symmetry MBPY

Article
Generalized Contractive Mappings and Related
Results in b-Metric Like Spaces with an Application

Hasanen A. Hammad 1©® and Manuel De la Sen >*

1 Department of Mathematics, Faculty of Science, Sohag University, Sohag 82524, Egypt;

h_elmagd89@yahoo.com

Institute of Research and Development of Processes, University of the Basque Country,
48940 Leioa (Bizkaia), Spain

Correspondence: manuel.delasen@ehu.eus; Tel.:+3-494-601-2548

check for
Received: 12 April 2019; Accepted: 11 May 2019; Published: 14 May 2019 updates

Abstract: In this article, a general contractive mapping is presented and some fixed point results
in complete b-metric-like spaces are studied. The results obtained here extend and improve some
related results in the literature. Also, new common fixed point results for a graphic contraction
mappings are proved. Some comparative examples are given to support the obtained results.
Moreover, an analytical solution of an integral equation has been presented as an application.

Keywords: a b-metric-like space; general contractive mappings; graphic contraction mappings;
an integral equation

MSC: 47H04; 47HO05

1. Introduction

Fixed point theory plays an important role in applications of many branches of mathematics.
Within the past thirty years several generalizations of a metric space have been made.

Problems in nonlinear analysis are solved by a popular tool called the Banach contraction principle.
A lot of publications are devoted to the study and solutions of many practical and theoretical problems
by using this principle [1-6]. One of the interesting generalizations of this basic principle was given by
Bakhtin [7] (and also Czerwik [8]) by introducing the concept of b-metric spaces. Following the initial
paper of Czerwik [8], a number of researchers in nonlinear analysis investigated the topology of the
paper and proved several fixed point theorems in the context of complete b-metric spaces, (for example,
see [9-15]).

The notion of a b-metric-like presented by Alghamdi et al. [16] as a generalization of
a b-metric. They discussed some related fixed point consequences concerning with this space.
Recently, Hussain et al. [17] examined topological structure of this space and presented some fixed
point results in b-metric-like space. A lot of results on fixed points of mappings via certain contractive
conditions in mention spaces have been done (for example, see [18-24]).

Many authors generalized fixed point theory in various directions either by using generalized
contractions or by using more general spaces. Via these directions, in this article, we introduce
generalized contractive mappings (so-called ‘BZ lf;-contraction mappings) and prove some new results
on common fixed points. The obtained results generalize some classical common fixed point theorems
in the literature. Finally, some common fixed point results for (s, q)-graphic contraction mappings,
illustrative examples and an application to nonlinear integral equation are presented to justify the
obtained results.
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2. Preliminaries

This part is devoted to present some definitions and basic notions of metric-like and
b-metric-like spaces.

Definition 1 ([17]). Let Q) be a nonempty set. A mapping w : Q x Q) — [0, +00) is said to be a metric-like if
the following three conditions hold for all x, T, p € )
(W) w(k,7)=0=x =1,
(wy) w(k, T) = w(T,%);
(w3) w(x, p) < w(k, )+ w(T, 1.
In this case, the pair (Q), w) is called a metric-like space.

Definition 2 ([25]). A b-metric-like on a nonempty set () is a function w : Q) x Q) — [0, +o0) such that for
all x, T, y € Q), the following three conditions hold:
(1) wy(x, T) =0=Kx =1;
(w2) wy(x, T) = wy(T,%);
(w3) w(x, 1) < s[wy(x, T) + wp(T, 1))
In this case, the pair (Q), wy) is called a b-metric-like space (with a constant s = 1).

In a b—metric-like space (Q), wy), if x, T € Q) and wy(k, T) = 0, then k¥ = 7, and the converse is not
true in general.

Example 1. Let O = {0,1,2} and let

kx=1=0,
otherwise.

wp(x,T) = { i'
3/
Then (Q), wy) is a b-metric-like space with the constant s = 3.
Example 2. If Q) = R, then wy(x, T) = || + |T| defines a metric-like on Q).
Example 3. Let Q) = [0, +0), g > 1 be a constant, and wy, : QO x Q) — [0, 4+00) be defined by
wy(,7) = (k+ 1)1, VK, TEQ.

Then (Q), wy) is a b—metric-like space with coefficient s = 2971,

Example 4. Let (Q), wy,) be a metric-like space and wy(x,T) = (w(x,T))?, where g > 1 is a real number,
then (Q,wy) is a b—metric-like space with coefficient s = 2971, this follows immediately by the fact that
(a+b)7 <2771 (al 4+ b7).

By Example 4, we can get:

Example 5. Let Q) = [0, 1]. Then the mapping wy; : Q x Q — [0, +00) defined by wy (x, T) = (k + T — k1)1
is b-metric-like on Q with coefficient s = 2971, where q > 1 is a real number.

Example 6. Let Q) = R. Then the mappings w; : Q x QO — [0, +0) (i € {2,3,4}), defined by

wpp(k,7) = ([ + |7 +a)7,
w3 (K, T) (e =bl+ |t =b])7,

q
wpa(x,T) = (K2+T2>.
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are b-metric-like on O3, where q > 1,a > 0and b € R.

Definition 3 ([25]). Let {x,} be a sequence on a metric-like space (QQ, wy,) with coefficient s.

(i) Iflimy, n—oo wy(kn, k) = wy(k, x), then the sequence {x,} is said to be convergent to ;

(ii)  The sequence {x,} is said to be a Cauchy sequence in (Q), wy) If limy, n—oo w(km, k) exists and is finite;

(iii)  (x, wy) is said to be a complete b-metric-like space if for every Cauchy sequence {x,} in Q), there exists an
Kk € Q, such that limyy, pn— o0 Wy (K, K1) = Wy (%, K) = limy— 00 wp (K, K).

Remark 1. In a b-metric-like space the limit of a sequence need not be unique and a convergent sequence need
not be a Cauchy sequence.

To show this remark, we give the following example

Example 7. Let O = [0,+c0). Define a function wy : QO x QO — Q by wy(k,T) = (max{x,1}).
Then (), wy) is a b-metric-like space with a coefficient s = 2. Suppose that

0 when nisodd
{xn} =

1 when niseven

For x = 1, limy o0 wp(kp, k) = limy_, o0 (rnax{Kn,K})2 =% = wy(x, x). Therefore, it is a convergent

sequence and x, — x for all k = 1. That is, limit of the sequence is not unique. Also, limy, n— o0 w(Km, K, ) does
not exist. Thus, it is not a Cauchy sequence.

