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Abstract: In this article, we proposed new Pythagorean trapezoidal uncertain linguistic fuzzy
aggregation information—namely, the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein
weighted averaging (PTULFEWA) operator, the Pythagorean trapezoidal uncertain linguistic fuzzy
Einstein ordered weighted averaging (PTULFEOWA) operator, and the Pythagorean trapezoidal
uncertain linguistic fuzzy Einstein hybrid weighted averaging (PTULFEHWA) operator—using the
Einstein operational laws. We studied some important properties of the suggested aggregation
operators and showed that the PTULFEHWA is more general than the other proposed operators,
which simplifies these aggregation operators. Furthermore, we presented a multiple attribute group
decision making (MADM) process for the proposed aggregation operators under the Pythagorean
trapezoidal uncertain linguistic fuzzy (PTULF) environment. A numerical example was constructed to
determine the effectiveness and practicality of the proposed approach. Lastly, a comparative analysis
was performed of the presented approach with existing approaches to show that the proposed
method is consistent and provides more information that may be useful for complex problems in the
decision-making process.

Keywords: Pythagorean trapezoidal fuzzy numbers; Einstein operation; aggregation operation;
group decision making; multi-attribute decision-making

1. Introduction

The communication of the decision-making process is a very complex problem when we are
receiving information about attributes. One the most powerful theories is that of the multi attribute
decision making (MADM), which handles problems that extensively impact the human real-life
problems. The basic methodology is that a decision maker is presented with his evaluation in a set
of many attributes and alternatives to find the best ranking order alternative in MADM approaches.
Zadeh [1] introduced a fuzzy set with the generalization of a classical set to solve ambiguous and vague
information. Fuzzy set is used in many practical situations and has grown as an independent theory
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that interests researchers in many fields. After the success, fuzzy set was generalized to intuitionistic
fuzzy set (IFS) by Atanassov [2] under the restriction that the membership and non-membership
function sum was less than or equal to one. In [2] proposed a different mathematical operation under
the IFS environment and studied the important properties. Uncertainty in human real problem:s is
one of the continuous research areas and produces many new theories. Fuzzy decision-making (FDM)
problems and their extension are presented in different ways to solve real life problems and have
more attractive research to obtain the best results. Many decision making (DM) techniques have been
proposed to explain the multi attribute decision-making process. Ramon et al. [3] presented the 2-tuple
model and customer segmentation and their algorithms, k-means, which are more effective methods
in the calculation of frequency and monetary exploitation.

Revanasiddappa and Harish [4] presented a new feature selection technique based on intuitionistic
fuzzy entropy (IFE) for text classification. Firstly, intuitionistic fuzzy C-means (IFCM) clustering
technique is employed to compute the intuitionistic membership values. The computed intuitionistic
membership values are then used to estimate intuitionistic fuzzy entropy via match degree.
Additionally, features with lower entropy values are selected to categorize the text documents. Juan
Antonio Morente-Molinera et al. [5] focused on solving the problem by carrying out multi-criteria group
decision making approaches using different new methods. Concretely, fuzzy ontologies reasoning
procedures are used in order to reduce, at the very least, the experts needed to participate in the
preference providing step. In this new advanced technique, the logic of alternative comparison relies
on the ontology reasoning process, allowing experts to focus on how important the criteria are to them.
Albadan et al. [6] proposed the procedures of selection of personnel delimited only to the making of
non-programmed decisions through the implementation of game mechanics. In order to model this
selection, the purpose of the following study is to carry out the formulation of inference rules based on
fuzzy logic in order to capture the tacit transfer of certain types of information in personnel selection
processes and to determine the aspects that allow the shaping of aspirants. In [7], the author defined
generalized operation for intuitionistic fuzzy numbers.

Morente-Molinera proposed the technique of fuzzy ontologies in order to allow the experts to
focus on determining the importance that should be given to different criteria. Thus, they deal directly
with a high number of alternatives. Experts decide the importance of each criterion, and the alternatives
ranking is calculated automatically using the fuzzy ontology. Liang et al. [8] presented the partial
estimations, which determined that the introduced estimator is more capable and trusted to evaluate,
consequently improving the overall results. There are many methodologies that evaluate the overall
information that converges in different suppositions. If an ordinary collection of information is not
considered in this environment, there is other information that can be considered by linguistic variables
(LV) related to FNs, which are related to the membership function to one and the non-membership
function to zero—more precisely, “good” and “bad”. Wang et al. [9] proposed ILS, and their MADM
approach of using the IL aggregation information achieved some great consideration. Liu et al. [10]
presented a new power aggregation operator, while Su et al. [11] generalized the concept to ordered
weighted averaging (OWA) and intuitionistic linguistic ordered weighted averaging (ILOWA) operator.
Xiao et al. [12] studied the ILOWA operator and applied it in the financial DM process. Liu and Jin [13]
extended the intuitionistic uncertain linguistic values (IULVs) by using LV in intuitionistic linguistic
variables (ILV) and studying their important properties. We observed that LVs are special facets of
IULVs, which are more general and have more information. Liu et al. [14] presented and extended
the linguistic (LF) aggregation operators. Yager [15] introduced a new Pythagorean fuzzy (PFS) set
that is a generalization of IFS by membership and non-membership functions under the condition
that the square sum of these functions is less than or equal to one. To motivate this idea, Yager [16]
explained this shortcoming with an example—a decision maker makes a decision in the form of MD
as (@), a N-MD is % Under IFS, the value does not satisfy the condition of a sum greater than
1, while in PFS, it satisfies the condition that the square sum is less than or equal to 1. After the
successful implementation, Peng and Yang [17] presented the different aggregation operators, namely,
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the Pythagorean fuzzy weighted averaging (PFWA), the Pythagorean fuzzy weighted power averaging
(PFWPA), and the Pythagorean fuzzy weighted power geometric (PFWPG) operator. Garg [18]
introduced a new generalized Pythagorean fuzzy aggregation operator using Einstein operational
laws and used them in the decision- making process.

Shakeel et al. [19] presented some aggregation operators to use the decision information
represented by PTENS, including the Pythagorean trapezoidal fuzzy weighted averaging (PTFWA)
operator, the Pythagorean trapezoidal fuzzy ordered weighted averaging (PTFOWA) operator, and the
Pythagorean trapezoidal fuzzy hybrid averaging (PTFHA) operator. Shakeel et al. [20] extended the
work of aggregation operators into the interval-valued Pythagorean trapezoidal fuzzy weighted
averaging (IVPTFWA) operator, the ordered weighted (IVPTFOWA), and the hybrid averaging
(IVPTFHA) operators. Shakeel et al. [20] used Einstein operational laws and proposed a new
concept of the Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric (ILIVPTFEOWG)
operator, the induced interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric
(ILIVPTFEHG) operator, and their applications in decision making problems. Shakeel et al. [21]
further extended the work to interval-valued Pythagorean trapezoidal fuzzy aggregation operators,
the interval-valued Pythagorean trapezoidal fuzzy Einstein weighted geometric, IVPTFEWG) operator,
the interval-valued Pythagorean trapezoidal fuzzy Einstein ordered weighted geometric IVPTFEOWG)
operator, the interval-valued Pythagorean trapezoidal fuzzy Einstein hybrid geometric IVPTFEHG),
and their applications in decision making. The detail literature survey of aggregation operators and
their applications in decision making problems discussed in [22-32].

In this paper, we introduce a new aggregation operator using Einstein operations under
trapezoidal uncertain linguistic fuzzy sets and their applications in decision making. The motivations
for the study are listed below.

(1) Owur anticipated aggregation information is more general and precise compared to the
existing information.

(2) The objectives of the study include proposing a PTULF Einstein aggregation operator and its
operational laws, score, and accuracy function, establishing the MADM program approach
based on the PTULF Einstein aggregation operators, and providing illustrative examples of the
MADM program.

(3) The comparative analysis is a strong testament to the new approach, as it shows that the proposed
study is consistent.

To solve a MADM process, the weight of the attributes plays an important role in making decisions
under the aggregation approaches.

The rest of the paper is arranged is follows. Section 2 consists of the background
materials. Section 3 presents a new PTULF aggregation operator under Einstein operations, the
Pythagorean trapezoidal uncertain linguistic fuzzy Einstein weighted averaging (PTULFEWA)
operator, the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein ordered weighted averaging
(PTULFEOWA), and the Pythagorean trapezoidal uncertain linguistic fuzzy Einstein hybrid averaging
(PTULFEHA) operator. Section 4 describes the MADM technique under the PTFL environment. In
Section 5, a numerical example is given to demonstrate the importance of the methodologies. Section 6
shows a comparative study of the proposed and existing approaches. The conclusion is given in
Section 7.

