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Abstract: We introduce an iterative algorithm which converges strongly to a common element
of fixed point sets of nonexpansive mappings and sets of zeros of maximal monotone mappings.
Our iterative method is quite general and includes a large number of iterative methods considered in
recent literature as special cases. In particular, we apply our algorithm to solve a general system of
variational inequalities, convex feasibility problem, zero point problem of inverse strongly monotone
and maximal monotone mappings, split common null point problem, split feasibility problem, split
monotone variational inclusion problem and split variational inequality problem. Under relaxed
conditions on the parameters, we derive some algorithms and strong convergence results to solve
these problems. Our results improve and generalize several known results in the recent literature.

Keywords: strongly nonexpansive sequence; zero point; fixed point; variational inequality; convex
feasibility problem; split feasibility problem

1. Introduction

Fixed point theory has been revealed as a very powerful and effective method for solving a
large number of problems which emerge from real world applications and can be translated into
equivalent fixed point problems. In order to obtain approximate solution of the fixed point problems
various iterative methods have been proposed (see, e.g., [1-10] and the reference therein). One of the
important instances of fixed point problems is the problem of solving zero point problem of nonlinear
operators. The most popular method for finding zeros of a maximal monotone operator is the proximal
point algorithm (PPA). Rockafellar [11] proved the weak convergence of PPA, but it fails to converge
strongly (see [12]). To obtain strong convergence, several authors proposed modification of PPA
(see: Kamimura and Takahashi [13], liduka-Takahashi [14] and reference therein). In [15], Lehdili and
Moudafi introduced the prox-Tikhonov regularization method which combined Tikhonov method
with PPA to obtain a strongly convergent sequence.

In 2012, Censor, Gibali and Reich [16] (see also [17,18]) introduced a new variational inequality
problem, called the common solutions to variational inequality problem (CSVIP) which comprises of
finding common solutions to unrelated variational inequalities. The significance of studying the CSVIP
lies in the fact that it includes the well-known convex feasibility problem (CFP) as its special case.
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The CFP which lies in center of many problems of physical sciences such as sensor networking [19],
radiation therapy treatment planning [20], computerized tomography [21], image restoration [22] is to
find a point in the intersection of a family of closed convex sets in a Hilbert space.

A special case of the CFP is the split feasibility problem (SFP). In 1994, Censor and Elfving [23]
introduced the SFP for modeling phase retrieval problems. This problem has large number of
applications in optimization problems, signal processing, image reconstruction, intensity-modulated
radiation therapy (IMRT). Starting from SFP, various important split type problems have been
introduced and studied in recent years, for example, the split common null point problem (SCNPP),
split monotone variational inclusion problem (SMVIP), split variational inequality problem (SVIP).

Motivated and inspired by the above work, we propose an iterative algorithm for finding common
element of fixed point sets of nonexpansive mappings and sets of zeros of maximal monotone mappings.
As applications, we solve all the problems discussed above under weaker conditions.

2. Preliminaries

Throughout the paper, we assume that A is a Hilbert space with the inner product (., .) and the
norm ||.|| and let I be the identity mapping on . We denote by Fix(T) the set of all fixed points
of a mapping T. A sequence {x,} in H converges to x € H strongly if {|/x, — x|/} converges to 0
and weakly if {(x, — x,y) } converges to 0, for every y € H . We shall use the notations x, — x and
x, — x to indicate the strong and weak convergence respectively. It is important to note that strong
convergence always implies weak convergence, but the converse is not true (see [24]). Let D be a
nonempty closed convex subset of H and Pp denotes the nearest point projection (metric projection)
from H onto D, that is, for each u € H, ||u — Ppu|| < ||u —v||, for all v € D. Furthermore, Pp is
characterized by the fact that Ppu € D and

(u— Ppu,v— Ppu) <0, VveD. (1)
Next, we recall some definitions of well known operators, which we will use in our paper.

Definition 1. An operator S: H — H is said to be

1. Nonexpansive if ||Su — Sv|| < ||lu —v||, Vu,v € H.
2. Contraction if there exists a constant k € (0,1) such that ||Su — Sv|| < k|ju —v||, Yu,v € H.
3. w-averaged if there exists a constant a € (0,1) and a nonexpansive mapping V such that
S=(1-a)l+aV.
4. B-inverse strongly monotone (for short, B-ism) if there exists p > 0 such that
(Su — Sv,u —v) > B||Su— Sv||?>, Vu,v € H.
5. Firmly nonexpansive if (Su — Sv,u —v) > ||Su — Sv||2,V u,v € H.

It is known that metric projection Pp is firmly nonexpansive and every firmly nonexpansive is
(1/2)-averaged.

An operator M: ‘H — 2™ is called maximal monotone on H, if M is monotone, i.e., (ug — o1, u —
v) > 0Vu,v € dom(M), u; € Mu and v; € Mo, and there is no other monotone operator whose
graph contains graph of M. Further, a resolvent associated with a maximal monotone operator M is a
single valued operator defined as:

J=([T+AM) L H — H.

It is well known [24] that if M: H — 2™ is a maximal monotone operator and A > 0, then | )/‘V‘ is
firmly nonexpansive and Fix(J{) = M~10={u € H : 0 € Mu}.

A sequence {T,} of mappings is said to be a strongly nonexpansive sequence [25] if each T, is
nonexpansive and

Xn —Yn — (Tnxn - Tnyn) — 0,
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whenever {x,}, {y»} C H such that {x, — y,,} is bounded and ||x, — yu|| — || Tuxn — Tuyn|| — 0. Note
thatif we put T,, = T, for all n € N, then we have definition of strongly nonexpansive mapping defined
in [26].

In order to establish our results, we collect several lemmas.

Lemma 1. Let F: ‘H — H be a B-ism operator on ‘H. Then I — 2BF is nonexpansive.

Proof.
lu = o> = |(I = 2BF)u — (I =28F)o|* = [[u —0|* — (|lu — o|* + (2B)*(|F (u) — F(o)||?
—4B(F(u) — F(v),u —v))
= 4B(F (1) — F(u),u —v) — 4p*| F(u) — F(0)|
= 4p((F(u) = F(0),u —v) — B[ F(u) — F(0)]?)
> 0.

Thus I — 2B.F is nonexpansive. [
Lemma 2. Forall u,v € H, the following inequality holds:
e+ o2 < Jlull? +2{v,u + v).

Lemma 3 ([27]). Suppose {a,} C [0,00), {vn} C [0,1] and {b,} are three real number sequences satisfying
Ay < (1 —yy)ay + ynby, ¥ 1 > 0. Assume that Z Yn = o0 and limsup b, < 0. Then lijn a, = 0.
n—oo

n=0 n—00

Lemma 4 ([25]). Let {V,,} be a sequence of nonexpansive mappings of D into H, where D is a nonempty subset
of a Hilbert space H. Assume that {7y, } C [0,1] satisfy the condition lig g}f Yn > 0. Then a sequence {W, } of
mappings of D into H defined by Wy, = v, I + (1 — v,,) Vi, is a strongly nonexpansive sequence, where I is the
identity mapping on D.

