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Abstract: In this paper, we initiate the notion of generalized multivalued (a%, Y, A)-contractions and
provide some new common fixed point results in the class of ag-complete partial b-metric spaces.
The obtained results are an improvement of several comparable results in the existing literature.
We set up an example to elucidate our main result. Moreover, we present applications dealing with
the existence of a solution for systems either of functional equations or of nonlinear matrix equations.

Keywords: fixed point; triangular az-orbital admissible mappings; partial b-metric space; multivalued
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1. Introduction and Preliminaries

Fixed point theory plays an essential role in functional and nonlinear analysis. Banach [1] proved
a significant result for contraction mappings. Since then, many works dealing with fixed point results
have been provided by various authors (see, for example, [2—42]).

On the one hand, Bakhtin [43] and Czerwik [34,35] gave generalizations of the known Banach
fixed point theorem in the class of b-metric spaces. In 1994, Matthews [23,24] introduced the notion of
a partial metric space, which is a generalization of metric spaces. Very recently, Shukla [41] introduced
the notion of partial b-metric spaces by combining partial metric spaces and b-metric spaces.

On the other hand, Popescu [22] introduced triangular x-orbital admissible maps. Karapinar [42]
gave some fixed point results for a generalized a-¢-Geraghty contraction type mappings using
triangular a-admissibility. Recently, Ameer et al. [32] initiated the concept of generalized a.-1p-Geraghty
type multivalued contraction mappings and developed new common fixed point results in the class of
x-complete b-metric spaces.

In this paper, we initiate the notion of generalized multivalued (a%, Y, A)-contraction pair of
mappings. Some new common fixed point results are established for these mappings in the setting
of ag-complete partial b-metric spaces. Examples are also given to support the obtained results.
Finally, we apply the obtained results to ensure the existence of a solution of either a pair of functional
equations or nonlinear matrix equations.
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Definition 1. [35] Let w be a non-empty. Take the real number K > 1. The function dy, : w X w — [0,00) isa
b-metric if forall ,n,v € w,

(i) dy(g, ) =0if and only if { = 1.
(i) dy(C, 1) = dy (17, G).
(ii) dy(Z,17) < Kdy(Z, 0) +dy(v,17)]-

Definition 2. [23] Let w be a nonempty set. The function P : w x w — [0, 00) is said to be a partial metric if
forall{,n,z € w,

(P1) P({, ) =P(C,n)=P(y,n)ifand only if { = 1.
(P2) P(g,¢) <P(gn)

(P3) P(¢,1)="P(n,0)

(Py) P(C,n) < P(C,z) + P(z,1) — P(z,2).

Definition 3. [41] Let K > 1 be a real number and w # @. The function Py, : w x w — [0, c0) satisfying the
following for all 7,1,z € w is said to be a partial b-metric:

(Pyl) Py(C,8) = Py(T, 1) = Py(, 1) ifand only if { = 1.
(Pp2) Py(C,0) < Py(C 7).

(Pp3)  Py(G 1) = Py(11,0).

(Pyd) Py(T,1) < K[Py(g,2) + Py(z,1)] — Py(z,2).

K is the coefficient of the partial b-metric space (w, Py).

Remark 1. Obviously, a partial metric space is also a partial b-metric space with coefficient K = 1. A b-metric
space is also a partial b-metric space with zero self-distance. However, the converse of these facts need not hold.

Example 1. Let w = R" and k > 1, the mapping Py, : w X w — R defined by

Py(g,m) = (CV ) + (g —nl¥, forall{,n € w

is a partial b-metric on w. Here, K = 2X. For { = 1, P,(Z,7) = {F # 0, thus Py is not a b-metric on w.
Let {, 1,z € w be such that { > z > 1. The following inequality always holds

C=m > =2+ (-
Since Py(Z, 1) = {* + (L —n)* and Py(Z,2) + Py(z,1) — Py(z,2) = T+ (£ — 2)" + (z — )", we have
Py(Z,m) > Py(8,2) + Po(z, 1) — Py(2,2).
This shows that Py is not a partial metric on w.
Definition 4. Let (w, Py, K) be a partial b-metric space. The mapping dp, : w X w — [0, ) defined by
dp, (8, 1) = 2Py(8, 1) = Po(8,8) = Py(11,77),
forall C,n € w, defines a metric on w, called an induced metric.

Definition 5. [41] Let (w, Py, K) be a partial b-metric space with a coefficient K > 1. Let {{,, } be a sequence
inwand{ € w. Then,

(i) {Cn} is said to be convergent to { if limy—ye0 Py(n, §) = Py(L, Q).
(ii) {Cn} is Cauchy if imy, m—o0 Py(Cn, Gm) exists and is finite.
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(iii) (w, Py) is complete if every Cauchy sequence is convergent in w.
Lemma 1. [41] Let (w, Py, K) be a partial b-metric space.
(1) Every Cauchy sequence in (w, dp,) is also Cauchy in (w, Py, K) and vice versa.

(2) (w, Py, K) is complete if and only if (w, dp,) is a complete metric space.
(3) The sequence {{,} is convergent to some v € w if and only if

nlgl;lo Py(Gn,v) = Py(v,v) = n}%rgoo Py(Cn Gm)-
Denote a metric space by MS.

Definition 6. [21] Let (w,d) bea MS. T : w — w is called an F-contraction self-mapping, if there exist T > 0
and F € F such that

Ve €w, d(T (), T(n)>0=t+F((T(),T(n))) <F(n)),

where F is the family of functions F : (0,00) — (—00,00) such that
(F1) F is strictly increasing.
(F2) For each sequence {ay, }5 4 C (0,00),

lim F (a,) = —0c0 <= lim a;, = 0.
n—oo n—oo

(F3) There exists vy € (0,1) such that lim,__,y+ t7F(t) = 0.

Theorem 1. [21] Let (w,d) be a complete MS and T : w — w be an F- contraction mapping. Then, T possesses
a unique fixed point {* € w.

Piri and Kumam [17] modified the set of functions F € F.

Definition 7. [17] Let (w,d) bea MS. T : w — w is said to be a F-contraction self-mapping if there exist
F € Fand v > 0 such that

Vg €w, d(T(Q),T(n)>0=1+F(@(T(),T(y)) <F@(n),

where F is the set of functions F : (0,00) — (—o0, 00) satisfying the following conditions:
(F1) F is strictly increasing, i.e., for all {, 7 € R™ with { <, F({) < F(n).
(F2) For each positive real sequence {a, }5 4,
JEEOF (an) = —oo if and only if r}ggoan =0.
(F3) F is continuous.