2. Preliminaries

Definition 1. [10]. Let [sg(,), Sy(p)] € 5, and P is a given domain as follows:

U = {Is0(), s1p)) (Yulp), Yulp))]: p € P}, M
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is called an intuitionistic uncertain linguistic set (IULS), where sq(p), Sy(p) € 5. Where ¥y (p) and Y, (p)
represent the MD and N-MD, respectively, with the condition 0 < ¥, (p) + Y, (p) < 1,Vp € P. The MD
and N-MD of the element p to the ULV [sq(,, Sy(p)]. For each ILS, U'in p, if mu(p) =1 —"Yu(p) — Yu(p),
forall p € P, then 71, (p) is called the degree of indeterminacy degree of p to the ULV [sg(,), Sy(p)]. It is obvious
that 0 < 7, (p) <1,Vp € P.

Definition 2. [10]. Let U {[Sg(p), sepyl, (Yu(p), Tu(p))]}: p € P}, be (IULS), the quaternion

<[Sg(p), sep)) (vu(p), Gu(p))}> is called an IULV, and U can also be viewed as a collection of the ILILV.
Thus, it can also be expressed as follows:

U = {lsap) sipl (Fulp), Yulp))]}: p € P}. 6

Definition 3. [24] Let &y = ([p1, q1, 1, s1]; Y&, Y&, ), and &2 = ([p2, 92, 12, s2; Y&, Y&,) be two ITF
numbers and 6 > 0. Then,

~ [ pr+pre 1 +q2 r1+12 51+
W nen= ( (Y3,) + (Yz,) — (¥, ¥%,), Y, Ya,

o [P1P2, 9192, 1172, S152);
2) ¥ Qu =
P (‘I’al‘l’z@, (Yg,) + (Ya,) — (Y Y,)
(3) &&= ([6p, g, 6r, 6s); 1 — (1 —¥5)%; (X2)°)
@ & =([p° ¢ r, ] ¥, 1- (1-75)"),

Example 1. Let = ([0.2,0.3,04,05];(05,03)) a1 = ([0.1,03,03,0.2];(03,0.6)), ar =
([0.8,0.2,0.6,0.1]; (0.4,0.2)) be any three ITFNs, and 6 = 0.2. Then, we verify the above results such that,

(1) & ®F = [0.9, 0.5, 0.9, 0.3];
PR (03) +(04) — (0.3) (04), (0.6) (0.2)

2) [ R = [0.08, 0.06, 0.18, 0.02];
PERT(03) (04), (0.6) +(0.2) — (0.6) (0.2)

35— ( 0.2(0.2), 0.2(0.3), 0.2(0.4), 0.2(0.5)];

) = ([0.9, 0.5, 0.9, 0.3]; 0.58, 0.12).

) = ([0.08, 0.06, 0.18, 0.02]; (0.12, 0.68).

1—(1-05)%2, (0.3)"?

@ @ [(02)°2,(0.3)°2,(0.4)°%,(05)°%; \ _ [ [(0.72),(0.78), (0.83), (0.87)];
© = (05)%%,1—(1-03)"2 - (0.87), 0.06 '

) = [0.04, 0.06, 0.08, 0.1]; (0.25, 0.78).

Definition 4. [15]. Let L be a fixed set. The PFS, U in L is an object having the form;

A={{l, Yu(l), Yu(l))| I € L} ®)

Definition 5. [16]. Let & = (¥Yg, Yz), &1 = (Y&, Ya,) and & = (¥z,, Yg,) be three PFNs and 6 > 0.
Then,

(1) &= (Yg ¥a)
H1 D hn = 2 2 2 w2
2) & ®a= (\/(qj%) + (¥a,)" — (‘1’%‘1’&2), TalYaz)

O G0 = (¥ Ya /(6 + () - (315

@ sw=\1- (1-¥2)% ;)
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(5) &= (¥, \J1-(1- r%)é).

Example 2. Let &« = (0.8, 0.3), &y = (0.5, 0.6), & = (0.4, 0.7) be any three PFNs, and 6 = 0.3. Then, we
verify the above results such that,

1) T oi = ( \/(0.5)2 + (0.4)2 —(0.52)(0.4?), ) — (m, 0'42) = (0.85, 0.17).
(0.6) (0.7)

o (0.5) (0.4), - -
2 HRF= ( \/(0.6)2+ 077 — (08707 ) = ((0.5) (0.4), \/0.6736) = (020, 0.82).

(3) 6= (y/1—(1-082)"%;(0.3)"%) = (050, 0.69).

4 @ =((08)"3, \/1—(1-032)%) = (093, 0.16).

Definition 6. [19] Let & = ([p, q, 7, s|; [¥Ya, Yz]) be a PTFN, the score function s is;

5(@) = (“qzr“ (- r%)) s(@) e [-1, 1]. @)

Example 3. Let p; = {[04, 03,05, 0.6];(0.6,05)}, p» = {[0.1, 04,03, 0.2];(0.7, 0.4)} and
p3 = {[0.2, 0.1,0.6,0.5]; (0.8,0.5) } be PTFNs, a score new example function S of PTFNs can be represented
as follows:

S(py) = 24403405406 (0,62 — 0.52) = 0.0495,

S(p) = 2104203402 (072 _ 0.42) = 0.060,

S(ps) = 02401406405 (0 82 _ 0.52) = 0.1365.

Definition 7. [19]. Let @ = ([p, q, t, s|;[¥, Y]) be PTEN, an accuracy function h is:

") = (’”qi”s (2 H%)) W@ € [0, 1]. 5)

Example 4. Let p; = {[0.4, 0.3,05, 0.6];(0.6, 0.5)}, p» = {[0.1, 0.4,0.3, 0.2];(0.7, 0.4)} and
ps = {[0.2, 0.1,0.6, 0.5]; (0.8, 0.5)} be PTFNs, an accuracy new example function h of PTFNs can be
represented as follows:

h(py) = 24035054806 (0,62 4+ 0.5%) = 0.2745,

S(pp) = 204503402 (0 72 4 0.4%) = 0.1625,

S(ps) = 92301706405 (0.8% 4 0.5%) = 0.3115.

Einstein Operations with Pythagorean Trapezoidal Fuzzy Numbers

The main Einstein operational laws are defined as follows:

a.b (a? +b?)

A b= L a®@eb= Yo 7/ forall (a, b) € [0, 1] 6
1+ 1-2)- - (1+a2-12) (3, b) € [0, 1] ©
. _ v, g 1 s | ~ P1, 91, 11, s1); ~ (P2, 92, 12, s2;
Definition 8. [20]. Let & = LK = and 6y, =
(Ya Yz) ! (Ya,, Yz,) 2 (Ya, Ya,)

be any three PTF, numbers and 6 > 0. Then,
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1) @ oi { [p1+ P2, 1+ q2, 11+ 12, 51+ 52); }
151 Ny —
V¥ + (%5, — (Y2, ¥, Yo, s,
. { [p1p2, M2, 1ir2, s152); Ya, Ya,» }
X QDo =
V) + (05,) = (05, Yx,)?

(3) da= {([5;7, bq, or, 0s]; \/1— (1 —‘I’%)(S; (T&’)é)}

4 @ = {([pé, 7,7, ) ¥, 41— (1 —Y%)J)}.

(2)

(52/ 53) (53/ 56) (54/ 53)
Example 5. Let & = { [0.3,04,0.5,0.6] , & = { [0.3,04,0506] panday = { [0.5,03,04,0.4]
(0.7,0.4) (0.8,0.5) (0.8,0.3)
be any three PTULFNS and 6 = 0.4. Then, we verify the results as follows:
g, [0.3 +05, 04403, 05+04, 06+ 0.4] ; [0.8, 07,09, 06+ 1.0];
4% i — =
U \/ (08)* + (08)* — (08)*(08)%, (05)(03) \/(064) + (064) — (064)(064, (05)(03)
= ([08, 07, 09, 06+ 10]; (093, 0.15))
N [(08)(05), (04)(03), (05)(04), (06)(04); \ [04,0.12,020,024];
) 5% (08)(08), \/o 52 4032 — (0503 (064),+/025 1 009 — 00225,
(04 012, 020, 024; (0.64, 05634)
[(04 04)(0.4),(0.4)(0.5), (0-4)(0.6)]; 0.12,0.16,0.20,0.16);
5 [ J1- (-0 (. 4)04} Y1 - 1 -072)% (04)%,
[0.12,0.16,0.20,0.16);
(0.4859,0.6901)
[0.394,0.4%4,0.5%4,0.6%4];, 0.61,0.69,0.75,0.85];,
(4) [0 404, —0. 72)04} - [0.40-4, 1—(1- 0.72)0'4]
= ([0.61,0.69,0.75,0. 85},, (0.69,0.48)).
o o (SG(P)’Sf(P)) _ (SG(p)'St(p)> N (SH(pz)'St(pz))
Deflnltlon 9. COTlSlder N = [p, q, rl S} ; 06] == [pll qlr 7’1, sl} ﬂnd az - [pzr qZ’ 7’2/ 52]
(‘Ijﬂél YIX) (T’X] ’ Yﬂé] ) (‘lez' Y“2)

be a PTULNs and 6 > 0. Then

(So(p1) + S0(pa) St(p1) T+ St(pa) )
P14+ P2, 1+ q2, 11+ 12, 51+ 52);
(¥, P+ (¥, )2 Yo Ty
V(¥ 2 (¥, )2 1 TZ (1-Y3)
(S6(p1)So(pa)r St(p1)St (Pz))'
(P1P2, 9192, 1172, S152];
¥z, ¥s, (Yz)"+ <Y~ )2
\/1+1 ‘Y2 1 ¥2) \/1+ ) az
(Ss0(p)- S(st(p))[fSi’/ 5‘7/ or, osl;
(3) 58252: (1+T2)6 (1711;%)‘5 \/ <Y2>
Vorera-8)" o vad”

