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Abstract

:

In the present work we introduced a new method and name it the conformable double Laplace decomposition method to solve one dimensional regular and singular conformable functional Burger’s equation. We studied the existence condition for the conformable double Laplace transform. In order to obtain the exact solution for nonlinear fractional problems, then we modified the double Laplace transform and combined it with the Adomian decomposition method. Later, we applied the new method to solve regular and singular conformable fractional coupled Burgers’ equations. Further, in order to illustrate the effectiveness of present method, we provide some examples.
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1. Introduction


The fractional partial differential equations play a crucial role in mathematical and physical sciences. In [1], the authors studied the solution of some time-fractional partial differential equations by using a method known as simplest equation method. In this work, we deal with Burgers’ equation, these type of equations have appeared in the area of applied sciences such as fluid mechanics and mathematical modeling. In fact, Burgers’ equation was first proposed in [2], where the steady state solutions were discussed. Later it was modified by Burger, in order to solve the descriptive certain viscosity of flows. Today in the literature it is widely known as Burgers’ equation, see [3]. Several researchers focused and concentrated to study the exact as well as the numerical solutions of this type of equation. In the present work, we considered and modified the conformable double Laplace transform method which was introduced in [4] in order to solve the fractional partial differential equations. The authors in [5] applied the first integral method to establish the exact solutions for time-fractional Burgers’ equation. In [6], the researchers applied the generalized two-dimensional differential transform method (DTM) and obtained the solution for the coupled Burgers’ equation with space- and time-fractional derivatives. Recently in [7], the conformable fractional Laplace transform method was applied to solve the coupled system of conformable fractional differential equations. Thus the aim of this study is to propose an analytic solution for the one dimensional regular and singular conformable fractional coupled Burgers’ equation by using conformable double Laplace decomposition method (CDLDM). In [8], the following space-time fractional order coupled Burgers’ equation, were considered


∂βu∂tβ−∂2αu∂x2α+ηu∂α∂xαu+ζ∂α∂xαuv=fxαα,tββ∂βv∂tβ−∂2αv∂x2α+ηv∂α∂xαv+μ∂α∂xαuv=gxαα,tββ.



(1)







Conformable fractional derivatives were studied in [9] and extended in [10]. Next, we recall the definition of conformable fractional derivatives, which are used in this study.



Definition 1.

Let f:(0,∞)→R then the conformable fractional derivative of f order β is defined by


dβdtβftββ=limϵ→0ftββ+ϵt1−β−ftββϵ,tββ>0,0<β≤1,








see [9,11,12].





Conformable Partial Derivatives:

Definition 2.

([13]): Given a function fxαα,tββ:R×(0,∞)→R. Then, the conformable space fractional partial derivative of order α a function fxαα,tββ is defined as:


∂α∂xαfxαα,tββ=limϵ→0fxαα+ϵx1−α,t−fxαα,tββϵ,xαα,tββ>0,0<α,β≤1.













Definition 3.

([13]): Given a function fxαα,tββ:R×(0,∞)→R. Then, the conformable time fractional partial derivative of order β a function fxαα,tββ is defined as:


∂β∂tβfxαα,tββ=limσ→0fxαα,tββ+σt1−β−fxαα,tββσ,xαα,tββ>0,0<α,β≤1.















Conformable fractional derivatives of certain functions:

Example 1.

We have the following


∂α∂xαxααtββ=tββ,∂α∂xαxααntββ=nxααn−1tββ∂β∂tβxααtββ=xαα,∂β∂tβxααntββm=mxααntββm−1∂β∂tβsinxααsintββ=sinxααcostββ,∂α∂xαsinaxααsintββ=acosxααsintββ∂α∂xαeλxαα+τtββ=λeλxαα+τtββ,∂β∂tβeλxαα+τtββ=τeλxαα+τtββ.















Conformable Laplace transform:

Definition 4.

([14]): Let f:[0,∞)→R be a real valued function. The conformable Laplace transform of f is defined by


Ltβftββ=∫0∞e−stββftββtβ−1dt








for all values of s, provided the integral exists.





Definition 5.