On the other hand, recently Jleli and Samet [9,10] initiated the concept of f-contractions.

Definition 8. Let (w,d) be a MS. A mapping T : w — w is said to be a 6-contraction, if there exist 6 € ©
and a real constant k € (0,1) such that

G € w,d(T(Z),T () #0=0d(T(),T(n)) <0@n)],
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where © is the set of functions 6 : (0,c0) — (1, c0) such that:
(®1) 0 is non-decreasing.
(©2) for each positive sequence {t, },

lim 0(t,) = 1ifand only if lim t, = 0.
n—oo n—oo

(®3) there exist r € (0,1) and £ € (0, 00| such that lim;__,y+ 9(?%1 =/
(©®4) 0 is continuous.

The main result of Jleli and Samet [9] is the following.

Theorem 2. [9] Let (w, d) be a complete MS. Let T : w — w be a 8-contraction mapping. Then, there exists a
unique fixed point of T.

As in [13], the family of functions 6 : (0,00) — (1, 00) verifying:
(©1) 6 is non-decreasing.
(©2)' for each positive sequence {t,}, inf; (g, 0(tn) = 1.
(©3)' 6 is continuous, is denoted by E.

Theorem 3. [13] Let T : w — w be a self-mapping on the complete MS (w, d). The following statements
are equivalent:

(i) T is a O-contraction mapping with 6 € E.

(ii) T is a F-contraction mapping with F € F.

Liu et al. [13] initiated the concept of (Y, A)-Suzuki contractions.

Definition 9. Let (w,d) be a MS. A mapping T : w — w is said to be a (Y, A\)-Suzuki contraction, if there
exist a comparison function Y and A € ® such that, forall {,n € w with T ({) # T (1)

%d (€ T(0) <d(&n) = Ad(T(),T () <Y[AMU )],

where

a(g,T +d(y,T
() = max {4 (@) 4 (@, T (@), d 7 (), LT AOTEN,
Denote by ® the set of functions A : (0,00) — (0, 00) verifying:
(®1) A is non-decreasing.
(D2) for each positive sequence {t, },
lim A(t,) = 0if and only if nlgr.}o ty =0;

n—o0

(P3) A is continuous.

Asin [2], a function Y : (0,00) — (0, c0) satisfying:
(i) Y is monotone increasing, thatis, t; < t, = Y (1) < Y (t2).
(#1) limy o0 Y™ (t) = 0 for all t> 0, where Y" stands for the nth iterate of Y,
is called a comparison function. Clearly, if Y is a comparison function, then Y(f) <t for each t > 0.

Lemma 2. [13] Let A : (0,00) — (0,00) be a continuous non-decreasing function such that
infre(0,00) 9(T) = 0. Let {ty }y. be a positive sequence. Thus,

lim A(t;) = 0if and only if klim te =0.
— 00

k—00
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Example 2. [2] The following functions Y : (0,00) — (0, 00) are comparison functions :
(i) Y(t) = atwith0 < a < 1, foreach t > 0.
(i) Y(t) = t%,for each t > 0.

For examples of functions in ®, see [13]. For a MS (w, d), CB(w) stands for the collection of all
closed and bounded subsets in w.

Theorem 4. Let S : w — CB(w) be a multivalued mapping on the complete MS (w, d). The two statements
are equivalent:

(i) S is a multivalued 6-contraction mapping with 6 € E.

(ii) S is a multivalued F-contraction mapping with F € F.

Proof. The proof of this theorem follows immediately from the proof of Theorem 3. [

Let (w, Py, K) be a partial b-metric space and CBp, (w) be the family of all closed and bounded
subsets of w. For { € wand A, B € CBp,(w), we define

Dp, (g, A) = aigi&(@,a), Dp, (A, B) = sgng(a,B).
a

Following [25,26], Felhi [44] Defined Hp, : CBp, (w) x CBp,(w) — [0, ) as
Hp, (A, B) = max {Dp, (A, B), Dp, (B, A)},
for every A, B € CBp,(w). Itis clear that for A,B € CBp,(w) and a € A, one has

pr(a, B) = gglfgpb(a'b) S Dph(A,B) S Hpb(A,B).

Lemma 3. [44] Let A, B € CBp,(w), where (w, Py, K) is a partial b-metric space. Set g > 1. Hence, for each
u € A, there exists v € B so that Py(u,v) < qHp, (A, B).

Lemma 4. [44] Let (w, Py, K) be a partial b-metric space with coefficient K > 1. For A € CBp, (w) and { € w,
then Dp, (7, A) = Py(C, Q) if and only if { € A, where A is the closure of A.

Lemma 5. [44] Let (w, Py, K) be a partial b-metric space. For all A,B,C € CBp,(w), the following
inequalities hold:

(H1) Hp,(A,A) < Hp,(A, B).
(Hy) Hp,(A,B) = Hp, (B, A).
(Hs) Hp,(A, B) < K[Hp,(A,C) + Hp,(C,B)] — Cig(f:Ph(c, c).

Lemma 6. [44] Let (w, Py, K) be a partial b-metric space with coefficient K > 1 and B € CBp,(w). Let { € w
such that Dp, (T, B) < c with ¢ > 0, then there exists 1 € B so that P,({, 1) < c.

Definition 10. [28] Given T : w — CB(w) and a : w x w — [0, +00) be a given function. Such
T is said a-admissible if for {,n € w with «(g,17) > 1, we have . (T¢,Ty) > 1, where a.(A,B) =
inf{a(C,n):C € A, n€B}.

Definition 11. [32] Given S,T : w — CB(w) and « : w X w — [0,+00). The pair (S, T) is triangular
w-admissible if:
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(i) the pair (S, T) is a.-admissible, i.e., for {,n € w with a(C,n) > 1, we have a,(S¢,Ty) > 1 and
w.(TZ,Sn) > 1.
(i) a(g,x) > Land a(x,n) > 1imply a(Z,n) > 1.

Definition 12. [32] Given S, T : w — CB(w) and « : w X w — [0,+00). The pair (S, T) is a.-orbital
admissible if:
wx(7,S2) > 1and a, (g, TZ) > 1 imply a.(SZ, T?C) > 1and a.(TZ,S*C) > 1.

Definition 13. [32] Given S,T : w — CB(w) and & : w X w — [0,+00). The pair (S, T) is triangular
wy-orbital admissible, if:

(i) (S, T) is ay-orbital admissible.

(i) a(C, 1) > 1, a(y,Sn) > Land ax(n, Ty) > 1imply a.(C,Sy) > 1and a. (g, Ty) > 1.

2. Main Results

We start with the following definitions.