(1) a1 Py =

(2) Ry =
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(Sopytr Sigpyt)s [P0, 0% 70, 8°];
o

(4) &= V() a3 a5’
Vet + )’ Jarrd) -2

(52,53) (s51,52) (53,53)
Example 6. Let & = { [03,04,05,0.6] ¢, & = { [0.3,04,05,06] pandd = { [0.5,03,04,04]
(0.7,04) (0.8,0.5) (0.8,0.3)
be any three PTULFNs and 6 = 0.4. Then, we verify the above laws as follows:
(s1+83 92+9) (S4, S4)
fom ={ 03+0504+0305+04 06+04; L _ ) [08 07 09, 06+10;
VO0& 08 (05)(03) V082+082 (05)(03)
@ VI+087(087" /1+(1-05)(1-02) V1+08P08F /14105 (1-032)
(s, 54) s o1 . ¢ = {5 508, 07, 09, 06+ 10]; (07492, 01164)}

08, 07, 09, 06+ 1.0}; (155, 17s33)

(5153, 525

o [(03)(05), (04)(03), (3, 51)
2) (08)(08) VORL0R 015, 012, 020), 024] V1129’ /10225
V1+(1-082)(1-080)" /1+(05)%(03)
(53 S 4) (53/ 54)
= g =4 015, 012, 020), 024);
{ 015, 012, 020), 024]; {254, 95820 } Eo.am, 05765)) }

Soson o) 04(03), 04(04), |
B 0.4(2)’ 0.4(3) 04(05)’ 04(06) 4 (50.8/ 509)[012, 016, 0.20, 0.24],
o = m o o =4 V1179-0760 /09600
3 V1072 (1-072)" , \204)" , VIIZ9R0760) \/(12762-+(09%60)”
\/(1+0.72)°‘4+(170.72)°‘4 \/(270.42)0“#(0.42)0‘4
(sos, $09)012, 016, 020, 024]; 012, 016,
_ = (sus, ; 06652, 06543,
%’ %,g;, (SOS 50.9) 020’ 024
04 (1404 (=04 ()<04].
s (520'4’ 530‘4>’ [0'3 4 04 ’ 05 ’ 06 }’ (51.13, S1 55), [061, 069, 075, 081],
ae = \/2(0.72)0'4 \/ 1+02)M_1-0)® 3 = V150 /10611—09326
n V072407 /1024 (1-02)™ V(117+(067)" V1061109626
061, 0.69
61, 069, 075, 081]; , 3 oL
:{ (152121;37 555558)9' (061, 065, 075, 031} }I 115 215) [0.75, 081 1
135647 14119

09029, 02548

Definition 10. Consider & = (sg(,), S(p)), [P, 4, 1, 8]; [¥a&, Ya]) be PTULFNS, a score function s is;

(So(p)s St(p) )o[p+a+r+s]

Definition 11. Suppose & = (sg(p), St(p)), [P, 4, 1, 8]; [¥a, Yz]) be PTULNS, an accuracy function h is;

(59(;7)' St(p))/[P+q+V+5}
h(a) =

(W%i%) } s(&) € [-1, 1]. (8)
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Theorem 1. Let oy, &y and & be three Pythagorean trapezoidal uncertain linguistic fuzzy Einstein fuzzy
(PTULFENs) and n,m € RT,

(1) w1 dap
(2) wRuap
3) &

(4) & gre also PTULFENS.

Proof. (1), (2) Easy to proof.
(3). Let n be a positive integer and & is PTULFE. Then,

n

N = A De & De ... Ded. )

To prove the above theorem, we use mathematical induction. First, Equation (9) holds for n = 2.

Since
(S0, + 50,7 Sty +5t,));

lp+p qg+q r+r, s+s];

(Ya) +(¥p)" AR
VIHE ) 140-YHa-12)
(259 y ZSt ), [2p, 2q, 2r, 2s];

=| Jowaw? p(N) | =2E

¢<1+T2> +<1 ‘1%)2 VT ()’

Therefore, Equation (9) holds for n = 2. If Equation (9) holds for n = k. Then,
n

at+n =

n&X= 0D De...De . Whenn = k+ 1, we have

n+1 n

E@gﬁ@g...@gb\z :F&@gb\(/@g @g&@gﬁ&: nbz@g’&
NS, NSt [np, nq, nr, ns|;

(»)

=1 1+‘1f2 ¥2)" J2(08)"

Pe (s%), ), [ ,q, 1, 8]; ‘I’a, T~
(n+ sy, (14 1on, )
[(n+1)p, (n+1)g, (n+1)r, (n+1)s];
)n+1 (l—‘I’%)nH 2(‘[’;)"“ !

n+1 2 n+l

¥2)" w2 o))

Ja+
Vi

1+
= (1 1)

N FZN

Hence Equation (9) holds for n = k + 1, therefore Equation (9) holds for all n.
(4). Let m be any positive integer and « is Pythagorean trapezoidal fuzzy number. Then,

m

PN = F R A Q... Qe &




Symmetry 2019, 11, 440 9 of 29

First, we show that Equation (9) holds for m = 2. Since

(Se(p) 56,7 st(p>.st(p)), [p-v, 9.9, rr, ss);
aReq = Yo ¥s (Ya)*+(Ya)°
\/1+ 1-¥2)(1-¥2) \/1+ Yo (Y5)°
(592 ’ ) [P*, 9%, 2}?
= o o vy [ =a
\/(2 w221 (Y2 Va2 a-ry

Therefore, Equation (9) holds for m = 2. If Equation (9) holds for m = k, such that

m
DclAgm =0 e ] Reg ... e K1.
Then, we have
m—+1 m
DA De. Dl =ARDehDp ... Qe & QOell = bW”@ a
(Sope » sen ), [p™, 4™, 1™, 8™);

%2)‘1’2 ¢<1+Y§>"L< 2 6
Ve-¥)"+(¥)" (113" 1 1-12)
@ (50,7 5t)r [P, 0, 72 51 ¥, Vi)

(sgn+1, St;'gl) [p(mﬂ), gD, 1) gt 1))

m

m’

o m+1 =] E/\Sm—‘rl.

= 2(v2)""! ¢<1+Y‘i>’”“ 1-Y2)
\/(27‘Y§)m+1 m+1 \/(]—i—Y 1+(]—TE)

Hence Equation (9) holds for m = k + 1. Therefore, Equation (9) holds for all m. The Einstein
operational laws of PTF numbers satisfy the following properties:

So. s S _ o\, S
Theorem 2. &; = (Soypy7 Sty ) and &y = (8013517 St ) be any two
[Plz qi, 1, S]} T"‘l’ Y [PZI q2, 12, 52] 1Y[)Q/ Y

PTULFNSs. Then, the operational laws between « ocl and oy are shown as follows:

(1) w@ar=a0;
(2) (@ ®ap) =da1Pday §>0;
(3) 61001 P Sy = (51 —|—52)f071 61, 0o > 0.

