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Abstract: Edge even graceful labeling (e.e.g., 1.) of graphs is a modular technique of edge labeling
of graphs, introduced in 2017. An e.e.g., 1. of simple finite undirected graph G = (V(G), E(G)) of
order P = |(V(G)) and size g = |E(G)( is a bijection f: E(G) — {2,4,...,2q}, such that when each
vertex v € V(G) is assigned the modular sum of the labels (images of f) of the edges incident to v, the
resulting vertex labels are distinct mod2r, where ¥ = max(p, ). In this work, the family of cylinder
grid graphs are studied. Explicit formulas of e.e.g., 1. for all of the cases of each member of this family
have been proven.

Keywords: graceful labeling; edge even graceful labeling; cylinder grid graph

1. Introduction

The field of graph theory plays an important role in various areas of pure and applied sciences.
One of the important areas in graph theory is graph labeling of a graph G which is an assignment of
integers either to the vertices or edges or both subject to certain conditions. Graph labeling began
nearly 50 years ago. Over these decades, more than 200 methods of labeling techniques were invented,
and more than 2500 papers were published. In spite of this huge literature, just few general results were
discovered. Nowadays, graph labeling has much attention from different brilliant researchers in graph
theory, which has rigorous applications in many disciplines, e.g., communication networks, coding
theory, X-ray crystallography, radar, astronomy, circuit design, communication network addressing,
database management, and graph decomposition problems. More interesting applications of graph
labeling can be found in References [1-11]. A function f is called a graceful labeling of a graph G
if f:V(G)—1{0,1,2,...,q} is injective and the induced function f*: E(G) — {1,2,...,q}, defined as
fe=uv) = | f(u) — f(v)|, is bijective. This type of graph labeling was first introduced by Rosa in
1967 [12] as a f— valuation, and later, Solomon W. Golomb [13] termed it as graceful labeling. A function
f is called an odd graceful labeling of a graph G if f: V(G) — {0,1,2,...,29 — 1} is injective and the
induced function f*:E(G) — {1,3,...,29—1}, defined as f*(e = uv) = |f(u) — f(v)|, is bijective.
This type of graph labeling first introduced by Gnanajothi in 1991 [14]. For more results on this type
of labeling, see References [15,16]. A function f is called an edge graceful labeling of a graph G if
f:E(G) > {1,2,...,q} is bijective and the induced function f*:V(G) —{0,1,2,...,p—1}, defined
as f*(u) = Y. f(e)(modp), is bijective. This type of graph labeling was first introduced by

G)

e=uveE(
Lo in 1985 [17]. For more results on this labeling see [18,19]. A function f is called an edge odd
graceful labeling of a graph G if f: E(G) — {1,3,...,29 — 1} is bijective and the induced function
f:V(G) - {0,1,2,...,29 -1} defined as f*(u) = Y,  f(e)(mod2q) is injective. This type of
)
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graph labeling was first introduced by Solairaju and Chithra in 2009 [20]. For more results on this
labeling, see References [21-23]. A function f is called an edge even graceful labeling of a graph
Gif f:E(G) —{2,4,...,29 - 2} is bijective and the induced function f*:V(G) — {0,2,4,...,29 -2},

defined as f*(u) = Y, f(e)(mod2r) where r = max{p, g}, is injective. This type of graph labeling
e=uveE(G)
was first introduced by Elsonbaty and Daoud in 2017 [24,25]. For a summary of the results on these

five types of graceful labels as well as all known labeling techniques, see Reference [26].

2. Cylinder Grid Graph

The Cartesian product G X G; of two graphs G; and Gy, is the graph with vertex set V(G1) X V(G),
and any two vertices (u1,v1) and (up, v2) are adjacent in G; X G, whenever 11 = up and v1v; € E(Gy)
or v1 = vy and ujuy € E(Gp). The cylinder grid graph C,, is the graph formed from the Cartesian
product Py, X C,, of the path graph P, and the cycle graph C,,. That is, the cylinder grid graph consists
of m copies of C, represented by circles, and will be numbered from the innermost circle to the outer
circle as C,(zl), C,SZ), C,(f), e, C,Sm_l), C,(qm) and we call them simply circles; n copies of P, represented by
paths transverse the m circles and will be numbered clockwise as PS,} ), P,(n2 ), Pg ), R P,(qf _1), P,(qf ) and we
call them paths (see Figure 1).

Vimapn

Figure 1. Cylinder grid graph Cy, .
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Theorem 1. If m is an even positive integer greater than or equal 2 and n > 2, then the cylinder grid graph
Cinn, is an edge even graceful graph.

Proof. Using standard notation p = (V(Cm,n)) =mn,q= |E (Cm,n)| =2mn—-nandr = max(p,q) = 2mn—n
and f : E(Cyn) — {2,4,6,...,4mn —2n —2}. Let the cylinder grid graph Cy, , be as in Figure 2. O
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Figure 2. The cylinder grid graph C, ,, m is even and n > 2.

First, we label the edges of the paths Pg,lf), 1 < k < n beginning with the edges of the path
P,(n1 ) as follows: Move anticlockwise to label the edges v1v,41, Unv2n, Un—1V20-1, - - - , V3Un43, V2012
by 2,4,6,...,2n —2,2n, then move clockwise to label the edges v;,+102,41, Vn+2020n+2, Unt302143, - - -
V2n—1U3n—1, V203 Y 21 +2,2n +4,2n 46, ..., 4n — 2,4n, then move anticlockwise to label the edges
U21+173n+1, U3n0V4n, U3n—1V4n—1, - - -, V2n+3U3n+3, V2n+2VU3n42 by 4n +2,4n 4+ 4,4n +6,...,6n —2,6n and so
on. Finally, move anticlockwise to label the edges v(,,_2),410(u-1)n+1, V(m-1)nVmn O(m-1)n-19mn-1, - - -»
U(m-2)n+39(n-1)m+37 ¥ (m-2)n+27 (m-1)n+2 by 271(111 - 1) +2, Zn(m - 2) +4, Zn(m - 2) + 6, Zn(m - 2) +
8,....2n(m—-1)-2,2n(m-1).

Secondly, we label the edges of the circles C fzk), 1 < k < mbeginning with the edges of the innermost

circle C,(ql) then the edges of outer circle Cﬁlm), then the edges of the circles c,(j”‘”, C,(lm_4), ey, C£,2) .
Finally, we label the edges of the circles C,(qm_l), C,(lm_B), ey C,(13) as follows: f(vjvi11) =2n(m—1)+

2i,1 <i<n-1,f(vp01) = 2mn; f(V-1)nt-i0(m-1)ntiv1) = 2mn +2i,1 <i <n =1, f(OmnV(m-1yps1) =
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2n(m +1); f(Og-1)nriVk-1)ntit1) = nBm=k) +2i,1 <i <n—=1, f(0e0O(k-1)ny1) = n(Bm—-k+2),2 <
k< m=2; f(0g-1yntiO@-1)n+iv1) = n(dm—k—1) +2i,1 <i <n -1, f(0ru0(k-1)n41) = n(4m—k+1),
3<k<m-1,kisodd.

Thus, the labels of corresponding vertices mod (4mn —2n) will be: f*(v;) = 2i+ 2; f*(v,44) =
2mn +2n +4i +2; f*(van i) = 4n+4i+2; f(v3p44) = 2mn+6n+4i+2;...; f(0n-3)psi) = 4mn —
6n +4i +2; f*(O(p-2yppi) = 2mn—4n +4i+2; f(O(pqypgi) =2mn+2i+2,1<i<n.

Illustration: An e.e.g., 1, of the cylinder grid graphs Cg 11 and Cg 12 are shown in Figure 3.

Theorem 2. If m = 3 and n is an odd positive integer greater than 3, then the cylinder grid graph Cs ,, is an
edge even graceful graph.

Proof. Using standard notation p = |V(C3/n)| =3n49 = |E(C3,n)| = 5n, r = max(p,q) = 5n, and
f:E(Cs,) — {2,4,6,...,10n — 2}. There are three cases:
Case (1): If n = 1mod6, let the cylinder grid graph Cs ,, be as in Figure 4.

(a) C 8,11

Figure 3. Cont.
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Z16

(b) C8,12
Figure 3. An edge even graceful labeling (e.e.g., 1.) of the cylinder grid graphs Cg 17 and Cg 1».

First, we label the edges of the paths Pék), 1 < k < n beginning with the edges of the path

Pgl) as follows: Move clockwise to label the edges f(v1v,4+1) = 2, f(v20u42) = 6, f(ViVpti) =
2i+ 2,3 < i < n. Then, move anticlockwise to label the edges f (v, +1v2,+1) = 21 + 4, f(v2,03,) = 21 +
6, f(V2n-103p-1) = 2n + 8, f(v2n203n2) = 2n+10,..., f(Vn 43020 43) = 41, f(Vp 12020 42) = 41+ 2.