Lemma 5 ([25]). Let {Sy,} be a sequence of firmly nonexpansive mappings of D into H, where D is a nonempty
subset of H. Then {S,,} is a strongly nonexpansive sequence. In particular, {] )/\‘;‘ = (I + Ay M)~} resolvent
of a maximal monotone operator M is a strongly nonexpansive sequence.

Lemma 6 ([25]). Let C and D be two nonempty subsets of a Hilbert space H. Let {S,} be a sequence of
mappings of C into H and {T,} a sequence of mappings of D into H. Suppose that both {S,} and {T,}
are strongly nonexpansive sequences such that T,,(D) C C, for each n € N. Then {S,T,} is a strongly
nonexpansive sequence.

k
Lemma 7 ([26]). If {T; : 1 < i < k} are strongly nonexpansive mappings and (\{Fix(T;) : 1 <i <k} #
i=1

k
@, then ({Fix(T;) : 1 <i <k} = Fix(TyTp - - - Ty).
i=1

Lemma 8 ([28]). The composition of finitely many averaged mappings is averaged. That is, if {T; : 1 <i < k}
k

are averaged mappings, then so is the composition T Ty - - - Ty.. Furthermore, if (| {Fix(T;) : 1 <i <k} # @,
i=1
k
then (\{Fix(T;) : 1 <i <k} =Fix('Tp- - Ty).
i=1
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Lemma 9 ([29]). Let T be a firmly nonexpansive self-mapping on H with Fix(T) # @. Then, for any x € H,
one has (x — Tx,w — Tx) <0, forall w € Fix(T).

Lemma 10 ([30]). Let D C H be a nonempty closed convex set and V: ‘D — D be a nonexpansive mapping.
Then I — V is demiclosed at 0, that is, if {x,} C D with x, — wand (I — V)x, — 0, then w € Fix(V).

Lemma 11 (The Resolvent Identity; [31]). For each A, u > 0,
Ay _ A (H _ KMy
i =gt (Gt (1-5) six).

Lemma 12 ([32]). Let {c,} be a sequence of real numbers such that there exists a subsequence {n;} of {n}
such that ¢y, < ¢y, 41, for all i € N. Then, there exists a nondecreasing sequence {m,} C N such that m; — oo
and the following properties are satisfied by all (sufficiently large) numbers q € N:

Cmy < Cmy+1,Cq < Crng+1-

In fact,
mg=max{j <q : ¢ <cji1}.

3. Main Results

Theorem 1. Let H be a real Hilbert space. Let {T;}" | and V be nonexpansive self-mappings on H and
By, Ba: H — 27 be maximal monotone mappings such that

m
I := () Fix(T;) (\Fix(V) (B '0() B, '0 # @.
i=1
Let g: H — H be a contraction with coefficient k € (0,1) and {x, } a sequence defined by xo € H and

n — kn n+1_n Bann/
{y wng (xn) + (1= ) Jy2 Vix 2

Yupr = JOTATE L TITly,,

ntmipm—1 -

forall n > 0, where Vyy = (1 — Bp)I + BV and T = (1 — )+ o, T;, fori = 1,2,...,m. Suppose
that {an}, {Bn} and {7} are sequences in (0,1) and {p, } and {y,} are sequences of positive real numbers
satisfying the following conditions:

oo

1. lim &y, =0, X, = 0o;
n—oo =0
2. 0< hlgrl)golfﬁn < hfqnjoljp Bn <1
3. 0<liminf7£l§hmsup'yf1 <1 foralli=1,2,...,m;
h—eo n—o0
4. for all sufficiently large n, min{p,, u,} > € for some € > 0.

Then the sequence {x, } converges strongly to x* € T, where x* is the unique fixed point of the contraction Prg.

Proof. Set W, = ]g; Ty - - T3T} and S, = ]55 Vi Clearly, each W), and S;, are nonexpansive mappings
for each n > 0. By Lemmas 4 and 5, for each n > 0, W,, and S, are composition of strongly
nonexpansive mappings. Therefore, from Lemma 7, we get
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m
@ #T = (| Fix(T;) (Fix(V) (B '0(B;'0
i=1

m
= () Eix(T") (Fix (V) (Fix(Jo") () Fix(J2)

i=1
= Fix(W,) [ Fix(Sn).

First, we claim that {x, } is bounded. Take an arbitrary element x* € T

01 = 27| = [[Wayn — 27| < llyn — x|
= llan(g(an) = g(x™)) + an(g(x7) = x7) + (1 = an) (Snxn — 27|
< anl|g(xn) = (X1 + anllg(x™) = x| + (1 = an) | Sxn — 7|
< nkl|xn — XF[| + anflg(x") = 2 4+ (1 = an) |20 — 7]
<(T—an(1- k))llxn — 17|+ anllg(x”) — x|

< max { o —° [, T2 18(x*) — 1}

By induction, we have

1
a1 — x| < max { lxo = x|, 7= g (=") = "Il

which proves the boundedness of {x, } and so we have {g(x,)} and {y,}. It is well known that fixed
point set of nonexpansive mapping is closed and convex and so their intersection. Hence, the metric
projection Pr is well defined. In addition, since Prg: H — H is a contraction mapping, there exist
x* € T such that x* = Prg(x*). In order to prove x, — x* as n — oo, we examine two possible cases:

Case L. Assume that there exists 1y € N such that the real sequence {||x, — x*|| } is nonincreasing
for all n > ny. Since {||x, — x*||} is bounded, {||x, — x*||} is convergent. We first show that y,, —
Wyyn — 0. Using nonexpansivness of W, and (2), we obtain

0 < lyn = x| = [[Wayn — x|
]| (xn) — ¥ 4 (1 — an) [ Suxn — X7 = [lxn 41 — x7

< aul[g(xn) = 27| 4 [l — 7| = [l g2 — 27, ®)

A\

since {g(x,)} is bounded, a, — 0 and {||x, — x*||} is convergent, we obtain
lyn — x| = [[Wayn —x*|| = 0 asn — oo.
Also {W, } is strongly nonexpansive sequence so we conclude that
Yn — Wyyn — 0 asn — oo. 4)
We next show that x,, — S,x, — 0. From (2), we obtain

n|g(xn) = 2" 4 (1 = ) [|Snxn — 7|
n|g () = x" || + [[Suxn — 27, ®)

%1 = x*]| <
<
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Now, from the nonexpansiveness of S, and (5), we observe