Proof. (1) Result is obvious.
(2) By Einstein operational laws (1) in Definition 9 we have

(861,,) T 560,)7 Stipy) T Sty ) [P1+ P2, G1+ G2, 11 472, 51 4525

G om =1 )0 (¥ )0 2(Y3,0%,) ,
JOH2)(-¥2,)+(1-¥2 ) (1-¥2,) \/(27T§1)(27T§2)+(T§1Y§2)
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<59(F’1) + Se(pl)/ St(p]) + St<p2))/ [Pl + er ‘71 + 172/ 1 + Y2, 51 + 52];
~ ~ 2 2
G ody =1 Jored)+e2)-(1-¥2 )(1-¥2) 2(1‘&11’12)
VOHRR) =Y ) +H-X)0-Y0)" fo-YE -3+ (13,15, )

We can write the above equation into the following form:

(So(m + 800,17 Sty F St )/ P14+ P2, g1+ q2, 11+ 12, 51+ 52);

W Dy = \/(1+‘P§l)(1+wz ) (1-¥2 )(1-¥2)) (T2 Y2 )
V¥R AR )+(1- “’2 (1~ ‘1’2 wz Y22+ (Y 05,

Let «x - \/(1+‘Y§])(1 +Y¥3), v = \/(1*‘1’%)(1*‘1’%)/2

JO22), 8 = Je—12)e ).
Then,

(Se(Pl) T SG(PI)/ St 1) T St(r’z))'

W+ 0y = P14+ p2, 1+ q2, 11+ 12, 51+ 525
Xy 2z
x+y’ g+z

We have

(S5(0(p1)+0(p2))7 S5(t(p1)+t(p2))+
[0(p1+p2), 6(q1 + 072)/ (71 + rz), 5(s1+s2)];

d(ay®ay) = (1+x—y>5+

(2*@>5+(@>5
(5(6(p1)+0(p2))7 Sa(t(p1)+t(p2) )
— | [6(p1+p2), 6(q1 +42), 6(r1 +12), 6(s51+52)];
-’ V2’

P+ @+
(S6(0(p1)+6(p2))7 Sa(t(pr)+t(p2) )+
[0(p1+p2), 6(q1 +q2), 6(r1 +12), 6(s1 +82)];
JOrR ) R a2 a2, )

6 o 6 s’
\/(1+‘P§1) (1+¥5) +(1-¥3 ) (1-¥3)

2(13,1%)

\/(z Y3 ‘52 Y3) ’ +(Y3, )§(Y2)

)

(583, St (S053)7 St
[5;71/ 5%1 57’1/ (SS] (SP2/ 5‘72/ 57’2, (552]
\/(H‘I’Z ) 7(142) 1+‘1J2 —a ‘PZ) \/ (Yﬁz)‘s
\/(l+‘I’2 +1-2 ) TZ ’L
We consider

Letdny =

5’

1+‘P2 Fro-w) o))

=/( 1+‘i’§1 1—?2 ,/ ril
x2:\/(1+‘1’%2), =\/2- rfq ,/( )
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Then Y
~ - 2

50‘1 = ((595( % st(5( )/ [(Spll 5‘]1/ 571/ (531],’ §1+51/ g1+zzll)
- - 2

Sy = ((59(5< 7 Stapy s [0P2, 002, 012, 33); ;;Z;, g\zc_zzzz).

By property (1) and (3), and Definition 9,

oot - (65,7 Stogpy))r (091, 01, O71, O51];
M *2 o M-y V2%
x1ty1’ g1+

@( (595(P2)’ St&(,ﬂz))' [5;72/ 5@2/ (SrZI 552}; >

Xp—Yo \/522

Xo+Yy2’ g2+z2
(805y) T 56507 Stapy) T Stapy) )

5Pl + 5P2/ 5‘11 + 5‘12/

— or1 + 0rp, bs1+ 9sy ! ,
M-y ¥ V22 V2m
X1+y1  Xp+yp 81+21 "§+2p

X1—Y1 XY/ V2z V2z
EEETE 1+<1_&’1+le> <1_82+222>

(S65(p-45)7 Stotpy 92 )7
B S(p1+p2), 0(q1+4q2),
B o(r1+12), 0(s1+s2)

X1X2—Y1Y2 V22125
X1 X2+y1Y27 8182172122

(95 (p1+p2)” t5(P1+P2))’

5(p1+p2), 6(q1 + q2),
5(r1 +12), 6(s1 +s2)
)

5 8
~1-92)°(1-¥2))

\/(l+‘1’2 ) (1+‘1J2 s

5 5 5’
N R T

2(Y5 Y5,)’
Jexd et o)y

Therefore, it is proved that é(a; @ ay) = day @ day.
(3) Since

(59‘51(171)’ stdl(?’l))’
[61p1, 6191, 6171, d151);

am= o gyt by
\/(1+‘P§] )1 +(1-¥2 )1 \/(24%1 )51 +(Y’§1 )‘51

(5952(771)' St5z(lﬂ1))'
[02p1, 62q1, 0211, 251);

et = Jarem-a-w)® Yél ?

\/(1+‘P2 +(1-¥2) %2 \/(2 Y2 )24 )02

where 61, 1 > 0.
Let

0 5
2 2 2 2\
= 82,y =/ 1—‘Fa1 = () s =212
210 2 \% 2
xzz,/(1+‘1f&1)2,y2: (1- =/ (2)% 2=y 2-12)”
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Then, we have

818 = ( (585, Sffsl(pﬁx)llilplﬁ flwlf dir1, d1s1); )
aty’ gitn

Sy = < (65, S%(pl)x)zl[yizpl\,@qull Sor1, 0s1); >
Xt+y2’ §2122

Using (1) and (3) with Definition 9, we have

S e (865, (5,7 Stoypy) )2 [01P1, 0101, G111, G151

101 © 0oy = -y V2%
ty’ s1ta

@( (865,57 Stiy(py) )7 [92P1, G201, 211, 251]; )

-y 2z
Xot+y2’ §2t+z2

(865, (py) T S85y0)7 Stay) T Sty )7
S1p1 + b2p1, 6191 + daq1,
— 0111 + dor1, 0181 + sy

Y-y %=y V221 Vaz
Y1ty oty 81171 "8+

X17Y1 X—Y2’
570 5% 1+<17g‘£2211 ),(178‘2/%222>
(59<(51+52)P1)’ St(51+<52)171))’
p1(01+82), q1(61 + ), ] '

T1(51 + (52), 51(51 + (52)

ax-viya _V2zz,
X1xX2+y1y2’ 8182+2122

(59(51+‘52)P1)’ St<‘51+52)r’1))’
(01 +02) p1, (01 +02) q1,
(51 + 52) 1, (51 + 52) $1

\/(1+‘Y§1 )(51 +6, 7(17?%1 )51 +5,

\/(1‘*‘11’%1 )‘51”24-(1—‘1/%1 yorter ’
2(Y§1)51+{52

\/(2—T§1)51+52+<T§1)51 +3y

= ((51 + 52) .

O

3. Pythagorean Trapezoidal Uncertain Linguistic Fuzzy Einstein Aggregation Operators
In this section, we suggested some new aggregation information using Einstein operation laws

and studied their important properties.

Pythagorean Trapezoidal Uncertain Linguistic Fuzzy Einstein Averaging Aggregation Operators

Definition 12. Consider Ej = {(Sg(pj), St(p].)), [Pj, qir i, Sj],‘ ‘I’aj, Y’a]} a group of PTLUFNs. Then
(PTULFEWA) operator is n dimension mapping PTULFEWA : Q"— > Q, defined is

PTULFEWA(&y, T, .., &) = &¢ (wid;) , (10)
j=1
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where w = (w1, wy, ...

Theorem 3. Let '&j(j =1,2,...,
PTULFEWA operator is also a PTULFNSs;

PTULFEWA(&4, @, ...,

wn)T is the weight vector of a;(j =

1,2...

7

n) with w;

&) = e (1))
j=1

where w = (w1, Wy, ... Wy

n n
(]51 Sw/ﬂ(pj)/ ];1 Swjt(p]»))/
n n n n
L wipj, ,Z wigj, L wirj, Y wisj|;
j=1 j=1 j=1
[ i)
] i ]
\/ <1+‘P§ >wj+ﬁ <17‘F§_>wj
] j=1 ]

211 1<Y§ K
/i (2*Y§)’+££( )

)T is the weight vector ofj(j=1,2...,

[ifes 1:1=

-

[

<

n), with w;

13 of 29

n
€0, 1] and } w; = 1.

j=1

n) be a collection of PTULFNS, then the value agqregated by using

(11)

n
€0, 1]and } w; =1.

j=1

Proof. In the following, we prove the second result by using mathematical induction on 7.
(1) We first prove that Equation (11) holds for n = 2. Since

Wiy =

And

Woky =

Let

=(1+82) " = (1-%2)
)

=(1+92)" = (1-¥

Then, w{o?l = ( [
And

Wolly =
< [wapa, waqa, Wary, Wossl;

w1p1, w141, wiry, wlsﬂ

(Swlé)(pl)' Swlf(r’l))’