Secondly, we label the edges of the circles Cilk), 1 < k < 3 beginning with the edges of the innermost

circle Ci,l), then the edges of outer circle C,(f), and then the edges of the circle C,(f). Label the edges of

the circle Cﬁll) as follows: f(v1vp) = 4n+4, f(vv3) = 4n +6,...,f(vL§wLJ3rz) = M,f(v%v%) =

Mg)_+4/f(U"T+50"T+8) = e, fOngson) = %,f(v%vném) = w/f(v%lwngi) =
BB fonprvusn) = P, f(omnvan) = B, fonnvmn) = B52, f(ornvum) =
%J(W%WE&) = 14"3—+64ff(0n+%0%) = wff(vngjv@) = Lni82 fOnmsvma) =
%,f(v%gvn?m) = w,f(v%“v#) = %,...,f(vn_lg,vn_lz) = 6n—-22, f(v,-120p-11) =

6n —24, f(vy-1105-10) = 6n —20, f(vy—1004—9) = 6n —18, f(vy—9vy—g) = 6n — 14, f(vy_8vy—7) =
6n —16, f(vy—7v4—6) = 6n—12, f(vy_evy—5) = 6n—10, f(vy—50,-4) = 61 —6, f(Vy_4vy—3) = 61 —
8, f(vy—3vp—2) = 6n—4, f(vy_20,_1) = 6n =2, f(vy,_10,) = 6n+2, f(vy01) =6n. O



Symmetry 2019, 11, 584 6 of 30

L0n+14
3

2618+10

Figure 4. The cylinder grid graph C3 ,, n = 1mod6.

Label the edges of the circle C,(qz) as follows: f(vy4iUptiv1) =8n+2i+2,1<i<n-1, f(v2yv41) = 4.

Label the edges of the circle CS,?’) as follows: f(voy4iUoptiv1) =6n+2i+2,1<i<n.

The labels of corresponding of vertices mod10n are as follows:

The labels of vertices of the circle C,(ll) are as follows: f*(v1) = 6, f*(v2) = 8n+16, f*(v3) =
8n + 22,...,f*(vnT_1) = 4,f*(v%) = 8,f*(vnai5) = 12,f*(v%) = 20,f*(vn+311) = 28, f*(v%m) =
32,f*(vn+3i) = 36,f*(vn+3j) = 44,f*(0%23) = 52,f*(vn+%) = 56,f*(vn+329) = 60,f*(v%) = 68,
f*(U%:;S) = 76,f*(v%) = 80,f*(v%) = 84,f*(v#) = 92,f*(vn+347) = 100, ..., f*(vy-12) = 4n —
68, f*(vp—11) = 4n—64, f*(vy—10) = 4n =56, f*(vy—9) = 4n —48, f*(vy—g) = 4n — 44, f*(v4—7) = 4n —
40, f*(vp-¢) = 4n =32, f*(vp—5) = 4n—24, f*(v,_4) = 4n—-20, f*(v,—3) = 4n—16, f*(vy—2) = 4n —
8, f(vp-1) =4n, f*(vy) = 4n + 4.

The labels of vertices of the circle Cff) are f*(vi11) =4i+10,1<i<n-1,f*(vp,) = 4n+12.

The labels of vertices of the circle C£l3) are f*(vpi41) =6n+2i+8,1<i<n.

Case (2): If n = 3mod6, let the cylinder grid graph Cs ;, be as in Figure 5.

(

1)
5y as

First, we label the edges of the paths Pék), 1 <k < n beginning with the edges of the path P
the same in case (1).
Secondly, we label the edges of the circles C,(Ik), 1 < k < 3 beginning with the edges of the innermost

circle C,Sl), then the edges of outer circle C,(f), and then the edges of the circle C;Sz).
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Figure 5. The cylinder grid graph C3 ;,, n = 3mod6.

Label the edges of the circle C,(f) as follows: f(v1v2) =4n+4, f(vav3) =4n+6,..., f(Vrs3Vnie) =

=
14n;18,f(v%%0n3ﬂ) _ 14";“12,]‘(0%90%) _ 14n;—24, f(U%v%) _ 14”;’_30/f(vn4515vn+318) _
%,f(v%lsv%) = w,f(v%zlv%ﬂ) = w,f(vngﬂvngﬂ) = %, f(vn+327'0114530) =
14”;66,f(0@0%) — 14”;60,f(0@0#) — 14”;72,f(v»14§360n§39) — 1471;—78, f(vn-539vn4542) _
B, fouspvus) = B2, f(0umvus) = 5722, f(onmown) = B2, f(on-1300-12) =
6n =22, f(vy-120p-11) = 61 =24, f(vy-119-10) f(Vn-90n-8) = 6n — 14, f(v,-80,-7) = 6n - 16,
f(On-7v4—) = 6n—12, f(v4_6vy—5) = 6n —10, f(vy_50y_4) = 61 — 6, f(Vy_4vp_3) = 61 —

8, f(vp—3vy—p) = 6n—4, f(vy—pvy-1) = 6n =2, f(v,-10,) = 61+ 2, f(v,v1) = 6n.

The labels of corresponding vertices mod10n are as follows: The label of vertices of the circle C,Sl)
are f*(v1) = 6,f"(v2) = 8n+16,f"(v3) = 8n+22,..., f"(vyy) = 10n=2,f (vy) = 4, f (v ) =
12,f*(v%+2) = 16/f*(vg+3) = 20, f*(vg+4) = 28/f*(vg+5) = 36/f*(vg+6) 40/f*(vg+7) =

) = 52,f(0249) = 60, f (vzi19) = 64, f (vzi11) = 68, f(vz112) = 76, f (vzy13) =
84,f*(vg+14) = 88,f*(0%+15) = 92,f*(vg+16) = 100, ..., f*(vy-12) = 4n—68, f*(v,-11) = 4n — 64,
f*(vy—10) = 4n =56, f*(vy—9) = 4n —48, f*(vy—g) = 4n —44, f*(v,—y) = 4n —40, f*(vp—6) = 4n —
32, f*(vy—5) = 4n—24, f*(vy—q4) = 4n =20, f*(vy—3) = 4n—16, f*(vy—2) = 4n -8, f*(vy,—1) = 4n, f*(vy) =
4n + 4.

The labels of vertices of the circles C,(f) and C,(f) are the same as in case (1).

Case (3): If n = 5mod6, let the cylinder grid graph Cs ;, be as in Figure 6.
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6n+4

{20n+38

Figure 6. The cylinder grid graph C3,;, n = 5modé.

First, we label the edges of the paths Pék), 1 < k < 2 beginning with the edges of the path Pél) as

the same in case (1). Second, we label the edges of the circles C,Sk), 1 < k < 3 beginning with the edges

of the innermost circle C,(ll), then the edges of outer circle C,(f’), and then the edges of the circle C,(f).

Label the edges of the circle Cﬁll) as follows: f(v1vp) = 4n+4, f(vov3) =4n+6,... ,f(vnT—S vnT—2) =

M’é—“,f(v%vnsj) = B flompons) = M@,jrf(v%ﬂvg) = ol fOuz0mm) =
%J(U%W%) = %J(U%ﬂv%) = %J(U%MJ%) = Lni38 fOn9vwzn) =
w,f(v%v%) = %J(ZJ@U@) = %rf(vngzsvngsl) = e g Unssi V) =
Wnt7, f(v%mv#) = 14”;68,f(v%37m+3i) = 14”;80,f(vn+3ﬂv%43) = 186 f(vp-130-12) =

6n —22, f(vy—120p-11) = 61 —24, f(vy-1104-10) = 61 — 20, f(V4—100n-9) = 6n —18, f(vy—9v,-g) =
6n — 14, f(vy—gvy—7) = 6n —16, f(vy—7v4—¢) = 6n—12, f(vy_evy-5) = 6n—10, f(vy_5V,_4) = 61 —
6, f(vy—4vy—3) = 6n =38, f(vy_3vp—2) = 6n —4, f(Vy—20,-1) = 61 =2, f(vy_10,) = 61 + 2, f(v,01) = 61,

The labels of corresponding vertices mod10n are as follows: The labels of vertices of the
circle CSZU: f(v1) = 6,f(v2) = 8n+16,f(v3) = 8n+22,. ..,f*(v%_5) = 10n — 4,f*(vns;z) =
O,f*(v%l) = 4,f*(v%) = 12,f*(vnT+7) =20, f*(v@) = 24,f*(v%) = 28,f"(vn+316) =36, f*(vz17)
44,f*(v,,+3j) = 44,f*(v%) = 48,f*(v%25) = 52,]“(0,1_%23) = 60, f*(v%) = 68,f*(v#)
72,f*(vn+ai) = 76,f*(v%) = 84,f*(v%43) = 92,f*(vn+346) 96,f*(v#) = 100,..., f*(vy-12) =
4n - 68, f*(vy-11) = 4n— 64, f*(vy-10) = 4n =56, f*(vy—9) = 4n —48, f*(v,—g) = 4n—44, f*(v,—7)
4n —40, f*(vp-6) = 4n =32, f*(vy—5) = 4n —24, f*(v,—4) = 4n =20, f*(vy—3) = 4n —16, f*(v4—2)
4n -8, f*(vy—1) = 4n, f*(vy) = 4n + 4.
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The labels of vertices of the circles Cﬁlz) and C,(f’) are the same as in case (1).
Illustration: Ane.e.g., 1. of the cylinder grid graphs Cz 25, C3 27 and C3 29 are shown in Figure 7.

