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Abstract: In the present work we introduced a new method and name it the conformable double
Laplace decomposition method to solve one dimensional regular and singular conformable functional
Burger’s equation. We studied the existence condition for the conformable double Laplace transform.
In order to obtain the exact solution for nonlinear fractional problems, then we modified the double
Laplace transform and combined it with the Adomian decomposition method. Later, we applied
the new method to solve regular and singular conformable fractional coupled Burgers’ equations.
Further, in order to illustrate the effectiveness of present method, we provide some examples.

Keywords: conformable fractional derivative; conformable partial fractional derivative; conformable
double Laplace decomposition method; conformable Laplace transform; singular one dimensional
coupled Burgers’ equation

1. Introduction

The fractional partial differential equations play a crucial role in mathematical and physical
sciences. In [1], the authors studied the solution of some time-fractional partial differential equations
by using a method known as simplest equation method. In this work, we deal with Burgers” equation,
these type of equations have appeared in the area of applied sciences such as fluid mechanics and
mathematical modeling. In fact, Burgers’ equation was first proposed in [2], where the steady state
solutions were discussed. Later it was modified by Burger, in order to solve the descriptive certain
viscosity of flows. Today in the literature it is widely known as Burgers’ equation, see [3]. Several
researchers focused and concentrated to study the exact as well as the numerical solutions of this
type of equation. In the present work, we considered and modified the conformable double Laplace
transform method which was introduced in [4] in order to solve the fractional partial differential
equations. The authors in [5] applied the first integral method to establish the exact solutions for
time-fractional Burgers’ equation. In [6], the researchers applied the generalized two-dimensional
differential transform method (DTM) and obtained the solution for the coupled Burgers’ equation with
space- and time-fractional derivatives. Recently in [7], the conformable fractional Laplace transform
method was applied to solve the coupled system of conformable fractional differential equations.
Thus the aim of this study is to propose an analytic solution for the one dimensional regular and
singular conformable fractional coupled Burgers’ equation by using conformable double Laplace
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decomposition method (CDLDM). In [8], the following space-time fractional order coupled Burgers’
equation, were considered
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Conformable fractional derivatives were studied in [9] and extended in [10]. Next, we recall the
definition of conformable fractional derivatives, which are used in this study.

Definition 1. Let f : (0,00) — R then the conformable fractional derivative of f order B is defined by

ﬁf@) :1imf(t’§+€t1ﬁ)_f(t’§), P 0 0<p<t,

e—0 € /3

see [9,11,12].

Conformable Partial Derivatives:

Definition 2. ([13]): Given a function f (fol —ﬁ) : R x (0,00) — R. Then, the conformable space fractional

x*

B
partial derivative of order « a function f ( o %) is defined as:

« _ x  f
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- — - < 1.
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a’ B
Definition 3. ([13]): Given a function f (%' %) : R x (0,00) — R. Then, the conformable time fractional
partial derivative of order B a function f (%, %) is defined as:
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Conformable Laplace transform:

Definition 4. ([14]): Let f : [0,00) — R be a real valued function. The conformable Laplace transform of f is

defined by
4(5)- (5o

for all values of s, provided the integral exists.

Definition 5. ([4]): Let u (’;—a, %) be a piecewise continuous function on the interval [0, 00) x [0, c0) having

B
. . "B iy
exponential order. Consider for some a,b € R sup "“—a,% > 0, —— . Under these conditions the
T*%
e

conformable double Laplace transform is given by

x 4P o B
(s (24)) v - 7 e (25

where p,s € C,0 < &, B < 1and the integrals are by means of conformable fractional with respect to %~ and

% respectively.

Example 2. The double fractional Laplace transform for certain functions given by

1. Lk [( - ) (i) ] = LyLe [(x)"(5)"] = pnﬂrg,iﬂ

wrp | A +Tfﬁ _ aebrt] L
2 Lth[ } Lili [e ]*(p_)\)(s—r)‘
« ﬁ . x“ . tﬁ . . 1 1
3. L{L; sm(/\; sin [ T— | | = LyL¢ [sin(x) sin(t)] = misz =3

4. Ifa(> —1) and b(> —1) are real numbers, then double fractional Laplace transform of the function
x* P N\ N\
1(55) = (5) () wswonn

L
e[ -2t

Theorem 1. Let 0 < a, 8 < 1 and m,n € N such that u (ﬁ E) € C' (Rt xRY), I = max (m,n).