([4]): Let uxαα,tββ be a piecewise continuous function on the interval [0,∞)×[0,∞) having exponential order. Consider for some a,b∈Rsupxαα,tββ>0,uxαα,tββeaxαα+btββ. Under these conditions the conformable double Laplace transform is given by


LxαLtβuxαα,tββ=Up,s=∫0∞∫0∞e−pxαα−stββuxαα,tββtβ−1xα−1dtdx








where p,s∈C, 0<α,β≤1 and the integrals are by means of conformable fractional with respect to xαα and tββ respectively.







Example 2.

The double fractional Laplace transform for certain functions given by

	1. 

	
LxαLtβxααntββm=LxLt(x)n(t)m=n!m!pn+1sm+1.




	2. 

	
LxαLtβeλxαα+τtββ=LxLteλx+τt=1p−λs−τ.




	3. 

	
LxαLtβsin(λxααsinτtββ=LxLtsin(x)sin(t)=1p2+λ21s2+τ2.




	4. 

	
If a(>−1) and b(>−1) are real numbers, then double fractional Laplace transform of the function fxαα,tββ=xααatββb is given by


LxαLtβ(xαα)a(tββ)b=Γa+1Γb+1pa+1sb+1.



















Theorem 1.

Let 0<α,β≤1 and m,n∈N such that uxαα,tββ∈ClR+×R+, l=maxm,n. Further let the conformable Laplace transforms of the functions given as uxαα,tββ,∂mαu∂xmα and ∂nβu∂tnβ. Then


LxαLtβ∂mαu∂xmα=pmUp,s−pm−1U0,s−∑i=1m−1pm−1−iLtβ∂iα∂xiαu0,tββLxαLtβ∂nβ∂tnβuxαα,tββ=snUp,s−sn−1Up,0−∑j=1n−1sn−1−jLxα∂jβ∂tjβuxαα,0








where ∂mαu∂xmα and ∂nβv∂tnβ denotes m,n times conformable fractional derivatives of function uxαα,tββ, for more details see [4].





In the following theorem, we study double Laplace transform of the function xααn∂β∂tβfxαα,tββ as follows:



Theorem 2.

If conformable double Laplace transform of the partial derivatives ∂β∂tβfxαα,tββ is given by Equation (27), then double Laplace transform of xααn∂β∂tβfxαα,tββ and xααngxαα,tββ are given by


−1ndndpnLxαLtβ∂β∂tβfxαα,tββ=LxαLtβxααn∂β∂tβfxαα,tββ



(2)




and


−1ndndpnLxαLtβgxαα,tββ=LxαLtβxααngxαα,tββ,



(3)




where n=1,2,3,….





Proof: 

Using the definition of double Laplace transform of the fractional partial derivatives one gets


LxαLtβ∂β∂tβf(xαα,tββ)=∫0∞∫0∞e−pxαα−stββ∂β∂tβfxαα,tββtβ−1xα−1dtdx,



(4)




by taking the nth derivative with respect to p for both sides of Equation (4), we have


dndpnLxαLtβ∂β∂tβfxαα,tββ=∫0∞∫0∞dndpne−pxαα−stββ∂β∂tβfxαα,tββtβ−1xα−1dtdx=−1n∫0∞∫0∞xααne−pxαα−stββtβ−1xα−1∂β∂tβfxαα,tββdtdx=−1nLxαLtβxααn∂β∂tβf(xαα,tββ),








thus we obtain


−1ndndpnLxαLtβ∂β∂tβfxαα,tββ=LxαLtβxααn∂β∂tβfxαα,tββ.











Similarly, we can prove Equation (3). □





Existence Condition for the conformable double Laplace transform:



If fxαα,tββ is an exponential order a and b as xαα→∞, tββ→∞, if there exists a positive constant K such that for all x>X and t>T


fxαα,tββ≤Keaxαα+btββ,



(5)




it is easy to get,


fxαα,tββ=Oeaxαα+btββasxαα→∞,tββ→∞.











Or, equivalently,


limxαα→∞tββ→∞e−μxαα−ηtββfxαα,tββ=Klimxαα→∞tββ→∞e−μ−axαα−η−btββ=0,








where μ>a and η>b. The function f(xαα,tββ) is called an exponential order as xαα→∞, tββ→∞, and clearly, it does not grow faster than Keaxαα+btββ as xαα→∞, tββ→∞.



Theorem 3.

