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Abstract: Edge Even Graceful Labelingwas first defined byElsonbaty and Daoud in 2017. An edge
even graceful labeling of a simple graph G with p vertices and g edges is a bijection f from the edges
of the graph to the set {2,4,...,2q} such that, when each vertex is assigned the sum of all edges
incident to it mod2r where r = max{p, 7}, the resulting vertex labels are distinct. In this paper we
proved necessary and sufficient conditions for the polar grid graph to be edge even graceful graph.
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1. Introduction

The field of Graph Theory plays an important role in various areas of pure and applied sciences.
One of the important areas in graph theory is Graph Labeling of a graph G which is an assignment of
integers either to the vertices or edges or both subject to certain conditions. Graph labeling is a very
powerful tool that eventually makes things in different fields very ease to be handled in mathematical
way. Nowadays graph labeling has much attention from different brilliant researches ingraph theory
which has rigorous applications in many disciplines, e.g., communication networks, coding theory,
x-raycrystallography, radar, astronomy, circuit design, communication network addressing, data base
management and graph decomposition problems. More interesting applications of graph labeling can
be found in [1-10].

Let G = (V(G),E(G)) with p = |V(G)| and q = |E(G)| be a simple, connected, finite,
undirected graph.

A function f is called a graceful labeling of a graph G if f: V(G) — {0,1,2,...,4} is injective
and the induced function f*: E(G) — {1,2,...,q} defined as f*(e = uv) = |f(u) — f(v)| is bijective.
This type of graph labeling first introducedby Rosa in 1967 [11] as a f— valuation, later on Solomon W.
Golomb [12] called as graceful labeling.

A function f is called an odd graceful labeling of a graph G if f: V(G) — {0,1,2,...,2qg — 1}
is injective and the induced function f*:E(G) — {1,3,...,29 — 1} defined as f*(e = uv) =
|f(u) — f(v)| is bijective. This type of graph labeling first introducedby Gnanajothi in 1991 [13].
For more results on this type of labeling see [14,15].

A function f is called an edge graceful labeling of a graph G if f : E(G) — {1,2,...,4q} is bijective
and the induced function f*: V(G) — {0,1,2,...,p — 1} definedas f*(u) = Y.  f(e)modpis

e=uveE(G
bijective. This type of graph labeling first introducedby Lo in 1985 [16]. For more( rlesults on this
labeling see [17,18].

A function f is called an edge odd graceful labeling of a graph Gif f: E(G) — {1,3,...,29 — 1}

is bijective and the induced function f*:V(G)— {0,1,2,...,29—1} defined as f*(u) =

Y. f(e)mod2q is injective. This type of graph labeling first introducedby Solairaju and Chithra
e=uveE(G)
in 2009 [19]. See also Daoud [20].
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A function f is called an edge even graceful labeling of a graph G if f: E(G) — {2,4,...,2q}
is bijective and the induced function f*:V(G)— {0,2,4,...,29—2} defined as f*(u) =

Y. f(e)mod2r, where r = max{p, q} is injective. This type of graph labeling first introduced by
e=uveE(G)
Elsonbaty and Daoud in 2017 [21].

For a summary of the results on these five types of graceful labels as well as all known labels so
far, see [22].

2. Polar Grid Graph P,

The polargrid graph Py, , is the graph consists of n copies of circles C;; which will be numbered

from the inner most circle to the outer circle as C,(nl ), Cf,lz ), el C,(J' 71), C,(J' ) and m copies of paths

: : : 1 p® (m=1) p(m)
Py, 41 intersected at the center vertex vy which will be numbered as P, fv P Py, Pyl See
Figure 1.
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Figure 1. Polar grid graph Py ;.

Theorem 1. If m and n are even positive integes such that m > 4 and n > 2, then the polar grid graph Py, , is
an edge even graceful graph.