B
xt B 9"y
Further let the conformable Laplace transforms of the functions given as u (7, 3) and S35 Then

o am“u m m— — m— 1 al“ t‘B
wh (5 = eyt L Lﬁ(a = (05))
3

atp anﬁ La f _ n -1 = a]ﬁ xlx
LL<atn/3 (w,ﬁ = s"U(p,s) —s" U (p,0) X; | 70

gmey,
7 gxma

me npy
where —— S and T denotes m, n times conformable fractional derivatives of function u (’;—“, %), for more
details see [4].

In the following theorem, we study double Laplace transform of the function

x*\" 9P _[/x* tP
(a) ﬂf (zx’ [5) as follows:
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x* th
Theorem 2. If conformable double Laplace transform of the partial derivatives f ( tﬁ) is given by

of _[x* 1P x* " x* P
Equation (27), then double Laplace transform of ( o ) 0P —f ( /3) and ( o > g (zx ﬁ) are given by

=0 df”( [8t5f<9: tﬁ)D =1L Kic) atﬁf(f: tﬁﬁﬂ @
g (1528 s (5 5)]) = [(5) s (55)] @

wheren =1,2,3,....

and

Proof. Using the definition of double Laplace transform of the fractional partial derivatives one gets

x P _prt_ of [x* tP
X B—1 X 1
[atﬂf v’ B ] / / <8tﬁf<¢x ,B))t atdx, @)
by taking the "th derivative with respect to p for both sides of Equation (4), we have
dr X t'B 0o poo gn 717&75& 8/3 x* t/g
— ® B2 -1 P 1
dp”( [atﬁf<w ﬁ)D b <€ atﬁf< ﬁ))t i
© oo o B B 9P X P
L) e ()
(=1 0o Jo \w& atﬁf "B *

Corf [(2) 2 ],

thus we obtain

I 1B x® th  arB o x® B
i (vt [ (55 = [ () G (2 9))
Similarly, we can prove Equation (3). O

Existence Condition for the conformable double Laplace transform:

X tﬁ o
If f (oc' [3) is an exponential order a2 and b as %- — o, % — 090, if there exists a positive

constant K such that forall x > Xandt > T

X'X tﬁ af+bh5
- < o B
¢ ()| =t ®
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it is easy to get,

Or, equivalently,
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where y > a and 5 > b. The function f (x—, a

tP .
—) is called an exponential order as - — 00, 7 — oo,

ﬁ
& ptf

and clearly, it does not grow faster than Ke’ THE a2 o, g — o0,

Theorem 3. If a function f (— —) is a continuous function in every finite intervals (0, X) and (0,T)

ptf
and of exponential order e vt ?, then the conformable double Laplace transform of f (%a/ %) exists for all
Re(p) > u,Re(s) > 1.

Proof. From the definition of the conformable double Laplace transform of f ( 5 ), we have

B "
Ups)| = | foe P F (S, B)if1aedr

f Je P OEEDE 1w 14ya ©)
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For Re(p) > p,Re(s) > 1, from Equation (6), we have

]glglgo\U(p,s)\ =0 or pli_r)r;oU(p,s) =0.

S—r00 S—00

O

2. One Dimensional Fractional Coupled Burgers” Equation

In this section, we discuss the solution of regular and singular one dimensional conformable
fractional coupled Burgers’ equation by using conformable double Laplace decomposition methods
(CDLDM). We note thatif « = 1 and =1 in the following problems, one can obtain the problems
which was studied in [15]:

The first problem: One dimensional conformable fractional coupled Burgers’ equation is given by

7)
oy o (
atg S TNV Bx“ v+ P‘axa (ww) =

ol 9% . a4
yg_arzf" +’7”axa”+§axn( Z)) - fEfo’lsg

subject to
(20)A(5). ()0 (2)

x® th x* th x
fort > 0. Here, f (‘x, [5) ( ﬁ) fi ( ) and g1 (%) are given functions, #, { and y are
arbitrary constants depend on the system parameters such as; Peclet number, Stokes velocity of
particles due to gravity and Brownian diffusivity, see [16]. By taking conformable double Laplace
transform for both sides of Equation (7) and conformable single Laplace transform for Equation (8),

we have

_h(p) |, Flps)  1epf0®u 00 O
u(p’s) - S + S + L L alex 7]1’[ axlxu éaxa (MU) 4 (9)

and

G G 0 o w
V(p,s) = 1(p) + (P, )—i— L”‘L’5 {8 o MY 3V xa(uv)} (10)
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The conformable double Laplace decomposition methods (CDLDM) defines the solution of one

o tﬁ o tﬂ
dimensional conformable fractional coupled Burgers’ equation as u (x ) and v ( o ) by the

