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Abstract: The purpose of this manuscript is to study and investigate generating functions for Boole
type polynomials and numbers of higher order. With the help of these generating functions, many
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1. Introduction

In literature, there are various different and useful manuscripts related to not only Boole type
polynomials and numbers, but also the Peters type polynomials and numbers. Some of those have
been recently given by Boas [1], Jordan [2], Kim et al. [3-10], Kucukoglu et al. [11], Kruchinin [12],
Roman [13], Simsek [14-20], Simsek and So [21], and also Srivastava et al. [22,23]. By using generating
function method, we give many important and fundamental properties of Boole type polynomials and
numbers of higher order. We need the following notations:

N={1,23,...},Ng={0,1,2,3,...}. Z, R, C and Z, demonstrate respectively sets of integer
numbers, real numbers, complex numbers, and p-adic integers. Marking that for n = 0, 0" = 1 and for
neN,0"=0.

(X)p=x(x—1)---(x—0v+1),

(x)o =1and

7

x x(x—1)---(x—0v+1)
()

v!

where v € Ny (cf. [1-32]).
The definition of the Apostol-Euler polynomials of order v, shown by &,(x, A), is given below.

2 v
Fe(t,x;A,0) = <)\ef+1> e =Y & () ey

(cf. [25,28,29,31,32]; and the references cited therein).
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Setting v = 1 in (1), we have the Apostol-Euler polynomials
En(x,A) = Sﬁl)(x,)\).
When x = 0, we also have the Apostol-Euler numbers
En(A) = E4(0,N).

When A = 1, the above equation reduces to the well-known the Euler numbers

En — gn(].)
(f. [1-32]).
The definition of the Stirling numbers of the first kind, shown by 54 (n,k),is given below.
log(14+t)k & t”
Fs, (t,k) = Eggéigiﬁggglz, =Y 51(’1'k);{i )
! = !
If k > n, then
51 (Tl, k) =0

(cf. [2-30,32]).
The definition of the Stirling numbers of the second kind, shown by S (n,k),is given below.

et -1 k 0 i
Btk = S = T s ®
n—=
If k > n, then
Sz(ﬂ,k) =0

(cf. [2-30,32]).
The Peters polynomials are one of the members of the Sheffer polynomials, which are a very
broad family of polynomial sequences. The definition of the Peters polynomials, shown by s, (x; A, pt),

is given below.
1+1)" o £
Fp(t,x;A ) = (—)A‘u =Y su(xAp) o (4)
(1+a+nY)" a0 !
where x, t € C (c¢f. [1,2,13]).

Remark 1. Recently, there have been various studies and papers about the Peters (type) polynomials.
For example, see for detail, Boas [1], Jordan [2], Kim et al. [3-10], Kucukoglu et al. [11], Kruchinin [12],
Roman [13], Simsek [14-20], Simsek and So [21], and also Srivastava et al. [22,23].

We now present some appropriate values of the s, (x; A, u).

When x = 0, we have the Peters numbers:

sn(A, 1) = sn(0; A, )
(cf. [15,22]). When u = 1, we have the Boole polynomials:

E(x,A) =s,(x;A,1)
(cf. [2,13]). If A = p =1, we get the Changhee polynomials

Chy(x) = 2s,(x;1,1)
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(cf. [34]).

The definition of the Daehee numbers, shown by D, is given below.

Fo(t k) = 281D _ 3 p, 0 ©)

(cf. [5]). For further information and generalization see also (cf. [11,15-18,23]). Recently, the first author
defined the following combinatorial numbers and polynomials, respectively:

2 > "
F(t,A) = AA+A) -1 nX::OYn(/\)a
and
F(t,x,A) = (1+ At)*F ZY x/\
(cf. [18]).