Lemma 1 ([26]). Let T : QO — Q) be a nonlinear self-mapping on a b-metric-like space (Q), wy) with coefficient s.
Consider T is continuous at y € Q). Then for all sequences {x,} in Q) such that x, — n, we get Tk, — Ty
that is

Jim oy (Tru, Try) = wp(T1y, Thp).-

The proof of the following lemma is obvious.

Lemma 2. Suppose that (), wy,) be a b-metric-like space with coefficient s = 1. Then

(i) Ifwy(x,T) =0, then wy(x,x) = wy(x, T) = 0;
(i) If {xn} is a sequence such that lim,_, wy(kn, K, 41) = O then, we can write

nli_r)rolo wy (K, k) = nlggo wp(Kpy1,€041) = 0;
(iii) if k # T, then wy(x, T) > 0.

Lemma 3 ([27]). Let {7} be a sequence on a complete b-metric-like space (Q), wy,) with parameter s > 1
such that

Jim @y (T, Tat1) = 0. )

If limyy, i — o0 Wy (Tn, T) # O, there exists an e > 0 and sequences {m(£)}> , and {n(£)}}°, of positive
integers with ny > my > € such that

£ .
Wy(Trys Ty) = & Wp(Tiys Tup—1) < & 2 < lim sup wy(Ty,—1, Tiy—1) < &5,
n—o0

< lim sup wyp (T, Ty—1) < es?.

3 .
- < lim sup wy(Ty,—1,Tm,) <&,
s n—00

n—oo

“» | m
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Definition 4 ([28]). The nonlinear self-mappings T,S : QO — Q) are weakly compatible if TSx = STk,
whenever Sk = Tk.

Proposition 1 ([29]). Let T and S be weakly compatible self-maps of a nonempty set Q). If T and S have a
unique point of coincidence 1 = S¢ = TG, then 1 is the unique common fixed point of T and S.

3. An ﬁf]’,ﬁ-Contraction Mapping

This section is prepared to introduce /Bsq l(/’;—Contraction mappings and obtained some common
fixed point results for such class of contractions in the framework of b-metric-like spaces.

Let ¥, ® denote the class of functions ¢,¢ : [0,0) — [0,0) (respectively) satisfying the
following conditions:
» i is non-decreasing, continuous function and ¢(t) = 0,if t = 0;
» ¢ is a lower semi-continuous and ¢(t) = 0,if t = 0.

Definition 5. Let (Q), wy) be a b-metric-like space with parameter s > 1. Let the constants q = 2 and B € [0,1).
The nonlinear self~mappings T,S : () — Q) are called 5;’$—contmction mappings if for all x, T € Q)

P (287wy(Tx, TT)) < B¢ (Ma, (5, 7)) — ¢ (Me, (1, 7)) ], ()

where p € ¥, ¢ € ®and

M., (x, T) = max {a)b(SK, 5T), wy(Sx, TT), wy(ST, Tk), wp(S%, Tr) + oy (T, ST) } .

4s

Now we begin with our first result.

Theorem 1. Let (Q), wy) be a complete b-metric-like space with the constant s > 1, and T,S : QO — Q) be
mappings satisfy the following conditions:

(i) TQ)cS(Q);
(ii)  the pair (S, T) is an ﬁ‘;’,ﬁ—contmction;
then, T and S have a point of coincidence in ().
(iii) Moreover, if T and S are weakly compatible, then T and S have a unique common fixed point in Q).

Proof. Let x.be an arbitrary point in Q. Since T(Q)) < S(Q), there exists x; € Q) such that Tx, = Sx;.
By continuing this process inductively, we get a sequence {x,} in Q) such that

Ty = Tky = Skp41.

If wy(Tn,, Tno+1) = 0 for some 1, € N, then we have 1,, = T, 41 i.€., Ty, is a common fixed point
of the pair (T, S) and the proof is finished.

Now, let for all n, € N, wy (7,41, T) > 0.

By (2), one can get
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N

P (287wp(Ty+1, Tn))
= P (2s7wy(Tkp41, Ty))
< By (Mwb (Kn+1/Kﬂ)) — B¢ (Mwl7(K”+l’K"))
[ S5t ol o) )
By | max

Wy (K41, Ty 11) +wp (Thn,Skn)
4 4s

¥ (25wp (T 41, Tn))

Wy (S 11, Skn), Wy(Skpy1, Tkn), wp(Skn, Tky11)
—B¢ | max

Wy (SKy 41, Ty 1) +wp(Tky,Sky)
4 4s

®)

/ + ST
= ﬁlp (max {(Ub(’l’n, Tn—l)/ wb(Tnl Tn)/ wb(Tn—ll Tn+1)/ ot Tn+1)4swh(T” L }>

, + S Th—
—B¢ (max {wh(an Tu—1), Wo(Tn, Tn)s W (Tu—1, Tut1), 0y (7 Tn+1)4swb(m ) })

N

@y (Tn, T 1) + W (Tn—1,Tn)
4s

ﬁll) <max { (Ub(Tn, Tn—l)/ZSCUb(Tn/ Tn—l),s[wb(’[n_l, Tn) + wb(Tn/Tn+1)], })

o (max{ @y (T, Tu—1), 25wy (T, Tu—1), S[Wp (Tu—1, Tn) + Wp(Tn, Tus1)], })

‘Ub(Tn/TrL+1 )+wl7(Tn—1rTn)
4s

If wy(th, T—1) < Wp(Ty, Ty+1) for some n € N, then by (3), we can get

¥ (25wp(Tyt1, ™)) < PP (25Wp(Tut1, Tn)) — P (25wp (Ty41, Tu))
< P (25wp(Tug1, Tu)) — ¢ (25wp(Ty11, Tu)) -

According to definition of ¢ and ¢, the above inequality gives wy(7,4+1,7:) = 0, which is a
contradiction, since we have supposed wy (T, +1, T») > 0. Hence, for all n e N

P (250Wp(Tut1, ™)) < ¥ (287w (T 1, Tn)) < BY (25Wh (T, Tu—1)) — BP (25Wp (T, Tu—1)) - 4)

Hence,
Wp(Tut1, Tn) < Wp(Tn, Tn—1),

that is, a sequence {w;(T,+1, Tn)} is decreasing and bounded below. Thus there exists r > 0 such that
Im wp (T, T) =7 ®)

Now, we proof r = 0 by a contradiction. Assume that r > 0. Taking limit as # — 00 in (4), using (5),
since B € [0,1) and by the properties of ¢ and ¢, we have

P (2sr) < B(W (2s7) — ¢ (2s7)) < ¥ (2s7) — P (2s7) .