(b) C3‘27

Figure 7. Cont.
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(€) Cyyp

Figure 7. Ane.e.g., 1. of the cylinder grid graphs Cs 25, C327 and C3 9.

Remark 1. Note that C3 5 is an edge even graceful graph but it does not follow the pervious rule (see Figure 8).

40

Figure 8. An e.e.g., 1. of the cylinder grid graph Cs 5.
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Theorem 3. If m is an odd positive integer greater than 3 and n is an even positive integer, n > 2, then the
cylinder grid graph C, ., is an edge even graceful graph.

Proof. Using standard notation p = |V(Cm,n)| =mn,q = |E(Cm,n)| = 2mn —n and r = max(p,q) =
2mn—nand f: E(Cpp) — {2,4,6,...,4mn—2n—-2}. O

Let the cylinder grid graph C;, ,, be as in Figure 9. There are six cases:

Vim-na+s

2n(m-3)+6

Zmn+6
V(-2

2n (m++6

Y im e

\ Zn(m—1)=4
"\\_ Vim-nnes %

'\ 2n(m 938

mn+l

VoDl

an (m—1)-2

Inlm—2+6

ma-1

m(m+1)-2

Figure 9. The cylinder grid graph C, ,,m is odd greater than 3 and n > 2.

Case (1): n = Omodl2. First, we label the edges of the paths P;,f ) , 1 <k < n
beginning with the edges of the path PS; ) as follows: Move clockwise to label the edges
V1041, V2Un+2,U30n+3, - - -, Un—102n-1, UnV2y by 2,4,6,...,2n — 2,2n, then move anticlockwise to label
the edges v, 11042, V21030, V2n—103n—1, - - - » Un4 302043, Un4202n42 by 2n +2,2n + 4,2n + 6, ..., 4n—2,4n,
then move clockwise to label the edges V21193141, V2n+2V3n42, V204303143, - - - » U3n—1V4n—1, U3nVan DY
dn+2,4n+4,4n+6,...,6n—2,6n and so on.

Finally, move anticlockwise to label the edges 0,2+ 10(m-1)n+1, V(m—-1)nVmn, O(m-1)n-1Ymn—-1, - - -,
U(m_2<)n+3v()m_1)n+3,U(m_z)n+zvm(n_1)+2 by 2n(m—2) +2,2n(m—-2) +4,2n(m-2) +6,...,2n(m—-1) -
2,2n(m—1).
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(k)

Secondly, we label the edges of the circles C;;’,1 < k < m beginning with the edges of the inner

most circle C,gl), then the edges of outer circle Cﬁlm), then the edges of the circles C,(nm_l), C,(nm_B), ey Cfnz ),
Finally, we label the edges of the circles anm_l), C,(nm_g), ey Cf,% ),

Label the edges of the circle C,(}) as follows: f(vjvp) = 2n(m—1)+2, f(vovs) = 2n(m—1) +
6, f(v3vs) = 2n(m—1) + 4, f(v4vs) = 2n(m —1) + 8, f(vsv) = 2n(m—1) + 10, f(vevy) = 2n(m —
1) + 14, f(vyvg) = 2n(m—1) + 12, f(vgvg) = 2n(m —1) + 16, f(vgv1g) = 2n(m—1) + 18, f(v19v11) =
2n(m—1) + 22, f(v11v12) = 2n(m—1) + 20, f(v1pv13) = 2n(m—1) +24,..., f(v4—yvy—¢) = 2mn —
14, f(vy—6Un-5) = 2mn =10, f(vyp_50,—-4) = 2mn —12, f(v,_4vy_3) = 2mn -8, f(vy_3v,_2) = 2mn —
2, f(vy—pvy_1) = 2mn —6, f(v,_10,) = 2mn, f(vy01) = 2mn — 4.

Label the edges of the circle C,(lm) as follows:  f(Vu-1)tiO(m-1)ntiv1) = 2mn +
2, f(OmnO(p-1ynp1) = 2n(m+1),1<i<n-1.

Label the edges of the circle C,(j"‘” as follows: f(v(u-3)nti0(m-3)nti+1) = 2n(m+1) +
2i/f(v(m—2)nv(m—3)n+1) =2n(m+2),1<i<n-1

Label the edges of the circle Cslm_‘}) as follows: f(V(y—s5)nriVm-s5)ntit1) = 2n(m+2) +
2i, f(V(m-a)n¥(m—5)n+1) = 2n(m+3),1 <i<n-1,and so on.

Label the edges of the circle C,(f) as follows: f(vo4iVopyiv1) = 3n(m—1) + 2i, f(v3,0241) =
nBm-1),1<i<n-1,

Label the edges of the circle Cﬁlm_l) as follows: f(V(—2)nti¥(m-2)ntit1) = n(Bm—1) +
2, f(Om-1)n¥(m-1yns1) =nBm+1)-1,1<i<n-1,

Label the edges of the circle C,(zm_a) as follows:  f(V(y—g)nti¥m-a)ntit1) = n(3m+2) +
2i, f(V(m-3)nV(m-ayng1) = 3n(m+1),1<i<n-1,..., and so on.

Label the edges of the circle C,(f) as follows: f(v34i03n+iv1) = 2n(2m —3) + 2i, f(V4V341) =
dn(m-1),1<i<n-1,

Label the edges of CEZZ) as follows: f(v,4i0p4iv1) =4n(m—1) +2i, f(v2,v2p+1) =2n(m—1),1 <
i<n-1,

Thus, the labels of corresponding vertices mod (4mn — 2n) will be:

The label the vertices of C,(ql) are: f*(v1) = 0; f*(v2) = 4mn —4n +12; f*(v3) = 4mn —4n +
16; f*(vy) = 4mn —4n + 20; f*(vs) = 4mn —4n + 28; f*(ve) = 4mn —4n + 36; f*(v;) = 4mn —4n +
40; f*(vg) = 4mn —4n + 44; f*(v9) = 4mn — 4n + 52; f*(vyg) = 4mn — 4n + 60; f*(v11) = 4mn —4n +
64; f*(v12) = 4mn—4n+68;...; f*(vy—6) = 4n —36; f*(vy—5) = 4n—32; f*(vy—a) = 4n —28; f*(vy_3) =
4n—16; f*(vy—2) = 4n—12; f*(vy—1) =4n—8; f*(v,) = 4n — 4.

The label the vertices of Cf), C,(f’), C,(f), ey cfj"‘”, CSI ), £,’”) respectively are: f*(v,4i) =
4i+2; f(vonti) = 2mn+4n +4i+2; f(v3p44) = dn+4i+ 2. f(O(p_zynri) = 4mn—6n +4i+2;
F (Om)nyi) = 2mn —6n +4i+2; f*(0(y_1)4i) = 2mn+21+2,1 <z<

Case (2): n = 2mod12,n + 2.

First, we label the edges of the paths P( J1<k<n begin with the edges of the path P,(ﬂ1 ) as the
same in case (1).

Secondly, we label the edges of the circles C,, ®) ,1 <k < mbegin with the edges of the inner most
(m—4) (3)
PR Chug

n

circle CEI ) , then the edges of outer circle C, (m) , then the edges of the circles c,ﬁ’"‘z), C

Finally, we label the edges of the circles C,(nm_l), C,(nm_3), ., C,(ﬂ2 ),

Label the edges of the circle C,sl) as follows: f(v1v2) = 2n(m—1) +2, f(vov3) = 2n(m —1) +
6, f(v3vs) = 2n(m—1) + 4, f(v4vs) = 2n(m —1) + 8, f(vsv) = 2n(m —1) 4+ 10, f(vev7) = 2n(m —
1) + 14, f(vyvg) = 2n(m—1) + 12, f(vgvg) = 2n(m —1) 4+ 16, f(v9v1g) = 2n(m —1) 4+ 18, f(v19v11) =
2n(m—1) 4+ 22, f(v11012) = 2n(m —1) + 20, f(vipv13) = 2n(m—1) 4+ 24,..., f(vy—9vy_g) = 2mn —
18, f(vy—gUp—7) = 2mn — 14, f(vy_70p—¢) = 2mn — 16, f(Vy—eVy-5) = 2mn — 12, f(v,_50,_4)
2mn — 10, f(vy—4vy—3) = 2mn —6, f(vy_3vy—2) = 2mn -8, f(vy_2v,—1) = 2mn —4, f(v,_10,) =
2mn -2, f(vyv1) = 2mn.
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Label the edges of the circle C,(f) as follows: f(vy410p42) = 4n(m—1) + 4, f(vy120443) =
dn(m—1) +2, f(on+30p4a) = 4n(m—1) + 8, f(0nsavpys5) = 4n(m—1) + 6, f(vpiiVpyiv1) = 4n(m—
1) +2i,6 <i<n-2 f(vyu-102) = 2n(2m —1), f(v24vy+1) = 2n(2m — 1) — 2. Label the edges of
Cﬁlm), CE{”‘Z), ij”“*), e, Cf’) and C,(qm_l), C,(lm_?’), C,(qm_5), e, C£l4) as in case (1).