Definition 14. Given K> 1,S,T : w — CBp, (w) and ag : w X w — [0, 4-00). The pair (S, T) is said to be
triangular ay-admissible if:
(i) (S, T) is a-admissible, i.e., ax ({, 1) > K2 implies a} (ST, Tn) > K* and (T, Sn) > K2, where

ax(A,B) =inf{a(,n):{ € A, n € B}.
(ii) ax (T, u) > K2 and ag(u, 1) > K? imply ax (g, 1) > K2

Definition 15. Given S, T : w — CBp, (w) and ag : w X w — [0, +00). The pair (S, T) is said a}-orbital
admissible if:
wy (g, SC) > K? and & (¢, T) > K* imply o (SC, TSQ) > K? and a},(TZ, ST) > K>.

Definition 16. Given S, T : w — CBp, (w) and ag : w X w — [0, +00). Then, the pair (S, T) is said to be
triangular ay-orbital admissible, if:

(i) (S, T) is ag-orbital admissible.

(ii) ax (g, ) > K%, a(n,Sn) > K? and a (17, Tn) > K> imply (g, Sn) > K% and (g, Tny) > K>

Lemma 7. Given S, T : w — CBpy (w). Suppose that (S, T) is triangular aj-orbital admissible and there
exists (o € w such that a% (o, SCo) > K2. Define a sequence {{,} in w by {oi1q € Sp;i and {oio € Tlois1,
wherei=0,1,2,.... Then, ag (n, Cm) > Kzfor all nonnegative integers n, m such that m > n.

Proof. Since ak(Co, SGo) = inf {a(Co, 1) : {1 € SCo} < ax (o, 1) > K?, using the triangular a}-orbital
admissibility of (S, T), we have

ak (Zo,SCo) = K* implies a (SZo, TSCo) < a (21, TZ1) < ax(l1,82) > K*

and
ax (01, TZ1) > K? implies a(TZ1, STZ1) < aj(Z2, SC2) < ax(42,33) > K2

Thus, ax ({n, Cm) > K2, foralln,m e NU {0} with m = n + 1. Using again the triangular ayx-orbital
admissibility of (S, T), we get ag (Cn, Cm) > K2, foralln,m e NU {0} withm >n. O

Definition 17. Let (w, Py, K) be a partial b-metric space. Given S : w — CBp,(w) and ag : w X w —
[0, +00). Such S is ax-Py-continuous on (CBp, (w), Hp,), if {{n } is a sequence in w such that ax (G, Cny1) >
K2 for each integer n and { € w with h£1 Py(Cn,C) =0, then hﬂm Hp, (501, SC) = 0.

n (e e] n [oe]
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Now, we initiate the concept of generalized («, Y, A)-contraction multivalued pair of mappings
as follows:

Definition 18. Let (w, Py, K) be a partial b-metric space and ag : w X w — [0,00) be a function. Given
S,T :w — CBp, (w). The pair (S,T) is called a generalized (ag, Y, \)-contraction multivalued pair of
mappings if there exist a comparison function Y and a function A € ® such that for {,n € w, ax(Z,7) > K?,

Hp, (5(0),T (1) > 0— A (@ n)Hr, (S@), T <Y(AUR @), ()
where
Un, (61) = max { 2o (61), D, 2,5 (€0, D, 3,7 ), 2 LD IS

Our first main result is the following.

Theorem 5. Let (w, Py, K) be a partial b-metric space. Given ag : w X w — [0,00) and S,T : w —>
CBp, (w). Suppose that

(i) (w,d,K) is an ag-complete partial b-metric space.

(ii) (S, T) is a generalized (ay,Y, A)-contraction multivalued pair of mapping.

(iti) (S, T) is triangular ay-orbital admissible.

(iv) There exists {o € w such that &, ({o, SCo) > K>.

(v)

(a) Sand T are ay-Py-continuous multivalued mappings.

(b) If {Tu} is a sequence in w such that ax (Cn,{ny1) > K? foreachn € Nand {, — {* € was
n — oo, then there exists a subsequence {@n(k)} of{gn} such that ag (gn(k),g*) > K2 for each
keN.

If Y is continuous, then there exists a common fixed point of Sand T, e.g. {* € w.

Proof. (a) Let {y € w be such that & ({o, S(Jo)) > K. Choose {1 € S({o) such that ax (o, {1) > K>
and {7 # (o. By Equation (1), it is easy to see that

0 < Dp, (61, T (81)) < Hp, (S(%0), T (81)) < ax(Zo,£1)Hp, (S (%0), T (81)) -
Hence, there exists {» € T ({1),
0 < Py (81,82) < Hp, (S (%0), T (¢1)) < ax(Zo,81)Hp, (S (C0), T (81)) - ®
Since A is nondecreasing, we have
A (Py (21,82)) < A (Hp, (S (Z0), T (21))) < A (ax(Zo, C1)Hp, (S (Z0), T (21))) - @

Hence, from Equation (3),

0 < A(Py(G1,62) < A(ax(o,C1)Hp, (8 (50), T (41))) ©
< Y (A (Up, (Go,G1))),
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where

_ Py (%0,1), Dp, (C0,5 (20)) , D, (81, T (1)),
Up, (Co,01) = max Dp, (¢0.T(61))+Dp, (§1,5(%0))

2K
Dp, (Go, T (§1)) + Py (C1,C1) }
! 2K

IN

max {Pb (C0,21),Dp, (21, T (21))
< max{P, (¢o,51),Dp, (61, T (¢1))} -

1f max { P, (¢o,&1), D, (61, T (1))} = Dp, (€1, T (1)), then from (5), we have
A (P (1,02)) S Y (A (P (81,82))) < A(Py (81,82)),

which is a contradiction. Thus, max { P, ({o, 1), Dp, ({1, T (31)) } = Py ({0, C1) - By Equation (5), we get
that

A (Py (81,82)) <Y (A (B (G0, C1))) -
Similarly, for {, € T (1) and {3 € S ({2). We have

A (Py(82,03))

IA N IN AN
< < > >

This implies that
A (P (02,03)) < Y (A (P (C1,02))) - (6)

By continuing in this manner, we build a sequence {(,} in w in order that {»;11 € S ({;) and
Caivz € T(Zaiv1), i = 0,1,2,.... &% (20,S(Z0)) > K% and (S, T) is triangular a}-orbital admissible.
By Lemma 7, we have

&5 (Cn,Cus1)) > 2, forall n € NU {0}.