0 < lxn — x™[ = [ISnxn — x|

< loen = 27 = flxnr = 27| + nl|g (xn) — 7], Q)
since {g(xy)} is bounded, a, — 0 and {||x, — x*|| } is convergent, we obtain
lxp — x*|| = ||Snxn — x*|] = 0 asn — oo.
As {S, } is strongly nonexpansive sequence, we have
Xp — Spxy, — 0 asn — oo. (7)
Again from (2), we observe

| g (xn) — x| + (1 — ) | ]2 Vit — x*|
| g () — x*|| 4 || Vian — x*]|. ®)

11 — X7 <
<

Using nonexpansiveness of V;, and (8), we observe

0 < [l = 7| = [[Vixn — 27
< lxn = x*|| = llxnga = x| + anllg () — ™, ©)
so that ||x, — x*|| — ||Vixn — x*|| — 0 by boundedness of sequence {g(x,)}, a, — 0 and convergent

sequence {||x, — x*||}. By Lemma 4, {V}, } is strongly nonexpansive sequence, so we have
Xp— Vyxy — 0 asn — oo. (10)
Also, notice that x, — V,;x, = Bn(xn — Vxy,). Condition (ii) together with (10) implies that
X, —Vx, -0 asn — oo. (11)
Now consider

ltn = Ji22ull < [1xn — T2 Vil + T2 Viexn — T2 |
< lxn = Suxn || + | Vaxn — xa,
in view of (7) and (10), we deduce

Xpy — jﬁﬁxn —0 asn — oo, (12)

Notice that y, — xn = a,(g(xn) — ) + (1 — ) (Suxn — x5 ). This together with given condition
ay — 0 and (7) implies that
Yn— Xy =0 asn — oo, (13)

Next, we consider
10 — Wil < [|xn — yull + [[yn — Wayn |l + [Wanyn — Waxal|
< 2|lxn = yull + llyn — Waynll,

it follows from (4) and (13) that
xp— Wyx, — 0 asn — oo. (14)
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On the other hand, we observe

[Xn+1 = x| = [Wayn — || < [Wayn — Wax|| + [[Wexn — x|
< lyn — x| + [|[Wnxn — x| (15)

Using nonexpansiveness of T/'T" ; - - - T}' foreachi = 1,2,...,m and (15), we obtain

0 < flvn =27 =TTy - - T — 7|
< o = 27| = [ Waxn — 27
< lxn = 27 = llxnsr = x| + llyn — xull, (16)

in view of the fact that {||x, — x*||} is convergent and using (13), we obtain
lxn —x*|| = | T'T - - - Tixy —x*|| = 0 asn — oo.

Also by using Lemma 6, {T/'T" ; ---T{'} is strongly nonexpansive sequence for each i =
1,2,...,m. Therefore, we have

Xy =TT - Ti'xy -0 asn — ooforeachi=1,2,...,m. (17)
Now consider
_ 1B < _ B Bipnpm o pny B
120 = Jop xull < llxn — Jou Ty Ty 1 Tl + [ Jon Ton Tpr—1 1%n = Jon Xl

< lxn — Wi || + | T Ty g -+ - T1' % — X
This together with (14) and (17) implies that
Xp — ]fnlxn —0 asn — oo, (18)

Choose a fixed number s such that ¢ > s > 0 and using Lemma 11, for all sufficiently large #,
we have

B B B B
1260 = J5 2nll < llxn = Jou Xl + [ Jp 20 = J5™ 2|

S S
B (pnxn + (1 _ pn) ]pB,}xn> B,

S S
< tw — I + H+ (1 _ ) 1By = x,
On On

B
= llxn = Ifixall +

S

— flta — [t + (1 - ) 17 20— 2
On

< 2|12t — I xull.

Using (18), we obtain
— 1k

Xp—Js'xy — 0 asn — oo. (19)
Similarly, using (12) and Lemma 11, we can obtain
xn—jfzxn — 0 asn — oo. (20)

Next, we show that

xy — Tf'xy -0 asn —coforeachi=1,2,...,m. (21)
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Clearly, from (17) for i = 1, (21) holds. Now fori =2,...,m, we see that

([0 = T"%ul| < llxn =TTy - T || + T - - Tian — T

< len = TETE - - Ti x| + [T - T o = -

Thus, in view of (17), (21) holds foralli = 1,2,...,m.
Observe that x, — T/'x, = v}, (xy — T;x). Condition (iii) and (21) implies that

Xp —T;xy, — 0 asn — oo foreachi=1,2,...,m. (22)
1 2 B B . . .
Put U := P ( Z T+V+Tt+T; 2). Clearly, U is a convex combination of nonexpansive
i=1

mappings, so is itself noiexpansive and
m
Fix(U) = (" Fix(T;) (\Fix(V) (B '0( By '0 =T.
i=1

We observe

1

Ul = [
|21 Xn | m+3

m
Xn — (ZTixn‘van"']slen"']sBzxn)
i=1

:HL(mx —iT-x)—i—L(x —Vx,) + L (x le)
m+3 n =~ vn m+3 n n m+3 n S n
1
+m+3(xn_ sBzxn)‘
< Y it = Tl s = V| — [
_m+31=1 n 1vn m+3 n n m+3 n S n
B
+m+3”x"7 s 2%
In view of (11), (19), (20) and (22), we obtain
Xy —Uxy; —0 asn — oo. (23)

Observe that
[yn = Uynll < llyn = xnll 4 [[xn = Uxnl| + [|Uxn — Uynl| < 2[[yn — xull + [Jxn — Uxn].
This together with (13) and (23) implies that
yn — Uy, -0 asn — . (24)

Since {y, } is bounded, it has a convergent subsequence {y,, } such that {y,, } converges weakly
to some z € H. Further Lemma 10, and (24) implies that z € Fix(U) =T, it follows that

limsup (g(x*) —x*,ys — x°) = lim (g(x*) = x", g, — 2°) = (g(x*) —x*,z — x")

n—oo i—00

= (8(x") = Prg(x"),z = Prg(x")) <0, (25)

where the last inequality follows from (1).
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Using Lemma 2, we obtain

lyn = x*[1> = lan(g(xn) = %) + (1 = ) (Suxn — x*) |17

(1_“n) ||Snxn_X*||2+2"‘n<g(xn)_X*/yn_x*>

(L =at)? [ =" |2 -200 (g () = (%), Y — 1) 20 ( (x*) = %", yu —x*)
(1= an)?||xn = 2|1+ 2ak|xn — x*|| - |lyn — x*[| + En