Proof. Using standard notation p = |V (Py,)| = mn+1, g = |E(Py,n)| = 2mn and r = max{p,q} =
2mn Let the polar grid graph Py, , be labeled as in Figure 2. Let f : E(G) — {2,4,...,2q}. O

First we label the edges of paths Pr(lljr)l, < k < m begin with the edges of the
path Pﬁr)l to the edges of the path Py(::)l as follows: Move clockwise to label the edges

VU1, VoV, ..., V9Um—1,000m by 2,4, ..., 2m — 2, 2m, then move anticlockwise to label the edges
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V1041, OmU2m, Om—102m—1, « - - U30m43, V2042 by 2m 4+ 2,2m +4,2m + 6, ..., 4m — 2, 4m, then
move clockwise to label the edges v, 11V2m+1, Vm+202m+2, Um+302m+3s - - - » V2m—1V3m—1, VUmV3m Dy
dm +2,4m +4,4m 4+ 6, ...,6m — 2, 6m and so on. Finally move anticlockwise to label the
edges Um(n—2)+1%m(n-1)+17 Vm(n—-1)—19mn, Vm(n-1)—1Y%mn—1, - - -» Um(n—2)+2V%m(n—1)+2 bY 271’1(71 - 1) +
2,2m(n —1)+4, 2m(n — 1) +6,...,2mn — 2, 2mn. Second we label the edges of the circles

C,(f ), 1 < k < n begin with the edges of the inner most circle C,(n1 ) to the edges of the circle C,(n%), then

the edges of the outer circle C,(nn ), Finally the edges of circles C,(H%H), C,(n% +2), cee, C,Sf -1 respectively
as follows: f(Vy(k—1)1i0m(k—1)+i+1) = 2mn +2m(k — 1) +2i, f(OgnVp(k—1)41) = 2mn +2mk, 1 <
i<m—11<k< %" f(vm(n71)+ivm(nfl)+i+l) =3mn+2i,1 <i<m-1 f(vkmvm(kfl)Jrl) =
2mn+ (2k+1)m, 5 +1<k<n-1

(En 4+ hm -3

Figure 2. Labeling ofthe polar grid graph P, , when n is even, n > 2.

Now the corresponding labels of vertices mod4mn are assigned as follows:
Case (1) m = 4kmoddn, 1 < k <n —1and m = 2mod4n.
(1)

The labels of the vertices of the inner most circle Cy,” to the circle C,Sﬁ) are givenby f* (0(x_1)n4i) =

4m(2k —1)+4i,1 <k < 5,1 < i <'m, the labels of the vertices of the outre circle C,(n" ) are given by
F (@m-1ym+i) =2i +2,1 < i <mand the labels of the vertices of the circles C,(H%H), cee, C,(,?fl) are
givenby f*(v_1)mqi) =8m(k—5)+4i +2,1<i<m,5+1 <k<n-—1

The label of the center vertex vy is assigned as follows: when m = 4kmod4dn, 1 < k < n -1,
f*(vo) = %(2m +2) = m? + m, since m = 4kmod4n then m = 4nh + 4k, thus f*(vy) = m(4k + 1) and
when m = 2mod4n, we have f*(vy) = 3m.
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Case (2) m = (8k —2)mod4n,1 < k < %. In this case the vertex Vtm—(152) in the
circle C,(,f ) will repeat with the center vertex vy. To avoid this problem we replace the labels

of the two edges v, (m42) Vg (m22) and v, (122 Uy (126 That is f(vkm (m42) Vg (m42)) =
2mn +m(2k — 1) + ™42 and f(v,, (m2) Vp— (16 ) 2mn + m(2k — 1) + “>2 and we obtain the
labels of the Correspondmg vertices as follows f (vkm_(mTH)) = m(8k —1) + 2, f*(vkm e 2)) =
m(8k — 1) +4, f*(vkm m— 6)) = m(8k — 1) + 6 and the label of the center vertex vy is a551gened as
f*(vg) = m(8k —1). The rest vertices are labeled as in case(1).
Case (3) m = (8k +2)mod4n, 1 < k < 4 — 1. In this case the vertex Vg —(m42) in the circle Cfn%
will repeat with the center vertex vg. To avo1d this problem we replace the labels of the two edges
Vo (252 Vhom— () and Vkm— (%) Vo — (152 That is f(vkm_(%)vkm,(%)) = 2mn +m(2k + 1) + 232