Thus, the labels of corresponding vertices mod (4mn — 2n) will be:

The label the vertices of Cﬁll) are: f*(v1) = 4,f(vp) = 4mn—4n+ 12, f*(v3) = 4mn —
4n + 16, f*(vy) = 4mn —4n + 20, f*(vs) = 4mn —4n + 28, f*(vg) = 4mn —4n+ 36, f*(vy) =
dmn — 4n + 40, f*(vg) = 4mn —4n + 44, f*(v9) = 4mn —4n + 52, f*(vyo) = 4mn —4n+ 60, f*(v11) =
dmn —4n + 64, f*(v1p) = 4mn —4n+ 68, f*(vi3) = dmn—4n+76,..., f*(vy—s) = 4n —48, f*(v,—7)
dn — 44, f*(0y_6) = 4n — 40, f*(vy_5) = 4n =32, f*(0p_s) = 4n —24, f*(vy_3) = 4n—20, f*(vu_)
4n—-16, f*(vy—1) =4n =8, f*(vy) = 4n - 2.

The label the vertices of the circle CEZZ) are: f*(v,41) =6, f(vy12) =10, f*(vy43) = 14, f*(vy14) =
18, f*(vp45) =20, f*(vy4i) =4i+2,6 <i<n-2, f*(vy,-1) = 4n, f*(voy) = 4n+ 2.

The label the vertices of C,(?), C,(f), el c,(j”‘”, C,(qm_l), C,(zm) respectively are as the same as in case (1).

Remark 2. In case n = 2. Let the edges of the cylinder grid graph Cy, o are labeled as shown in Figure 10.
The corresponding labels of vertices mod(8m — 4) are as follows: f*(v1) = 8, f*(vyir1) = 4m+8i+4,1
i< M3 f(0y) = 8i+6,1<i< Bl f(v'y) =12, (v'2) =20, f (vVai41) = 4m +8i+ 18,1 < i
B3 f(v'y) =8i+10,2<i< 5L,

IN A

4m +4

A +6

Figure 10. The cylinder grid graph C,,».
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Case (3): n = 4mod12.
First we label the edges of the paths Pf,f ) ,1 < k < n begin with the edges of the path PS: ) as the
same in case (1).

Second we label the edges of the circles C,Sk), 1 < k < m begin with the edges of the inner most
circle C,(ql) , then the edges of outer circle cf{’” , then the edges of the circles C,Sm_z), cf{”“”, ey CS’).
Finally we label the edges of the circles C,(ﬂm_l), C,(nm_3), ceey C,(n2 ),

Label the edges of the circle C,(ql) as follows: f(v1vp) = 2n(m—1) +2, f(vpv3) = 2n(m—1) +
6, f(v3vs) = 2n(m—1) + 4, f(v4vs) = 2n(m —1) + 8, f(vsve) = 2n(m—1) + 10, f(vevy) = 2n(m —
1) + 14, f(vyvg) = 2n(m—1) + 12, f(vgvg) = 2n(m —1) 4 16, f(vgv19) = 2n(m—1) + 18, f(v19v11) =
2n(m —1) + 22, f(v11012) = 2n(m —1) + 20, f(vip013) = 2n(m—1) + 24, ..., f(vy—gvp—7) = 2mn —
16, f(vy—70n-¢) = 2mn —14, f(vy_Uy—5) = 2mn — 10, f(Vy—504-4) = 2mn — 12, f(v,_4v,_3) = 2mn —
8, f(vy—3vy—2) = 2mn =2, f(vy_pv,_1) = 2mn —6, f(v,—1v,) = 2mn, and f(v,v1) = 2mn — 4.

Label the edges of CS,m), C,(zm_z), C,(j”“*), e C,(lg) and ij"‘”, C,(qm_3), C,(Zm_S), ceey C£,4), C£,2) as in case (1).

Thus we have the labels of corresponding vertices of the circle CS) mod (4mn — 2n) will be:
f(v1) =0, f*(v2) = 4mn—4n+ 12, f*(v3) = 4mn—4n+ 16, f*(vs) = 4mn —4n + 20, f*(vs) = 4mn —
4dn + 28, f*(vs) = 4mn —4n + 36, f*(vy) = 4mn —4n + 40, f*(vg) = 4mn —4n + 44, f*(v9) = 4mn —
4n + 52, f*(v1g) = 4mn —4n + 60, f*(v11) = 4mn —4n + 64, f*(v1p) = 4mn —4n + 68, f*(v13) = 4mn —
dn+76,..., f (vy—7) = 4n—44, f*(vy—¢) = 4n =36, f*(vy—5) = 4n =32, f*(v,_4) = 4n =28, f*(vy—3) =
4n—16, f*(vp—2) =4n—12, f*(vy—1) =4n -8, f*(vy) = 4n—4.

The label the vertices of C,(ZZ), CE?), C,(14), cee, C,(zm_z), C,(Jn_l), c,({”) respectively are as same in case (1)

Remark 3. In case n = 4. Let the the edges of the cylinder grid graph C,, 4 are labeled as shown in Figure 11.
The corresponding labels of vertices mod(16m —8) are as follows: f*(v1) =6, f*(v2) =8, f*(v3) =16, f*(v4) =
20; f*(vaip1) = 4i+10,1 < i < 3,f*(vg) = 28; f*(vgrr;) = 8m+4i+16k-10,1 <i < 4,1 <k <
23 f(vam-11) = 0, f*(Vam-10) = 2, f*(Vam-9) = 4, f*(Vam-s) = 10, f*(Vg417) = 4i + 16k +10,1 <i <
4,1<k<23

Case (4): n = 6mod12.

First, we label the edges of the paths PE,f ) ,1 < k < n begin with the edges of the path PS; ) as the
same in case (1).

Secondly, we label the edges of the circles C,(qk) ,1 <k < m begin with the edges of the inner most

circle C,(ql) , then the edges of outer circle Cf{”>, then the edges of the circles ij"‘z), C,([”“”, ey C,S3).

Finally, we label the edges of the circles C,(nm_l), C,(nm_g), ., C,(ﬂ2 ),

Label the edges of the circle C,(ql) as follows: f(v1v2) = 2n(m—1) +2, f(vovz) = 2n(m—-1) +
6, f(v3vs) = 2n(m—1) + 4, f(v4vs) = 2n(m —1) + 8, f(vsvs) = 2n(m —1) + 10, f(vev7) = 2n(m —
1) + 14,f(?)7vg) = 21/1(71’! - 1) + 12,f(08?}9) = 271(71’! - 1) + 16, f(vgvlo) = 21’1(711 - 1) + 18,f(?)10011) =
2n(m—1) 4+ 22, f(v11012) = 2n(m —1) + 20, f(vipv13) = 2n(m—1) +24,..., f(vy—9vy-g) = 2mn —
18, f(vy—gUp—7) = 2mn — 14, f(vy—704—¢) = 2mn — 16, f(vy_6Up—5) = 2mn —12, f(v,_50,_4) = 2mn —
10, f(vy-4vp—3) = 2mn — 6, f(vy—304—2) = 2mn —38, f(vy_2vy_1) = 2mn —4, f(v,_1vy) = 2mn + 2,
f(vpv1) = 2mn —2.

Label the edges of Cﬁlm_@, ey C£,3) and Cﬁm_l), c,ﬁ’"‘”, C,(j”‘5), cens C,(f), C,(lz) as in case (1).

Label the edges of the circle C,Sm_z) as follows:  f(V(u_3)u10(m-3)ns2) = 2n(m +
2), f(Om-3)n+iOm-3ynti+1) = 2n(m+1) +2i,2 <i <n =1, f(Vn-2)nV(m-3)ns1) = 2n(m +2) +2.
Label the edges of the circle C,(Zm) as follows: fOum-1n10m=1ynt2) =

2mn, f(Vn-1)nrim-1ynti+1) = 2mn+2i,2 <i <n =1, f(0y_2)n0(m-3)nt1) = 2n(m +2).
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Serr 12 Sy — 20) Bz — 28]

-
Vimal Vea-i 13

Vims

Sm +10 CP s o5

Srrp — 26

Vins
B — 14

Vin—t
Brm —10)

Via

Figure 11. An e.e.g., 1. of the cylinder grid graph Cy, 4.