(1= n)?llxn = x*||* + wnkl[| 20 — x*[[* + lyn — x*|1*] + En,

ININ IN TN

where E;, = 2a, (g(x*) — x*, y, — x*).
It turns out that

(1= auk) |y — x> < [(1 = an)? + uk] |20 — x*[|* + En,

2
2 < [ n)” + ank 2 En
lym =" < [ o =P+
Next, we have
21 = x| < Jlyn — x*|?
(1—u¢n)2+ocnk w12 E,
< | T T _ _n
_[ 1—a,k “x” al +1—1)¢,1k
Zan(l—k) %112 0‘121 * (12 E”
< |1= _ _
*[1 1—ank Mx” I T = I Tk
_ 2“"(1_k) * (|12
= 1= T I =
Zan(l—k) 1 « % % Xn *1(|2
e (TR 8O = =)+ sl = 2P,
that is,
Ay < (1 - ')/n)an + Ynbu, (26)
20, (1 — k) 1 a
h — a2 _ fhni- ) - = ®) .k Lk _ Y%n ok 2'
where a; = |[lxp — x*[|%, 1a 1—ak » by 1_k<8(x) X" Yn x>+2(1_k)||xn x|
Using (25), the condition a,, — 0 and boundedness of {x, }, we obtain lim sup b,, < 0. Using condition
n—oo

(i), it can be easily proven that ) _ vy, = co. Finally, we apply Lemma 3 to (26) to conclude that x,, — x*
n=0

asn — oo.
Case II. Assume that there exists a subsequence {xy, } of {x,} such that

;= 21| < 00 —x°, Vj€N.

Then, by Lemma 12, there exists a nondecreasing sequence of integers {m,;} C N such that
Mg — o0 as g — co and

[mg — x| < ||xXmg1 — 27| and xg = 27| < [[xm1 — 27|, VgeN. (27)
Now, using (27) in (3), we have

0 < [ymy = X" = [[Wingymy = x| < m, |8 (xmy) = 27| + [[20m, — 27| = [|%mg 1 — x7

<
<ty || (g ) — 27,

since {g(xm, )} is bounded and ay,, — 0, we obtain |[yn, — x*|| — Wi, Ym, — x*[| — 0as g — .
As {Wy, } is a strongly nonexpansive sequence, we have yu, — Wy, ym, — 0as g — oco.
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Similarly, using (27) in (6) and (9), we obtain

Xm — quxmq —0 and Xy — quxmq —0 as g— oo

q

respectively. Arguing as in case I, we obtain

B
Xmg — Vmg =0, X, — ]ynz,quq — 0,

Ymy — Xmy — 0, Xy — quxmq —0 asg— . (28)
Using (27) in (16), we have

m m m
0 < flom, — x| = [T T - Ty, — x|
< ey =2 = 21— 27+ [y — o, |

S “qu - xmq ||’

it follows from (28) that

||xmq—x*|\—HT;n”T:iql.--Trquq—x*H%0 asq — oo foreachi=1,2...,m.

Following similar arguments as in Case I, we have

Mg it g By By
xmq—Ti T T Xim, — 0, Xmg = Js Xm, — 0, Xy = Js 7 Xm, — 0,

m
X, — T, quq -0, Xmy — TixXm, — 0, X, — Uxm, — 0,

q
Ymg — Uym; =0 asg — o0

limsup(g(x*) — x*, ym, — x*) <O0. (29)
g—00
Next, from (26), we have
g +1 < (1 - 'qu)amq + ')/mquq/ (30)
% 1 * * * Xm *

where ay, = |xm, — x 112, bm, = m(g(x ) = X Ym, — X7) + 2(17_'4k)||xmq — x*|%, Vm, =

lemq (1-k) . .

———— . Thus, (30) and (27) implies that

1—wa,k

q
YmgAmg, < Amg — Amg+1 + 'qubmq,
YmgAmg < 'qubmq-

Using the fact that Ymy >0, we obtain Amy; < bmq, that is,

1

* (12 * % * “mq * (|2
[[xm, — "] Sm(&’(x ) =X Ym, — X >+m”xmq—x [

Since {x, } is bounded, a;,, — 0, it follows from (29) that ||xy,, — x*[| — 0 as g — .
This together with (30) implies that [|x,, 11 — x*|| = 0as g — o0. But [|xg — x*[| < [[x,+1 — x*|,
for all g € N, which gives that x; — x* asg — co. [

Remark 1. A similar approach has been adopted in the study of consensus problems (see the seminal work [33]).

4. Applications

In this section, we utilize the main result presented in this paper to study many problems in
Hilbert spaces.
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4.1. Application to a General System of Variational Inequalities

Let ‘H be a real Hilbert space and let there be given foreachi = 1,2,..., N, an operator A;: H — H
and a nonempty closed convex subset C; C H. First, we introduce the following general system of
variational inequalities in Hilbert space, which aims to find (x],x3,...,x%) € C; x Cp x --- x Cn
such that
(1A15 +xf —x5,x —x7) >0, VxeCy,

(pA2x; + x5 —x3,x—x3) >0, Vxe(Cy,

(81)

(ON_1AN1Xy + XNy — XX —XxN_q) =0, VxeCn_y,

(ONANX] + X3 — ¥, x —x}) >0, VxeCy,

where 6; > 0 foralli € {1,2,...,N}. Here, Q will be used to denote the solution set of (31).
In particular, if N = 2 and C; = C; = C, then problem (31) can be reduced to finding (x},x3) € C x C
such that

01A1x3 +xF —x3,x—xF) >0, Vxe(C,
{(1 1% + X7 — X5 1) 32)

(BpAxxf + x5 —xj,x—x3) >0, VxeC, ’
which was considered and studied by Ceng et al. [34]. In particular, if Ay = Ay = A, 6 =6, =6 and
x] = x; = x*, then the problem (32) reduces to the variational inequality problem for finding x* € C

such that
(Ax*,x —x*) >0, VxeC. (33)

Variational inequalities produce effective method to solve several important problems appearing
in finance, optimization theory, game theory, mechanics and economics.

Another motivation for introducing (31) is that if we choose x] = x5 = --- = x; =x"and §; = 1
foralli € {1,2,...,N}, then (31) reduces to an important problem, called the common solutions to
variational inequality problem (CSVIP) introduced by Censor, Gibali and Reich [16,17].

Lemma 13. Let {C;}Y | be a finite family of closed convex subsets of a real Hilbert space H. Let A;: H — H be
nonlinear mappings, wherei =1,2,...,N. For given x; € C;,i =1,2,...,N, (xi‘,xj,...,x}‘\,) is a solution
of problem (31) if and only if
xi = Pc,(I—6;A;)xi,, xy=DPc(I-6NAN)x], i=12,...,N—-1
That is

xj = Pe, (I —01A1)Pc,(I —02A2) -+~ Pey_ (I —On—1AN—1)Pcy (I — ONAN)¥].

Proof. We can rewrite (31) as

: (34)
(xn_1 — (O —ON1AN—1X%), X — x5 _q) =0, Vx € Cn-q,
(xfy — (xF —OnANXG), x —x%) >0, VxeCy.