+k)

and f(vy,_ (%) Vkom— (12 2)) = 2mn + m(2k + 1) + 32 and we obtain the labels of the corresponding
vertices as follows f*(v,, (mErZ)) =m(8k+3) +2, f*(vkm,(%)) = m(8k+3)+4, f*(v),,_ (22 z)) =
m(8k 4+ 3) + 6 and the label of the center vertex vy is assigened f*(vg) = m(8k —29) as. The rest
vertices are labeled as in case(1).
Case (4) m = Omod4n. In this case the vertex v, n—(142) in the outer circle will repeat with the

center vertex vg. To avoid this problem we replace the labels of the two edges v, n(24) Oy — (152
and OmnVy(y-1)41- Thatis f(v, m§r4)vmn—("’T+2)) = m(3n +2) and f(Vmn0p(n-1)41) = 3mn +
m — 4 and we obtain the labels of the corresponding vertices as follows f*(v, (g4 )) = 2m +

2, f*(v, m+2)) =2m +4, f*(vmn) = m —2and f*(0,,(4-1)41) = 4mn —m and the label of the

center Vertex vp is assigened as f*(vg) = m. The rest vertices are labeled as in case (1).

Illustration. The edge even graceful labeling of the polar grid graphs Piag, Pigs, Piss, Poag and Pasg
respectively are shown in Figure 3.

Remark 1. In case m = 2 and n is even, n > 2.

Let the label of edges of the polar grid graph be as in Figure 4. Thus we have the label of the
corresponding vertices are as follows:
f (1) =4n+12; f*(v;) =160 —2,2<i < 5; f*(vn ;) =16i+6,1<i< 5 —
fflon) =4 f(v)=16i+2,1<i< 5 -1, f*( 1yi) =2 f (0'yy) =16i410,1 <i< 5 -2

5t
+i)
(V1) =4n—4 f*(v'y) =4n+8and f*(vg) = 4n + 4.
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© Py

Figure 3. The edge even graceful labeling of the polar grid graphs P14, Pig6, Pigs, Prae and Pog 6.

dn+4

b +4

Figure 4. Labeling of the polar grid graph P, ,,, n is even integer greater than 2.

Note that P, is an edge even graceful graph but not follow this rule. See Figure 5.
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14

Figure 5. The polar grid graph P, 5.

Theorem 2. If m is an odd positive integer greater than 1 and n an is even positive integer greater than or equal
2, then the polar grid graph Py, ,, is an edge even graceful graph.

Proof. Let the edges of the polar grid graph Py, » be labeled as in Figure 2. [

Now the corresponding labels of vertices mod4mn are assigned as follows: There are four cases

Case (1): m = (4k —1)mod4n, 1 <k<mn

The labels of the vertices of the inner most circle Cy,
4m(2k —1)+4i+2,1<k < ” , 1 < i < m, the labels of the vertices of the outer circle C,(n) are given
by f*(vn—1ymsi) =2i+2,1 g i < m and the labels of the vertices of the circles C,(n ), cel C,Sf Y are
givenby f*(v(x_1)mqi) =8m(k—5) +4i+2,1<i<m 5+1<k<n-1

The center vertex vy is labeled as f*(vg) = 4mk, and if k = n, we have f*(vy) = 0.

Case (2): m = (8k —3)mod4n, 1 <k < 4.

(k)

In this case the vertex v, (mf1) in the circle Cy;

() to the circle C,(n2> are givenby f*(v (k— 1)m+l) =

will repeat with the center vertex vy. To avoid this
problem we replace the labels of the two edges v, (12 Ve — (251 and v, (=
F(0— (1) Vg (21 )) =2mn+m(2k —1)+1and f(vkm n21) Vg (3 3y) = 2mn+m(2k— 1) -1
and we obtain the labels of the corresponding vertices as follows (0 (mz+1)) = 2m(4k — 1) +
2, f* (Ukmi(mz—l)) = 2m(4k — 1) +4 and f* (vkm—('”T*)) = 2m(4k — 1) + 6. The center vertex vy is
labeled as f*(vg) = 2m(4k — 1). The rest vertices are labeled as in case (1).
Case (3): m = (8k+1)mod4n, 1 <k <7 —1.
(5+k)