If a function fxαα,tββ is a continuous function in every finite intervals (0,X) and (0,T) and of exponential order eaxαα+btββ, then the conformable double Laplace transform of f(xαα,tββ) exists for all Re(p)>μ,Re(s)>η.





Proof: 

From the definition of the conformable double Laplace transform of f(xαα,tββ), we have


Up,s=∫0∞∫0∞e−pxαα−stββf(xαα,tββ)tβ−1xα−1dtdx≤K∫0∞∫0∞e−p−axαα−s−btββtβ−1xα−1dtdx=Kp−as−b.



(6)







For Re(p)>μ,Re(s)>η, from Equation (6), we have


limp→∞s→∞Up,s=0orlimp→∞s→∞Up,s=0.








 □






2. One Dimensional Fractional Coupled Burgers’ Equation


In this section, we discuss the solution of regular and singular one dimensional conformable fractional coupled Burgers’ equation by using conformable double Laplace decomposition methods (CDLDM). We note that if α=1 and β=1 in the following problems, one can obtain the problems which was studied in [15]:



The first problem: One dimensional conformable fractional coupled Burgers’ equation is given by


∂βu∂tβ−∂2αu∂x2α+ηu∂α∂xαu+ζ∂α∂xαuv=fxαα,tββ∂βv∂tβ−∂2αv∂x2α+ηv∂α∂xαv+μ∂α∂xαuv=gxαα,tββ,



(7)




subject to


uxαα,0=f1xαα,vxαα,0=g1xαα.



(8)




for t>0. Here, fxαα,tββ, gxαα,tββ,f1xαα and g1xαα are given functions, η,ζ and μ are arbitrary constants depend on the system parameters such as; Peclet number, Stokes velocity of particles due to gravity and Brownian diffusivity, see [16]. By taking conformable double Laplace transform for both sides of Equation (7) and conformable single Laplace transform for Equation (8), we have


U(p,s)=F1(p)s+F(p,s)s+1sLxαLtβ∂2αu∂x2α−ηu∂α∂xαu−ζ∂α∂xαuv,



(9)




and


V(p,s)=G1(p)s+G(p,s)s+1sLxαLtβ∂2αv∂x2α−ηv∂α∂xαv−μ∂α∂xαuv.



(10)







The conformable double Laplace decomposition methods (CDLDM) defines the solution of one dimensional conformable fractional coupled Burgers’ equation as uxαα,tββ and vxαα,tββ by the infinite series


uxαα,tββ=∑n=0∞unxαα,tββ,vxαα,tββ=∑n=0∞vnxαα,tββ.



(11)







We can give Adomian’s polynomials An, Bn and Cn respectively as follows


An=∑n=0∞unuxn,Bn=∑n=0∞vnvxn,Cn=∑n=0∞unvn.



(12)







In particular, the Adomian polynomials for the nonlinear terms uux, vvx and uv can be computed by the following equations


A0=u0u0xA1=u0u1x+u1u0xA2=u0u2x+u1u1x+u2u0x,A3=u0u3x+u1u2x+u2u1x+u3u0x,A4=u0u4x+u1u3x+u2u2x+u3u1x+u4u0x,



(13)






B0=v0v0xB1=v0v1x+v1v0x,B2=v0v2x+v1v1x+v2v0x,B3=v0v3x+v1v2x+v2v1x+v3v0x,B4=v0v4x+v1v3x+v2v2x+v3v1x+v4v0x.



(14)




and


C0=u0v0C1=u0v1+u1v0C2=u0v2+u1v1+u2v0.C3=u0v3+u1v2+u2v1+u3v0,C4=u0v4+u1v3+u2v2+u3v1+u4v0.



(15)







By applying the inverse conformable double Laplace transform on both sides of Equations (9) and (10), making use of Equation (12), we have


∑n=0∞unxαα,tββ=f1x+Lp−1Ls−1F(p,s)s+Lp−1Ls−11sLxαLtβ∂2αun∂x2α−Lp−1Ls−11sLxαLtβηAn−Lp−1Ls−11sLxαLtβζCn,



(16)




and


∑n=0∞vnxαα,tββ=g1x+Lp−1Ls−1G(p,s)s+Lp−1Ls−11sLxαLtβ∂2αvn∂x2α−Lp−1Ls−11sLxαLtβηBn−Lp−1Ls−11sLxαLtβμCn.