B B

(ED-ERED EDEED e

We can give Adomian’s polynomials A, B, and C,, respectively as follows

infinite series

Ay = Z Upllyy, By = Z UnOxn, Cn = Z UnOn. (12)
n=0 n=0 n=0

In particular, the Adomian polynomials for the nonlinear terms uu,, v, and uv can be computed
by the following equations

Ap = uglox
A1 = uguiy + upoy
Ay = ugupyx + Uity + Usloy, (13)
Az = ugusy + Uilipy + U1y + Usllgy,
Ay = uQUgy + Urlzy + Uplipy + UsU1y + Ugloy,
By = wovoy
By = vgv1x + 0100y,
By = wvguay + 0101y + U200y, (14)
By = wgu3y + 0102y + U201y + U300y,
By = ©0gU4x + U103y + U202y + U301y + U400k
and
Co = upvp
Cl = uUgU1 + U179
Cy = ugvy + uqv1 + upvyp. (15)
Cs = uguz+ u1vy + upvq + usvy,
Cy = ugvg+ ugvs + upvy + uzvq + u4vg.

By applying the inverse conformable double Laplace transform on both sides of Equations (9)
and (10), making use of Equation (12), we have

Eu(e4) = nwes [ [t (]
L [Lasef an)] - et [Resef g ol
and .
Eo(e) = noov [ e s (5]

—L, gt [Resnf B | - 1 [ResLf [ (Co)]
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On comparing both sides of the Equations (16) and (17) we have

wy = fi(x)+LL [Fe)

(18)
o9 = &1 (x) + L;ngl %

In general, the recursive relation is given by the following equations

2
0“*u,,

I
Up1 = Ly LS [SLgL/f [axl‘a

|-t e ad| -t o], a9

and

aZa U
ox2u

1.1 11 1111 1111
onr = L't [aaef [0 )] - e [Faseb )| - e et ] oo

provided that the double inverse Laplace transform with respect to p and s exist in the above equations.
In order to illustrate this method for one dimensional conformable fractional coupled Burgers’ equation
we provide the following example:

Example 3. Consider the homogeneous one dimensional conformable fractional coupled Burgers’ equation

il 9% o o _

g g Mamutae o) =0 @
9 9%y 9"

0~ 0 W vt g (w0) = 0,

with initial condition . . . .
u (x,0> = sin (x) , (x 0) =sin (x) . (22)
o o o

By using Equations (18)—(20) we have

xt’t
uy = sin() vo—sm( )
n

111 (924 “u 9~
u = Lplle gLiLﬁ ox 2“0 + 2uy P “0 Fye (uovo)H
(1 1 th x*
_ 171|174 ﬁ _ _7-17-1 _ _
= it |jusf | sin < )H LLs Lz<p2+1)} ﬁ&n(a),
(1 (924 d“v 0~
_ ~17-1 B 0 0
U = LP L _ngL Fyery + 20 Bx“ axa( 000):|:|
1 1 tP x®
_ r-17-1|tra ﬁ _ —17-1 _
- e [ e ()] - 50 [ - ()
1.1 |1 [0%%y 0“u “u 9*
U, = Lplle gLiL‘f ax21xl —|—2<uoaxal Uy axﬂé()) py (u001+ul?}0):|:|
12
[1 [tP x® 1 (*) x®
e e B R 00 -2 T _y-1y-1 _\P (X
= Lp L _sLth _ﬁsm<a>” Lp L {53(;724-1)} > Sm(oc)'
1,11 [9%%y %o %y o*
Uy = LplLs 1 ngL‘f alexl +2 (Z)Q ax‘xl + v Fpo > =y (upvy +M100):H

2
(1 [P x~ 1 (7) x~
_ g1y =1|tyarB | (X _r-17-1 _\B X
= Lp L _SLth _ﬁsm<“>H pr L L?’(pz-i—l)} =5 sm(tx),
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and

1.1 11 0%, 0%uy 0“u o~
Uz = Lplle{LiLf[a o +2< 05 +u e a1+ (oo >H

—L;lL;l { L'XL/5 [a m (upvy + U1 +u200)]]
,B 3
= (%) sin(xa>
= e (%)
1.1 11 0% v, 0“vy 0%vq o~
vy = Lplle |:L§L‘f [82“ —|—2( vy —|— 1a m +Uzaxlxvo>:H