1|] n w T T = 0. 6
0 h( n 4 ”) ( )

In the next step, we claim that

n}&r_r}oo wp(Tn, Tm) = 0.

Let if possible, limy, j;— o0 wp( Ty, T) # 0, then by Lemma 3, there exist € > 0 and sequences {m(¢)}
and {n(¢)} of positive integers with ny, > m, > £ such that wy(in,, km,) = €, wy(Kn,—1,%m,) < € and

< limsup,_,  wp(Tu—1, Tyy—1) < &8,
< limsup, | wp(Ty,—1, Tm,) < &, (7)
< <&

limsup, _, ., wy(Tu,, Tuy—1) s,

©nim n|itmn
I 102 o
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By the contractive condition (2), we obtain

¥ (259w (T, Tny)) = ¢ (287wp (T, Tkn,))

¥ (25%wy (T, T,)) =
< BlY (M, (Kimg, %)) — ¢ (Meo, (K, ,))],

(8)
where

Mwb (ng/ Kng) = @y (Stemy, Tmy ) +wy(Tkny,Skn,)

4s (9)
wb(T’rM—ll Tn(—l)/ wb(Tmé_l/ TW)/ wb(Tnf—lr Tm()/
“Jb(Tm[—lffm/)""wb(Tn[—erné) .
4s

{ wp(SKm,, Skn, ), Wp(Skm,, Thn,), Wp(Skn,, Thim,), }
max

Il

=

QO

P
—

Passing the upper limit as k — oo in (9) and using (6) and (7), we can get

lim sup My, (Km,, kn,) = max{es, es?, g, 0}. (10)
n—0o0

Again, passing the upper limit as k — co in (8) and applying (10), we have

P (2525) < Bly (852> —¢ (ssz)].

By properties of ¢, ¢ and the assumption ¢ > 0 leads to a contradiction. Hence the sequence {t,}
is a Cauchy sequence in the complete b-metric-like space (), w;). By completeness, there is a point
1 € Q) such that

nan;O wp(Tu, 1) = nango wp(Txp,n) = nler;O wp(Sxy41,1) = 0. (11)

Since T(Q)) < S(Q2), there exists ¢ € Q) such that S¢ = 1. Now, we shall prove that T¢ = S¢,
then by (11)

¥ (25%wy(17, TE)) = ¢ (25%wy(n, TE)) = ¢ (289wy(Txn, TE))

- wy(Sxn, S¢), wp(Skn, TE), wy(SE, Tkn),
< By | max 3 (S, T ) +<0p (TE,SE)

S

wb(SKnr SC)/ (Ub(SKn, T(;‘), wb(S§/ TK")/
_‘B¢ maXx Wy (Skn, Tin ) +wy (TE,SE)
I (12)

B wWp(Tn—1,58), wp(Tu—1,T¢), wp(S¢, ),
= Py | max wp(T—1,Tn) +wy(TE,5E)

4s

—B¢ (max{ Wy (Tu—1,58), Wp(Ty—1, TC), wp(SE, Tn), ) .

Wy (Tn—llTVl ) +wp (TQSC)
4s

By taking the limit as # — o0 in (12) and using (6) and (11), we can write

Y 251, TE)) < 9 (257w, TE) )
< By (max {wb(;y, SE), wy(n, TE), wy(SE, 1), wp(T¢, 1) I wy(S¢,1) })

B <max {wm, 5217, Ty (52, ), T8 )+ 2 })

= Blyp(2swy(y, TE)) — p(wy(y, TE))}
< P(2swy(n, TE)) — plwp (17, TE))-

By the definition of i and ¢, we have a contradiction. Hence wy (7, T¢) = 0, i.e.,

7 =TE = SE.
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Then, T and S have a coincidence point 1 € (), then by Proposition 1, # is a unique common fixed
point of the pair (S, T), whenever, T and S are weakly compatible. This completes the proof. [J

As a consequence of Theorem 1, we obtain the following results.

Corollary 1. Let (Q), wy) be a complete b-metric-like space with parameter s > 1. If the nonlinear mappings
T,S : Q — Q are weakly compatible such that T(Q)) < S(Q). Assume that p € ¥, p € ®, € [0, 3) and q > 2

such that the condition
P (M, (x, 7))
1+ ¢ (Mw,(x,7)) )’

holds for all x, T € Q), where M(x, T) is referred to in Definition 5, therefore T and S have a unigque common
fixed point in ().

P (287w (Tx, TT)) < B ( (13)

Proof. The inequality (13) implies the inequality (2). So the proof finished by Theorem 1. [

Corollary 2. Suppose that (Q), wy) is a complete b-metric-like space with coefficient s > 1. If the nonlinear
mappings T, S : QO — Q are weakly compatible such that T(Q) = S(QU). Assume that p € ¥, p € @, B € [0, )
and q > 2 such that the condition

(14)

P (M, (5, 7)) ¢ (Meo, (%, T))
P (289w, (Tx, TT)) < B ( 1+ ¢ (M, (5, 7)) ) ,

holds for all x, T € Q), where M(x, T) is mentioned in Definition 5, therefore T and S have a unique common
fixed point in Q).

Proof. The inequality (14) implies the inequality (2). Hence the conclusion follows from Theorem 1. O
Corollary 3. Consider (Q), wy) is a complete b-metric-like space with coefficient s > 1. If the nonlinear

mappings T, S : QO — Q) are weakly compatible such that T(QY) < S(Q). Assume that p € ¥, p € @, B € [0, 3)
and q = 2 such that the condition

(15)

¥ (M, (5, 7)) — ¢ (M, (k, 7))
14 ¢ (Mg, (x, 7)) ’

¥ (257wy(Tr, TT)) < B (

holds for all x, T € Q), where M(x, T) is defined as in Definition 5, therefore T and S have a unique common fixed
point in ().