Letd be an odd integer and ) be a Dirichlet character. Thatis x(x +d) = x(x). The first author [18]
[Equation-(2.3)] defined the following interesting p-adic integral representation and equation:

= di<—1>f () (Ag) (1 + Aty
AT+ AT +1 = x()(Aq ,

[ A K@y (x) =

where p is a fixed prime and d is a fixed positive integer with (p,d) = 1, hence

X = Xy=IlmZ/dp"Z,
N
X1 = Zp,

pq(x) = pg(x + PNZP) = [pN]’

where g € Z, with | 1 — g [,< 1 (see for detail, [26]) and

Here g is an indeterminate. If ¢ € C, we assume that |g| < 1. It is well-known that

li =
lim[x]; = x
(see, for detail, [18] [Equation-(2.3)]).
By using the previous equation, we have

(1+q) Zd;()l(_l)])((])()\q)](l—0—/\t)]+z o o
](M)d(l + A4 +1 = ngo%n,x(z; Aq)

where the polynomials €bh,,(z;A,q), which are the so-called generalized Apostol-Changhee
polynomials, are given by

chn}( z; A, q Z ( )An ] n jeh]‘,}((/\/q)

j=0
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where the numbers €b,, (A, q), which are the so-called generalized Apostol-Changhee numbers, are
given by

T (M) = [ A @)y (x) ©)
X

(see, for detail, [18] [Equations-(2.4) and (2.5)]).
In light of the previous equations, the authors [21] defined the following special polynomials
Yrn(xA,q,d):
(1+4q)(1+At)"
(Aq)F(1+At)d +1

n

s t
=) yru(x:A,q,d)
n=0

Ky(t,x;A,q) = (7)

n!’

When x = 0, we have the special combinatorial numbers:

y7u(Aq,d) = y7,(0; A, q,d).

Substituting d = 1 into (7), we also have the special combinatorial polynomials:
yrn(% A 4) = y7u(x;A,4,1)

(cf. [19,21]).

Here, brief information about notations and index for the above special combinatorial numbers
and polynomials is given as follows:

The first author has recently defined many different Peters and Boole type combinatorial numbers
and polynomials. He gave some notations for these numbers and polynomials. For instance, in order
to distinguish them from each other, these polynomials are labeled by the following symbols:

Yin (x;A,q),j =1,2,..,7, and also Yy (x;A). Therefore, the number 7 is only used for index
representation for these polynomials (cf. [16-21]).

Results of this paper are briefly summarized below.

Some fundamental properties of Boole type numbers of higher order and Boole type polynomials
of higher order. We derive some fundamental properties of these numbers, and polynomials are given
in Section 2.

PDEs and functional equations related to generating functions for Boole type polynomials of
higher order, the Daehee numbers and logarithm function are given. Using these equations, derivative
formulae and recurrence relations are given in Section 3.

2. Generating Function for the Polynomials y7,(x; A, q,d) of Order v and the Numbers y; , (A, q,d)
of Order v

In this section, we define the generalization of the numbers y7 (A, q,d) as follows:

Faihd) = (ot ) = Lt ®)
7YYy ()\q)d<1+At)d+l o 7,71 747 Tl!

We also define the generalization of the polynomials y7 ,(x; A, g,d) as follows:

[ee] ti’l
Golt, 1A, q,d) = (1+ M) Fo(t; A, q,d) = Y i) (x:A, 9,d)—. )

!
n=0 ’

We investigate some properties of the polynomials y7 ,(x; A, q,d) and the numbers y7 ,(A, g,d).

We give identities and formulas involving these numbers and polynomials, the Apostol-Euler numbers,

and the Stirling numbers.
By (8) and (9), we have

A (A, q,d) =y (0;A,9,d),
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and
1
Yru(x;A,q,d) = y;,ﬁ(x; A,q,d).
(v)

In order to give a computation formula for the numbers y, (A, g,d), we set

< 1+g >” _ (1 + q) v 2 ¢
Ag)(1+Atd+1) \ 2 (Aq)edlog(1+A1) 11

Combining the above equation with (1) and (2), we get

i ) (A, q,d tm (1+q> Z&EU Add d"(log(1+ At))"

n!