Thus we have the labels of corresponding vertices mod (4mn — 2n) will be:

The labels the vertices of the circle Cﬁll) are: f*(v1) = 2,f*(v2) = 4mn—4n+12, f*(v3) =
4mn —4n + 16, f*(vg) = 4mn —4n + 20, f*(vs) = 4mn —4n + 28, f*(ve) = 4mn —4n + 36, f*(vy) = 4mn —
4n +40, f*(vg) = 4mn —4n + 44, f*(v9) = 4mn —4n + 52, f*(v10) = 4mn —4n + 60, f*(v11) = 4mn —4n +
64, f*(v12) =4mn—4n+68, ..., f*(v,—8) = 4n —48, f*(vy—7) = 4n—44, f*(v4—6) = 4n — 40, f*(vy—5) =
4n —32, f*(vy-q) = 4n—24, f*(vy_3) =4n —-20, f*(vy—2) =4n —16, f*(v,—1) = 4n—4; f*(v,) = 4n.

The labels the vertices of the circle C,(j”‘” are: f*(v(u-zypg1) = 4mn —6n+6; f*(v(y_3ypi2) =
dmn—6n+8; f*(0(y_3ynri) E4mn—6n+4i+2,3 <i<n-1, f(04y-2),) = 4mn—4n+4.

The labels the vertices of Cf), CS), C,(f), ey c,(;"‘”, Cim_g’) respectively are the same as in case (1).

The labels the vertices of C,(lm) are: f*(0(y—1y41) = 2mn +2, f(O(_1yns2) = 2mn+4, f(0n-1)nyi) =
2mn+2i+2,3 <i < n.Case (5): n = 8mod12.

First, we label the edges of the paths P,Sf ), 1 < k < n begin with the edges of the path Pﬁ,}) as the
same in case (1).

Secondly, we label the edges of the circles szk), 1 <k < m begin with the edges of the inner most

circle C,(ql), then the edges of outer circle C;S*”) , then the edges of the circles C,(qm_z), C,(qm_4), ey C;(f’).
Finally we label the edges of the circles C,(ﬂm_l), C,(ﬂm_3), cees C,(ﬂ2 )
Label the edges of the circle C,(ll) as follows: f(v1v2) = 2n(m—1)+2, f(vov3) = 2n(m —1) +
6, f(v3vy) = 2n(m —1) + 4, f(vgvs) = 2n(m—1) +8, f(vsvs) = 2n(m —1) + 10, f(vev7) = 2n(m —
1) + 14, f(vyvg) = 2n(m—1) + 12, f(vgvg) = 2n(m —1) 4+ 16, f(v9v1g) = 2n(m —1) 4+ 18, f(v19v11) =
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2n(m —1) + 22, f(v11012) = 2n(m —1) 4 20, f(v12013) = 2n(m—1) + 24, f(v13014) = 2n(m—-1) +
26,..., f(vy—9vy—g) = 2mn =20, f(vy—gvy—7) = 2mn — 16, f(vy—7vy—¢) = 2mn —14, f(v,—eVy-5) =
2mn — 10, f(vy—50p—a) = 2mn — 12, f(v,_40y_3) = 2mn =8, f(vy—304—2) = 2mn —6, f(Vy_20y-1) =
2mn =2, f(vy_10n) = 2mn — 4, f(v,01) = 2mn + 4.

Label the edges of the circle Cim) as follows f(O(y-1)u41¥(m-1)nt2) = 2mn +
2, fOm-1)n120(m-1)nt3) = 2mn + 6, f(Vm-1)nsiOm-1ynyiv1) = 2mn+2i+2, 3 < i < n-
1, f(vmnv(m—l)n-i-l) = 2mn.

Label the edges of C,gm_z), Cﬁlm_4), ey C,(f) and C,S’”‘”, C,(lm_a), C,S’”‘S), el C,(f), c,(f) as the same in
case (1).

Thus we labels of corresponding vertices of the circle C(l) mod (4mn —2n) will be: f*(vq) =
8, f(v2) = 4mn —4n + 12, f*(v3) = 4mn —4n + 16, f*(v4) = 4mn —4n + 20, f*(vs) = 4mn — 4n + 28,
f*(ve) = 4mn —4n + 36, f*(vy) = 4mn —4n + 40, f*(vg) = 4mn —4n + 44, f*(v9) = 4mn — 4n + 52,
f*(v19) =4mn—4n+ 60, f*(v11) = 4mn —4n+ 64, f*(v12) = 4mn—4n+ 68, f*(v13) = 4mn—4n+76, ...,
f*(vy-g) = 4n =52, f*(vp—7) = 4n — 44, f*(v4—¢) = 4n =36, f*(vy—5) = 4n —32, f*(vy—4) = 4n - 28,
f(vp—3) =4n—20, f*(vy—p) =4n —12, f*(v,—1) =4n -8, f*(v,) = 4n.

The labels the vertices of the circle C,(1 ) are: F @m-1yns1) = 2mn —4n + 14, f*(0(y_1)ps2) =

2mn + 8, f*(v(p-1ynti) = 2mn+2i+6,3 < i < n—1,f (vmy) = 2mn + 4. The labels the vertices of

C,(f), C,(f’), C,(f), ey C,gm_Z), Cflm_n respectively are as the same in case (1).

*

Case (6): n = 10mod12. First we label the edges of the paths ng ), 1 < k < n begin with the edges

of the path Pf,} ) as the same as in case D).
(k)

Second we label the edges of the circles C,;’,1 < k < m begin with the edges of the inner most
circle C,(zl), then the edges of outer circle C,Sm), then the edges of the circles C,(zm_z), C,(qm_él), cees C,(13).
Finally we label the edges of the circles anm_l), C,(nm_g), e, anz ).

Label the edges of the circle CEll) as follows: f(vivp) = 2n(m—1) 42, f(vovs) = 2n(m—1) +
6, f(v3vs) = 2n(m —1) + 4, f(vavs) = 2n(m—1) +8, f(vsvs) = 2n(m —1) + 10, f(vev7) = 2n(m —
1) + 14, f(vyvg) = 2n(m—1) + 12, f(vgvg) = 2n(m —1) 4+ 16, f(v9v1g) = 2n(m —1) 4+ 18, f(v19v11) =
2n(m—1) 4 22, f(v11v12) = 2n(m —1) + 20, f(v12013) = 2n(m —1) + 24, f(vizvs) = 2n(m-1) +
26,..., f(vy—gvy—g) = 2mn — 18, f(v,_gvy—7) = 2mn — 14, f(vy—7vy—¢) = 2mn —16, f(vy_eVy-5) =
2mn — 12, f(vy—50y-4) = 2mn — 10, f(v,-40y-3) = 2mn — 6, f(vy,—30,—2) = 2mn —8, f(vy_20y-1) =
2mn — 4, f(vy_10y) = 2mn =2, f(v,01) = 2mn.

Label the edges of the circle C,(f) as follows: f(vy4+1Un42) = 4n(m—1) + 4, f(vy120443) =
dn(m—1) 42, f(vy4iVnyiv1) =4n(m—1)+2i,3 <i <n -2, f(voy-102n) = 2n(2m —1), f(v200241) =
2n(2m—1)—2.

Label the edges of C,(Im), Cslm_z), Cf{”“*), .., Cﬁls) and Cslm_l), Cf,’”‘”, CElm_S), s, C,(f) as in case (1).

Thus we have the labels of corresponding vertices mod (4mn — 2n) will be:

The labels the vertices of the circle c,(}) are as follows: f*(v1) =4, f*(vp) = 4mn—4n+12, f*(v3) =
dmn — 4n + 16, f*(v4) = 4mn —4n + 20, f*(vs) = 4mn —4n + 28, f*(ve) = 4mn —4n + 36, f*(vy)
dmn —4n+40, f*(vs) = dmn—4n+44, f*(v9) = dmn—4n+52, f*(v1p) = 4mn—4n+60, f*(v11) = 4mn —
4n + 64, f*(v1p) = 4mn —4n+ 68, f*(v13) = dmn—4n+76, f*(v1s) = 4mn—4n+ 84, ..., f*(v,—g) =
4n — 48, f*(vy—7) = 4n —44, f*(vy—6) = 41— 40, f*(vp—5) = 4n —32, f*(vy_a) = 4n —24, f*(v,-3) =
4n —-20, f*(vp—2) =4n—16, f*(vy—1) =4n -8, f*(v,) = 4n - 2.

The labels the vertices of the circle C,(lz) are as follows: f*(v,41) = 6, f*(vy42) = 10, f*(vp43) =
12, f*(vpyi) = 4i+2,4 < i < n=2,f(vop-1) = 4n,f*(v2y) = 4n + 2. Label the vertices of
CSLS), C£l4), ey Cﬁl’"‘z), C,(qm_l), C,(j") respectively are as the same as in case (1).

Illustration: The edge even graceful Ilabeling of the cylinder grid graphs
C9,2, C9,4, C7/10, C7/12, C7,14C7,16C7,18 and C7,7_0 are shown in Figure 12.
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(d) Crs

Figure 12. Cont.
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(f) C7,16

Figure 12. Cont.
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Figure 12. An e.e.g., 1. of the cylinder grid graphs Co 5, C9 4,C7 10, C7,12, C7,14, C7,16, C7,18, and C7 2.
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Theorem 4. If m is an odd positive integer greater than 3 and n is an odd positive integer, n > 3, then the
cylinder grid graph C, ., is an edge even graceful graph.