From (1), we find (34) is equivalent to

X%( :PCI.(I—GI‘AZ')X?_H, x?\I:PCN(I_GNAN)xT/ i:1,2,...,N—1.

1
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Therefore, we have
XT = PC1(I — 91A1)PC2(I — 92A2) c ~PCN71(I — GN—lAN—l)PCN(I — QNAN)xik- O]

Lemma 14. Let {C;} Y, be a finite family of closed convex subsets of a real Hilbert space H. Let A; be 1;-ism
self-mappings on H, wherei € {1,2,...,N}. Let T: H — H be a mapping defined by

T(x) = Pc,(I — 601 A1)Pc,(I —02A2) - Pey (I —On_1AN_1)Pcy (I —ONAN)x, Vx € H.
If0; € (0,21;),i=1,2,...,N, then T is averaged.

Proof. We first prove that I — 6;A; is averaged for eachi € {1,2,...,N}.
0; 0;

Note that I — 6;A; = (1 — —/— |+ —

ote tha i Aj ( 217i) + 2

I —27;A; is nonexpansive and therefore, I — 6;A; is averaged for 0; € (0,27;),i =1,2,...,N. Also,
it well known that P, is averaged, so the composition P, (I — 6;A;) (see Lemma 8). Hence again

applying Lemma 8, the mapping T is averaged. [J

(I —21;A;) and 291; € (0,1). Thus, applying Lemma 1,
i

Theorem 2. Let {C;}Y | be a finite family of closed convex subsets of a real Hilbert space H. Let A; be n;-ism
self-mappings on H, where i € {1,2,...,N}. Assume that Q) = Fix(T) # @, where T is defined in Lemma 14.
Let {x, } be a sequence defined by xo € H and

Yn = (1 —an)xn, (35)
Xpt1 = Pe, (I —601A1)Pc,(I = 62A3) - Py, (I —On—1AN-1)Pcy (I — ONAN)Yn,
where 0; € (0,21;). Suppose {a,} C (0,1) satisfying the conditions nlgn &y =0and Y &, = oo. Then the
*© n=0

sequence {x, } converges strongly to a point x* € Q.

Proof. Applying Lemma 14, we have that T is an averaged mapping on H. Therefore, by definition,
T = (1—1)I+ T, for some v € (0,1) and a nonexpansive mapping T;, where Fix(T;) = Fix(T).
Lettingm =1,B) =By =¢ =0,V =1and 7,11 = v in Theorem 1, the conclusion of Theorem 2 is
obtained. O

Remark 2. In [17], Censor, Gibali and Reich proved the weak convergence theorem for solving the CSVIP. If we
take x; = x5 =--- =xy, =zand 0; = 1, forall i € {1,2,..., N} in (31), then problem (31) reduces to CSVIP
and through algorithm (35), we obtain modification of Algorithm 4.1 in [17] and obtain strong convergence,
which is often much more desirable than weak convergence.

4.2. Convex Feasibility Problem

m
LetC;,i =1,2,...,mbenonempty closed convex subsets of a real Hilbert space H with ﬂ C #0,
" i=1
the convex feasibility problem (CFP) is to find x* such that x* € (1) C;.
i=1
Most common methods to solving CFP are the projection and reflection methods which
comprise some well-known methods, such as the so-called alternating projection method [35-37],
the Douglas—Rachford (DR) algorithm [38—40] and many extensions [41-43]. Most projection and
reflection methods can be extended to solve the convex feasibility problem involving any finite number
of sets. An exception is the Douglas-Rachford method, for which only the theory of two set feasibility
problems has been investigated. Motivated by this fact, Borwein and Tam [43], introduced the following
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cyclic Douglas-Rachford method which can be applied directly to many-set convex feasibility problem
in a Hilbert space.
For any xg € H, the cyclic Douglas—Rachford method defines a sequence {x, } by setting

Xp41 = T[Clcz...cm]xn,Vn e N.
Here, Tic,c,...c,,] is a m-set cyclic Douglas—Rachford operator defined as

Teieycn) = Tewa Ieyacn To e Tee,
I+ RC-RC-
and each Tci,cj = # is a two set Douglas-Rachford operator and R¢, = 2Pc, — I and RC], =
2Pc; — I are the reflection operators into C; and C; respectively. However, it is known that cyclic
Douglas-Rachford method may fail to converge strongly (see [44]). We introduce a modification of
cyclic Douglas-Rachford method in which strong convergence is guaranteed.

Theorem 3. Let C1,Cy, ... Cy C H be closed and convex sets with nonempty intersection and let {x,} be a
sequence defined by xo € H and

{ Yn=(1—ay)x,

Xpyr = TOT |- TET Y,

mtm—1"

where T = (1 — i) +~iRc, R, fori=1,2,...,mand Cy1 := Cy. Suppose {ay,} and {~!,} C (0,1)

i+1

satisfying
n=0
(zz) 0< hmmf'yn < limsupy, <1, foralli=1,2,.

n—oo

m
Then the sequence {x, } converges strongly to a point x* such that Pc,x* € () Cjfori =1,2,...,m
i=1

Proof. SetT; = Rc,,,Rc,, fori =1,2,...,m. By Proposition 4.2, in [24], R¢, and R, ., are nonexpansive.
Therefore, their combination T; is nonexpansive.
m

m
Further @ # ﬂ C C ﬂ Fix(T;). Put B = B, = ¢ = 0 and V = [ in Theorem 1, the sequence
i=1 i=1 .
{xu} converges strongly to a point x* in (] Fix(T;). By Corollary 4.3.17 (iii) in [45], Pc,x* € C; N Ciy1,
i=1
foreachi=1,2,...,m. So, Pc;x* € Ci;1 foreachi =1,2,...,m. Further, using inequality (1), we have

[\13

0 2 X — PCin*’PCix* - PCi+1x*>

I
—

N\»—\ N[ —

x| = [lx* = Pex*]?)

AngE

(" = Peyyx* | + | Pex™ = Pe,

i+1

Il
-

||Pc,x* = P, x*||* > 0.

ngE

Il
—

m
Thus, Pc,x* = P, x*, for each i and therefore, Pc,x* € ﬂ C;foreachi. O
i=1

"1+ T} T}, we obtain the cyclic

;1
Remark 3. By taking v, = E,for alli =1,2,...,min the operator T}, T" _
Douglas—Rachford operator.
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4.3. Zeros of Ism and Maximal Monotone

Very recently, based on Yamada'’s hybrid steepest descent method, Tian and Jiang [46] introduced
an iterative algorithm and proved a weak convergence theorem for zero points of ism and fixed points
of a nonexpansive mapping in Hilbert space. Moreover, using this algorithm, they also constructed
following algorithm to obtain weak convergence theorem for common zeros of ism and maximal
monotone mapping;:

B
zn = (1= Au)xn + Ay Xn, (36)
Xp+1 = (I — udyF)zy.