R

Yoy
—_
+
~&
= 200
= =
~ [ ~— | —

Yauny
N
+
€
20
)
S— || ~— | —
S
N
A
I\)
>-€
N
\_/

vXi—ih
vVatn' Vgitz

(Sw19(P1)’ Swy( Pl))’ )

Xo—Y2 /22
VX ty2' /§2tz

w1p1, w141, W1r1, W1s1);
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Thus, by (3) and Definition 9,

PTULFEWA(EZl, &2) = W11 De Wolly =

(S20,0(p1) T Sw26(p2)7 Swnt(pr) T Swat(p) s
[w1p1 + wapa, wi1q1 + wago,
w1ry + warp, W1S1 + ZUQSQ],‘

VXX —Y1Y2 V2212
) ) Vxixatyiye’ /8182+z122
<j§l Swjé(pj)r jgl Swjt(pj))r
2 2 2 2
El Wjbj, Z widj, ; wiri, ; wjsj |
\/ﬁ (1+l1f§ ) jfﬁ (1 l}f%,)wj
— j=1 j=1 ]
JAl) A ()
j=1 ] j=1 ]
21 (Ti.> :
j=1\
¢ i (2x2) (1)
j=1 ] j=1 ]
(2) If Equation (11) holds for n = k, that is
k
(Z Sw/ P/)’ Z (P]))’
k k k k
jg WjPj, ; Wjgj, '21 wjTi, El wjsj |
k wi ok wj
o . k 1+‘1f%_> - (14@)
PTULFEWA(ay, @p,..., &) = D (w]a]) = \/1;[1< % ]-131 %j
j=1 k Wik w;
\/ <1+‘I’§.> +H<17‘I’§>
j=1 ] j=1 ]
21 <Ya,>w’
=\

when, n = k+ 1, we have

PTULFEWA(a&y, &y, ..., ®yq) = PTULFEWA(&1, &y, ..., &) ¢ (Wi 118k11)
(ka+19(lﬂk+1)’ ka+1f(l’k+1))’
Wi+1Pk+1r Wk4+19k+1-

Wk17k+1, Wk+15k+1/

\/(1+‘Y“k+1 ) - (li‘Y%kﬁ—l ) o

SO ) (e, )

(YZ )wk+l

k+1

JCrE ) ()

= PTULFEWA(&y, &y, ..., &)®: =

Let

x| = ﬁ <1+‘~If§j)wj, 1= H (1—‘P~> U /21 = ﬁ (T%j)wj' 81 = ﬁ (Z_T%f)wj’

=t w; J w; =1 w; /=1 wj
2 j 2 ] 2 J 2 /
n=(1+¥ ) n=(-%_)" " a=0% )" &=(2-12)"

14 of 29
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Then, by (3) and Definition 9,

PTULFEWA(&q, &y, ...,

Tpi1)
= PTULFEWA(BQ, oy, .. ?x'k) De (wk+12€k+1),
k

<2sw o L St

15 of 29

(swk+19(Pk+1)’ ka+1f(Pk+1))’

_ k k k @ Wi4+1Pk+1, Wk+19k+1/
.Zl wipj, Zl w;iqj, .Zl witj, ,Zl wisil; | Wi 17k+1, Wi415k+1/
j= j= j= j= . o
S T T

k+1 k+1
(jgl Swjﬂ(pj)l jgl Swjt(pj))/
k+1 k+1 k+1 k+1
L wipj, L wigj, Y wirj, Y wjs;|;
j=1 j=1 j=1 j=1
VX1X2—Y1Y2 V22129
\/x1Xz+y1yz \/g132+2122’
(Z S Z ‘LU )
= j:1 it(pj) /)
k+1 k+1 k+1 k+1
X wipj, L wiqj, Y wirj, Y wjs;|;
j=1 j=1 j=1 j=1

(=51 ] W]
1l (1—&-‘1’%) "M (1—‘1%,) !

= j=1 j 1 ]
- .

0

Theorem 4. Let TJZ]-(]' =1,2,...,
weighting vector of a;(j =1, 2,.. .,
satisfies the following properties:

n), with w; €

Proof. (1) (Idempotency) Ifall &;(j =1, 2,...

PTULFEWA(@y, @, ..., @) = &

By Definition 11, we have

PTULFEWA(&y, &p,..., &y) = w1l D wrky Pe ...

= W& Pe Wrk P . ..
n
];i wik = «.

(2) (Boundray) Let &pin, = min{ay, ap, ...
Umin < PTULFEWA(&y, &, ..., &) < ®max-

Let

n) be a collection of PTULFENSs, where w = (wy, wy, ..
[0, 1] and iy wj = 1. Then, the PTULFEWA operator

DBe Wniy,
De Wik,

, By} and Amax = max{aq, @y, ...,

wn,)T is the

, n) are equal, i.e., ij = & for all j, then

(12)

wy,}, then

(13)

—x2 —2x x?
flx) = ,/h _x € [0, 1]; then f/ (x) = (1+2xz)2’/1tx2 <0,
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Since f(x) is decreasing function ¥3 . < i < ¥a,,, forallj,
Then

f(qjamax) S f(‘{[&/) S f(T&min);
2 —y2

Y ) < v 1%

+¥2 )= 14Y; ) — 1+ )

2 w; wi _y2 w;
1_‘Yﬁmax ! < 17‘}% ! < ! II;“min !
1+¥2 = 1+¥2 = 1+¥2 ’

max min

2 w; w; _g2 wj
ﬁ(ll}lgmax> I ﬁ(l—‘y%) I In_[(1 ngm) j
j=1 1—i—‘Fﬁmax o j=1 1+‘FE N j=1 1—’_‘Yﬁmin

n n
_y2 Y w o\ W 2 v w;
(1 ‘Fgmax )/1 ! < H <1‘P§> ! <l ‘{lgmm )]1

g — 7

1-i_‘szmax j:1 1+‘FE l—"_‘szmin

_y2 2\ Wi —y2
1 ‘P&mﬁx < H 1_‘FR < ! ‘P"‘mm
1+¥2 = A\ 1412 = +¥2 )7
max j=1 a Amin

—_
_l’_
|
21N
=]
2
[\
T
N
54| |
eLelS
N————
=
+
AN
—_
|
&
2N
=]
2

—
=P
7 N\
—_
+ =
&
Al
SN— || N—
\5’
- |
R
~ X\
—_
|
&
\kZN
N———

-
Il
—

:]x
A~
—

+

g
R0

+
.

-
Il
—

Again suppose g(y) = ,/z;—zyz, y € (0, 1], then ¢/ (y) = ;—f,/% < 0. Thus g(y) is a

decreasing function. Since Yg,,, < Yg; < Ygmin for all j, where Yz, > 0, then g(Yg,,. ) < Y5 <

Xmax Xmax

g(Yz,, ), therefore

Er) . | () e

() S\ () V05

wj 2 w;
< (2 B Yiﬂ?max ) !
N (Y%max ) ’
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V3 .
\/ (Yémin ) =1 (Yé} ) (Y%ma" )
(Vo) (Vo)
7 < L < 7 ,

Since
Pmin < pj < Pmaxs Gmin < qj < Gmax, Ymin < T < Tmax, Smin < 5j < Smax,
WiPmin < WjPj < WjPmax, Wjdmin < Wij < Wifmax,
w]rmm < wjt; < WjitYmax, w]smln < w]s] < w]smaX/
Zl WjPmin < Z w;pj < Z wjpmax/ Z Wjidmin < Z w;gj < Z Wjidmax,
] j=1 j= ]
n n n
Z ZUijin = E < Yy w]rmax, Z Wj, Smin < Z w;s; < 2 WjSmax-
j=1 j=1 =1 j=1 j=1
Then,
n n
Pmin <X w;ip < Pmax, min <y wiq < Jmax,
j=1 j=1
n n
Tmin < ) W wjr < Tmaxs Smin < ) w;s < Smax-
j=1 j=1
Let,

PTULFEWA(a&y, &y, ..., &) =& = ((s9, 5t), [P, 4, ¥, S]; Yo, Ya)

then, we have
Pmin < p < Pmax, dmin > < q= < Amax, "min <7 < Fmax,

Smin < S < Smax, T&mi <Y¥; < ‘Pﬂtmaxl T&mi <Y <Y

Xmax

we get
Pmin + gmin + "min + Smin < p+q+r+s < Pmax + §max + ¥max + Smax,
Foin — Vamn < Ya — Vg < Yan — Vame-
Similarly,
S(0)min = 5(8) = 5(8) max,S(H)min = S(t) < 5(¢) maxs
Yoo < Y& < Yoo Yamn < 17 < Yoo
5(0)min T S(Hmin = 5(8) T 5(t) < S(t)min T 5(t) maxs
Yamin = Yamn = Yo = Ya < Y = Y
Therefore &, < PTULFEWA(@4, @,..., &) < Gmax.
(3) (Monotonicity) Let ai = ((sg(p) SHp )) [p] qa,r } ‘I’* Y ]) (j=1,2...,n) be a

collection of Pythagorean trapezoidal fuzzy numbers If § oc ,for all j ], then

~%  ~%

PTULFEWA(&y, @, ..., &) < PTFEWA(&L, &, ..., @) (14)