1+ " m tm
( ”’) 2 Zd)\ gl Adqd)Sl(m,n)%.

m=0n=

Comparing the coefficients of % on both sides of the above equation, a computation formula for

the numbers y( ) (A, q,d) is given by the following theorem:

Theorem 1. Let g > 0,v,d,m € Nand A € C. Then we have

v 1+
i = (150) s £ eld g on)

Using (8), we obtain
(%

(1+q)v—2(]>(/\qd]1+/\t Z Aq,

j=0 n=0

From the previous equation, we have

=YY ( ) @)A"f" iyg,vﬁ(w,d)%-

n=0j=0 n=0

Hence o Z Z Z < )<]> A (d])AR )L (A, q,d)tju

n=0k=0j=0

Making some straightforward calculations in the previous equation, a recurrence relation for

ygv}z (A, q,4d) is obtained. This relation is given by the following theorem:

Theorem 2. Let

(v) _( 1+
y7,0(/\’q’d)* (()\q)d+1) .

Forn € N, we have

23 (3) (%) ananatsis) g o

k=0 j=0
With the help of Equation (8), setting the following equation:

f01+v2(t;/\/q/d) = f?}] (t/A/q/d)sz(t/A/q/d)
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Making some calculations in the previous equation, another recurrence relation for y% (A,q,d)is

also obtained. This relation is given by the following theorem:

Theorem 3. Let q > 0, v1,vp,d,n € Nand A € C. Then we have
n
v g d) = ) ( ])yé”;)m, 9,4y (A, q,d). (10)
=0

Setting v; = v, = 1in (10), we compute the following few values of the numbers y% (A, q,d):

2
2) 1+q
Yy70(Aq,d) = ((Aq)d+1) /

@) _2dA(Aq)*(1+4q)?
Y71 (A g,d) =— (Aq)? + 1)?

and

)
B )4((d)2 + (2d)2(Ag)?) (1 + ¢)?
(Aq)?+1) '

A relation between the numbers y% (A,q,d) and the polynomials ygvg (x;A,q,d) is given by the

following theorem.

Theorem 4. Let q > 0,v,d,n € Nand A € C. Then we have

v 1 n i (v
A d) =Y ( ].) (N (A, q,d).

j=0
Proof.
[ee] n 00 tn
Y (A g d) g = (1A Ly (A q.d)
n=0 ’ n=>0
o0 x o0 o tn
=% (3) o Eainaa
n=0 n=0
© n n fn
S ERHEP R
n=0j=0 \J n

Comparing the coefficients of J;
derived result. O

Using definition of the numbers y(722 (x;A,q,d), we have

X _ 1+q (v)
(”M_((Aq)d(umdﬂ) Zy (x:A,q,4)

After elementary calculation, we obtain

. Wt e (-0 " & (o) t"
2 (A" =Yy, (A q,d)— )y, (A, q,d)
' * n=0

n=0 n=0

£ on both sides of the above equation, we have the



Symmetry 2019, 11, 352 7 of 13

Making some straightforward calculations in the previous equation, and after that comparing the
coefficients of % on both sides of the above equation, we have the following theorem:

Theorem 5. Let g > 0,v,d,n € Nand A € C. Then we have

1 & /n) (-
(xX)n = V];) (].)yé,nv)j(x; A, q,d)y%)(x; A,q,d).

Substituting At = e* — 1 into (9), we have

(1;q>v<(Aq)d§zd+1)v Z?/mx?\q, )%.

Combining the previous equation with (1) and (3), we obtain

(@) (..
144 nglo) (X yapa) 2 _ 5> Yom(XiA 4 d) & z
(L50) St (3oa) 2 = 5 200D & m
Since Sp(n, m) = 0 for m > n, we have
(v)
144 i.d)\ Z o0 Yy (A, q,d) e
(2 ) L orel? (') 5 = E(EOMSZ(”"”) R

Comparing the coefficients of i—n, on the both sides of the above equation, we derive the
following theorem:

Theorem 6. Let q > 0,v,d,n € Nand A € C. Then we have
L+\° o) (¥ a) _ 1 y%(x;?wd)s
(2) O (@) = mZ_:O A 2(m,m) | -
Setting
Foix(tA,q,d) = Fy(t;A,q,d)Fc (A, q,4d).
Using the previous equation, we derive the following theorem:

Theorem 7. Let g > 0,v,d,n € Nand A € C. Then we have

" /n
yax+yhgd) =Y <]>(X+y)]y§,3 (Aq,4). (11)
j=0
Proof.
iy(v)(x+y'/\qd)tn=(1+At)x+y< 1+g )U
e ST A1+ AT +1

n

:i Zy(v)x)\q,

Comparing the coefficients of ;—n, on both sides of the above equation, we have the
derived result. [
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Combining the following the Chu-Vandermonde identity with (11)
k
m\ (n—m n
: )= : (12)
L) = ()

" /n
yéf’,l(ery;A,q,d) =) <]>( X)p— ]yévﬁ(x;wrd)
j=0

we have

and

" /n
yé”ﬁ( +yiAqd) =) <]> (y)nij;’ﬁ(?t,q,d)-
j=0

Combining (12) with (11), we arrive at the following corollary:

Corollary 1. Let ¢ > 0,v,d,n € Nand A € C. Then we have

n

v (x +yiM,q,d) Z( ) Z eW)jkvy i(Aq,d).

Kucukoglu [27] defined the following generating functions:

log(1+ At) )v 2 (0) t"
A, q,0) = =Y 190 = 1
FaltiA.q.0) ((/\q)d(l—i—/\t)d—l L by (13
and
[e¢] t?’l
Galt,x;A,q,0) = (1+ M) Fy(t;A,q,0) = Y 11 (x: A, ). (14)
n=0 :

Combining (14) with (9), we have

2x (14¢)°(log(1+ At))*

Go(t,x;A,q,d)Ga(t,x;A,q,0) = (1+ At) ((/\q)zd<1 +/\t)2d _ 1)0'

From the above equation, we get
Go(t, x; A, q,d)Ga(t, 3, q,0) = (1+9)°Gaa(t,2x; A, q,0).

From the equality in (14) with 24 and 2x instead of d respectively x, we arrive at the following one:

7’l

Z]/%(x;)\,q, ZI(”) —' =1+q°) 1 (gd(Zx/\q)
n=0 ! n=0

n

Using the Cauchy product and comparing the coefficients of % on both sides of the above equation,
we have the following theorem:

Theorem 8. Let q > 0,v,d,n € Nand A € C. Then we have

19,(t,2x;7,9) ( ) (A ays) (x4, q,4d). (15)

Remark 2. When v =1, (15) reduce to

n
Lipa(t,2x;A,9) = —— Z <]~>Ij,d(x} A@)y7n—i(x; A, q,d)
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(. [21).
3. Partial Derivative Equations and Their Applications

In this section, we deal with some partial derivative equations and functional equations involving

generating functions for the polynomials y( )(x' A, q,d), the Daehee numbers and logarithm function.

By using these equations, we derive derivative formulas for the polynomials y( )(x,' Aq,d ), and some
identities including these polynomials, recurrence relations of these polynomlals, the Daehee numbers
and finite combinatorial sums.

3.1. Partial Derivative Equations and Derivative Formulas

Differentiating both side of (9) with respect to x, we get the following partial differential equations:

% (Go(t,x: 7, 0,d)} = log(1+ AD)Go(t, x; A, q,d) (16)
and 3
3 {Go(t,x:A,0,d)) = MFo(A)Golt, ., ,d). (17)

By using the above derivative equations, here we derive two derivative formulas for the

(v)

polynomials y;  (x; A, ¢,d). Using these formulas, we derive a combinatorial sums including these
polynomials and the Daehee numbers.
Combining (9) with (16), we get

(e} t}’l [ee] n n
Z {y7nXAq’ }EZZ(_ )" — Z%nX)‘q/ )ﬁ
n=0 : n=1

After some elementary calculations from the above equation, we arrive at the following theorem:

Theorem 9. Let n € N. Then we have
9 [ (v) = il ™ \aai+1,,@)
7x {y7,n(x;/\/q/d)} = Z(_l) ]+1 ]')\ y7,n_1_]'(X;)\/‘7/d)- (18)