Proof. Using standard notationp = |V(Cm,n)| =mn,q = |E(Cm,n)| =2mn—n,r = max(p,q) = 2mn—n,
and f:E(Cun) = {2,4,6,...,4mn—-2n-2}. O

Let the cylinder grid graph C;, ,, be as in Figure 9. There are six cases:

Case (1): n = 1lmod12.

First, we label the edges of the paths ng), 1 < k < n beginning with the edges of the path P,(j ) as
follows: Move clockwise to label the edges v1v;,41, V20y42, V3013, - - ., Uy—1V2n—-1, UnV2, by 2,4,6, ..., 2n —
2,2n, then move anticlockwise to label the edges v, 410442, V24031, U2n-1U35-1, - - - » Un+3021+3, Un-+202n+2
by 2n + 2,2n 4+ 4,2n + 6,...,4n — 2,4n, then move clockwise to label the edges
V2n+1U3n+1, V204203142, V2n+3U3n+3, - - -, U3p—10dn—1,V3nVay by 4n + 2,4n + 4,4n 4+ 6,...,6n — 2,6n,
and so on.

Finally, move anticlockwise to label the edges v(;,_2)119(m-1)n-+1, V(m—1)nVmns V(m-1)n-1Pmn-1, - - -
O(m-2)n+30(m-1)143 O (m-2)n+2%m(n-1)+2 by 2n(m =2) +2,2n(m - 2) + 4,2n(m - 2) +6,...,2n(m-1) -
2,2n(m-1).

Second, we label the edges of the circles C,Sk) ,1 < k < mbeginning with the edges of the innermost

,(f) ), and then the edges of the circles c,(j”‘”, C,(J”“*), ey C,(f).

D, el e,

circle C,,’, then the edges of outer circle C,(;n

Finally, we label the edges of the circles C

Label the edges of C,Sl) as follows: f(v1v2) =2n(m—1) 42, f(vav3) =2n(m—1) +4, f(v3vs) =
2n(m —1) + 8, f(v4vs) = 2n(m—1) + 6, f(vsvg) = 2n(m—1)+ 10, f(vevy) = 2n(m—1) +
12, f(vyvg) = 2n(m —1) + 16, f(vgvg) = 2n(m —1) + 14, f(vovyg) = 2n(m —1) + 18, f(v9v11) =
2n(m—1) 4 20, f(v11v12) = 2n(m —1) + 24, f(v1pv13) = 2n(m—1) + 22, f(v13v14) = 2n(m —1) + 26,
f(v1av15) = 2n(m—1) +28,..., f(vy—704—6) = 2mn — 14, f(vy_6vp-5) = 2mn — 10, f(vy—_50,-4) =
2mn — 12, f(vy—4vy—3) = 2mn —8, f(vy_3vy—2) = 2mn —6, f(vy_2v,—1) = 2mn —2, f(v,_10,) =
2mn — 4, f(v,v1) = 2mn.

Then, label the edges of C,Sm),c,ﬁm‘”,cflm“”,...,C,(f) and C,Sm_l),C,(qm_s),CEZm_S),...,CE;L),C,SZ)
as follows:

Label the edges of the circle C,(lm) as follows:  f(Vpu-1)ptiO(m-1)nsiv1) = 2mn +
2, f(OmnO(p-1yp1) = 2n(m+1),1<i<n-1.

Label the edges of the circle Cﬁlm_Z) as follows:  f(v(u-3)ntiO(m-3)nti+1) = 2n(m+1) +
2i’f(v(m—2)nv(m—3)n+1) =2n(m+2),1<i<n-1

Label the edges of the circle Cslm_‘}) as follows:  f(V(y—5)nriVm-s5)ntit1) = 2n(m+2) +
2i, f(V(-a)n¥(m—5)n+1) = 2n(m+3),1 <i<n-1,and so on.

Label the edges of the circle C,(f) as follows: f(vo4iVopyiv1) = 3n(m—1) + 2i, f(v3,0241) =
nBm-1),1<i<n-1,

Label the edges of the circle Cﬁlm_l) as follows:  f(V(y—2)nti®(m-2)ntit1) = n(Bm—1) +
2i,f(v(m_1)nv(m_l)n+1) = n(3m + 1), 1<i<n-1,

Label the edges of the circle C,(zm_g’) as follows: f(V(y—g)ntiOm-a)ntit1) = n(3m+2) +
2i, f(O(u-3)nV(m-ayn+1) = 3n(m+1),1<i<n-1,...,and so on.

Label the edges of the circle C,(f) as follows: f(v34i03n4it1) = 2n(2m —3) + 2i, f(V4V341) =
dn(m-1),1<i<n-1,

Label the edges of C7(12) as follows: f(v,4i0p4iv1) =4n(m—1) +2i, f(v2yv2+1) =2n(m—1),1 <
i<n-1,

Thus, the labels of corresponding vertices of the circle Csll) mod (4mn —2n) willbe: f*(v1) =4, f*(v2) =
4mn —4n + 10, f*(v3) = 4mn —4n + 18, f*(vy) = 4mn —4n + 22, f*(vs) = 4mn —4n + 26, f*(ve) = 4mn —
4n + 34, f*(vy) = 4mn —4n + 42, f*(vs) = 4mn —4n + 46, f*(v9) = 4mn —4n + 50, f*(vy9) = 4mn —
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4n + 58, f*(v11) = 4mn —4n + 66, f*(v1p) = 4mn —4n + 70, f*(v13) = 4mn —4n + 74, f*(v14) = 4mn —
4n+82,...,f (vy—y7) = 4n—44, f*(v4—¢) = 4n—36, f*(v4—5) = 4n —32, f*(vy—a) = 41 —28, f*(vy-3) =
4n 20, f*(vy—) =4n—12, f*(v,_q) =4n -8, f*(vy) = 4n —4.

The labels of the vertices of C( ) (3) C,(1 ), ..,C,(lm 2) C(m R C,(1 ), respectively, are as follows:
f(vpsi) = 4i+2; f*(vap1i) = 2mn +4n +4i +2; f*(vanti) = dn+4i+ 2. f(Vpu-g)ngi) = dmn—
6n +4i+2; f*(0(_p)nti) = 2mn—6n+4i+2; f(0p_1yppi) =2mn+2i+2,1<i<n.

Case (2): n = 3mod12.

First, we label the edges of the paths P,(qf ), 1 <k < n beginning with the edges of the path PS,} ) as
the same in case (1).

Second, we label the edges of the circles C,sk), 1 < k < m beginning with the edges of the innermost

(1) (m) (n2) clnd) ()

circle C,,’, then the edges of outer circle C,; "/, and then the edges of the circles C,, ,C 7

Finally, we label the edges of the circles C,(n ), C,(ﬂm 3>, ...,C ,(73 ) .

Label the edges of the circle c,(}) as follows: f(v1v2) = 2n(m—1) 42, f(vovs) = 2n(m—1) +
4, f(vsvg) = 2n(m—1) + 8, f(v4vs) = 2n(m—1) + 6, f(vsvs) = 2n(m—1) + 10, f(vevy) = 2n(m —
1) +12, f(vyvg) = 2n(m—1) + 16, f(vgvg) = 2n(m —1) + 14, f(vgv1g) = 2n(m —1) + 18, f(vi9v11) =
2n(m —1) 4+ 20, f(v11v12) = 2n(m —1) + 24, f(vipv13) = 2n(m —1) 4+ 22, f(v13v14) = 2n(m —-1) +
26,..., f(vy—9vy—g) = 2mn —18, f(v,_gvy—y) = 2mn — 14, f(vy—704—¢) = 2mn — 16, f(vy_Uy—5) =
2mn — 12, f(vy—504-4) = 2mn =10, f(v,—4vy—3) = 2mn — 6, f(vy—_3vy—2) = 2mn =8, f(vVy—20y—1) =
2mn, f(vy_10n) = 2mn =2, f(v,v1) = 2mn — 4.

Label the edges of the circle CEZZ) as follows: f(vy4iVptit1) = 4n(m—1) + 21 1<i<n-
9, f(van—9van-g) = 2n(2m — 1) =18, f(v2y-gv2n-7) = 2n(2m — 1) = 14, f(v2y-7021-6) = 2n(2m —1) - 16,
f(v2n-6v2n-5) = 2n(2m —1) =10, f(v20-5024-4) = 2n(2m — 1) =12, f(v24-4020-3) = 2n(2m —1) -6,
f(van-3von—2) = 2n(2m —1) =8, f(vop—2v2y—1) = 2n(2m —1) — 4, f(voy—1v2,) = 2n(2m —-1) —

sz(02n0n+1) = 21’1(21’}1 1)
Label the edges of C( ) (m 2), C(m_4), ., C,(f) and C,(lm_l), C,Sm_g), C,(Zm_S), ., C,(l4) as in case (1).

n
Thus, the labels of corresponding vertices mod (4mn — 2n) will be:

The labels of the vertices of C,Sl) are as follows: f*(v1) = 0, f*(v2) = 4mn —4n + 10, f*(v3)
dmn —4n + 18, f*(vg) = 4mn —4n + 22, f*(vs) = 4mn —4n + 26, f*(ve) = 4mn —4n + 34, f*(vy)
dmn—4n+42, f*(vg) = dmn—4n+46, f*(vg) = 4mn—4n+50, f*(vyg) = 4mn—4n+58, f*(vq1) = 4mn —
4n + 66, f*(v2) = 4mn —4n+70, f*(v13) = 4mn —4n + 74, f*(v1a) = 4mn—4n+82,..., f*(v,—g)
4n — 48, f*(vy—y) = 4n—44, f*(vy—¢) = 4n —40, f*(vy—5) = 4n - 32, f*(vy—4) = 4n —24, f*(v4-3)
4n—-20, f*(vp—2) =4n—12, f*(vy—1) = 4n—4, f*(v,) = 4n—6.