Fori € N, we have,

0 < APy (loit1,02i42)) < A (ak (2i, C2iv1) Hp, (S (22i), T (C2is1))) )
< Y (A (Up, (221, 02it1)))

where

Up, (C2is Coig1) Dpyp (82i,T(82i+1))+Dpp (82i+1,5(82i))

2K

{ Py (82, G2i+1) Py (C2i41, C2it2) }
max

— max{ Py (CairG2i+1), D, (€2ir S (€21)) Dy (C2ia, T (G2i41)). }

IN

Py(Z2i82i+2)+Dp, (L2i1.02i41)
2K

max { Py ({2i, C2i+1) » Pp (C2ix1,C2it2) } -

IN

If max {Py (C2i, G2i+1) , Po (C2it1, G2iv2) } = Pp (C2it1, C2i+2) , then from (7) we have

A (Pb (€2i+l/ CZi+2)) <Y (A (Pb (€2j+1, €2i+2)>)
< A(Py(Gait1,2it2))



Symmetry 2019, 11, 86 9 of 24

which is a contradiction. Thus,
max { Py (C2i, Caiv1) , Py (C2it1, Caiv2) } = Py (C2is Qi) -
By Equation (7), we get that
A (Py (821 G2it1)) <Y (A (P (C2ir C2i1))) -
This implies that
A (Py (Z2n41,Cons2)) < Y (A (Py (Z2n,Qont1))), foralln € NU {0},
which implies

Y (A (Py (Zont1, Ganv2))) < Y (A (Py (Z2n—1,G2n)))
e Y (A (Py (80, 01))) -

A (Pb (€2n+1/ €2n+2)) <
<

Letting 1 — co in the above inequality, we get
0< Hm A (P (C2nt1,G2nv2)) < lim Y" (A (P, (Z0,81))) =0,

implies
nli—r>nooA (Pb (€21’l+lr §2n+2)) =0.

From (®2) and Lemma 2, we get
Mim Py (Coni1,Gany2) = 0. 8

We claim that that {(,} is Cauchy. We argue by contradiction. Suppose that there exist ¢ > 0
and a sequence {ftn} ) and {j,}*_; such for each n € N, i, > j, > n with P, (gﬁ(n),gj(n)) > g,
n

Py, (Cf,(n),l,éj(n)) < ¢. Therefore,

)

IN

Py (Giuy i) < K [Po (T 1) + P ()18 ) | = PGy 1 Gy
K [db (@,;(n), éf,(n),l) + DB (gf,(n),y gf(”))]

IN

< Ke+KPy (Giuys Sy 1) - 9)

Taking n — oo in Equation (9), we get

e < 1im Py Gy G ) < Ke. (10)

From triangular inequality, we have

Py (ShnyGion) < K1 (Zgar Shimysn) + Po (Za 1 G )1 = P (Ggaynr Ghma) (A1)
< Kp (Q;(nyémn>+1) + P (€ﬁ<n)+1f§f<n))]f
and
Py (ZiginrGim) < KB (G Gignrin) + P (Gioy G ) = B (G Giy) (12
< KBy (Cmy@ﬁ(nm) + B (én(ny?f(n))}-
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Applying the upper limit when n — oo in (2.11) and applying Equation (8) together with
Equation (10),

e < lim sup P, (C;;(n),é'j(n)) <K (ggo sup K (gft(n)+1’gf(”))) :

Again, the upper limit in Equation (12) yields that

e < nlgr.}o sup P, (gmn)ﬂ,gﬂm) <K (nlgrolo sup P, (Cﬁ(n),éj(n))> < K.Ke = KZ.

Thus,
£ < lim supP (gA & ) < K2 (13)
K 7 n—e P %o h(n)+175j(n) ) = :
Similarly,
£ .
< < lim sup By (/G 11) < K2, (14)

By triangular inequality, we have

n (é,;<n>+1/ C;(n)) < K[p, (gﬁ(nm'gﬂ") +1) + P, (gf(n)+1,§;(n))} ~ Py (§f(n)+1/€f<n)+1> (15)
< K[p, (éza(n)+1f5f(n>+1) 0 (gﬂ’“)“’gﬂ”))}'

On letting n — oo in Equation (15) and using the inequalities in Equations (8) and (13), we get

€ .
X2 < klgrolo sup P, (éﬁ(n)+1r€f(n)+l> . (16)
Similarly,
Tim sup Py (T 10 G 1) < K (17)

From Equations (16) and (17), we get

£ . s
X2 < nlgrolosup Py <§fz(n)+l’€f(n)+1) < KZe. (18)

From Equations (8) and (10), we can choose a positive integer 19 > 1 such that for all n > n,,
from Equation (1), we get,

0 < A (ucK(gmn)H,gﬂn))Pb (@,;(H)Jrz, gj(n)Jrl)) <A (lxK<€;,(n)+1/€]”(n))HPb (S (QM)H) , T (gj(n))))
< 9 (4) (llpb (gﬁ(n)ﬂ,gﬂn)))) , forall n > ny,

where

Up, (Q}(n)ﬂf gf(n)) = Dp, (%(@HfT(Cﬂn)))JFDPb (%),5 (gwﬂ))

2K

max{ Py (gfz(n)+l’€f(”)2’Ph (@1 Gicnyo2) +Po (S Gy ) - }

P (G101 01) +Po (G50 i 2)
i

max { Py (8o G ) P (G s (G )) P (G T (510)) - }

IN

Taking the limit as n — oo and using Equations (8), (10), (13) and (14), we get

€ e Ke ) , K2 )
X= max{K,4} < nlg{.losup Up, (él%(n)+1'€]”(n)> < max{K 5,4} = K-e.
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From Equation (16), ($2), and by Lemma 7 since ocK(gﬁ(n)H, gj(") ) > K2, we get
2 .
ARG < A (810G im0 P (G2 Gy s1) ) < Jim Y (A (U, (2.5 )))
=Y <A(K2s)) < A(KZ).
This is a contradiction. Therefore, {{,} is Cauchy. The ag-completeness of the partial b-metric

space (w, Py, K) implies the ax-completeness of the b-metric space (w, dp, ). Thus, there exists {* € w
so that

Tim dp, (¢, ") =0, (19)
By Lemma 1,
Lim Py (¢, ¢*) = lim Py (6,¢") = lim Py (G, ) (20)
Since
dy (C,n) = 2Py (G,m) — Py (8, 8) — P (17,1) - (21)

Thus, from Equation (8) and axiom (P,2) with Equation (19), we have

Tim Py (¢, Gn) = 0. 22
Combining Equations (20) and (22)), we get

1im Py (§n,C*) = lim P, (§7,C*) = lim Py (G, Gn) = 0.

Hence,

Jim Py (§n, C7) = 0,

which implies,
. ' w1 ' oo
lim Py (C2i41,¢") = lim By (82i42,¢") = 0.