Proof. Taking into account that ¢ is a lower semi-continuous function with ¢(t) = 0 < t = 0, we have

ﬁ(tp(Mwb(K,r))—4>(Mwb<x,r>)> _ B( § (M, (x, 7)) )
1+ ¢ (M, (x, 7)) TP\ 1+ ¢ (Mo, (x,7)) )

forallx,7 € Qand B € [0, %) Hence inequality (15) implies inequality (13). Hence the conclusion
follows from Theorem 1. [J

In particular, by taking 1(t) = t and S = T in Theorem 1, we have the following result.

Corollary 4. Let (Q), wy) be a complete b-metric-like space with parameter s = 1, and T : QO — Q) be a given
self-mapping that satisfies

sTwy(Tk, TT) < B (M, (x5, T) — ¢ (M, (x,T))) , (16)
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where

My, (, T) = max {a)b(K, T), wy(k, TT), wy (T, Tk), wy(x, Tx) Iswb(T’ I7) } ,
for some constants p € [0,1), q = 2 and for all k, T € Q. Then T has a unique fixed point.
Putting () = t and ¢(t) = 1t in the above theorem, we can get the following result.

Corollary 5. Let (Q, wy) be a complete b-metric-like space with parameter s > 1,and T, S : QO — Q) be given
self-mappings satisfies

s7wy,(Tk, TT) < pmax {wb(SK, ST), wy(Sk, TT), wy(ST, TT), wp(S%, Tk) + (T, 5T) } ,

4s

for some constants p € [0, %), q = 2and for all x, T € Q). Then T, S have a unique common fixed point, provided
that the pair (S, T) is weakly compatible.

By the relation a + b < max{a, b}, we obtain the following result.

Corollary 6. Let (Q), wy) be a complete b-metric-like space with parameter s > 1. If T,S : QO — Q be
self-mappings and there exists q > 2 and constants ¢; > 0,i = 1,..,5 with ¢q + ¢co + ¢c3 + c4 + c5 < 1 such that

sTwy(Tx, TT) < c1wp(Sk, ST) + cowp(Sk, TT) + c3wy, (ST, TT) + cawy(Sk, Tx) + cswy(TT,ST),  (17)

for all x,T € Q. Then T and S have a unique common fixed point, provided that the pair (S,T) is
weakly compatible.

The following examples illustrates the above results.

Example 8. Let O = [0, +0) and wy(x,T) = k2 + 2 + |k — 7|7 for all x, T € Q. It's obvious that wy
is a b-metric like on Q), with coefficient s = 2 and (Q, wy,) is a complete. Define nonlinear self-mappings
T,5:Q—Qby Tk = £ In(1+%), Sk = JIn(1+ §) forall k, T € Q, and the functions p(t) = t, ¢(t) = &
and constant q = 2. It is clear that T(Q)) < S(Q). Since t = In(1 + ¢) for each t € [0, ), for all x, T € O,
we have

252wy (Tx, TT) = 252( K+TZT—\TK TT|2>
1n(1+ 1n(1+7) 2 In(14%)  In(1+%) 2
= 8(( 64) S B T T (18)
KZ
< 8( + 62+\167 )

T
16
= 5 (FP+72+ |- T|) 5 Wp

By the same method, we have wy,(Sk, ST) < 11—6wb(1<, T), again

12

wp(Sk, TT) = E+1—62+‘1—R‘
< %+— \4 4‘—16(K 4T +|K7T|) %wh(xr).

Similarly, wy,(ST, Tk) = 16a)b(1< 7). On the other hand



Symmetry 2019, 11, 667 9 of 19

_ (22 _ K K _ K
wp(Sx, Tx) = (SK+SK)—16+162<8,
’ ) ©? 2 1
wh(TT,ST) = (T T+ S ) 162 R < @,
wyp(Sx, Tx) + wy(TT, ST) - % + %2 B K2+ T
4s h 8 o4

< i(x2+r +lx—1f) = L (x, 7).

S 64 64"
From definition M, (x, T), we can write
1
My, (x,T) = wa(x, T). (19)

Combining (18) and (19), we get

1 23 2 /1 1
q = 2 — - R N
P (287w (Tx, TT)) 2s°wy(Tk, TT) = 32wb(1< T) < 364wb( T) 3 <16wb(1<,7) 64wh(K, T))

= 5 (M6, = M) ) = B (M (5, 7)) — (Mo ()

3
Therefore, the pair (S, T) is ﬁq ¢—contmctzon with = 3 <1
Moreover, the mappings T and S are weakly compatible, since 116 In(1+5) = %ln(l + 5)onlyatx =0
and TO = SO = 0, also, TSO = TO = 0 = STO. All of the axioms of Theorem 1 are satisfied and clearly x = 0 is
a unigue common fixed point of T and S.

Example 9. Let QO = {0,1,2}. Define wy, : Q2 x Q — [0, +0) as follows: wy(0,0) = 0, wy(1,1) = 3,
wp(2,2) = 1, wp(0,1) = wy(1,0) = 8, wy(0,2) = wp(2,0) = 1 and wy(1,2) = wp(2,1) = 4.
Define ¢(t) = 115, and define the mapping T : O — Q by TO = 0, T1 = 2, and T2 = 0. It is obvious
that (Q), wy) is a complete b-metric-like space with the constant s = %. Let q = 2, we show that the condition
(16) is true. Since

$9wp(T0O, TO) = 0= B (M, (0,0) — ¢ (My, (0,0))), B =
(

Sa(TO,T1) = 2 <28 0) = (M (0,1) ¢ (Mo 01))), = o <1,
Sp(TOT2) = 0= (5 —32) = f (Muy(0,2) ~ 9 (Mo, 0,2))) , =0
Sa(TLTY) = 2< 2= 2) = (Mo, (11) ~ ¢ (Mo, (1,1))),, B =
sTwy(T1,T2) = % < 29—5(8— g) =B (Mwb(l,Z) (Mwb (1,2) )) —<1;
S0y (12,12) = 0= B(1- ) = B (M 22~ ¢ (May 2,2), =0,

So, for all x, T € Q, we have s7wy(Tx, TT) < B (M, (x,T) — ¢ (Mew, (k,T))) . Therefore all the required
hypotheses of Corollary 4 are satisfied, and thus we deduce the existence and uniqueness of the fixed point of T.
Here, 0 is the unique fixed point of T.