In this case the vertex (k) (1) I the circle C;

1) Vg (m3)- That is

will repeat with the center vertex

vg. To avoid this problem we replace the labels of the two edges v (k) — (1) Y (ms1) and

m(5+k)
U ( +k) (m 1) m( +k) (m—S) That is f( n+k) (m+l) m(2+k) (m 1)) = 3mn+m(2k— 1) +1 and
f(o U8 4k) = (250) V(2 ) — (53 )= 3mn+m(2k+ 1) — 1 and we obtain the labels of the corresponding
vertices as followsf (v, (34k)— (mH)) =2m(4k +1)+2, f*(v,, (34k)— (5L 1)) = 2m(4k +1) + 4, and

(v m(7+k)_(m73>) = 2m(4k + 1) + 6 and in this case the center vertex v is labeled as f*(vg) =

2m(4k + 1). The rest vertices are labeled as in case (1).

Case (4): m = Imod4n

In this case the vertex v,,,;,,_1 in the outer circle C,Sf ) will repeat with the center vertex vy. To avoid this
problem we replace the labels of the two edges v,,,—20,,—1 and VmnVm(n—1)41- Thatis f(vyn—20mn—1) =
m(3n +2) and f(OmnVy(y—1)41) = m(3n +2) — 4 and we obtain the labels of the corresponding vertices
as follows f*(vyn—2) = 2m+2, f*(vmn-1) = 2m +4, f*(0mn) = 2m — 2 and f*(0,(y—1y41) = 0, the
center vertex vy is labeled as f*(vg) = 2m. The rest vertices are labeled as in case (1).
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Illustration. The edge even graceful labeling of the polar grid graphs P13 6, P15, P17 ¢ and Pos g respectively
are shown in Figure 6.

21g 22 M

306, 2
o
X 638 -
J m
s 218 58
5 .

138

286

8

(b) Py,

Figure 6. Cont.
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Figure 6. The edge even graceful labeling of the polar grid graphs Pi36, Pi56, P17 and Pps.

Theorem 3. If m is an even positive integer greater than or equal 4 and n is an odd positive integer greater than
or equal 3. Then the polar grid graph Py, ,, is an edge even graceful graph.

Proof. Let the polar grid graph Py, , be labeled as in Figure 7. Let f : E(G) — {2,4,...,29}. O
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First we label the edges of the circles Cr(,f ), 1 < k < n begin with the edges of the inner most circle

(n)

Cﬁnl ) to edges of the outer circle C;,’ as follows:

FOmk—1)+iOmk—1)+i+1) = 2m(k = 1) +2i, f(OpmV(r—1yms1) = 2km, 1 <i<m—1,1<k <n.

k)

+17
path P,Sr)l as follows: Move anticlockwise to label the edges vyvy, voUm, VoVy—1, - .., VoU3, VoV2
by 2mn + 2, 2mn + 4,2mn + 6, ..., 2m(n + 1) — 2, 2m(n + 1), then move clockwise to label the
edges U101, V2Um+2, U30m+3, - - -, Um—102m—1, UmUam By 2m(n +1) +2,2m(n+ 1) +4,2m(n + 1) +
6,...,2m(n +2) —2,2m(n + 2), then move anticlockwise to label the edges v;1102+1, V2m¥3m,
Vom—1U3m—1, - - - » Um+302m+3, Um4202m+2 by 2m(n + 2) + 2,2m(n + 2) + 4,2m(n + 2) +6,...,
2m(n + 3) — 2,2m(n + 3) and so on.  Finally move anticlockwise to label the edges

Second we label the edges of paths PTE 1 < k < m begin with the edges of the

Um(n—2)+19%m(n-1)+1 Pm(n—1)+1Y%mns Om(n—-1)-1Ymn—1,- - - » Um(n—2)43Ym(m—-1)+3, Vm(n—2)+2Vm(m—1)+2 by
2m(2n —1) +2,2m(2n — 1) +4,2m(2n — 1) +6,...,4mn — 2,4mn.

mna-1

Figure 7. Labeling of the polar grid graph Py, , when n is odd and n > 3.