Let

n n
PTULFEWA(&y, &, ..., &) = ) w;d;, PTULFEWA(&;, &, ..., &) = ) w;d;.
j=1 j
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Since a; < & zx for all j, then we have w;a; < w; zx . Therefore, we have
PTULFEWA(®y, @y, ..., &y) < PTUIFEWA(a], a3,..., &y).
O

Definition 13. Let &; = ((Se(p) St(p )) [pis qi, 1js sil, e, Yg}.) where j = (1, 2..., n) be a collection
of PTULFNs. The (PTULFEOWA) operator of dimension n is mapping PTULFEOWA : Q"— > Q, and

n
w = (wy, wz,...wn)T is the weight vector of?x']-(j =1,2..., n),wih w; € [0, 1] and ¥ wj = 1.
=1

PTULFEOWA(&y, &, ..., &n) = e (wj&%.)) (15)
1

where (o ( ) (2),..., o(n)) is a permutation of (1,2..., n), such that, &g, < &g, , for all
ji=12,.

Theorem 5. Let &;(i =1, 2,..., n) be a collection of PTULFNS, then their aggregated value by using the
PTULFEOWA operator is also and PTULFNS,

PTULFEOWA(G, &, ..., &) = & (wjie, )
1
s , s ,
( 0(pe;)) “’””(f)))
n n n n
L WiPay, -21 Wiloy)s .E WiTa;)s .21 Wisag) |7
] = = =

i=1
<1+‘P§(r(j>>wj H (1 2 m)wj (16)

B
¢

=

Il
—

=
N
-
+
>-€
N
\.
v
- +
==
A/~
—_
-6
N
N—
&
~

where (¢(1), 0(2),..., o(n)) isapermutation of (1, 2., n), such that, &g, <ag,_ forall] =12,

w = (wy, wa,...wy)" is weight vector of PTULFEOWA operator, with w;j € [0, 1] and Z wj =1
j=1

Proof. Similar to Theorem 3. (J

Theorem 6. Let w;(i=1,2,...,n) (j=1,2...,n) be a collection of PTULFENs, and

n
w = (wy, wy,...w,)" is the weighting vector of PTULFEOWA with wj € [0, 1] and } w; = 1,
j=1
which satisfies the following properties;

(1) (Idmpotency) If forall a;(j =1, 2..., n) are equal, i.e., &; = &, for all j, then
PTULFEOWA(&y, @, ..., @) = &. 17)
(2)  (Boundray) Let &, = min{®y, Ay, ..., &} and Xpay = max{xy, Ay, ..., &y}, then

Xmin < PTULFEOWA (&1, @3,..., &) < &max- (18)
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(3)  (Monotonicity) Let
& = (o Sioop) [ 97 7757 ¥, 13) (19)
(j=1,2..., n)beacollection of PTULFNs. If a; < a, for all j, then
(4)  (Commutativity) Let = ((SQ(p]) ( )) [p], q], ], -], ‘Paj/ Y&;) (j=1,2..., n)bea collection
of PTULFNS, then
PTULFEOWA(&,, @, ..., &) = PTULFEOWA(&, &, ..., @). (20)

where (&}, &5,..., &y) is any permutation of (&, Ay, ..., &y).

Proof. Let
n
PTULFEOWA (&, &, ..., &n) = e (w]ag( )) ,
j=1

= oy . n
PTULFEOWA (&, &, ..., &) = &

Since (&1, &, ..., &) is any permutation of (&}, @3,..., &;,), we have o) < b?f;(j), then

PTFEOWA(&y, &, ..., &) = PTFEOWA(G}, &, ..., @)
O

Definition 14. Let &; (j =1, 2..., n) be a collection of Pythagorean trapezoidal uncertain linguistic fuzzy
numbers. Pythagorean tmpezozdal uncertain linguistic fuzzy Einstein hybrid averaging (PTULFEHA)
operator of dimension n is mapping PTULFEHA : )" — > Q) having weight w = (wy, wo, ... wn)! such

n
that w; € [0, 1] and Y w; = 1.
=1

PTULFEHA(G, @, ., &) = & (wjy, ) (21)
j=1

where E%.) is the jth largest of the weighted Pythagorean trapezoidal uncertain linguistic fuzzy numbers

~ ~ n
B (,B] =nwii;, j=1,2,..., n),andw = (wy, wz,...wn)Tsuch that w; € [0, 1] and ¥ w; =1,

j=1
n
PTULFEHA(EL W, ..., ﬁn) @g( g'())
=1
J n . n
n n -;1 wjpa(l)’ gl ]qa
(¥ sw Y suw,. )| &
= 0o ) = T Wt(o ) n . n . ’
j=1 0 j=1 () 'Z Wjtos ‘Z Wjso
j=1 =1
n 1-‘,—‘{’2 w]_ﬁ 1 ‘YZ )wj
)

-
I
—
-
||
-

Il
-
.
Il
=

= =
:]:
| —
_
+
,.ev .
2N )
|| ~—
RS
+
=
| —
_
|
-6
S
2
=
~
&
<

(22)

Proof. Similar to Theorem 3. [J
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Theorem 7. The PTULFEWA operator is a special case of the PTULFEH A operator.

Proof. Letw = (1 Lo, %,),Then

noonse

PTULFEHA(@y, @,..., T) = Wi, ® Waliey, - .  Wuiley,
_ 1= 1~ 1~
= wlon) B ulton) - Dyl
= w1&1 D Wy ... D wyky,
= PTULFEHA(&,, @, ..., &n).

O

Theorem 8. The PTULFEOWA operator is a special case of the PTFEH A operator.
Proof. Let w = (%, %,. .., %,), Then

PTULFEHA(#y, 3,..., 8&y) = wlﬁ%) &) wzfx’g(l) - wn?x’g(n)
_ 1% 1~ 1~
= o) B lloq - @ 5o,
= PTULFEHA(@, @, ..., fn).

O

4. A Novel Method for MAGDM Based on the Proposed PTULFEWA and PTULFEHA Operators

This section introduces the MADM process under the suggested aggregation information to
propose a technique based on the PTULFSs. The detail description of the algorithm given in Figure 1.

Multiple attribute group decision m
problem

/ lmstruct the decision matrixlq ’:;tep? )
'

e
. Utilize the PTULFEWA opcrato. e Sicp2 )

——

U q— i3 )

l Utilize the PTULFEHA operato

Calculating the score functiof
of all preference values

Priority of Ranking

Figure 1. Flow chart of proposed algorithm.

Algorithm: To present the method of the MADM process, suppose A = {Aj, Ay,..., A} isa
collection of alternatives, C = {Cy, Cy, ..., Cy,} isa collection of attributes, and w = (w1, wy, ..., wn)T
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is the weight vector such that w; € [0, 1] and 27:1 w; = 1. Consider M = {m1, my, ..., mp}

the set of decision-makers and A = (A1, Ay, ..., AP)T is the weight vector of decision-makers
Ay € [0,1] and Yf Ay = 1. Let RW) = (rg()) (k=1, 2,...p) be PTULF decision matrix,

mXxn
(k) _ (k) (k) (k) (k) (k) ()], wk) (k)
ij ((59’_], ’ Stij )/ |:hli]" hZij’ h3ij’ h4ij:|’ Tl] , Tl]
my € M,

where h ) is PTULEN given by the decision-makers

o<y <t o< <t0<¥ PV <1 =12, m =121

We use the PTULFEWA and PTULFEH A operators to present a method in the MADM process
using the following steps.

Step 1. Construct PTULF matrix R® = (+1f')  from the decision of DM.
mxn
Step 2. Use the information of PTULF matrix RK) = (rg()) , and apply the PTULFEWA operator
mxn
(k)

to collect the separate overall preference values r;”’ of the alternative A;, by using the weight vector.

r% — PTULFEWA (r(k) R rﬁ")), i=1,2,...,mk=12..,p (23)

i1’ 27" in
Step 3. Utilizing the PTULFEHA operator to collect all the information from the separated set to
PTULF values rl.(k) (k=1,2,...p) rj, where w = (wy, wy, ..., w,) is the corresponding vector and
A= (A1, Aoy Ap) T is the weight vector of decision-makers.

r; = PTULFEHA (r(l), P2 rl@), i=1,2...,mk=12..p. (24)

i i

Step 4. Use Equation (7) to find the scores values. If some of the score values are equal, use Equation
(8) to find the accuracy.