4. (s,q)-Graphic Contraction and Related Fixed Points

In this section we use the contractive condition (17) of Corollary 6 to discuss some common fixed
point results in the framework of b-metric-like spaces endowed with a graph.

In line with Jachymski [30], let (€}, w;) be a metric-like space and #t denote the diagonal of the
Cartesian product () x Q). Consider a directed graph G such that the set ®(G) of its vertices coincides
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with ), and the set Z(G) of its edges contains all loops, i.e., 2(G) 2 R. We assume that G has no parallel
edges, so we can identify G with the pair (®(G), Z(G)). Moreover, we may treat G as a weighted graph
(see, [30]) by assigning to each edge the distance between its vertices.

By G~! we denote the conversion of a graph G, that is, the graph obtained from G by reversing
the direction of edges. Thus, we have

[1]

(G H={x1)eQxQ:(1,x) e E(G)}.

The letter G denotes the undirected graph obtained from G by ignoring the direction of edges.
Actually, it will be more convenient for us to treat G as a directed graph for which the set of its edges is
symmetric. Under this convention

[1]

(G) = E(G) uE(G™).

If x and 7 are vertices in a graph G, then a path in G from « to T of length N(N € N) is a sequence
{x;}N = 0 of N + 1 vertices such that ko, = x, xy = T and (k,_1,%,) € Z(G) fori = 1,.., N. A graph G
is connected if there is a path between any two vertices. G is weakly connected if G is connected.

Recently, some results have appeared providing sufficient conditions for a self mapping of (2 to
be a Picard operator when ((}, d) is endowed with a graph. The first result in this direction was given
by Jachymski [30].

Definition 6. A nonlinear mapping S : (O — Q) is a Banach G—contraction or simply G—contraction if S
preserves edges of G, i.e.,
Vi, TeQ: (x,T) € E(G) = (S5(x),S(1)) € E(G)

and S decreases weights of edges of G as for all x, T € Q), there exists c € (0,1), such that
(r,7) € E(G) = d(S(x),S(1)) < cd(x, T).

Throughout this section, we consider self-mappings T, S : O — Q with T(Q) < S(Q). Let x, € Q
be an arbitrary point, then there exists x; € () such that Tx, = S«j. By repeating this step we can build
a sequence (Sxy) such that Sx;, = Tx,_; and the following property:

The property Gt sy,,)- If (Skn)uen is a sequence in () such that Sk, — « and (Sku, Sk, 11) € E( 5)
for all n > 1, then there is a subsequence (Sky, )icn Of (Skn)uen such that (Sky,, x) € E(G) for all i > 1.
Here, we use the notion Gg7 = {xc € Q : (S« Skp) € E(G), where m,n =1,2,...}.

Now, we present the results of this section.

Theorem 2. Let T,S : QO — Q) be self-mappings defined on a b-metric-like space (Q), wy) (with parameter
s = 1) endowed with a graph G, and satisfy (15) for all x, T € Q with (Sx, ST) € E(G) when either (cy + 2co +
2c3+c4+c5 < %andC3+c4 < %)Or(61+C2+C3+2C4+2C5 < %Cde]Jng, < %).

Suppose that T(Q) < S(Q)) and S(Q)) is complete subspace of Q). Then

(i) If the property Gt sy, is satisfied and Gsy # &, then T and S have a point of coincidence in ().
(i) If x and T are points of coincidence of T and S, it implies (x, T) € E(G), then the point is a unique in O,
moreover, if the pair (S, T) is weakly compatible, then T and S have a unique common fixed point in ).

Proof. Assume that Gs7 # (J, there exists k., € Ggr. Since T(Q)) < 5(Q), there exists x1 € Q) such that
Tx, = Sx1, again we can find x; € () such that Tx; = Sk;. Repeat this step, we can build a sequence
Sy, such that Sk, = Tx,_1 forn = 1,2, .., and (S«,, Sx,) € E(G)
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Suppose that Sk, = Sk, 1 for some n € N. Then Sk, = Tx,, which leads to «; is a coincidence
point. So, we consider Sk, # Sk, 11 for all n € N. By the condition (17), we can get

swy(Skn, Skp41)

sTwy(Skn, Skp1) = 7wy (Try—1, Tky)

NN

c1wy(Sky_1,Sky) + cowy(Sky_1, Tky) + cawy(Skn, Try—1)
+cqwy(SK—1, Try—1) + cswy(Txu, Sky)

N

c1wp(SKp—1, Skn) + c2wp(SKy—1, Skuy1) + c3wyp(Skn, Skn)

+cgwp(SKy—1, Skn) + c50wp(Sky 41, Skn)

N

1wy (SKy—1, Skn) + sc2[wy(SKy—1, Skn) + wWp(Skn, SKp11)] + 25c300p (SKy—1, Skn)
+cqwp(SKy—1, Skn) + c5Wp(Sky41, Skn).

Thus, we have

€1+ 5+ 2sc3+ ¢4
1—5sc) —c5

wyp(Sxp, Sxpiq) < ( ) wy(Sxy—1, Sky) = Awy(Sx,—1, Sky).

%. Since c1 + 2scp + 2sc3 + €4 + €5 < SC1 4 25¢3 4+ 25¢3 + s¢q + s¢c5 < 1, we get

A < 1. Continuing this process, we can write,

where A =

wp(SKn, SKy1) Awy(SK,—1, Skn)

<
< Azwb(SKn—Zr Sanl)

(20)

< Awy(Sxo, Sk1).
Now, if m > n for m,n € N and by (w3) of b-metric like conditions, one can write

wp(Sxp, Sxp) < swp(Skp, Skyq1) + swp(SKp41, Skm)
< 5wp(Skn, Sty y1) + 57wy (Skp 41, Sk y2) + %Wy Sk 42, Stem)

(21)

N

sy (Sky, Skyi1) + 52wy (SKp41, Skngo) + 82wy (Sky 42, SKpyz) + ..
+5" Loy (Skyp—2, Skyp—1) + 8™ "Wy, (SKy—1, Skm).