The corresponding labels of vertices mod4mn are assigned as follows: There are four cases
Case (1) m = 4kmod4n, 1 <k < n—2; m = (4n — 2)mod4n and m = Omod4n
f Op—1ymei) = 4m2k—1)+4i+2,1 < i < m, 1 < k < n—1. That is the labels of the

vertices in the most inner circle C,(V} ) are assigned by f*(v;) = 4m +4i+2,1 < i < m, the labels of

the vertices in the circle C,(,;?‘ ) are assigned by f*(v,,4;) = 12m + 4i + 2, the labels of vertices of the
n—1

circle C,(n ) are assigned by f* (W +1i) = 4mn — 8m + 4i + 2, the labels of vertices of the circle

1
nt Um(n—-1)

el 13
C,(ﬂ ) are assigned by f*(—5— +1i) = 4i + 2, the labels of vertices of the circle C,S1 ) are assigned
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by f*(“mel) U i) = 8m +4i+2, ..., the labels of the vertices in the circle ci Y are assigned by
[ m(n—2)+z) =4mn—12m+4i+2,1 < i < m and the labels of the vertices of the outer circle
C,gf) are assigned by f*(v,,(y—1)1;) = 4mn —4m +2i+2,1 < i < m. The labels of the center vertex
v is assigned by f*(vg) = m?(2n + 1) when m = 4kmod4n, we have f*(vg) = m(4k + 1), when
= (4n —2)mod 4n, f*(vg) = 4mn — m and when m = 0mod4n, f*(vy) = m.

Case 2) m = (8k —2)mod 4n, 1 <k < "T_l

In this case the vertex v, (m2) in the circle C( ) will repeat with the center vertex vg. To avoid
this problem we replace the label of two ed;ges Uk — (152 Vg — (2 and v, (m22) Vg (m50)- That is
f(vy,,— (12 Vg (m42)) = m(2k — 1) + ™= and f(vkm_(%)vkm_(#)) = m(2k — 1) + -2 and
we obtain the labels of the corresponding vertices as follows f*(vkmi(mTﬁ»Z)) = m(8k — 1) +2,
(0 (m42)) =m(8k—1)+4and f*(v,,, (m26)) = m(8k — 1) + 6. In this case the center vertex v is
labeled as f*(vg) = m(2mn + m+ 1) = m(8k — 1). The rest vertices are labeled as in case (1).

Case 3) m = (8k —6)moddn,1 < k < "T’l andm # 2. In this case the

(n+2k 1 )

vertex vm(Hsz 1)_(m2) in the circle C, will repeat with the center vertex vy. To avoid
this problem we replace the labels of the two edges Upp(n21 ) (mh2) Oy b2ty (2 and
Upn(1426m1) _ (122 Uy 2821 _ (- That is f(Um(%)i(mzd)v (121 1) (m42)) = mn+2m(k 1) +
m£2 and f(vm(%)f(%)vm(%)f(%%)) = mn + 2m(k — 1) + "2 and we obtain the labels of
the corresponding vertices as follows f*(vm(%)f(m%z)) = m(8k — 5) +2, f*(v,, (m2e1)_ ('"Zz)) =

m(8k —5) +4and f*(v,, (m2=1)_(ns 6)) = m(8k —5) + 6 and in this case the center Vertex vg is labeled
as f*(vg) = m(8k —5). The rest vertices are labeled as in case (1).

Case (4) m = (4n — 4)mod4n. In this case the vertex Uy (m52) in the outer circle C,(,f )
will repeat with the center vertex vg. To avoid this problem we replace the labels of the
two edges U (16 )y (152 and Uyn0y(y—1)41- That is f(vmn_(mT%)vmn_(mTﬂ)) = 2mn and
f(@mnVy(n—1)41) = m(2n — 1) — 4 and we obtain the labels of the corresponding vertices as follows
f*(vmn—(”’T%)) = 4mn —2m + 2, f*(vmnf('”T'*'z)) = 4mn —2m + 8, f*(vmn) = 4mn —3m — 2 and
f*(Om(n-1)4+1) = 4mn —5m and in this case the center vertex vy is labeled as f*(vg) = m(4n —3).
The rest vertices are labeled as in case (1).