Combining (9) with (17), we get

© 5 " 0 t”+1
Z?{ (2,4, >}n!:§n+lD Zy i a:d)
n=0 n=
Therefore
© A n e n—1 n—1 . t"
Lo bitnao) = BB (7))o il iy

Comparing the coefficients of % on both sides of the above equation, we arrive at the
following theorem:

Theorem 10. Let n € N. Then we have

d v
PP {yglyz(x;/\,q, } =n Z ( )D )\J+1y;3 - ](x,)\ q,d). (19)
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Using (5), the following well-known explicit formula for the Daehee numbers is given by

1y L
j— (-1) m
(cf. [2,5]). Combining (19) and (18) with this formula, we derive the following finite combinatorial sum:

Corollary 2. Let n € N. Then we have

n—1 ) v
n Z ( )D )t]*ly;yz - ](X,)\ q,d) = ;)(—1)] <]+1)]' ]Hy;’yz_l_j(x;)t,q,d). (20)
]:

3.2. Recurrence Relations

Here, we give partial differential equations for generating functions G, (¢, x; A, q,d). With the help
of these equations, two recurrence relations for the polynomials ygvg 4+1(x; A, q,d) are given.
Differentiating both sides of (9) with respect to t, we obtain the following partial

derivative equations:

d
& {gv(tr x;/\/ qrd)} = x/\gv(t;x - 1/ /\/ qrd) (21)
'qud/\d+l .
_ﬁgzprl(t,x +d—1;A, q,d)
and
0 Ax
&{gv(t/x/)\/q/d)} - mgv(t/x/)\/q,d) (22)

B ’qud)\d-H

1+q gl(trdf1/Arq/d)gv(t1xlA/q/d)

Combining (9) with (21), we get

t
Zy7n+1 XA, q,d)

n
n!

n qud/\dJrl o i

= x/\Zygvg(x—l,‘)\,q,d) x—i—d—l/\q,d) .

n=0 ! 1+q n:O

Comparing the coefficients of % on both sides of the above equation, we arrive at the
following theorem:

Theorem 11. Let n € Ny. Then we have

(A d) = xAy)(x— 1A, q,d)
d/\dJrl

vdq +1

Assume that [At| < 1. Combining (9) with (22), we get, with y7,,(d — 1;A,q,d) = yglr)l (d—
1r A/ q/ d)/
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n
n!

d t
Y v (i, 0, d)
n=0

[ee} tn

= Ax ) (- Zy (x;A,q, )E

n=0 :
U)\d/\ & "
oMd(Aq)" E}/ —Mq,d)mngoy(”)(x?\q,d)j

Therefore
n
a1

t
Zy7n+l X )\'q/d)n

- aY Y- (]) Wyt (x4, )t

n

n=0;=0
.qud)\d+1 0 n (n) (v) m
- . (d—1;A,q,d _(x;A,9,d)—
1+q YE)J;O ] y7/]( q )y7,n /( q )n|

Comparing the coefficients of % on both sides of the above equation, we arrive at the
following theorem:

Theorem 12. Let n € Ny. Then we have

n
y;}rzﬂ(x")"q' Z ( ) 'A]y(vi ](x A q,d)
vclq"l/\”“rl L (n) ()
- Ny7i(d =LA, q,d)y,, (xAqd).
1+¢ Jg’) j ] 7n—j

4. Conclusion

In the recent extensive written works about the theory of special functions, especially special
numbers and polynomials, there are widespread manuscripts and books including special numbers and
polynomials such as combinatorial numbers and polynomials, Apostol type numbers and polynomials,
Peters type polynomials and numbers, Boole polynomials and numbers, Stirling numbers, Changhee
numbers and Daehee numbers. In this paper, we give some new families of combinatorial numbers,
which are generalizations and unifications of the Peters and Boole polynomials and numbers with the
help of generating functions. By using these functions and their PDEs and functional equations, we
derived various interesting properties and identities of these polynomials and numbers. Appropriate
relationships of our polynomials and numbers and the results of this paper are compared with earlier
results. Consequently, the results of this paper may potentially be used, not only in analytic number
theory and for special numbers and polynomials, but also in other areas.
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