Hence, Equations (20) and (21) gives

wp(Skn, Skcm) < sA"wy(Sko, Sk1) + s2A L wy (Sko, Skq) + PA 2wy (Sko, SK1) + ...
FAMLMN Gy, (Ko, Sieq)
= sA" (1 +(SA) + (sA)2 + . + (S/\)m_”_1> wp(SKo, Sx1)
0

= sA” Z(s)\)jwb(SKo, Sx1)
j=0

1
sA™ <1_SA> wp(SKo,SK1) — 0, asn — 0.

Therefore, (Sx,) is a Cauchy sequence. The completeness of S(Q)) leads to, there is 7 € S(Q))
such that (Sx,) — 1 = S(&) for some ¢ € Q. As, x; € Gsr, this implies that (Sky, Sk,) € E(G) for
n,m =1,2,...and so, (Sky, Sk, 11) € E(G). By property G(T,5x,), there is a subsequence (S«y,)ien Of
(Skn)nen such that (Sky,, 77) € Z(G). Applying (w3) of b-metric like axioms, we can get

wp(TE, 5¢) < wy(TE, Tkn;) + wp(Tkn;, SC). (22)
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On the other hand, condition (17) gives

wy(TE, Tky,) sTwy(TC, Tkp,)

<
< cqwy(SE, Sky,) + cowy(SE, Tky, ) + c3wy(Sxp,, TE) (23)
+cywp(SE, TE) + cswy(Txn;, Skn,)-

Applying (23) in (22), we obtain that

wp(TE,S¢) < 10p(SE, Skn;) + 20y (SE, Thn,) + €30 (Skin;, TC) + €4y (S, TE) (24)
+cswp(Txn;, Skn,) + swy(Txy,, SC).
Replacing Tk, with Sk, 1 in (24), we get

wp(T¢,S¢) < c1wy(SE, Skn;) + cowp(SE, Sky, 1) + 3wy (Sku,, TE) 4 cawy(SE, TE)
"‘CSWb(SKni-i-l/ SKi’l,‘) + wa(SKn,'-‘rl/ Sg)

Hence

wy(TE, SE) )wh SE,Srn,) + (£252) (58, Sxm11) + (125 ) w(Ski, TE)
(S%p; 41, Skn;)

)wb SE, k) + (CZ*S) (S8 Swn1) + (£ ) @y (S, S2)
(SC3)wh(sg TE) + (15 ) A"y (Sw1, Sxo).

(25)

< (&
+ (%
< (&

Applying the limit of (25) as i — o and by lim;_,, wy (5«5, S¢) = 0, we can get

SC3

) (S, 70

(18,59 < (5

Since (T¢,S¢) = 0. Therefore, T¢ = S¢ = 1, and so ¢ is a coincidence
point of T and S, and 1 is a point of coincidence.

For uniqueness, suppose that the axiom (ii) of Theorem 2 is satisfied, i.e., there is #* € Q) such that
T{ = ST = 5* for some € Q and (17, 7*) € E(G). Now, the condition (17) gives

N

swy(17,17%) stwy(n,n*) = s7wy(TE, TE) < c1wp(SG, ST) + cawy(SE, TE) + 3wy (ST, TE)
+cqwy(S¢, TE) + cswy(TT, ST)
c1wp(,1*) + cawyp (17, 1*) + cawp (11, 1) + cawy(17,17) + cswy (7, 1)

(€1 + ¢ + ¢3 + 2s¢4 + 25¢5)wy (7™, 17).

(26)

N

Hence, Equation (26) becomes wy, (17, 1*) < s%wh(iy, n*), which gives that 7 = ¥, since ¢y + ¢ +
€3+ 2c4 +2¢5 < s¢1 4+ 5Cp 4+ 5¢3 + 25¢c4 + 25¢5 < 1.

If T and S are weakly compatible, then by Proposition 1, T and S have a unique common
fixed point. [J

Now, By specifying some of the constants c1, ¢y, c3,c4 and c5 of Theorem 2, we conclude the
following results.

Corollary 7. Let T,S : Q3 — Q) be self-mappings defined on a b-metric-like space (O, wy) (with parameter
s = 1) endowed with a graph G, and satisfy one of the following
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1

sTwy(Tx, Tt) < c1wp(Sk,ST), ¢1 < >
1
sTwy(Tx, TT) < cqwp(Sk, Tx) + c5wp(TT,ST), ¢4+ c5 < v

1
sTwy(Te, Tt) < cowp(Sk, TT) + c3wp (ST, Tk) + c4wp(Sk, Tk), c2 + 3+ ¢4 < -

for all x, T € Q with (Sk, ST) € &(G). If the conditions of Theorem 2 hold, then T and S have a unique common
fixed point in Q).

We can generalize Theorem 2 to integral and exponential type as follows.

Corollary 8. Let T,S : QO — Q) be self-mappings defined on a b-metric-like space (Q), wy) (with parameter
s = 1) endowed with a graph G, and satisfy

wy(Tx,TT) wy(S%,57) wy(Sx,TT)
S [ A < a [ Adere [ aed
0 0 0
wy(ST,Tk) wy (S, Tx) wy(TT,57),
+e3 J Alp)dp + ¢4 J Alp)dp + cs f Alp)dp,
0 0 0

for all x,T € Q with (Sx,ST) € 5(G) when either (c; + 2co + 2c3 4 ¢4 + 5 < % and c3 + ¢4 < %) or
(c1+cp+c3+2c4+ 25 < % and c1 +¢c3 < %), where A : [0,0) — [0, o) is a Lebesgue-integrable mapping

€
satisfying § A(p)dp > 0 for e > 0.
0

Suppose that T(Q)) < S(Q)) and S(QY) is complete subspace of Q). If the conditions of Theorem 2 hold, then
T and S have a unique common fixed point in Q).

Corollary 9. Let T,S : QO — Q) be self-mappings defined on a b-metric-like space (O, wy) (with parameter
s = 1) endowed with a graph G, and satisfy

Sqewb(TK,TT) < Clewb(SK,Sr) +Czewb(SK,Tr) +C36wb(ST,TK) +C4ewb(SK,T1’) +C5€wb(TT’ST),

for all x,T € Q with (Sx,ST) € E(G) when either (ci + 2cp + 2c3 + ¢4 + ¢5 < % and c3 + ¢4 < %) or
(c1+c2+c3+2c4 +2c5 < % and c1 + ¢3 < %), where e : [0,00) — [0, ) is a Lebesgue-integrable mapping
satisfying e > 0 for € > 0. Then T and S have a unique common fixed point in (), whenever the conditions of
Theorem 2 are satisfied.