Step 5. Rank the scores values.

5. Illustrative Example Surface Irrigation Problem

An illustrative example was considered to demonstrate the suggested technique in DM. The
ratio of upper respiratory tract infection (URTI) was increasing day-by-day in Pakistan; consequently,
we wanted to control the ratio of this disease. For this, we considered four possible alternatives, A;
(i=1, 2, 3, 4) suchas,

Aq: Augmentin,
A,: Moxiflaxacin,
Aj: Levofloxacin,
Ay: Clathromyecin.

A group of decision makers was invited to assess the best one under the following four attributes,
Cj (j=1,2,3,4). Suppose w = (0.40, 0.30, 0.20, 0.10) is a weight vector of C]-

Cy: Spending of the Medicine,

C,: Potentials of the Medicine,

Cjs: Less side effects of the Medicine,
Cy4: Accessibility in the market.

The detail description of criteria and alternative are given in Figure 2a,b, respectively.
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Cy
Expenditure
ofthe
Medicine

=
Lessside
effect ofthe
M edicine

Cz
Qualities
ofthe
Medicine

(@)

e A
Augmentin Moxiflaxacin
Ag= Aus
Levofloxacin | Clathromycin
|
(b)

Figure 2. (a) Four alternatives; (b) Four attributes.
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The decision makers gave their decisions and considered the weights A = (0.10, 0.20, 0.30, 0.40).

Tables
R — (7

1-3

ij

and 5

show the decisions

(k) _
>4X4(k = 1,23 4).

of

the exports wunder the

Step 1. The decision makers’ decisions are presented in the following Tables.
Step 2. Use the PTULF matrix, R®) (k=1,2,3,4), and the PTULFEWA operator to collect the different
overall preference PTL values rl(k) (i=1, 2, 3, 4) of the alternative A; (in Table 6)
Step 3. Apply the PTULFEH A operator to collect the overall values see in Table 4.
Step 4. Find the scores and ranking of A; are given in Figure 3.

S(7) = 0.8517, S(72) = 0.6930, S(F3) = 0.3730, S(r4) = —0.1546.

Step 5. Arrange the scores, A} > Ay > Az > Ay. The best oneis A;.

Table 1. Decision Matrix Z(.

PTLUF,

Ai C] CZ
Ay {(s6,52),[0.4,0.5,0.6,0.5];(0.7,0.5)} {(s5,52),[0.3,0.4,0.5,0.4];(0.6,0.5)}
Ay {(s3,52),[0.9,0.6,0.3,0.4];(0.8,0.3)} {(s2,3),[0.4,0.5,0.4,0.1];(0.6,0.4)}
As {(52,54),[0.4,0.5,0.1,0.2];(0.6,0.5)} {(54,52),[0.7,0.6,0.3,0.2];(0.5,0.5)}
Ay {(s3,54),[0.3,0.4,0.3,0.5];(0.6,0.5)} {(s6,52),0.8,0.4,0.3,0.4];(0.8,0.2)}
Ai C3 C4
Ay {(s2,53),0.6,0.2,0.3,0.4];(0.7,0.3)) {(36,52),10.4,0.5,0.6,0.91;(0.8,0.4)}
Ay {(s3,54),[0.4,0.5,0.6,0.7];(0.7,0.5)} {(54,3),[0.3,0.4,0.5,0.91;(0.5,0.5)}
As {(s6,3),[0.4,0.6,0.2,0.3];(0.7,0.4)} {(s5,52),[0.6,0.7,0.8,0.6];(0.8,0.5)}
Ay {(54,85),[0.4,0.6,0.3,0.4];(0.9,0.3)} {(s2,3),[0.4,0.5,0.6,0.5];(0.9,0.2)}
Table 2. Decision Matrix Z®).
Ai C1 C2
Ay {(s2,83),[0.9,0.3,0.1,0.2];(0.8,0.3)} {(s5,54),[0.3,0.4,0.5,0.6];(0.6,0.4)}
Ay {(s3,52),[0.4,0.2,0.2,0.5];(0.7,0.5)} {(s2,83),[0.4,0.5,0.6,0.4];(0.6,0.5)}
A3 {(36,55),0.3,0.4,0.5,0.7];(0.6,0.5)} {(s3,52),[0.4,0.6,0.3,0.5];(0.5,0.5)}
Ay {(36,52),10.4,0.9,0.6,0.3];(0.8,0.2)} {(52,52),0.6,0.3,0.1,0.4];(0.6,0.4)}
Ai C3 C4
Ay {(54,83),[0.1,0.4,0.5,0.3];(0.7,0.5)} {(52,54),[0.6,0.2,0.5,0.1];(0.5,0.5)}
Ay {(s3,52),[0.4,0.7,0.8,0.9];(0.7,0.3)} {(56,53),[0.4,0.6,0.3,0.2];(0.8,0.4)}
As {(s2,83),[0.6,0.8,0.3,0.2];(0.7,0.4)} {(s3,54),[0.5,0.8,0.7,0.3];(0.8,0.5)}
Ay {(s5,54),[0.3,0.4,0.7,0.2];(0.6,0.5)} {(54,83),[0.3,0.5,0.6,0.9];(0.9,0.1)}
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Figure 3. Score representation.

Table 3. Decision Matrix Z©®.

Ai C] C2
Aq {(s4,83),[0.3,0.4,0.4,0.3];(0.8,0.2)} {(s2,82),[0.7,0.5,0.6,0.3];(0.6,0.4)}
Ay {(s2,54),[0.4,0.3,0.6,0.3];(0.6,0.5)} {(s3,84),[0.3,0.1,0.2,0.4];(0.5,0.5)}
As {(s¢,53),[0.5,0.3,0.6,0.4];(0.8,0.3)} {(s5,52),[0.2,0.1,0.3,0.5];(0.6,0.4)}
Ay {(s3,54),[0.9,0.6,0.4,0.1];(0.7,0.5)} {(s3,83),[0.4,0.3,0.4,0.2];(0.6,0.5)}
Ai C3 C4
Aq {(s3,52),[0.3,0.5,0.6,0.6];(0.6,0.5)} {(s3,54),[0.4,0.5,0.2,0.3];(0.9,0.1)}
Ay {(s5,s3),[0.4,0.5,0.7,0.2];(0.7,0.4)} {(s4,52),[0.4,0.3,0.2,0.1];(0.8,0.5)}
Az {(s3,84),[0.3,0.1,0.2,0.3];(0.7,0.5)} {(s5,52),[0.6,0.8,0.9,0.2];(0.5,0.5)}
Ay {(s6,55),[0.4,0.3,0.4,0.6];(0.7,0.3)} {(s2,83),[0.4,0.5,0.4,0.3];(0.8,0.4)}
Table 4. Collective aggregation information using PTULFEHA.

r® Aggregated Values

D {(53.76/53.10),[0.49,0.59,0.51,0.40];(0.76,0.28)}

@ {(s3.65,52.00),[0.66,0.52,0.57,0.53];(0.73,0.32)}

73 {(s3.88,52.90),[0.30,0.31,0.33,0.34];(0.59,0.56)}

r@ {(53.47,52.97),[0.18,0.15,0.18,0.17];(0.47,0.71)}

Table 5. Decision Matrix Z®.

Ai C] C2
Aq {(s3,s5),[0.4,0.5,0.7,0.5];(0.7,0.5)} {(s2,52),[0.4,0.3,0.6,0.7];(0.6,0.5)}
A {(s2,53),[0.3,0.4,0.4,0.6];(0.6,0.5)} {(s4,54),[0.3,0.4,0.5,0.6];(0.5,0.5)}
As {(s4,52),[0.5,0.4,0.2,0.3];(0.8,0.3)} {(s6,53),[0.4,0.5,0.7,0.8];(0.6,0.4)}
Ay {(s3,84),[0.4,0.6,0.3,0.4];(0.8,0.2)} {(s2,7),[0.3,0.4,0.5,0.7];(0.6,0.4)}
Ai C3 C4
Aq {(s2,83),[0.8,0.2,0.3,0.4];(0.7,0.3)} {(s3,84),[0.8,0.2,0.3,0.4];(0.7,0.3)}
Ay {(s3,52),[0.4,0.3,0.2,0.1];(0.7,0.4)} {(s2,84),[0.4,0.5,0.3,0.1];(0.8,0.5)}
As {(s4,54),0.4,0.5,0.7,0.8];(0.6,0.4)} {(s4,52),[0.4,0.5,0.3,0.1];(0.8,0.5)}
Ay {(s5,52),[0.4,0.5,0.6,0.7];(0.6,0.5)} {(s2,83),[0.4,0.3,0.1,0.3];(0.9,0.1)}