The labels of the vertices of the circle C,(f) are as follows: f*(v,.;) = 4i+2,1 <i < n-
9, f*(van-g) = 4n—28, f*(van—7) = 4n =26, f*(van—¢) = 4n—22, f*(vop—5) = 4n —18, f*(vyy_a) = 4n — 14,
f*(von—3) =4n—10, f*(vop—) =4n -8, f*(vop-1) =4n—2, f*(vy,) = 4n +2.

The labels of the vertices of C,(f’), C,(14), ...,C (m—2), C (m=1) C(m) respectively, are the same as in case (1).

n n r~n 7/

Remark 4. In case n = 3 and m is odd, m > 3.

Let the label of edges of the cylinder grid graph C,, 3 be as in Figure 13.

Thus, the labels of corresponding vertices mod(12m — 6) are as follows:

The labels of the vertices of the circle Cgl) are f*(v1) =8, f*(vz) =12, f*(v3) = 16.

The labels of the vertices of the circle Cgs) are f*(v3m—2) = 6m + 10, f*(v3y-1) = 6m + 12, f*(v3y) =
6m + 14.

The labels of the vertices of the circles Céz), Cé4), .., Cgm_l) are f*(vay ;) =4i+6k+4,1<i<3,1<
k<m-2,kisodd.

The labels of the vertices of the circles Cé3>, CéS), ey Cém_z) are f*(vayi) = 6m +4i4 6k +10,1 <i <
3,2 <k<m-3,kiseven.
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Figure 13. The cylinder grid graph C,, 3, m is odd, m > 3.

Case (3): n = 5mod12.

First, we label the edges of the paths Pﬁ,f ) ,1 <k < nbeginning with the edges of the path P,(ﬂ1 ) the
same as in case (1).

Second, we label the edges of the circles C,(qk), 1 < k < m beginning with the edges of the innermost
circle C,(f), then the edges of outer circle c,(j"’, and then the edges of the circles C,(lm_z), Cﬁlm_@, ey, C,(f’).

Finally, we label the edges of the circles CS,Z’”‘”, Cfnm_a), ey C,(M2 ),

Label the edges of the circle C,(ll) as follows: f(v1vp) = 2n(m—1) + 2, f(vovs) = 2n(m—1) +
4, f(vzvy) = 2n(m—1) +8, f(v4vs) = 2n(m—1) +6, f(vsvs) = 2n(m —1) + 10, f(vev7) = 2n(m —
1) +12, f(vyvg) = 2n(m—1) + 16, f(vgve) = 2n(m—1) + 14, f(vgvyg) = 2n(m—1) + 18, f(vipv11) =
21’1(711 - 1) + 20,f(?111?)12) = Zn(m - 1) + 24,f(7)12013) = 2n(m - 1) + 22, f(U137)14) = 27’[(111 - 1) +
26,..., f(vy_gvy—7) = 2mn —16, f(vy—yvy—¢) = 2mn — 14, f(v,—evy-5) = 2mn —10, f(v,—_50,-4) =
2mn —12, f(vy—4vy—3) = 2mn =8, f(vy—3vy—2) = 2mn —6, f(Vy_pvy—1) = 2mn =2, f(v,_1v,) = 2mn — 4,
f(vqv1) = 2mn. Label the edges of C,(qm), C,(lm_z), Cf{”“”, ey CEZS) and C,({”_l), CElm_3), Cflm_S), ey C,<14), Cflz)
as in case (1).

Thus, the labels of corresponding vertices of the circle C,(ll) mod (4mn —2n) will be: f*(v1) =
,ff(v2) = 4mn —4n + 10, f*(v3) = 4mn —4n + 18, f*(vs) = 4mn —4n + 22, f*(vs) = 4mn — 4n + 26,
“(v6) = 4mn —4n + 34, f*(v7) = 4mn —4n + 42, f*(vg) = 4mn —4n + 46, f*(v9) = 4mn —4n + 50,
“(v10) = 4mn —4n + 58, f*(v11) = 4mn —4n + 66, f*(v12) = 4mn —4n + 70, f*(v13) = 4mn — 4n + 74,

(via) = 4mn —4n+82,..., f*(vp—7) = 4n —44, f*(v4—6) = 4n —36, f*(vy—5) = 4n =32, f*(v,_4) =
n—28, f*(vy—3) =4n—20, f*(vy—2) =4n—12, f*(v,—1) =4n -8, f*(v,) = 4n —4.

*

S

~
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The labels of the vertices of C£l2), C,(f’) , C£,4), ey, C,(j”‘z) , Cﬁlm_l), ij”), respectively, are the same as in

case (1).

Case (4): n = 7mod12.

First, we label the edges of the paths PS,’,C >, 1 < k < n beginning with the edges of the path Pf,} ) the
same as in case (1).

Second, we label the edges of the circles c,(j‘), 1 < k < m beginning with the edges of the innermost

,(11), then the edges of outer circle C,Sm), and then the edges of the circles C,(lm_z), C,Sm_4), cee, C,(13).

Finally, we label the edges of the circles Cfnm_l), Cfnm_g’), ey C,(ﬂ2 ),

Label the edges of the circle C,(ll) as follows: f(v1v2) = 2n(m—1) + 2, f(vovs) = 2n(m—1) +
4, f(vsvy) = 2n(m—1) +8, f(vavs) = 2n(m—1) +6, f(vsvs) = 2n(m —1) + 10, f(vev7) = 2n(m —
1) +12, f(vyvg) = 2n(m—1) + 16, f(vgvg) = 2n(m —1) 4+ 14, f(vgv1g) = 2n(m —1) 4+ 18, f(v19v11) =
2n(m —1) + 20, f(v11012) = 2n(m —1) 4+ 24, f(v1pv13) = 2n(m —1) + 22, f(v13014) = 2n(m—1) +
26,..., f(U4-10Un—9) = 2mn — 20, f(vy—qvy—g) = 2mn — 18, f(v,_gvy—y) = 2mn — 14, f(vy—704-6) =
2mn — 16, f(vy—vy—5) = 2mn — 12, f(vy—50y-4) = 2mn — 10, f(vy_4vy—3) = 2mn — 6, f(Vy_30,-2) =
2mn =8, f(vp—2vy—1) = 2mn, f(vy_10,) = 2mn =2, f(v,v1) = 2mn — 4.

Label the edges of the circle C,(f) as follows: f(vy4ivp4iv1) = 4n(m—-1)+2i,1 < i <
n =9, f(van—9vop-g) = 2n(2m —1) — 18, f(vy_gvon—y) = 2n(2m —1) — 14, f(vop—702n-6) = 2n(2m —
1) =16, f(van-6v2n—5) = 2n(2m —1) = 10, f(v2n-5v2p-4) = 2n(2m —1) =12, f(vpp_4v2y-3) = 2n(2m —
1) =6, f(van—3v2n—2) = 2n(2m —1) =8, f(vop—2v2y-1) = 2n(2m —1) — 4, f(vyp_1v24) = 2n(2m —1) —
2, f(UvarH—l) = 211(27’}1 - 1)‘

Label the edges of C,Sm), C,(Zm_Z), C,Sm_4), ey C,(f) and C,(lm_l), C,Sm_g), C,(qm_S), ey C£14) as in case (1).

Thus, the labels of corresponding vertices mod (4mn — 2n) will be:

The labels of the vertices of the circle C,(ql) are as follows: f*(v1) = 0, f*(v2) = 4mn —4n +
10, f*(v3) = 4mn —4n + 18, f*(vq) = 4mn —4n + 22, f*(vs) = 4mn —4n + 26, f*(ve) = 4mn —4n +
34, f*(v7) = 4mn —4n + 42, f*(vg) = 4mn —4n + 46, f*(v9) = 4mn —4n + 50, f*(vyo) = 4mn —4n +
58, f*(v11) = 4mn —4n + 66, f*(v12) = 4mn —4n +70, f*(v13) = 4mn —4n + 74, f*(v14) = 4mn —4n +
82,...,f (vy—9) = 4n =56, f*(v,_g) = 4n —48, [ (vy—7) = 4n —44, f*(vy—6) = 4n—40, f*(v,—5) =
4n—32, f*(vy—q) = 4n—24, f*(vy—3) =4n =20, f*(vy—2) =4n —12, f*(v,—1) =4n—4, f*(v,) = 4n—6.