7L;1Ls_1 |: LtXL,B |: 0"

(g)?) a dx«
= — P sin<x>,
x

6

(upvp + w107 + levo):| :|

and similar to the other components. Therefore, by using Equation (11), the series solutions are given by

£)2 )3
u ﬁf = wup+up+tuz+..= |1~ f +<%) —<%> + in s
Dé"B = 0 2 3T e = IB o1 3! T ) 2

2 p\3
vx—le —v+v+v+—17f+<%)7<%>+ sinx—a
and hence the exact solutions become

x* P _# x“ x* P _# x®
u(,) =e ﬁsin(), v(,) =e ﬁsin().
a’ B o x’ B o

By taking « = 1 and B = 1, the fractional solution become

(xa tﬁ) i (x"‘ tﬁ) i
Uul—,— ) =e’'sinx, v|—,— | =e 'sinx.
a’ B a” B

8of 13

The second problem: Now consider the singular one dimensional conformable fractional coupled

Burgers’ equation with Bessel operator

oPu a 9% [ x* 9% _ x* P
SF~ xoxr \w ot >+’7“ax«”+5axa (wo) = f(% %
Po a 9" [ x* a“ _ x* P
oF T X o \ @ o >+’7“axav+ﬂaxa (wo) = g% 5)

and with initial conditions

(o) =n(S) (o) =a(5)

X% odx® \ a Jdxv

(23)

(24)

o aoc o alX
where the linear terms — — ( ) is known as conformable Bessel operator where ¢, y and

1 are real Constants Now to obtain the solution of Equation (23), First, we multiply both sides of

Equation (23) by - " and obtain
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x* 9Pu 0% [ x* 9% x* 9% x* 0% _ox* x* P
W o ax \a 8x“u) tgugat+ Crgm (o) = Tf (G
0P o* 0 « i
x® [ X _ X X
o T o aax“0)+17 Vgt g (0) = e (T

90f13

(25)

Second: we apply conformable double Laplace transform on both sides of Equation(25) and single

conformable Laplace transform for initial condition, we get

,B a gp . ‘B X Qu a g a g « a 4p
parf [=9] = 1l [ & (5 &) —nfudeu— o5 Z o) + 5 (5, 5)],
ap B [x* 3bv B[ . s (5 th
LiLy | & 5% LIl |ow (waw?) — % vaw? — #ig o (u0) + 58 (7'3

by applying Theorems 1 and 2, we have

—sU(ps) + 415 1A (0] = 8P [ (B &) —pSuen— o2 X (wo)]
d B « B
i (il [ (% 5)])
Ly( s)—l—iL”‘[ (x)] = Laph [ (x ) _pxty, 0t g ﬁ&(uv)
p, dp —x 81 X | 9x® \ a ox® N Ugxa Koy oxm

simplifying Equation (27), we obtain

EU(ps) = LELSIA (0] = LEALE [ (5 &eu) —nSudieu — 05 & (uo)]
« 4p
Fuf ([ (5 5)1).
£vips) = L ()] - HELE [ (£ %0) - nFodeo — pi & (wo)|

g (et (28)])

Third: integrating both sides of Equation (28) from 0 to p respect to p, we have

Ups) = LIS (418lF )]de sl [ (5 deu) =Ny — G5 N | dp
+h%@w (28)])
d

Vips) = L (L ls (0)]) dp = 1 7 LALF [ 35 (3 Beo) — 3 Ns — i Ng | dp

(e Gt e (2 5)) o

(26)

(27)

(28)

(29)

Using conformable double Laplace decomposition method to define a solution of the system as

u (x;‘ ﬁ) and v(%, %) by infinite series

x’ B
x® tﬁ> o <x”‘ tﬁ> <x"‘ tﬁ) = (x“ tﬁ>
ul—, =\ =) un|l— =), v|— =5 ]|=) ou|l— 5]
(o) =5 (e5) +(55) =B (55
Here the nonlinear operators can be defined as

Ni=)Y Ay, No=) CiN3y=) B,
n=0 n=0 n=0

(30)

(31)
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and

fi(x

1
—L 1L 1 sfop (L“Lﬁ
+L, 'Lt (L”‘L’g

+L, L erf

f

81 (

111!J B
—LLsoL"‘L

(
i
i

17 -1 14 ﬁ
+LL o | L

1
s

+L 1L 1 p L’XL'B

The first few components can be written as

and
« 4B
un+l (%r %)

and
« p
UTl-‘rl (x?/ %)