Since S is an a-P,-continuous multivalued mapping, lgr1 Hp, (5 (2i41),S(¢*)) = 0. Thus,
n—oo
Dp, (",5(8")) = lim Dy, (Z2i42,5 (¢7)) < lim Hp, (S (Zai11), S (£7) = 0,

and so, {* € S ({*) and, similarly, {* € T ({*) . Therefore, S and T have a common fixed point {* € w.
(b) From Case (a), we construct a sequence {{, } in w defined by {511 € S ({2;) and {oj2 € T ({2i11)
with ag (Cn, Cnr1) > K2, for each n € NU {0}. In addition, {{,} converges to {* € w, and there exists
a subsequence {Cn(k)} of {{x} such that ag (Cn(k), g*) > K? for each k. Thus,

A (pr (€2n(k)+1/T(€*))) < A (HP ( (€2n ), (?)))
< A (wK Con(r), T ) Hpp ( (CZn(k)) /T(C*))) (23)
<Y (A (Uph (Czn k)" )))
where
U, (Qn(k),g*) B max{ p, (Czn(k) - )DP?(Z”( Hg )(2 ! ) & T(E), }

IN

Dr, (Sangt) )+ (5 S(Gane))

max{ Py (§2n(k) & ) Py <§2n Gon +1) ,Dp, (T, T (7)), } )
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Since

khjlwsup pr (ézn(k),T(C*)) ;FKDP;, (5*/5 (52n(k))) < pr (g*,T(g*z)Iz+ P, (C*,C*),

by letting k — oo, we have klim Up, (ézn(k),é*) = Dp, (¢*, T (¢*)). Suppose that Dp, (*, T (*)) > 0.
— 00
From Equation (23),

APy (Ganig 1, T(@) ) <Y (A (U, (Gange27)) ) -

Letting k — co in the above inequality and by continuity of A and Y, we obtain that

APy (85, T(Z7))) SY (AR (E5,T(E))) < APy (Z5T(E))),

a contradiction. Hence, P, ({*, T ({*)) = 0, and, due to (P,1) and (P,2), we obtain, {* € T ({*).
Similarly, we can show that * € S ({*). Thus, S and T have a common fixed point {* € w. O

Corollary 1. Let (w, Py, K) be a partial b-metric space. Given ag : w X w — [0,00) and S : w —
CBp, (w). Suppose that:

(i) (w, Py, K) is an ag-complete partial b-metric space.

(ii) S is a generalized (ag, Y, A)-contraction multivalued mapping, that is, if there exist a comparison function
Y and and a function A € ® such that, for {, 1 € w, ax (g, 1) > K2,

Hp, (S(2),S (1)) > 0= A (ax(Z, 1) Hp, (S(2),S (1)) <Y (A (Up, (C,1))),

where

U, (61) = max { B(€.1), Dy, €5 (0)), Dy (1,5 ), 22 &S0 P (S TED

(iii) S is triangular ay-orbital admissible.
(iv) There exists {o € w so that o’ (o, STo) > K2.
(v)

(a) S isan ay-Py-continuous multivalued mapping.
(b) If {Zn} is a sequence in w such that ax ({n,{ni1) > K? foralln € Nand {, — {* € w as
n — oo, then there exists {Cn(k)} of {Cn} such that ag (gn(k),g*) > K2 forallk € N.

If Y is continuous, then S has a fixed point {* € w.
Proof. Set S = T in Theorem 5. [

Example 3. Let w = [0,1]. Take Py : w x w — [0,+00) by P,(Z, 1) = |C — 5> + (max {Z,n})?, for all
¢, 1 € w. Clearly, (w, Py, K) is a complete partial b-metric spaces with K = 4. Define A : (0,00) — (0,00)
by A (t) = te!, forall t > 0. Then, A € ®. In addition, define Y : (0,00) —» (0,00) by Y (t) = %, for each
t > 0. Then, Y is a continuous comparison function. Define the mappings S, T : w — CBp, (w) by

s(g)—{{f%}’ Z?iii% and T ({) = {0}, forall { € w.
s 2 —
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In addition, we define the function ag : w X w — [0,00) by

0, otherwise.

2 ; 1
D‘K(C/’?):{ K’ Zf0§€/7/§2

If the sequence {Ty} is Cauchy with ax ({n, {ni1) > K2 for each integer n, then {{,} C [ , 2] Since
([O, ﬂ ,Pb,K) is a complete partial b-metric space, {(,} converges in {O, ﬂ C w. Thus (w, Py, K) is an
ag-complete partial b-metric space. Let a (7,SC) > K2 and a} ({, T¢) > K2, thus { € { , 2} and SC,
TC € [o, %} and s0 S27 = S (S{), T2 = T (TY) € [o, %] , then % (SZ, T27) > K2 and af, (T, $27) > K2.
Thus, (S, T) is aj-orbital admissible. Let {,7 € w be such that ax ({,57) > K2, a (17,Sn) > K? and

i (7, Ty) > K2. Clearly, o (¢, Sn) > K* and a, (¢, Tn) > K2. Therefore, (S, T) is triangular ay-orbital
admissible. Let {{,} be a Cauchy sequence so that nli_r)noon (20, Q) = 0 and ax (Tn,{ny1) > K for each

n € N. Then, {C,} C {0,%} for each n € N. Hence, n@prh (TCn, TC) = nhl>anpb ({1000} TC)

Hp, ({ 10(%0 } ,TC ) = 0. Hence, T is an ay-P,—continuous multivalued mapping. Similarly, we can show that

S is an ay-P, —continuous multivalued mapping. Let {o = 5. Then,

i (15(3)) = (30) 2%

Let £, € w be such that ax (, 1) > K>. Then, ,n € [O, %] . Suppose, without any loss of generality, that all
¢, n are nonzero and { < . Then,

Alw @t 60, T0) = (K, ({55 ] 1))
= (16 o] + ()
- (1o (5250 ))
- A((lff)o)z}@l%(@z]

- (32>2 [|§‘2+ (5)2} e((%) [1217+(2) D

1000
< ;38 {|§ 7|* + (max {,4}) } (38 [1z—n P+ (max{Z,})?])
= ;38[ (Z, 1)) (50 Ps(Em))
< ;38111% (¢, 1) eHe(&m)

= oM (U (@) = Y (A (U G m).