23 of 29
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Table 6. Collective aggregation information using PTULFEWA.

r; Aggregated Values rﬁk) Aggregated Values

nY ((549,522)1041,0.41,051,0490.68,044) AV ((53.3,53.4),[0.53,0.34,0.34,0.33],(0.71,0.38)}
R (52050 [0620530410421071038) 12 ((53.0,524),10.40,0.43,0.45,0.521;(0.68,0.44)}
iy ((537:530)1048,0.45,0.33,04510.80,03)) Y ((s3.2,53,6),[0.41,0.57,0.42,0.50];(0.65,0.47)}
44) {(s4.0,53.5),10.48,045,0.33,0.45],0.80,0.31)} ¥ {(s4.4,52.5),10.43,0.58,0.47,0.37);(0.37,0.27)}
r{t) {(52.9,52.6),[0.43,0.44,0.46,0.36];(0.73,027)} () {(52.5,53.6),[0.47,0.37,0.57,0.55];(0.68,0.44)}
r) {(53.3,53.2),10.37,0.31,0.46,0.29];(0.65,0.47)} {2) {(52.8,53.2),10.33,0.39,0.38,0.45];(0.65,0.47)}
) {(s5.1,52.8),[0.38,0.25,0.46,0.39];(0.71,0.38)} 3 {(54.6,52.7),[0.43,0.44,0.43,0.54];(0.71,0.38)}
r{ {(53.5,52.9),10.96,0.44,0.40,0.25];(0.68,0.44)} rz‘*) {(53.1,52.9),10.37,0.49,0.40,0.54];(0.73,0.27}

6. Comparison Analysis with Existing Methods

24 of 29

To demonstrate the effectiveness of the suggested technique, a systematic comparison analysis

was presented with the existing methods from [17,18], and [6].

6.1. A Comparison Analysis with Existing MADM Pythagorean Trapezoidal Fuzzy Sets

Step 1. According to the decision information given in the PTENs decision matrix Z*) = (zf]) in

Table 7.

Table 7. Decision Matrix Z*.

Cq

G

(36,52),[0.4,0.5,0.6,0.5];(0.8,0.5)}
(s5,53),[0.3,0.4,0.5,0.4];(0.4,0.8)}
(54,2),[0.6,0.2,0.3,0.4];(0.5,0.7)}
(5,54),[0.4,0.5,0.6,0.91;(0.4,0.8)}

—_———— —

(35,54),[0.9,0.6,0.3,0.4];(0.7,0.4)}
(52,52),[0.4,0.5,0.4,0.1];(0.5,0.6)}
(36,53),10.4,0.5,0.6,0.71;(0.4,0.7)}
(53,52),[0.3,0.4,0.5,0.91;(0.3,0.5)}

—_———— —

C1

Co

{(85,52),10.4,0.5,0.1,0.21;(0.5,0.5)}
{(56,53),10.6,0.7,0.3,0.21;(0.4,0.7)}
1(83,54),10.4,0.6,0.2,0.31;(0.3,0.8)}
{(54,53),[0.6,07,0.8,0.61;(0.5,0.6)}

{(54,53),10.3,0.4,0.3,0.51(0.6,0.5)}
{(s1,52),[0.8,0.4,0.3,0.41;(0.3,0.8)}
{(54,83),10.4,0.5,0.3,0.41;(0.7,0.7)}
{(83,85),10.4,0.5,0.6,0.51;(0.7,0.4)}

Step 2. Utilize the PTFWA operator to aggregate the decision matrices into a single collective decision
matrix rf.‘ of the alternative B; see in Table 8. Suppose that the weighted vectors of the alternative are

(0.3, 0.4, 0.1, 0.2) such that,

Table 8. +®.

Aggregated Values

{[0.58,0.52,0.37,0.43];(0.85,0.49)
{[0.48,0.46,0.40,0.26];(0.70,0.44)
{[0.51,0.55,0.32,0.40];(0.56,0.32)
{[0.18,0.41,0.44,0.65];(0.60,0.31)

===

Step 3. Calculate the scores S(7;) of all the overall Pythagorean trapezoidal fuzzy values, shown in

Figure 4.

S(71) = 0.2291,5(7,) = 0.1185, S(73) = 0.0939, S(rs) = 0.1108.
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Figure 4. Score representation.
Step 4. Arrange all the scores, A} > Ap > As > Az. The best alternative is A;.
6.2. A Comparison Analysis with Existing MADM Linguistic Pythagorean Fuzzy Sets

Step 1. The matrix given by PTULF is Z() = (zi‘]) given in Table 9.

Table 9. Z®).

A; C1 C C3 Cy

A (52,0.8,0.5) (54,0.7,0.4) (s5,0.5,0.5) (56,0.6,0.5)
Ay (51,0.8,0.4) (52,0.5,0.6) (53,0.7,0.4) (55,0.8,0.3)
As (52,0.5,0.7) (53,0.4,0.7) (55,0.8,0.3) (56,0.7,0.7)
A, (54,0.4,0.8) (55,0.3,0.5) (58,0.5,0.6) (57,0.7,0.4)

Step 2. Utilize the LPFWA operator to aggregate all the decision matrix into a single collective decision
matrix rf.‘ of the alternative B; in Table 10. Suppose that the weighted vectors of the alternative are
(0.3, 04, 0.1, 0.2) such that,

Table 10. +®).

i Aggregated Values
¥ {(0.6989,0.4781)}
7@ {(0.7607,0.3866)}
¥e) {(0.7742,0.6431)}
7@ {(0.5663,0.5362)}

Step 3. Calculate the scores S(7;) of all the overall linguistic Pythagorean fuzzy values such that,

S(r1) = v6.6099 = 2.5709,5(72) = v/2.3590, = 1.5359,
S(73) = v/14.7350, = 3.8386, S(r4) = v/11.5361 = 3.3964.

Step 4. We arrange the score value in descending order such that Az > Ay > Aj > Aj. Thus, the most
desirable alternative is As.

6.3. A Comparison Analysis with Existing MADM Pythagorean Fuzzy Sets

Step 1. According to the decision information given in the Pythagorean fuzzy number decision matrix
Z®) = (2£) in Table 11.
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Table 11. Z®),

A; (] C C3 Cy

A (0.8,0.5) (0.7,0.4) (0.5,0.5) (0.6,0.5)
Ay (0.8,0.4) (0.5,0.6) (0.7,0.4) (0.8,0.3)
Ay (0.5,0.7) (0.4,0.7) (0.8,0.3) (0.7,0.7)
Ay (0.4,0.8) (0.3,0.5) (0.5,0.6) (0.7,0.4)

Step 2. Utilize the PFWA operator to aggregate all the decision matrix into single collective decision
matrix 7§ of the alternative B; in Table 12. Suppose that the weighted vectors of the alternative are
(0.3, 04, 0.1, 0.2) such that,

Table 12. Collective aggregation information.

o Aggregated Values
@ {53.6,0.6980,0.4781}
@ {52.3,0.7607,0.3866}
7 {53.3,0.7742,0.6431)
@ {548,0.5663,0.5362}

Step 3. Calculate the scores S(7;) of all the overall intuitionistic trapezoidal fuzzy values in see in
Figure 5.
S(r1) = 0.2598, S(r2) = 0.4292, S(73) = 0.1858, S(r4) = 0.0331.

04282

0.2598

Figure 5. Score representation.

Step 4. We arrange the score value in descending order such that Ay > A; > A3 > Ay. The sensitive
analysis of comparison of different aggregation operators with the proposed aggregation operators is
given in Table 13 and Figure 6.

Table 13. Comparison of existing methods.

Method Ranking Results
PTULFE information A1 >Ay>Az3> Ay
PTF information A1 >Ary>AL> Az
LPF information A3 >As>A1> A
PF information Ay >A1>A3> Ay
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Sy

Figure 6. Score representation.

7. Conclusions

We proposed a new PTULF operator using Einstein operations and studied some important
properties. We defined different types of aggregation operators—PTULFEWA, PTULFEOWA, and
PTULFEHA—using the Einstein operations. A MADM approach was presented for the proposed
aggregation operators based on the PTULF environment. An illustrative example was given to
show that the presented MADM approach was more accurate, general, and effective. Moreover,
our presented method is different from the existing methods for MADM due to the use of PTULF
numbers, which did not produce any loss of information in the process. A systematic comparison
analysis was given to verify the results. In future research work, we will try to extend the work
in various directions, such as confidence level, picture fuzzy set, symmetric aggregation operators,
logarithmic aggregation operators, power aggregation operators, Dombi aggregation operators, and
their applications in decision making.
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