(17)







On comparing both sides of the Equations (16) and (17) we have


u0=f1x+Lp−1Ls−1F(p,s)s,v0=g1x+Lp−1Ls−1G(p,s)s.



(18)







In general, the recursive relation is given by the following equations


un+1=Lp−1Ls−11sLxαLtβ∂2αun∂x2α−Lp−1Ls−11sLxαLtβηAn−Lp−1Ls−11sLxαLtβζCn,



(19)




and


vn+1=Lp−1Ls−11sLxαLtβ∂2αvn∂x2α−Lp−1Ls−11sLxαLtβηBn−Lp−1Ls−11sLxαLtβμCn,



(20)




provided that the double inverse Laplace transform with respect to p and s exist in the above equations. In order to illustrate this method for one dimensional conformable fractional coupled Burgers’ equation we provide the following example:



Example 3.

Consider the homogeneous one dimensional conformable fractional coupled Burgers’ equation


∂βu∂tβ−∂2αu∂x2α−2u∂α∂xαu+∂α∂xαuv=0∂βv∂tβ−∂2αv∂x2α−2v∂α∂xαv+∂α∂xαuv=0,



(21)




with initial condition


uxαα,0=sinxαα,vxαα,0=sinxαα.



(22)







By using Equations (18)–(20) we have


u0=sinxαα,v0=sinxααu1=Lp−1Ls−11sLxαLtβ∂2αu0∂x2α+2u0∂αu0∂xα−∂α∂xαu0v0=Lp−1Ls−11sLxαLtβ−sinxαα=Lp−1Ls−11s2p2+1=−tββsinxαα,v1=Lp−1Ls−11sLxαLtβ∂2αv0∂x2α+2v0∂αv0∂xα−∂α∂xαu0v0=Lp−1Ls−11sLxαLtβ−sinxαα=Lp−1Ls−11s2p2+1=−tββsinxαα










u2=Lp−1Ls−11sLxαLtβ∂2αu1∂x2α+2u0∂αu1∂xα+u1∂αu0∂xα−∂α∂xαu0v1+u1v0=Lp−1Ls−11sLxαLtβtββsinxαα=Lp−1Ls−11s3p2+1=tββ22sinxαα,










v2=Lp−1Ls−11sLxαLtβ∂2αv1∂x2α+2v0∂αv1∂xα+v1∂αv0∂xα−∂α∂xαu0v1+u1v0=Lp−1Ls−11sLxαLtβtββsinxαα=Lp−1Ls−11s3p2+1=tββ22sinxαα,








and


u3=Lp−1Ls−11sLxαLtβ∂2αu2∂x2α+2u0∂αu2∂xα+u1∂αu1∂xα+u2∂α∂xαu0−Lp−1Ls−11sLxαLtβ∂α∂xαu0v2+u1v1+u2v0=−tββ36sinxαα,v3=Lp−1Ls−11sLxαLtβ∂2αv2∂x2α+2v0∂αv2∂xα+v1∂αv1∂xα+v2∂α∂xαv0−Lp−1Ls−11sLxαLtβ∂α∂xαu0v2+u1v1+u2v0=−tββ36sinxαα,








and similar to the other components. Therefore, by using Equation (11), the series solutions are given by


uxαα,tββ=u0+u2+u3+...=1−tββ+tββ22!−tββ33!+...sinxααvxαα,tββ=v0+v2+v3+...=1−tββ+tββ22!−tββ33!+...sinxαα








and hence the exact solutions become


uxαα,tββ=e−tββsinxαα,vxαα,tββ=e−tββsinxαα.











By taking α=1 and β=1, the fractional solution become


uxαα,tββ=e−tsinx,vxαα,tββ=e−tsinx.













The second problem: Now consider the singular one dimensional conformable fractional coupled Burgers’ equation with Bessel operator


∂βu∂tβ−αxα∂α∂xαxαα∂α∂xαu+ηu∂α∂xαu+ζ∂α∂xαuv=fxαα,tββ∂βv∂tβ−αxα∂α∂xαxαα∂α∂xαv+ηu∂α∂xαv+μ∂α∂xαuv=gxαα,tββ,



(23)




and with initial conditions


uxαα,0=f1xαα,vxαα,0=g1xαα,



(24)




where the linear terms αxα∂α∂xαxαα∂α∂xα is known as conformable Bessel operator where ζ, μ and η are real constants. Now to obtain the solution of Equation (23), First, we multiply both sides of Equation (23) by xαα and obtain


xαα∂βu∂tβ−∂α∂xαxαα∂α∂xαu+ηxααu∂α∂xαu+ζxαα∂α∂xαuv=xααfxαα,tββxαα∂βv∂tβ−∂α∂xαxαα∂α∂xαv+ηxααv∂α∂xαv+μxαα∂α∂xαuv=xααgxαα,tββ.