Illustration. The edge even graceful labeling of the polar grid graphs P15, P15, Pias, Pigs, Piss and Paos
respectively are shown in Figure 8.

Remark 2. In case m = 2, nisodd, n > 3.

Let the label of edges of the polar grid graph P, , be as in Figure 9. Thus we have the labels
of the corresponding vertices as follows: f*(v1) = 12; f*(v;) = 16i —2,2 < i < =, *(vH%i,l) =

16i —10,1 <i < 5L f*(v,) =8n—2; f*(v;) =16i+2,1 <i < L, f*(v n+1)_2f( ¥ pigie1) =
16i —6,2 <i< "51; f*(¢/y) = 0and f*(vg) = 4.
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Figure 8. Cont.
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Figure 8. The edge even graceful labeling of the polar grid graphs Pio5, P125, P1as, Pigs, Pigs and Pas.
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4n -2

v, 2 Mn+1 4?’!+5®4ﬂ+8
. . H " . -.UI; !

4n+2

Figure 9. The labeling of the polar grid graph P, ,, n > 3.

Ilustration. The edge even graceful labeling of the polar grid graphs Ps 5 is shown in Figure 10.

Figure 10. The labeling of the polar grid graph P, 5.

Theorem 4. If m and n are odd positive integers greater than 1. Then the polar grid graph Py, , is an edge even
graceful graph.

Proof. Let the polar grid graph Py, , be labeled as in Figure 7. Let f : E(G) — {2,4,...,2q9}. O

The corresponding labels of vertices mod4mn are assigned as follows: There are two cases:
Case (1) n = 1 mod4, this case contains five subcases as follows:

SubCase (i) m = (4k —3)mod 4n, 2 <k <n

frOg—1ymsi) = 4m(2k—1) +4i+2,1 <k <n—1,1 <i < m. That is the labels of vertices

of the most inner circle C,(nl ) are assigned by f*(v;) = 4m + 4i + 2, the labels of vertices of the
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n—1
circle Cfnz ) are assigned by f*(vy,4;) = 12m + 4i + 2, the labels of the vertices of the circle C( )

(n+1)

are assigned by f* (v = ol ) = 4mn — 8m + 4i + 2, the labels of the vertices of the circle C;,
n+3
are assigned by f*(v i +Z) = 4i + 2, the labels of the vertices of the circle C,S1 z) are assigned

by f*(vm n+1 nint1) ) = 8m —l— 4i + 2,..., the labels of the vertices of the circle C,(,f -1 are assigned by

f* (vm(n,z)ﬂ') =d4mn — 12m +4i +2, 1 < i < m and the labels of the vertices of the outer circle C,(,?)
are assigned by f*(v,,(y—1)4i) = 4mn —12m +2i +2, 1 < i < m. The label of the center vertex vy is
assigned by f*(vg) = 2mn + 2m(2k — 1), when k = 31, we have f*(vg) = 0.

SubCase (ii)) m = (8k —5)mod4dn,1 < k < ”zil, m # 3. In this subcase the

n+4k—1
vertex v (k=1 ) (1 in the circle C( will repeat with the center vertex vy. To avoid
4

this problem we replace the labels of the two edges v (1) (1) Oy bkt 1y and

’Um(nJrik—l)_(miEl) m(n+ik71)_(mT—3)- That is f( m(nJrlik 1) (m+1) (n+4k 1) (m 1)) - m[2k+ L 3] +1 and

f(vm( 1) (1) Uy s )_(mT,g)) = m[2k + "53] — 1 and we obtain the labels of the corresponding

vertices as follows f*(vm(ﬁik,l)f(m%l)) = 2mn +4m(2k — 1) +2, f*(v,, (et (%)) = 2mn +

4m(2k — 1) + 4, f* (vm(n+4k_1)7(m7_3)) = 2mn +4m(2k — 1) + 6, and in thls case the center vertex
4 2

vg is labeled as f*(vg) = 2mn + 4m(2k — 1). The rest vertices will be labeled as in subCase (i).

