only one material, i.e., that corrugations are made from the same material as the
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PPW (e41 = eppw = 2.56 and ¢ = 1.0; other parameters are the same as for the structure in Figure 5).
In other words, such structures are made from a homogeneous media but the boundaries have a
periodic variation. Results of the same type were obtained (see Figure 8), however the glide-symmetric
properties were not so pronounced. It can be concluded that contrast between the permittivity of PPW
and corrugated regions can also be used for tuning the dispersion properties.

5
—Floquet-mode analysis

4| © CST Microwave Studio -
N
L
Q3|
>
[#)
c
S2
o
g
y—

1+t

0 1 1 1

0 0.2 0.4 0.6 0.8 1

kx,o'Px/W

Figure 8. Propagation constant of the first mode travelling along the glide-symmetric dielectric
waveguide with corrugations made from homogeneous material; solid line—results calculated using
the developed program, diamonds—results calculated using CST Microwave Studio (dashed black line
represents the light-line).

Needless to say, it is possible to analyze guiding structures in which the lower corrugated layer is
arbitrarily shifted compared to the upper layer (i.e., when the shift is between 0 and P,/2). The obtained
dispersion diagrams are located between ones for the symmetric and glide-symmetric cases, which was
demonstrated in Reference [11] for metallic structures. Therefore, we have focused our investigation
on the two most interesting cases, symmetric and glide-symmetric.

Finally, numerical properties of the proposed analysis method should be mentioned. The number
of modes in the PPW and corrugated regions were Nppw =5 (in total 11 modes) and Ny = 2. We tested
the numerical convergence of the solution, and enlarging the number of modes only slightly improved
the accuracy of the solution. The needed computer time was less than a second per point in the
dispersion diagram, while the CST typically needed around 1 hour for calculating the whole dispersion
diagram (depending on the accuracy of the meshing). All the calculations were made on a standard PC.

4. Conclusions

This paper discussed the Floquet mode decomposition applied together with a mode-matching
approach in the analysis and design of dielectric waveguides with glide-symmetric periodicity.
The analysis method is based on representing the EM field in each region with suitable modes and
connecting the field distributions in different regions using symmetry properties, resulting in an
efficient program for determining propagation properties and obtaining a physical picture of modes
in such waveguides. The developed approach provides a basis for better understanding of wave
propagation characteristics and of various types of wave interactions in glide-symmetric structures.

Until now most realized waveguide prototypes possessing higher symmetry were made from metal.
Although at first glance there are a lot of similarities between metallic and dielectric glide-symmetric
structures, the main difference comes from the fact that in the dielectric case, part of the propagating
wave (and thus part of the electromagnetic power) travels outside the dielectric parallel-plate waveguide.
Therefore, the dispersion diagram (and consequently the bandgap) is dominantly conditioned by the
odd mode of the equivalent non-glide structure whose cut-off frequency mostly depends on the total
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thickness and permittivity of the waveguide structure. This also limits us in selecting the thickness of
the parallel-plate waveguide since the percentage of power propagating outside the guiding structure
is larger for thinner structures. The other limit represents the free-space wavenumber—for propagation
constants smaller than the free-space wavenumber a fast wave is excited which leads to leakage of
electromagnetic energy. Our presented discussion shows that by adjusting the structure parameters
various waveguiding properties can be obtained, and our formulation is able to aid in the design
process and provide fast and accurate results.
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