Now, we combine hybrid steepest descent method, proximal point algorithm and viscosity

approximation method to obtain following strong convergence result.

Theorem 4. Let M: H — 2™ be a maximal monotone mapping and F be an 8-ism of H into itself such that
M~ ONF~'0 # @. Let g: H — H be a contraction with coefficient k € (0,1) and let {x,} be a sequence
defined by xo € H and

Yn = ang(xn) + (1 — an)xn,

zn = (1= An)yn + AuJMy,,  Vn>0. (37)

X1 = (I —1n6yF)zy,

Suppose that {1} C (0,2), {nd,} C (0,20) and {a,} C (0,1) satisfying
(i) ’}grgoan =0, n;)rxn = 00;
(ii) 0 <liminfA, <limsupA, < 2;
f—oo n—co
(iii) 0 < linlinfnén < limsup#é, < 26.
n [o¢]

n—oo

Then the sequence {x, } converges strongly to a point x* € M~10N F~10.

Proof. First, we rewrite I — #J,F as

Mon
)1+ Lo (1 - 26F).

_on

[ —youF = (1 L

Using Lemma 1, [ — 26F is nonexpansive. Also, it can be easily proven that Fix(I — 26F) = F~10.
Further, we observe that

A A
(1 _An)I'F)\nﬁVI = (1 - 7”)[4— ?n(zﬁv[ - I)'
By Proposition 4.2, in [24], 2JM — I is nonexpansive. Also note that Fix(2JM — I) = M~10. Now,
A )
takem =2, Ty =2]JM — I, T, = 1 —20F, 4} = 7",731 = ’72—9”,31 =By, =0and V = I in Theorem 1,

which yields the conclusion of Theorem 4. O

Remark 4. Theorem 4 improves the Tian and [iang’s result ([46] Theorem 4.4) from weak to strong convergence
theorem. Also {A,} is bounded in (0,1) in ([46] Theorem 4.4), but in Theorem 4, we relax {A,} C (0,1) to

{An} € (0,2).

Theorem 5. Let S be an 0-ism of H. into itself and let By, By: H — 27 be maximal monotone mappings such
that ST'0N By 0N By 10 # @. Let g: H — H be a contraction with coefficient k € (0,1) and let {x,} bea
sequence defined by xo € H and

X1 = ]5”1 (ng(xn) + (1 — zxn)]ﬁ,f (xp — AuSxy)), Vn>0. (38)
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Suppose that {a,} C (0,1), {A,} C (0,20) and {pn}, {ptn} C (0,00) satisfying

(i) lim &, =0, 2 ay = 0o

n—o0

(i) 0< 11m1ann < hm sup A, < 26;

n—oo

(iii) for all sufficiently large n, min{py, y,} > € for some ¢ > 0.

Then the sequence {x, } converges strongly to a point x* € S~10N Bl_10 N 82_10.
Proof. First, we rewrite that

A\ An
[— A8 = (1—%)1+%(1—295)

By using Lemma 1, I — 26S is nonexpansive and it can be easily proven that Fix(I —26S) = S~10.

Putting V =1-26S, B, = /2\ 0’ T;=1,foralli =1,2,...,m,in Theorem 1, the conclusion of Theorem 5
is obtained. O

Remark 5.

1. Theorem 5 improves and extends liduka—Takahashi’s result ([14] Theorem 4.3). By taking By = O,
By = B, yuy = r, § = xg in Theorem 5, we obtain ([14] Theorem 4.3) without assuming extra conditions

Y lans1 —an| < ooand Y |Ayiq — Al < oo assumed in ([14] Theorem 4.3).

—1 =1
2. ?f wetake By =S5 =0,¢ = xg in Theorem 5, we obtain Kamimura and Takahashi’s result ([13] Theorem
1). Also we remove the superfluous condition nlgn ty = oo assumed in ([13] Theorem 1). Hence our result

improves the result of Kamimura and Takahashi.
3. The alternating resolvent method studied in Bauschke et al. [47] deals essentially with a special case of the

algorithm (38). In fact, if we take g = S = 0, then (38) becomes

o1 = Tt (1= ) JE2(x)), 1> 0. (39)

We can rewrite (39) as
Xps1 = S22, 1 >0, (40)

Pn

where v, = T and Ay = By + 1 1 is the Tikhonoo reqularization of By. Thus Theorem 5 extends

and improves the result of Bauschkepet al. [47] from weak to strong convergence theorem by using
prox-Tikhonov method.
4. Theorem 5 also improves the convergence result studied in Lehdili and Moudafi [15]. In fact, if we take
B, = 0in (40), then (40) becomes
Xn+1 = I'I;‘,lnxn/ n=0, (41)

which is prox-Tikhonov algorithm presented by Lehdili and Moudafi [15].

4.4. Split Common Null Point Problem

Let H; and H; be two real Hilbert spaces. Given two set-valued operators A;: H; — 271 and
As: Hy — 2%2 and a bounded linear operator U: H; — Hy, the split common null point problem
(SCNPP) is the problem of finding

X € Hy; suchthat 0€ A;(X¥) and 0 € A(UX). (42)

In [48], Byrne et al. introduced this problem for finding such a solution ¥ when A; and A; are
maximal monotone.
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Using the fact 0 € A(x) if and only if x € Fix(] ;,4), the problem (42) is equivalent to the problem
of finding
X €My suchthat X € Fix(];,ql) and Ux € Fix(];?z),

where u > 0. Here, ¥ will be used to denote the solution set of (42).

Lemma 15. Let H and H; be two real Hilbert spaces. Let U: H1 — Hy be a bounded linear operator and
S: Hy — Hy be a firmly nonexpansive maping. Then U* (I — S)U is 1/ ||U||? -ism.

Proof. Since S is firmly nonexpansive, using Proposition 4.2, in [24], I — S is firmly nonexpansive.
Therefore, for all x,y € H1, we obtain

(UA(I = S)Ux — U (I = S)Uy,x —y) = (U ((I = S)Ux —(I = S)Uy), x —y)
= {(I=$)Ux — (I - S)Uy, Ux — Uy)
> ||(I = s)ux — (I - S)uy|.

Also,

IU*(I=8$)Ux—U* (I=S)Uy||* = (U*((I-S)Ux~(I-5)Uy), U*((I - S)Ux—(I - S)Uy))
=((I-SUx—(I-S)uy, uu*((1 —-sS)ux — (I -S)Uy))
< JU|P(1 = s)ux — (I - s)Uyl|*.