Hence, all the hypotheses of Theorem 5 hold, and so S and T have a common fixed point.
Definition 19. Let (w, Py, K) be a partial b-metric space. Given ag : w X w — [0,00) and S, T : w —>

CBp, (w). (S, T) is called an (ak, Y, A)-contraction multivalued pair of mappings if there exist a comparison
function Y and a function A € ® such that for {,n € w, ax(Z, 1) > K2,

Hp, (S(2),T (1)) > 0= A (ax(Z,7)Hp, (S(2), T (1)) <Y (A (P, (5,1)))-
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Theorem 6. Let (w, Py, K) be a partial b-metric space. Given ag : w X w —» [0,00) and S, T : w —
CBp, (w). Suppose that:

(i) (w, Py, K) is an ag-complete partial b-metric space.

(ii) (S, T) is an (ay, Y, A)-contraction multivalued pair of mappings.

(iti) (S, T) is triangular ay-orbital admissible.

(iv) There exists (o € { such that ag ($o,SCo) > K2

(v)

(a) SandT are ay-Py-continuous.
(b) If{Zn} is a sequence such that ax ({n, {ni1) > K? and {y — {* € w as n — oo, then there exists

{gn(k)} of {Cn} such that ag (gn(k),g*) > K2 for each k € N.
If Y is continuous, then S and T have a common fixed point {* € .

Corollary 2. Let (Y, dp,, K) be a b-metric space. Given ax : w X w — [0,00) and S, T : Y — CBy, (Y).
Suppose that:

(i) (Y,dp,, K) is an ag-complete b-metric space.

(i) (S, T) is an (a}, Y, A)-contraction multivalued pair of mappings with respect to Y.

(iti) (S, T) is triangular ay-orbital admissible.

(iv) There exists g € Y such that & (Yo, So) > K.

(v)

(a) SandT are ay-dp, -continuous.
(b) If {yu} is a sequence in Y such that ax (Yn,§ny1) > K> foralln € Nand 4, — §* € Y as
n — oo, then there exists {y’n(k)} of {yn} such that ag (y’n(k),y*> > K2 forallk € N.

IfY is continuous, then S and T have a common fixed point j* € Y.
Proof. Set P,(Z, 1) =0, for each { € w in Theorem 5. [J

Theorem 7. Let (w, Py, K) be a partial b-metric space. Given ag : w X w — [0,00) and S,T : w —>
CBp, (w). Suppose that:
(i) (w, Py, K) is an ag-complete partial b-metric space.

(ii) If there exists 0 € @ and k € (0,1) such that, forall {, 17 € w, ax ({,n) > K2,

Hp, (S(2), T (1)) > 0 =0 (ax ({,1) Hp, (S(2), T (1)) < [0 (Up, (1)),

and Up, (T, n) is defined as in Equation (2);

(iii) (S, T) is triangular wy-orbital admissible.

(iv) There exists {o € w such that &, ({o, SCo) > K>.
(v)

(a) Sand T are ay-Py-continuous.
(b) If{Cn} is a sequence in w such that ag ({n,{ni1) > K? and { — ¥ € w as n — oo, then there
exists {gn(k)} of {{n} such that ag (gn(k),g*) > K2 for each k € N.

If Y is continuous, then S and T have a common fixed point {* € w.

Proof. It suffices to take in Theorem 5, Y (f) := (Ink) tand A (t) =In6 : (0,00) — (0,00). [

Theorem 8. Let (w, Py, K) be a partial b-metric space. Given ag : w X w — [0,00) and S,T : w —>
CBp, (w). Assume that:
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(i) (w, Py, K) is an ag-complete partial b-metric space.
(ii) There exist F € F and T > 0 such that, forall {, 1 € w, ag ({,n) > K2,

Hp, (S(0), T (1)) > 0= t+F (ax (§,7) Hp, (S(0), T (1)) < F (Up, (1)),

and Up, (T, n) is defined as in Equation (2).

(iii) (S, T) is triangular ay-orbital admissible.

(iv) There exists {o € w such that &, ({o, STo) > K>.
()

(a) Sand T are ay-Py-continuous.
(b) If{Cy} is a sequence in w such that ax (Zn,{pyi1) > K? and {y — {* € w asn — oo, then there
exists {@n(k)} of {Cn} such that ag (gn(k),g*) > K2 for each k € N.

If Y is continuous, then S and T have a common fixed point {* € w.

Proof. The result follows from Theorem 5 by taking Y (t) = e "t and A(t) = ef : (0,00) —
(0,00). O

Theorem 9. Let (w, Py, K) be a partial b-metric space. Given ag : w X w — [0,00) and S, T : w —
CBp, (w). Assume that:

(i) (w, Py, K) is an ag-complete partial b-metric space.

(ii) Ifforall {,n € w, ag (3, 17) > K2,

ag (¢,1) He, (S(2), T (1) < B (Up, (&, 1)) Up, (1),

Up, (¢, 1) is defined as in (2) and B : [0,00) — [0,00) is such that lim B (r) <1 foreacht € (0,0).

r—tt
(iti) (S, T) is triangular ay-orbital admissible.
(iv) There exists {o € w such that a, ({o, SCo) > K>.
(v)

(a) SandT are ay-Py-continuous.
(b) If{Zn} is a sequence in w such that ax ({n,{ni1) > K? and { — * € w as n — oo, then there

exists {gn(k)} of {Cn} such that ag (5n(k),g*) > K2 for each k € N.
If Y is continuous, then S and T have a common fixed point {* € w.
Proof. It follows from Theorem 5 by taking i (t) := B (t)tand ¢ (t) =t : (0,00) — (0,00). O

3. Some Consequences

In this section, we obtain some fixed point results for singlevalued mappings when applying the
corresponding results of Section 2.

Definition 20. Let (w, Py, K) be a partial b-metric space. Given ag : w X w — [0,00) and S, T : w — w
are two self-mappings. (S, T) is called a generalized (xg,Y, A)-contraction pair of mappings if there exist a
comparison function Y and a function A € ® such that for {,n € w, ax (L, 1) > K2,

A(ag(5,m)Py (S(2), T (7)) <Y (A (Up, (E,1))),

where

Uy, (8) = max { P (E, ), By (6,5 (00) By (T (), S D
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Theorem 10. Let (w, Py, K) be a partial b-metric space. Given ag : w X w — [0,00) and S, T : w — w.
Assume that:
(i) (w, Py, K) is an ag-complete partial b-metric space.
(ii) (S, T) is an (ay, Y, A)-contraction pair of mappings.
(iii) (S, T) is triangular ag-orbital admissible.
(iv) There exists {y € w such that ayx ({o, SCo) > K2.
(v)
(a) Sand T are ag-Py-continuous.
(b) If{Zn} is a sequence in w such that ax ({n,{ni1) > K? and { — ¥ € w as n — oo, then there

exists {gn(k)} of {Cn} such that ag (gn(k),g*) > K2 for each k € N.
If Y is continuous, then S and T have a common fixed point {* € w.