(25)







Second: we apply conformable double Laplace transform on both sides of Equation(25) and single conformable Laplace transform for initial condition, we get


LxαLtβxαα∂βu∂tβ=LxαLtβ∂α∂xαxαα∂α∂xαu−ηxααu∂α∂xαu−ζxαα∂α∂xαuv+xααfxαα,tββ,LxαLtβxαα∂βv∂tβ=LxαLtβ∂α∂xαxαα∂α∂xαv−ηxααv∂α∂xαv−μxαα∂α∂xαuv+xααgxαα,tββ



(26)




by applying Theorems 1 and 2, we have


−sddpU(p,s)+ddpLxαf1x=LxαLtβ∂α∂xαxαα∂α∂xαu−ηxααu∂α∂xαu−ζxαα∂α∂xαuv−ddpLxαLtβfxαα,tββ,−sddpV(p,s)+ddpLxαg1x=LxαLtβ∂α∂xαxαα∂α∂xαv−ηxααv∂α∂xαv−μxαα∂α∂xαuv−ddpLxαLtβgxαα,tββ,



(27)




simplifying Equation (27), we obtain


ddpU(p,s)=1sddpLxαf1x−1sLxαLtβ∂α∂xαxαα∂α∂xαu−ηxααu∂α∂xαu−ζxαα∂α∂xαuv+1sddpLxαLtβfxαα,tββ.ddpV(p,s)=1sddpLxαg1x−1sLxαLtβ∂α∂xαxαα∂α∂xαv−ηxααv∂α∂xαv−μxαα∂α∂xαuv+1sddpLxαLtβgxαα,tββ.



(28)







Third: integrating both sides of Equation (28) from 0 to p respect to p, we have


U(p,s)=1s∫0pddpLxαf1xdp−1s∫0pLxαLtβ∂α∂xαxαα∂α∂xαu−ηxααN1−ζxααN2dp+1s∫0pddpLxαLtβfxαα,tββdp,V(p,s)=1s∫0pddpLxαg1xdp−1s∫0pLxαLtβ∂α∂xαxαα∂α∂xαv−ηxααN3−μxααN2dp+1s∫0pddpLxαLtβgxαα,tββdp.



(29)







Using conformable double Laplace decomposition method to define a solution of the system as uxαα,tββ and v(xαα,tββ) by infinite series


uxαα,tββ=∑n=0∞unxαα,tββ,vxαα,tββ=∑n=0∞vnxαα,tββ.



(30)







Here the nonlinear operators can be defined as


N1=∑n=0∞An,N2=∑n=0∞Cn,N3=∑n=0∞Bn



(31)






∑n=0∞unxαα,tββ=f1x+Lp−1Ls−11s∫0pdFp,s−Lp−1Ls−11s∫0pLxαLtβ∂α∂xαxαα∂α∂xα∑n=0∞undp+Lp−1Ls−11s∫0pLxαLtβηxαα∑n=0∞Andp+Lp−1Ls−11s∫0pLxαLtβζxαα∑n=0∞Cndp,



(32)




and


∑n=0∞vnxαα,tββ=g1x+Lp−1Ls−11s∫0pdGp,s−Lp−1Ls−11s∫0pLxαLtβ∂α∂xαxαα∂α∂xα∑n=0∞vndp+Lp−1Ls−11s∫0pLxαLtβηxαα∑n=0∞Bndp+Lp−1Ls−11s∫0pLxαLtβμxαα∑n=0∞Cndp.