Combining the above inequalities, we obtain
(U (1= $)Ux — U (1= S)Uy,x —y) > (1/|U]*) Ju* (I - $)ux — U*(I - S)uy|>
Thus U*(I — S)U is 1/ ||U||?-ism. O

Theorem 6. Let Hq and H, be two real Hilbert spaces. Let A1: Hi — 2M1 and Ay: Ho — 272 be two
set-valued maximal monotone operators. Let U: Hy — Hy be a bounded linear operator and g: Hq — Hq bea
contraction with coefficient k € (0,1). Let ¥ # @ and let {x, } be a sequence defined by xo € H; and

Xp1 = ang(xn) + (1 — “n)];fl(I‘F/\nU*(];Z = DU)xn, Vn=0.
Suppose that {a,} C (0,1) and {A,} C (0,2/||U|?) satisfying
(i) lim ay =0, thn:oo;
(i) 0 < liminfA, < limsup A, < 2/||U||
n—re0 n—00
Then the sequence {xy, } converges strongly to a point in Y.

Proof. Let X solves SCNPP i.e. ¥ € ¥, then we have X € H; such that 0 € A;(X) and 0 € A, (UX).
Note that 0 € A, (UX) if and only if UX € le(]y ).

Therefore, (I — J;>)U% = 0 and so U*(I — J;2)UX = 0, means ¥ € (U*(I — J;2)U)~'0. Thus
¥ C AToNUH(I - JR2)u)to.
Now let ¥ € A;10N(U*(I - J42)U)~'0, which implies

u*(I - J>)uz = 0. (43)
Choose z € Y. Therefore, Uz € Fix( ];,4 2). An application of Lemma 9, yields

((I—J2)uz, uz - Ji2usz) <o. (44)
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Using (43) and (44), we have
11— Ji2)UZ|? = (I — Ji2)U%, UF — Uz) + ((I - J;2)UF, Uz — J;2U%)
< {(I— J;?)UR, Uz — Uz)
= (U*(I - J;2)Ux,% —z) = 0.
Therefore, U% € Fix(J;;2) i.e., 0 € Ay(UZ). Thus ¥ € ¥. Hence ¥ = AT'0N(U*(I — J;2)U)~10.
Also, using Lemma 15, U* (I — ];?Z)U is 1/||U||?-ism.
Now, putting By =0, B, = A1, S = U*(I — ];?z)ll and p, = p in Theorem 5, the conclusion of
Theorem 6 is obtained. [

Remark 6.

1. Theorem 6 generalizes and improves the result in ([49] Theorem 5.1). Indeed, the result in ([49] Theorem
5.1) considers the special case A, = vy, for all n. Moreover, we assume that A, € (0,2/||U||?), while in
([49], Theorem 5.1) -y was assumed to be in (0,1/||U||?), which is a more restrictive condition.

2. Ifwetake g = xo and A, = 7y in Theorem 6, we obtain the result of Byrne et al. ([48] Theorem 4.5).

4.5. Split Feasibility Problem

Let C and Q be nonempty closed convex subsets of real Hilbert spaces H; and H; respectively.
The split feasibility problem (SFP) [23] is defined as finding a point ¥ satisfying:

xeC and Uxe€Q, (45)

where U: H1 — H; is a bounded linear operator. In [50], Byrne gave the following algorithm called
CQ algorithm for solving the SFP (45):

Xpi1 = Pe(l —yU™(I = Po)U)xn,

where ¢ € (0,2/]|U]|?). Let h: H — (—o0, 0] be a proper lower semicontinuous convex function.
Then subdifferential of /1 can be defined as

oh(x)={y e H:h(x)+(z—x,y) <h(z), Vz€ H}, VxeH.

By Rockafellar Theorem [51], ok is a maximal monotone operator of H into itself. For a closed
convex subset C of H, the indicator function ic can be defined as

iy — 0, xeC,
7Y o, x¢C

Also recall, the normal cone of C at a point x € C can be defined as
Ne(x)={yeH:{y,z—x) <0,VzeC}.

Since ic: H — (—o0,00] is a proper lower semicontinuous convex function, dic is a maximal
monotone operator. Also it is known that dic = N¢ (see [24] Ex. 16.12). Using Theorem 1 and
the equality

(I+ l’aic)_l = (I+TNc)_l = P,

for all closed convex subset C in ‘H and for all » > 0, we solve the SFP as follows:
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Theorem 7. Let the solution set of SFP (45) is nonempty. Let ¢: Hq — Hq be a contraction with coefficient
k € (0,1) and let {x, } be a sequence defined by x, € Hq and

Xp1 = &ng(xn) + (1 — ay)Pc(I — AU (I — Po)U)xy, Vn > 0.

Suppose that {a,} C (0,1) and {A,} C (0,2/||U||?) satisfying
(i lim a, =0, n;oocn = oo,

(i) 0 < liminfA, < limsupA, < 2/||U|?.
=00 n—00

Then the sequence {xy, } converges strongly to a point in the solution set of SFP (45).
Proof. Put A; = Nc and A; = Ng in Theorem 6, which yields the conclusion of Theorem 7. [

Remark 7.

1. Theorem 7 extends and improves the result in ([52] Corollary 3.7). In fact, in Theorem 7 taking ¢ = u
(constant) and Ay, = vy, for all n, we obtain the result in ([52] Corollary 3.7) without assuming an extra

condition Z |aty 11 — an| < 0o which was assumed in ([52] Corollary 3.7).

=1
2. Theorem 7 also improves the result in ([53], Theorem 1).

4.6. Split Monotone Variational Inclusion Problem and Fixed Point Problem for Strictly
Pseudocontractive Maps

Let H; and H, be two real Hilbert spaces and let M;: H; — 2M1 and My: Hy — 272 be two
set-valued maximal monotone operators.

Let U: Hq — Hp be a bounded linear operator and f1: H1 — H1 and fo: Hp — H, be two ism
mappings. The split monotone variational inclusion problem (SMVIP) is to find X € #; such that

0€ f1(x) + My (%) (46)
and
y=Ux € Hy suchthat 0¢€ fo(y) + Ma(p). (47)
Also, it can be easily proven that (see, e.g., Moudafi [54])
0€ f1(%)+ Mi(R) & =1 (I- Af)R
and

0€ fo(f) +Ma(%) & 7= Jy2(I— AT

Let K be a nonempty closed convex subset of a Hilbert space H. A mapping S: K — K is said to
be 0-strictly pseudocontractive if there exist 6 with 0 < 6 < 1 such that

I1Sx = SylI* < llx —yl* +6[(I = $)x — (I - S)yl?, Vx,y e K.

2

152 = Sy[I* = [I(x —y) = (I = S)x = (I = S)y)|I?
= x—yIP + (I =S)x = (I = S)yl* = 2(x —y, (I - S)x — (I - S)y).

It can be observed that I — S is

-ism. In fact, in a Hilbert space, we have
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Hence, we have

(v =y (1= S)x— (1= 8)y) > (1= S)x — (1= )yl

Moudafi [54] introduced the SMVIP (46) and (47) and gave an iterative algorithm for solving this
problem. Very recently, Shehu and Ogbuisi [55] proposed an iterative algorithm for solving SMVIP

which also solves a fixed point problem for strictly pseudocontractive maps in a real Hilbert space.
The following result of Shehu and Ogbuisi [55] is a consequence of our Theorem 1.