Note that, the mappings T and S satisfying condition (17) only on a graph G. To explain that, we
give the following example.

Example 10. Let 3 = [0, +x©), g =2,5 =2and T,S : QO — Q) be nonlinear mappings such that

3, i NG K3, if Kk #2
Tx—{ 3% I x# dsc=1{"" .
. { 0, if x=v8 "KTV 1, if k-2

Let (Q,wy) be a b-metric-like space under the distance wy(x,x) = (x + T)?, G be the graph with
O(G) = Qand E(G) = {(x,x) : k € O} U {(0, 3%,) : n € N} and the constants ¢; = %, ) =1C4 = %8' 03 = %
and c5 = gjsuchthatcl +cp+c3+204+ 25 < %andcl +c3 < %

Note that (Sx, ST) € Z(G) only occurs in two cases:
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Casel. x =1,
; o 1
Case 2. For some n € N, either k = T = 0 and the other one is AT
Now, if x = T = 0, then wy(Tx, TT) = wy(0,0) = 0 which satisfies condition (17). Next, for some n € N,

assume that x = 0 and T = ;(%) , without loss of generality, we can get
1 9 1 1
wp(Sk,ST) = wy(0, \/?) = gur2r W(5K, TT) = wy(0, \/?ﬁ) = 32’
wp(ST, Tk) = wb(\/%,o) = Jﬁ' wyp(Sx, Tx) = wp(0,0) =0,
wy(TT,S51) = wb(\/:)%, \/137) = 35:2, wp(Tx, TT) = wb(O,\/%) = 3nl+2.
Now,

c1wy(Sx, ST) + cowy(Sx, TT) + c3wy(ST, Tk) + cawy (Sx, Tx) + cswy(TT, ST)

1,9 1 1 1,9 1 1, 16
= 3 P alEm) oG g O+ GG
1 1 1. 5, 1
— _ — =41
= 3n+2(3+ o +1+ 4) > 2 ol =S wp(Tx, TT).

Otherwise, let x = 0 and T = 2. Then (Sx,St) = (0,1) ¢ Z(G) and

wp(Sx,ST) = wy(0,1) =1, wu(Sk, TT) = wy(0, g) = %,
wp(ST,Tk) = wp(1,0) =1, wy(Sk, Tk) = wy(0,0) =0,

8 121 8 64
(Ub(TT,ST) = (,Ub(g,l) = 7, (Ub(TK, TT) = (Ub(o, 5) = ?

Thus,

c1wy(Sx, ST) + cowyp(Sx, TT) + c3wy (ST, Tx) + cawy(Sk, Tx) + cswy(TT, ST)

1 1 64 1 1 1,121
= 3 ag) o+ g0+ g (550
49 _,64
= @< 2 9= wy(Tx, TT).

Hence, T and S satisfy our condition (17) on the graph G but do not on the whole space ).
To justify Theorem 2, we discuss the following example.

Example 11. Consider Q) = [0, +00), g = 2 and nonlinear mappings T,S : QO — Q, such that Tx = ’51—2 and
Sk = x2. Assume that (Q, wy) is a b-metric-like space under the same distance of Example 10, G is a graph
with ®(G) = Q, E(G) = {(x,«x) : k € O} U {(0, 2%) : n € N}, and the constants of (15) are ¢c1 = c3 = % and
Cp =04 =C5 = é such that ¢c1 + ¢y + ¢c3 + 2c4 + 2¢5 < % and ¢1 +c3 < % It is obvious that T(Q)) < S(Q)
and S(Q) is complete subspace of Q). The pair (Sx, ST) € E(G) only occurs in two cases:

Casel. x =1,

» for some n € N;

Case 2. Either x = T = 0 and the other one is

1
Nk
Now, if k = T =0, then wy(Tx, TT) = wy(0,0) = 0 which satisfies condition (17). Next, for some n € N,

assume that k = Qand T = 2(%, then
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1 16 1 1
(Ub(SK, ST) = CUb(O, W) = W, (Ub(SK, TT) = (Ub(o, W) = a2’
1 16
wp(ST, Tk) = wb(27' )= YL wyp(Sx, Tk) = wp(0,0) =0,
1 1 25 1 1
(Ub(TT, ST) = (Ub(w, 27) = W, (Ub(TK, TT) = C()b(o, W) = 41’!—‘1—2'

Now,

c1wy(Sx, ST) + cowy(Sx, TT) + c3wy(ST, Tk) + cawy(Sx, Tx) + cswy(TT, ST)
1, 16 1 1 1, 16 1 1, 25

= 8(4”+2)+6Z(4”+2>+§(4”+2)+<6Z>(0>+6Z(W)
1 24 1 » 25 S 92 1 q T T
= 74n+2( o4 +2+ 64) iz =S wy(Tx, TT).

So, for all x, T € Q) with the pair (Sx, ST) € &(G), the condition (17) of Corollary 6 is verified.

At the last, let ko € Q. If ko = 0, it is easy to show that the pair (Sky, Skm) = (0,0) € E(G) for m
n=12,..Gsr # .

For ko # 0, there is K1 € O such that Sk = Tko = D which implies k1 = 5. Similarly, there is xp € O)

such that Sxy = Tk =
2
Sin = Tky—1 = 7.

4—2 , hence xy = 33. Repeat these steps, we can built the sequence (Sx,) such that

It is clear that (Sxy, Sxp) = (Z—é, Z—é) ¢ E(G). Thus, the constant sequence Sk, = 0 is only convergent
sequence such that (Sky, Sk ) € E(G). So for every subsequence (Skp,) of (Sky), we have (Sky,,0) € E(G).

Also, the mappings T and S are weakly compatible at x = 0 and TS0 = TO = 0 = STO, so all conditions
of Theorem 2 are satisfied and Q is the unique common fixed point of T and S in Q.