(33)







The first few components can be written as


u0=f1x+Lp−1Ls−11s∫0pdFp,s,v0=g1x+Lp−1Ls−11s∫0pdGp,s,



(34)




and


un+1xαα,tββ=−Lp−1Ls−11s∫0pLxαLtβ∂α∂xαxαα∂α∂xα∑n=0∞undp+Lp−1Ls−11s∫0pLxαLtβηxαα∑n=0∞Andp+Lp−1Ls−11s∫0pLxαLtβζxαα∑n=0∞Cndp,



(35)




and


vn+1xαα,tββ=−Lp−1Ls−11s∫0pLxαLtβ∂α∂xαxαα∂α∂xα∑n=0∞vndp+Lp−1Ls−11s∫0pLxαLtβηxαα∑n=0∞Bndp+Lp−1Ls−11s∫0pLxαLtβζxαα∑n=0∞Cndp.



(36)







Provided the double inverse Laplace transform with respect to p and s exist for Equations (34)–(36).



Example 4.

Singular one dimensional conformable fractional coupled Burgers’ equation


∂βu∂tβ−αxα∂α∂xαxαα∂α∂xαu−2u∂α∂xαu+∂α∂xαuv=xαα2etββ−4etββ∂βv∂tβ−αxα∂α∂xαxαα∂α∂xαv−2v∂α∂xαv+∂α∂xαuv=xαα2etββ−4etββ,



(37)




subject to


ux,0=xαα2,vx,0=xαα2.



(38)







By following similar steps, we obtain


∑n=0∞unxαα,tββ=xαα2etββ−4etββ+4−Lp−1Ls−11s∫0pLxαLtβ∂α∂xαxαα∂α∂xα∑n=0∞vndp−Lp−1Ls−11s∫0pLxαLtβ2xαα∑n=0∞Andp+Lp−1Ls−11s∫0pLxαLtβxαα∂α∂xα∑n=0∞Cndp,



(39)




and


∑n=0∞vnxαα,tββ=xαα2etββ−4etββ+4−Lp−1Ls−11s∫0pLxαLtβ∂α∂xαxαα∂α∂xα∑n=0∞vndp−Lp−1Ls−11s∫0pLxαLtβ2xαα∑n=0∞Bndp+Lp−1Ls−11s∫0pLxαLtβxαα∑n=0∞Cndp



(40)




where An,Bn and Cn are defined in Equations (14)–(16) respectively. On using Equations (34)–(36) the components are given by


u0=xαα2etββ−4etββ+4,v0=xαα2etββ−4etββ+4,u1=−Lp−1Ls−11s∫0pLxαLtβ∂α∂xαxαα∂αu0∂xα+2xααu0∂αu0∂xα−xαα∂α∂xαu0v0dpu1=−Lp−1Ls−11s∫0pLxαLtβ4xααetββdp=4etββ−4,v1=−Lp−1Ls−11s∫0pLxαLtβ∂α∂xαxαα∂αv0∂xα+2xααv0∂αv0∂xα−xαα∂α∂xαu0v0dpv1=−Lp−1Ls−11s∫0pLxαLtβ4xααetββdp=4etββ−4.











In a similar way, we obtain


u2=−Lp−1Ls−11s∫0pLxαLtβ∂α∂xαxαα∂αu0∂xαdp−Lp−1Ls−11s∫0pLxαLtβ2xααu0∂αu1∂xα+u1∂αu0∂xαdp+Lp−1Ls−11s∫0pLxαLtβxαα∂α∂xαu0v1+u1v0dpu2=0,v2=0.











Thus it is obvious that the self-canceling some terms appear among various components and following terms, then we have,


uxαα,tββ=u0+u1+u2+...,vxαα,tββ=v0+v1+v2+...











Therefore, the exact solution is given by


uxαα,tββ=xαα2etββandvxαα,tββ=xαα2etββ.











By taking α=1 and β=1, the fractional solution becomes


uxαα,tββ=x2et,vxαα,tββ=x2et.














3. Conclusions


In this work some properties and conditions for existence of solutions for the conformable double Laplace transform are discussed. We give a solution to the one dimensional regular and singular conformable fractional coupled Burgers’ equation by using the conformable double Laplace decomposition method, which is the combination between the conformable double Laplace and Adomian decomposition methods. Further, two examples were given to validate the present method. This method can also be applied to solve some nonlinear time-fractional differential equations having conformable derivatives. The present method can also be used to approximate the solutions of the nonlinear differential equations with the linearization of non-linear terms by using Adomian polynomials.
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