Theorem 8. Let Hq and H, be two real Hilbert spaces and let My: Hq — 2" and My: Ho — 22 be two
set-valued maximal monotone operators. Let U: H1 — Hq be a bounded linear operator. Let f1: Hi1 — H;

be vi-ism and fy: Hy — Hp be vp-ism. Let S: H1 — Hq be a 6-strictly pseudocontractive mapping and
Fix(S) N A # @, where A is a solution set of (46) and (47). Let {x, } be a sequence defined by x, € H, and

Zn = (1 - lxn)xn/
yn = I\ (L= A1) (zn + qU (Y2 (I = Af2) = DUzy),  Yn >0,
Xpn+1 = (1 - (Sn)]/n + fsns]/n/

where A € (0,2v), v =min{vy, vp} and n € (O, %) with L being the spectral radius of the operator U*U and
U* is the adjoint of U. Suppose {an} C (0,1) and {6,} C (0,1 — 0) satisfying

[o0]
(i) lima, =0, Y ay =00
n—o00 =0

(i) 0< li’ginfén <limsupd, <1—6.

n—o00

Then the sequence {x, } converges strongly to point in Fix(S) N A.

Proof. With similar arguments as in the proof of Lemma 14, we can easily show that I — Af; and
I — Af, are averaged mappings on H; and H; respectively. Further, in view of Lemma 3.3 in [56],
(I+yu*( ]ﬁ\wZ(I — Afy) — I)U) is averaged mapping on Hy. Also, applying Lemma 8, the operator
]/Z\VIl (I — Afy) is averaged. Therefore, the composition R is averaged, where R := ]Q/Il (I-Af1)(I+
nU*(JY2(I = Afa) — U). Thus, by definition, R = (1 —~")I + 9T, for some 71 € (0,1) and a
nonexpansive mapping Ty, where Fix(T;) = Fix(R).
Also, we note that
(1=62)I+6,5S = (1 =)+ 13T,

where 72 = 1(5_"9 and T, =1—(1-6)(I-2S).

Note that [ — S is -ism. Therefore, using Lemma 1, T, is nonexpansive. Also, it can be easily
proven that Fix(T,) = Fix(S).

Now let ¥ € A, then we have ¥ € Fix(J (I — Af;)) and UX € Fix(JY2(I — Af2)).

It is obvious that UX € Fix(JY2(I — Afy)) implies ¥ € Fix(I + gU*(JY2(I — Afy) — DU).
Therefore, ¥ € Fix(J)" (I — Af1)) NFix(I + yU*(JA2(I — Afa) — I)U). Using Lemma 8, ¥ € Fix(R).
Thus A C Fix(R).

Now let X € Fix(R). Using Lemma 8, X € Fix(]f\vIl (I—Af1))NFix(I + nU*(]ﬁ\Vb(I —Afy) —DU).
It follows from Lemma 3.3 in [57] that

TeFix(JY"(I-Af))) and UZ € Fix(JY2 (1 - Af2)).

Therefore, ¥ € A. Hence A = Fix(R). Thus @ # Fix(S) N A = Fix(S) NFix(R) = Fix(T,) N Fix(T1).
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On

Now taking By =By =g¢=0,V=1,m =2, 'y}l = 'yl and 'y% =1_0¢ in Theorem 1, which yields
the desired result. [

4.7. Split Variational Inequality Problem (SVIP)
The SVIP [16] can be formulated as follows:

find a point X € C such that (f;(X),x —X) >0, forallx € C, (48)

and such that
y=Ux € Qsolves (f2(y),y—y) >0, forally € Q, (49)

where C and Q are nonempty closed convex subsets of real Hilbert spaces H; and H; respectively
and U: H1 — H; is a bounded linear operator and f1: H1 — Hj and fp: Hy — Hp are two given
operators. If we denote the solution sets of VIPs in (48) and (49) by SOL(f;,C) and SOL(f2, Q)
respectively, then the solution set of SVIP can be written as:

® = {x € SOL(f3,C) such that Ux € SOL(f>,Q)}. (50)

As mentioned in [54], if we choose M; = N¢ and M; = N in SMVIP (46) and (47), respectively,
then we recover SVIP (48,49), where Nc and N are normal cones of closed and convex sets C and
Q respectively.

Theorem 9. Let H and H; be two real Hilbert spaces and let U: Hq — Ho be a bounded linear operator. Let
f1: H1 — Hq bevy-ismand fr: Hy — Hy be vp-ism. Assume that ® # @ and let {x, } be a sequence defined
by xo € Hqand

Vn >0,

{}/n = (1 - “n)xn/
Xpy1 = Pc(I = Af1)(yn +nU*(Po(I — Af2) — I)Uyy),

1
where A € (0,2v), v =min{vy,1p} and n € (O, Z> with L being the spectral radius of the operator U*U and

U* is the adjoint of U. Suppose {a,} is a real sequence in (0,1) satisfying the conditions lim &, =0 and
n—oo
o

Z ay = 0o. Then the sequence {x, } converges strongly to a point in .
n=0

Proof. Put M; = N¢, My = Ng and S = [ in Theorem 8, which yields the desired result. [

Remark 8. Theorem 9 improves and extends the Censor et al.’s result ([16] Theorem 6.3), where it was assumed
that for all X € SOL( f1,C),

(fi(x), Pc(I = Af1)(x) —=X) 20, VxeH,.

We drop this assumption in our result. Furthermore, our result extends Censor et al.’s result ([16] Theorem 6.3)
from weak to strong convergence.

5. Concluding Remarks

In this article, we present a new iterative algorithm for finding a common point of fixed point sets
of nonexpansive mappings and sets of zeros of maximal monotone mappings. Further, we introduced
a new general system of variational inequalities which comprises some existing general system of
variational inequalities and it is shown that our algorithm converges strongly to a solution of this
variational inequality problem. Also, we give modification of cyclic Douglas—-Rachford method to
solve convex feasibility problem in such a way that strong convergence is guaranteed. In addition,
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we combine hybrid steepest descent method, proximal point algorithm and viscosity approximation
method to obtain a common zero point of maximal monotone and inverse strongly monotone mappings.
Further, we improve and extend many results related to different split type problems like split common
null point problem, split feasibility problem, split monotone variational inclusion problem and split
variational inequality problem. Applicability of our algorithm is not limited to the problems discussed
above, it can be further used to solve many important problems, for instance, quasi variational inclusion
problem, convex minimization problem, lasso problem, equilibrium problem and many more. Since in
this paper, we have worked in a Hilbert space, it should be a natural question for the next research to
extend our result in Banach spaces.
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