In order to clarify the importance of the property Gt s, ), we present an example as follows:

Example 12. Let QO =[0,1],s =g =2and S, T : QO — ), such that

Assume that (Q), wy) is a b-metric-like space under the same distance of Example 10, G be the graph with
O(G) = Qand E(G) = {(0,0)} u {(x,T) € (0,1] x (0,1]}, and the constants c; = ¢ = ¢3 = ¢4 = C5 = 61—4.
It is obvious that T(Q) < S(Q) and S(Q) is complete subspace of Q). The pair (Sx, ST) € E(G) only occurs in
two cases:

Casel.xk =1=0;
Case2. x #0 # T.
Ifx =1 =0, then

4 1
sTwy(Tx, Tt) = i 64wb(SK ST) = c1wyp(Sk, ST)
< ! wyp(Sx, ST) + L wyp(Sx, TT) + ! wyp(ST, Tk) + ! wyp(Sx, Tx) + L wy(TT,ST)
S a” 64 64 64" Tt
Ifx #0andy # 0, then
sTwy(Tx, TT) = 4(1{—4 + T—4)2 — (it + (K + )
Bt T 64 64’ 1024
1,4 a1 11 -
< E(K +77) < 256(K +1) < @ZL(K + ™ + 26%72) = cywy(Sk, ST)
1 1 1 1
< , .
P wyp(Sx, ST) + a wyp(Sx, TT) + o wyp(ST, Tx) + P71 wyp(Sx, Tx) + P wy(TT,ST)



Symmetry 2019, 11, 667 16 of 19

%

Let x5 € (0,1], then Sk1 = Tko = g—% # 0, which leads to x1 = i € (0,1]. By the same step, we can
find x € (0,1] such that Sxy = Txy. Repeating the same steps, we can get Sk, = Tx,_1 # 0. Therefore
(Sku, Skm) € Z(G). As the above results k. € Ggr, and so Gs # .

Now, let ko = 1. We will obtain a sequence (Sky,) by Sx, = Tx,_1. So, Sk = Tk = é, hence k1 = %.

Similarly, there is xy such that Sxy = Tky = (‘23)4, thus xy = (\8[—5)3. Repeating this process, we get
2n+1_4
2
SKn—TKn_l—(S\/;BH_Z—»O as n — oo.

S0, (Skn, Skm) € E(G) and Sk, — 0 but (Sk,,,0) ¢ E(G). So there is no subsequence (Skp,) of (Skx)
such that (Sxp,,0) € E(G). Also, we can easily see that the mappings T and S have no coincidence point, so
there is no common fixed point.

5. An Application to Nonlinear Integral Equation
In this section, we will use Corollary 1 to find an analytical solution of the following nonlinear

integral equation:

n(p) = | Alp,8)0(6,1(8))d6; (p,6) € [0, AJ*. (27)

S—x

Let QO = C([0,A],R) be the set of real continuous functions defined on [0, A] for A > 0,
endowed with
wy(x,7) = max (|k(p)| + |t(p)])™ forallk, T e Q,
pe(0,1]

where m > 1. It is clear that (Q), wy,) is a complete b-metric-like space with parameter s = 21,
Consider a nonlinear self-mapping T : () — () given by

Tn(p) = | Ap,8)o(8,1(6))d6.

S—x

Theorem 3. Suppose that Equation (27) with the following axioms:

(i)  A:[0,A] x[0,A] — [0,00) is a continuous function;
(ii) o:[0,A] x R — R, where 0(8,.) is monotone nondecreasing mapping for all 6 € [0, A];

A
(iii) SUP,, ge[0,4] é/\(p, 0)do < 1;
(iv) there exists a constant y € (0,1) such that for all (0,0) € [0, A]? and x, T € R,

0(6,%(6)) + (6, T(0)] < (5)% A0, 0) (Ix(0)] + 7(6)]).

Then a nonlinear integral Equation (27) has a unique solution x € Q).

Proof. For x, T € (), from conditions (iii) and (iv), for all 6 and p, we get
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swy(Tx(p), TT(p)) = SZGTK()\+\TT()Dm

A m
JA 0,0)0(6, (6))d0| + JA(p,B)U(G,T(G))de)
0

2 f\A(p, 0)(6, x(0) |d0+f\Ap, o(6, 7(0 >>|d0)
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Therefore, all the axioms of Corollary 1 are satisfied by taking the coefficient 4 = 2, and function
o) = (1— %)K, where % € (0,1) and B = 1. Hence the mapping T has a unique fixed point in X,
which is a solution of the integral equation in (27). O

An example to illustrate the requirements of Theorem 3 is presented as follows.

Example 13. Consider the following nonlinear integral equation

1

1) = 355 | Prieie, pefo,1) 8)
0

Then it has a solution in Q) = (C[0, 1], R).

_

Proof. Let T : (O — Q) be defined as T7(p S 6)d6. By specifying A(p,0) = 4, f(0,1(0)) =

971( ) :

(=)

in Theorem 3, we can write

(i) the function A(p, 8) is continuous on [0, 1] x [0, 1],
(i) o(6,7(6)) is monotone increasing on [0,1] x R for all 6 € [0, 1],
(iif)
A 1
1

sup | A(y,0)d0 = sup Qd() < sup <1,

1
phef0.A] ) pel01] oef01] 8

(iv) By taking m = 3, so there exists a constant y = % e (0,1) such that for all (p,8) € [0,1]*> and
x, T € R, we have

6,5(6)) + 6, 7@ = 15 1x(0)+ @) < 15 (£ ) ()] + 760
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Therefore, the conditions of Theorem 3 are justified, hence a nonlinear mapping T has a fixed
point in (2, which is a solution to Equation (28). O

6. Conclusions

The analytical solution of nonlinear integral equations and graph theory are important
applications in fixed point theory, where they have attracted the interest of many authors in academic
research. Continuing in this direction, this article presents some common fixed point theorems for
a pair of ﬁ;ﬁi—contractive mappings in b-metric-like spaces. Our results extend and generalize the
results of [27] in two mappings and [31] in b-metric-like spaces and other spaces. It can be pointed
out that the obtained results could be extended to some open mathematical problems in the fields of
convergence of trajectory solutions to the equilibrium points and stability of dynamic systems and to
those related ones formulated in the fractal space. It is also of interest to investigate the convergence
properties in problems described by operators firstly defined on infinite, dimensional Hilbert spaces
which are then represented in truncated finite dimensional ones. See, for instance, refs. [32-36] and
some references therein. Next, some common fixed point results in the framework of b-metric-like
spaces endowed with a graph have been discussed. Moreover, some important examples are given to
support our results and we showed the existence of a solution for a nonlinear integral equation.
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