Corollary 3. Let (w, =X, Py, K) be an ordered complete partial b-metric space. Assume that S, T : w — w are
weakly increasing mappings [that is, S(C) = TS({) and T(n) = ST(n) hold for all {, 1y € w] and satisfy the
following conditions:
(i) If there exist a comparison function Y and A € ® such that for all comparable {,11 € w, (i.e.,{ < 1 or
n=2a,

APy (S(8), T (m)) <Y (A(Up, (&),

where

s, (¢) = max { (@), By (0,5 (00) By (T (), S SN

(i) There exists {y € w such that {y < S{j.
(iii)
(a) Either S or T is continuous.
(b) If {Cn} is a nondecreasing sequence in w such that {,, — {* € w as n — oo, then there exists

{@n(k)} of {Cn} such that {,, ) = " for each k € N.
If Y is continuous, then S and T have a common fixed point {* € w.

Proof. Define the relation < on w by

K2, [=nory =y,
0, otherwise.

ag(Z,n) = {

The proof follows from the proof of Theorem 5. [

Jachymski [45] initiated the graph structure on metric spaces.

Definition 21. [45] S : w — w is a Banach G-contraction or simply a G-contraction if S preserves edges of
G,i.e.,
¢ €w, (&) € E(G) implies (S (), S (1)) € E(G)

and there exists k € (0,1) such that

g€ w, (Ln) € E(G) impliesd(S({),S (1)) < kd(Z,1))-

Definition 22. [45] A mapping S : w — w is called G-continuous, if given { € w and sequence {{y } such
that {y — ¢, as n — o0 and ($n, (1) € E(G) for each integer, implies S ({n) — S () .
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Corollary 4. Let (w, G, Py, K) be a complete partial b-metric space endowed with a graph G. Assume S, T :
w — w satisfy the following conditions:
(i) If there exist a comparison function Y and A € ® such that, for all {,n € w, with ({,n) € E(G),

A(Py(S(2),T(n)) <Y (A(Up, (L)),

where

Uy, (0) = max { P00, By (6,5 (00) 2y G, T ), S SN

(ii) For ¢, € w, (¢, 1) € E(G) implies (5(¢), TS({)) € E(G)) and (T(n),ST(y)) € E(G)).
(iti) There exists (o € w such that ({o,S ({o)) € E(G).
(iv)

(a) Either S or T is G-continuous.

(b) If {Cn} is a nondecreasing sequence in w such that {,, — {* € w as n — oo, then there exists

{gn(k)} of {Cn} such that (@n(k),§*> € E(G) foreachk € N.
If Y is continuous, then S and T have a common fixed point {* € w.

Proof. Define
ak (1) = { 0, otherwise.

The proof follows from the proof of Theorem 5. [

Corollary 5. Let (w, Py, K) be a complete partial b-metric space. Let S, T : w — w be two self-mappings
such that:

(i) (S, T) is a generalized (Y, \)-contraction pair of mappings, i.e., there exist a comparison function Y and a
function A € ® such that for {,n € w,

A (ax (& m)Py (S(8), T (1)) < Y (A (Up, (&,7)))
(ii) S and T are Py-continuous.
If Y is continuous, there exists a common fixed point, e.g. {* € w.
Proof. It follows as the same lines in proof of Theorem 5. [

4. Applications

4.1. Application to Nonlinear Matrix Equations

Denote by J(n) the set of all n x n Hermitian matrices, Q(n) by the set of all n x n Hermitian
positive definite matrices and S(n) by the set of all n x n positive semi-definite matrices. A > 0
(respectively, A > 0) means A € Q(n) (respectively, A € S(n)). The spectral norm is denoted by

]|, ie.,
[E[l = /" (E*E),

where ut (E*E) is the greatest eigenvalue of the matrix E*E. The Ky Fan norm is given as

||EH1 = 2 Si(E),
i=1
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where {S1(E),S2(E), -+ ,Sx(E)} is the set of the singular values of E. Moreover,

1
1Bl =t ((B°B)?),
The set (J(n), P,) is a complete partial b-metric space, where
Py(A,B) = |B—A|?+ L= (tr(B—A))*+L, L >0.

Take the system of nonlinear matrix equations:

m
X=m+ Y Efv(X)E
i (24)
X =7+ Y Ef6(X)E,
i=1

where 77 is a positive definite matrix, Ej,..., E;, are n x n matrices and v, 6 are mappings from J(n) to
J(n) which maps Q(n) into Q(n).

Theorem 11. Let 7w € Q(n)and vy, 6 : J(n) — J(n) be a mapping which maps Q(n) into Q(n). Suppose that
m m m

there exists M > 0 such that Y E;EX < MI,. Assume that either Y Ey(m)E; > 0,0r Y Efd(m)E; > 0
i=1 i=1 i=1

such that forall X, Y,

1 Up(X,Y)

I ) =6 < 3 g XV +1

o, 0>0,
where

Up, (X,Y) = max {Pb (X,Y),P, (X, TX), P, (Y, DY), !

5% [Py (X, DY)+ Py (Y, FX)]} .

Then, the matrix in Equation (24) has a solution in Q(n).

Proof. Define I, ® : J(n) — J(n), A : (0,00) — (0,00) and Y : (0,00) — (0, c0) by

m m
I'(X)=n+) Ev(X)E;, and ®(X) =+ )_ Ef6(X)E;,
i=1 i=1

A(t)=tt>0and Y (t) = H_%,t > 0, respectively.

Then, a common fixed point of I' and ® is a solution of Equation (24). Let X, Y € J(n) with X # Y.
Then, for P, (X,Y) > 0, we have
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[@(Y)-T(X)[; = tr(®(Y)-T(X))=

_ itr (EiE; ((Y) =T (X))

= tr ((f E,»Ef) (@(Y)-T (X)))
i=1

m
< | L EE|[@(Y) -T (X))
i=1
m
’): EiE;
< i=1

Up,(X,Y)
M Up, (X, Y) +1
Up,(X,Y)
Up,(X,Y)+1

Up,(X,Y)
Up, (X, Y) +1

and so
| (Y) —T (X)|]} <

This implies,
Up, (X,Y)

d(l(X),®(Y)) < Up (X,Y) + 1"

which implies

Consequently,
A (d(r (X) , P (Y))> <Y (A (Upb(X,Y))) :

Therefore, all conditions of Corollary 5 immediately hold. Thus, I' and ® have a common fixed
point and hence the system in Equation (24) of matrix equations has a solution in Q(n). [

Example 4. Consider the system of nonlinear matrix equations:

2

X=m+ Y Ef(X)E
i=1

2 7

X =7+ Y Ef§(X)E
i=1

where 1, E1 and Ej are given by,

01 0.01 0.01 04 0.01 0.01
7= 001 01 001 |,E =] 001 04 001
0.01 0.01 0.1 0.01 0.01 04

0.6 001 0.01

and Ep = | 0.01 0.6 0.01

0.01 0.01 0.6

Define yand § : J(3) — J(3) by

v(X) = gand i(X) = §
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2 2
DefineT and ® : J(3) — J(3), by T'(X) = m+ ¥ Efv(X)E; and ®(X) = m+ Y E}6(X)E;. Then,
i=1 i=1
conditions of Theorem 11 are satisfied for M = % and o = }.