The labels of the vertices of the circle Cﬁlz) areas follows: f*(v,4;) =4i+2,1<i<n-9, f*(v-g) =
4n —28, f*(vay—7) = 4n =26, f*(vay—p) = 4n — 22, f*(voy—5) = 4n =18, f*(voy—a) = 4n — 14, f*(v24-3)
4n—10, f*(van—2) =4n -8, f*(vop-1) =4n—2, f*(vy,) = 4n + 2.

The labels of the vertices of C,(13), C£l4), oL, C,(lm_z), C,Sm_l), C,(lm), respectively, are as in case (1).

Case (5): n = 9mod12.

First, we label the edges of the paths P,(,If ), 1 < k < n beginning with the edges of the path P,S} ) the
same as in case (1).

Second, we label the edges of the circles C,Sk), 1 < k < m beginning with the edges of the innermost

circle C

circle C,(Il), then the edges of outer circle Cﬁ,m), and then the edges of the circles CElm_z), C,(lm_4), cees C,(f).
Finally, we label the edges of the circles C,(nm_l), anm—?)), ., C£,12 ),

Label the edges of the circle C,Sl) as follows: f(vjvp) = 2n(m—1)+2, f(vovs) = 2n(m—1) +
4, f(vsvg) = 2n(m—1) + 8, f(vavs) = 2n(m—1) +6, f(vsvs) = 2n(m —1) + 10, f(vevy) = 2n(m —
1) + 12, f(vyvg) = 2n(m—1) + 16, f(vgve) = 2n(m —1) + 14, f(vgvyg) = 2n(m—1) + 18, f(v1gv11) =
2n(m —1) + 20, f(v11v12) = 2n(m —1) + 24, f(v1pv13) = 2n(m —1) + 22, f(v13v14) = 2n(m—-1) +
26,..., f(v4-110p-10) = 2mn =22, f(vy_10Vn—9) = 2mn —18, f(vy—9v,—g) = 2mn —20, f(vy—_gVy—7) =
2mn — 16, f(vy—704—6) = 2mn — 14, f(vy—evy—5) = 2mn — 10, f(vy_50,-4) = 2mn —12, f(vy_40y-3)
2mn =8, f(vy—3vp—2) = 2mn — 6, f(vy—2vy—1) = 2mn, f(vy_10,) = 2mn =2, f(v,v1) = 2mn — 4.

Label the edges of the circle C,(f> as follows: f(v4iUp+it1) = 4n(m—-1)+2i,1 <i < n-
8, f(van-7V2m—6) = 2n(2m — 1) =12, f(van—ev2n-5) = 2n(2m —1) — 14, f(v2y—5V2-4) = 2n(2m —1)
6, f(V2n-4v2n-3) = 2n(2m —1) =10, f(v24-3v2n-2) = 2n(2m —1) =8, f(v2p-2024-1) = 2n(2m - 1)
4, f(oons1) = 20(2m 1),
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Label the edges of Cﬁlm), C,(qm_2), C,(lm_4), s, CSIB) and C,(qm_l), C,(lm_s), C,(qm_S), s, C,(f) as in case (1).
Thus, the labels of corresponding vertices mod (4mn — 2n) will be:

The labels of the vertices of the circle C,(Zl) are as follows: f*(v1) = 0, f*(v2) = 4mn —4n +
10, f*(v3) = 4mn —4n + 18, f*(vg) = 4mn —4n + 22, f*(vs) = 4mn —4n + 26, f*(vs) = 4mn —4n +
*(v10) = 4mn —4n +

34, f*(v7) = 4mn —4n + 42, f*(vg) = 4mn —4n + 46, f*(v9) = 4mn —4n + 50, f*(v10
58, f*(v11) = 4mn —4n + 66, f*(v12) = 4mn —4n +70, f*(v13) = 4mn —4n + 74, f*(v14) = 4mn —4n +
82, ..., f(vy_10) = 4n — 60, f*(0n_0) = 41 — 56, f*(vy_g) = 4n =52, f*(vy_y) = 4n— 44, f*(v,_¢) =
4n —36, f*(vy-5) = 4n =32, f*(vy—a) = 4n —28, f*(vy—3) = 4n =20, f*(vy—2) = 4n-10, f*(v,—1) = 4n—4,
f*(vn) = 4n—6.

The labels of the vertices of the circle C,(lz) are as follows: f*(v,4i) =4i+2,1<i<n-8, f*(va,—7)
4n —24, f*(vap-¢) = 4n =22, f*(voy—5) = 4n — 16, f*(vpy—-4) = 4n =12, f*(voy—3) = 4n— 14, f*(v2-2)
4n -8, f*(vyp—1) =4n =2, f*(voy) = 4n +2.

The labels of the vertices of CEF), C,(f), s, cf{”‘z), Cﬁlm_l), c,(j”), respectively, are as in case (1).

Case (6): n = 11mod12.

First, we label the edges of the paths PS,’,C >, 1 < k < n beginning with the edges of the path Pf,} ) the
same as in case (1).

Second, we label the edges of the circles C,sk), 1 < k < m beginning with the edges of the innermost

circle C,(f), then the edges of outer circle C,Sm), and then the edges of the circles C,(lm_z), C,Sm_4), eee, C,(13).

Finally, we label the edges of the circles C,(nm_l), Cﬁnm_:%), ey C,(i ),

Label the edges of the circle C,(Zl) as follows: f(v1v2) = 2n(m—1) 44, f(vovs) = 2n(m—1) +
2, f(v3vg) = 2n(m —1) + 6, f(vavs) = 2n(m—1) +8, f(vsvs) = 2n(m —1) + 12, f(vev7) = 2n(m —
1) + 10, f(vyvg) = 2n(m—1) + 14, f(vgvg) = 2n(m —1) 4+ 16, f(v9v1g) = 2n(m —1) 4 20, f(v19v11) =
2n(m —1) + 18, f(v11v12) = 2n(m —1) 4+ 22, f(v1pv13) = 2n(m—1) + 24, f(v13v14) = 2n(m—-1) +
28, ..., f(vy—gvy—y) = 2mn —16, f(vy—yvy—¢) = 2mn — 14, f(vy—¢vy—5) = 2mn —10, f(v,—_50,-4) =
2mn =12, f(v,—4vy-3) = 2mn =8, f(Vy—304—2) = 2mn — 6, f(Vy_2v,_1) = 2mn =2, f(vy,_1v,) = 2mn —
4, f(vyv1) = 2mn.

Label the edges of the circle CEZZ) as follows: f(vptiUptit1) = 4n(m—-1)+2i,1 <i < n-
2, f(vap-1v2y) = 4mn, f(vp,0y41) = 4mn —2.

Label the edges of Cﬁlm), C,(qm_z), C,(lm_zl), cens Cf’) and C,(qm_l), c,(j”‘?’), C,(qm_S), el C£l4) as in case (1).

Thus, the labels of corresponding vertices mod (4mn — 2n) will be:

The labels of the vertices of the circle c,(f) are as follows: f*(v1) = 6,f*(vp) = 4mn —
4n + 10, f*(v3) = 4mn—4n + 14, f*(vy) = 4mn —4n + 22, f*(vs) = 4mn —4n + 30, f*(vs) =
dmn — 4n + 34, f*(v7) = 4mn —4n + 38, f*(vg) = 4mn —4n + 46, f*(v9) = 4mn —4n + 54, f*(v1p)
4mn —4n + 58, f*(v11) = 4mn —4n+ 62, f*(v1p) = dmn—4n+70,..., f*(vy—y) = 4n—44, f*(v,—6)
4n - 36, f*(vy—5) = 4n —32, f*(vy—a) = 4n—28, f*(vy—3) = 4n —20, f*(vy—2) = 4n—12, f*(v,-1)
4n -8, f*(vy) = 4n—4.

The labels of the vertices of the circle Cﬁlz) are as follows: f*(v,41) =4, f*(vy4i) =4i+2,2<i <
n—2, f*(vop-1) =4n, f*(vg,) =4n+2.

The labels of the vertices of C,(f), C,(14), e, C,Sm_z), C,(zm_l), C,(qm), respectively, are as the same as in
case (1).

Illustration: An e.e.g.l. of the cylinder grid graphs Co3,C79,Cy711,C713,C715,C717 and Cy 19 is
shown in Figure 14.
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(8) Ci
Figure 14. An e.e.g.l. of the cylinder grid graphs Co3,C79,C711,C713,C7,15,C7,17 and C7 19.

3. Conclusions

In this paper, using the connection of labeling of graphs with modular arithmetic and theory
of numbers in general, we give a detailed study for e.e.g., 1. of all cases of members of the cylinder
grid graphs. The study of necessary and sufficient conditions for e.e.g., L. of other important families
including torus C;; X C,, and rectangular Py, X P, grid graphs should be taken into consideration in
future studies of e.e.g., L.
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