U fr(x) + L Lt |4

0o g1 (x) + L, Lt |

0
—L;lLs_l

+L, LT

x)+Ly'Ly 1[ JEaF (p

L

10 0of 13

[S5]
=

Q‘Rg .,

all

5y
=
=2
Y
=
=2
118
=
3

QU
=
=

/N
N———
N——
[
N———

(32)

128

=%

3
Il
o

r18

TN
=%

by

o

%)+ L [ fopdc (p.s)]

atX
ax“

XD( aﬂ(
o« ox*

(55 (£0))]) 9]

Z 5 ) (33)
770( n

ya ZCn

+L, LT

_Lrlegl
_'_L;l Ls_1

+L, LT

s

TN

1 [Vdr(p,

L rac (s (34)

(35)

‘ 9]
=2

=%

N

Q|
=
=2

(36)

18

*‘Rsz R“R:
=
itei
o

=0

Provided the double inverse Laplace transform with respect to p and s exist for Equations (34)-(36).

Example 4. Singular one dimensional conformable fractional coupled Burgers’” equation

Pu a9
otP X% Jx«
o %
oth X% Jx®

subject to

By following similar steps,

¢ 3 2 " 2 b th
(%W“)‘zu st + g (w0) = (%) ef —def
o . REI (37)
(%8870) —2v 33704—367(»10) = (%) ef —4eb,
a2 a\2
u (x,0) = (7) , o(x,0) = (7) . (38)

we obtain
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2 B P
(%) eF —de7 +4

-1 71-1 4 aﬁ-a"' x* 9"
LMLt 5 Jp (Lth I (zxax“

it el P (LgLf 28 v An}

012
=
&)
/N
=%
N
=%
~—
|

gl

L L n=0
f L (e |22 (R )| )4
p s s JO XEt | a dx® ngo n P
and 28 b
- By (x t,B 40
ngovn(“'ﬁ) B (“) der 4

—L LY (I&Lf e (a ( = v))D dp}
syt [ (st o2 E )

L i o
L LY (LﬁLf L C”D dp}

where Ay, By and C,, are defined in Equations (14)—(16) respectively. On using Equations (34)—(36) the
components are given by

xl)‘ 2 B B
Uy = (oc) ePF —4ef +4, vy = ( ) eﬁ —4eﬂ +4,
(1 [P [ 0% x Mug  x* 9°
i TR T A i d
" P o so R o \ ax"‘ oc M09 T Ty oxe (1ov0) | dp
L '1 p M x% B B
w o= —LL! E/o Lerf (wﬂ ] 4eF 4,
(1 [P [ 0% x* 90 x 0*v x* 0%
S 7/ Lerf A d
1 P s o R o 8x“ 2 (xvo ox*  a dx g (Ho%0) | dp
1, 1P x® i
o = —L,';" g/0 Lerf (eﬂﬂ ] 15 4,
In a similar way, we obtain
(1 P [ 0% [ x* d%u
_  _gy-1y-1 |1 apB | 9 (X O U
w = —L,'L _S/O 1if |5 ((x aﬂ)}dp}
(1 rr [ x* 0%y " u
—-17-1 p 0
_Lp L _g/() LféLt _21X<Oa"‘+ 18”‘)]dp]
B B _1 14 B IX aﬂ(
+LplLs 1 -g/o LzLﬁ © 9xt (ugvy +M100):| dp]
up = 0,
vy = 0.

Thus it is obvious that the self-canceling some terms appear among various components and following
terms, then we have,

x® P x* P
u<,>:u0+u1+u2+..., v(,)zvo+vl+vz+...
a’ B L

Therefore, the exact solution is given by

a 1B a\ 2 # a 1B aN\ 2 B
(2)- () o () (2
a’ B o x’ B o
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By taking « = 1 and B = 1, the fractional solution becomes

x 4p
u(x,t) = x%,

a B

x 4p
U(J;,tﬁ) = x%t

In this work some properties and conditions for existence of solutions for the conformable
double Laplace transform are discussed. We give a solution to the one dimensional regular and
singular conformable fractional coupled Burgers’ equation by using the conformable double Laplace
decomposition method, which is the combination between the conformable double Laplace and
Adomian decomposition methods. Further, two examples were given to validate the present method.
This method can also be applied to solve some nonlinear time-fractional differential equations having
conformable derivatives. The present method can also be used to approximate the solutions of
the nonlinear differential equations with the linearization of non-linear terms by using Adomian

3. Conclusions

polynomials.
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