4.2. Application to Functional Equations

Here, applying our obtained results, we solve a functional equation arising in dynamic
programming.

Consider U and V two Banach spaces, W C U, D C V and

¢ : WxD-—W
gu : WxD-—R
I''Y : WxDxR—R

For more details on dynamic programming, we refer to [36-39]. Suppose that W and D represent
the state and decision spaces, respectively. The problem of related dynamic programming is reduced
to solve the functional equations

p(g) = sug{g(ém+F(€,i7rp(§(€ﬂ7)))}, for( e W (25)
ne

q() = sug{u(érn)+‘P(€,ﬂ,q(€(érﬂ)))}, forf e W. (26)
ne

We ensure the existence and uniqueness of a common and bounded solution of Equations (25)
and (26). Denote by B(W) the set of all bounded real valued functions on W. Consider,

Py( k) = || (= k|| +L = sup|hg — kP +1, L >0, 27)
i lew

for all i,k € B(W). Assume that:

(B1) : T,'¥, g and u are bounded and continuous.
(B2) :For{ € W,h € B(W)and b > 0, take E, A : B(W) — B(W) as

En() = sup,cp{g(,n) +T(Cn1(E(E )} (28)
Ah(Z) sup,cp{u(Z,n) +¥ (&1, 1(E(C, 1))} (29)

Moreover, for every (,17) € W x D, h,k € B(W), t € W and ¢ > 0 implies

F@ () — ¥ ke < DlOED) &)

where
Up, ((h(t),k(t)) = max{Py(h(t),k(t)), Py(h(t), Eh(t)), Py(k(t), Ak(t)),

Py (h(t), Ak(t)) + Pb(k(t)rEh(f))}
2K ‘

Theorem 12. Assume that Conditions (B1) and (B2) hold. Then, Equations (25) and (26) have a common
and bounded solution in B(W).
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Proof. Note that (B(W),P,) is a complete partial bMS with constant K = 4. By (B1), E, A are

self-mappings of B(W). Given A > 0 and hy,hy € B(W). Choose { € W and #1, %2 € D such that

Ehy < g(Cm)+T(gm, hi(5(0m))+A
Ahy < (8 m2) +¥(E, 12, h2(8(T,12)) + A

Further from Equations (31) and (32), we have

Ehi > g(g,m2) +T(8 m2,h1(5(C m2))
Ahy > ¢(&m) +Y(Zm, ha(8(8m))-

Then, Equations (31) and (34) together with Equation (30) imply

Ehi(Q) — Aha(2) < T(Z 1, h1(8(G,m))) — ¥, n1,ha(8(T, 1)) + A

< TG, h (8 m))) =¥ (Em,h2(8(8m))) + A
V”ﬂWﬂ@ﬁﬂ@)_a+A
< : .

Then, Equations (32) and (33) together with Equations (30) imply

Ahy(Z) —Ehi(3) < T(Zm2,m(E(T,1m2)) —Y(L, 2, h2(8(L,1m2)) + A
< (G 12,11 (8(8, 1m2)) — ¥ (G, 112, h2(§ (8, m2))| + A

¢mﬂm@ﬂﬂ@)
2

—0+ A,

where

Up, ((h(2),h2(0)) = max{Py(h1({), h2(2)), Po(h1(Z), Em1(2)), Py (h2(Z), Ah2(Z)),

Py (11 (), A2 (2)) + Py (h2(2), Em () )
2K ’

From Equations (35) and (36) and since A > 0 is arbitrary, we obtain

|ER1(7) — Ap(Q)] < \/Upb (hl(g),hz(é)) .

Thus,
Up, (h1(8), ha($)) .

[Em(Z) = Al (Q)* + o < :

The inequality in Equation (37) implies

Py(ER1(2), Aha(Q)) < UPb(h1(Cz),h2(§)).

Taking A (t) = tand Y (t) = 5 fort > 0, we get

A (Py(Emy(2), Aa(2))) <Y (A (Up, (11(2),h2(2)))) -

(31)
(32)

(33)
(34)

(35)

(36)

(37)

(38)

(39)

Therefore, all conditions of Corollary 5 immediately hold. Thus, there exists a common fixed

point of E and A, e.g. h* € B(W), thatis, h*({) is a common solution of Equations (25) and (26).

O



Symmetry 2019, 11, 86 22 of 24

Example 5. Let U =V =R, W = D = [0,00). Define : Wx D — W, gu: WxD — R, and
LY:WxDxR— Rby,

: 2
5512(:@57517 )’ 2 +,72 <1,
&(¢,m) = 1 2 2

T2 c+n2>1,

z =
§(Cn) = e u(g,n) = T+’ and

_ t
L& =tz

1
1I}'(gl ’7’ t) - 1+M+€’7’

where ({,1) € Wx D, ({,n,t) € Wx D xRand h,k € B(W) with h(t) = k(t) = t. Define E, A :
B([0,00)) — B([0,0)), by

ER(0) = sup,cioem{8(0,n) +T(Z,n,h(E(, 1))}
Ak(Z) = sup,cioe){u(l,n) +¥(5,1,k(E(Z, 1))}

Then, Assumptions (B1) and (B2) of Theorem 12 are fulfilled, with o = %, ¢, > 50 and t = 5. It follows
from Theorem 12 that Equations (25) and (26) have a common and bounded solution in B(W).

5. Conclusions

In this paper, we have provided common fixed theorems for generalized (a%, Y, A)-contraction
multivalued pair of mappings in ax-complete partial b-metric spaces. Our results are extensions of
recent fixed point theorems of Wardowski [21], Piri and Kumam [17], Jleli et al. [9,10] and Liu et al. [13]
and some other results. Moreover, we applied our main results to solve systems of functional equations
and nonlinear matrix equations. It would be interesting to apply our given concepts and results for
generalized metric spaces.
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