1 +1)

Remark 3. When n = 1mod4 and m = 3, in this case the vertex U3(n1) 4 in the circle Cy ) i repeat

with the center vertex vy. To avoid this problem we replace the labels of the two edges U3(n1y 4pU3(n1) 13 and
1
(an)+1 3(”4;1)+3 Thatlsf( n 1 )42 3(;1 1)+3>_3(7’l )+6117’ldf( (Tl +1 3(;1 1 +3) ( )
and we obtain the labels of the correspondzng vertices as follows f* (03(n 1y41) = 6n+10, f (v, "TIHZ)
6n +18, f*(vy (21)+3 5) = 6n + 16 and the center vertex vy is labeld as f* (vo =6n+12.

~— —

SubCase (iii) m = (8k — 1)moddn, 1 < k < “°. In this subcase the vertex Uy (Bt (mot)
4

( 3n+4k—1 )

in the circle C,, * will repeat with the center vertex vy. To avoid this problem we replace

the labels Of the two edges Z)m( 3n+;1k+1 )_(%)'Dm( 3n+;1k+1 )_(mT—l) and (Y (3n+4k+1 ) ( m—1 )U (3n+4k+1 )_(%73) .

That is f( 3n+4k+l) (mzrl)v (3n+4k+l) (mzl)) = 2mn + m[zk n+1] +1 and f( 311+4k 1) (mz;l)

L‘H]

'Um(3n+4k_1)7(m7_3)) = 2mn + m[2k — — 1 and we obtain the labels of the corresponding
4 2

vertices as follows f*(v m(3"+§k+l)—(m%rl)) = 2mn + 8km +2, f*(v,, (Bt ('"El)) = 2mn + 8km +
4, f*(v,, (k1) (n- )) = 2mn + 8km + 6, and in this case the Center Vertex vp is labeled as f*(vg) =
2

2mn + 8km The rest vertices will be labeled as in subCase (i).

SubCase (iv) m = (8k — 1)mod4n ”*3 < k < ”T’l In this case the vertex
(4n k+ )

Uy Bty (mit) in the circle C,, will repeat with the center vertex uvy. To avoid
4 2

this problem we replace the labels of the two edges Uy (Mgt _ (g1 Uy ity (o1 and

vm(4k74n+1)7(1n71)vm(4k74n+1) (m 3) That lsf( 4k n+1) (%)Um(élkfiﬂrl)i(mz;l)) = m[Zk n+1] +1and

2
@}

f (Um(4k_4n+1 )= (1) Uy Akt (3 )) = m[2k — — 1 and we obtain the labels of the corresponding

vertices as follows f* (vm(“&f”“)—(”%l)) = 2mn + 8km + 2, f*(v,, (=) mz—l)) = 8km — 2mn +
4, f*(v,, (dkopny (y,,2_3)) = 8km — 2mn + 6, and in this case the Center vertex vy is labeled as f*(vg) =
8km — Zmn The rest vertices will be labeled as in subCase (i).

SubCase (v) m = (2n — 3) mod4n. In this case the vertex v,,,_1 in the outer circle C,Sf )
with the center vertex vy. To avoid this problem we replace the labels of the two edges v;,,—20;,,—1 and
OmnVm(n—1)+1- Thatis f(Omn—2 Vmn—1) = 2mn — 4, f(OmnVpy(n—1)41) = 2mn and we obtain the labels
of the corresponding vertices are as follows f*(v,,,—2) = 4mn —2m +2, f*(vyy—1) = 4mn —2m + 4,

will repeat
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f*(vmn) = 4mn —2m — 2 and f*(0,y(4-1)41) = 4mn — 4m, and in this case the center vertex vy is
labeled as f*(vg) = 4mn — 2m. The rest vertices will be labeled as in subCase (i).

Illustration. The edge odd graceful labeling of the polar grid graphs P35, Pi3s, Pi15, P79, Piss and Py s
respectively are shown in Figure 11.

Case (2) n = 3mod4. This case contains also five subcases as follows:

SubCase (i) m = (4k —3)mod4n, 2 <k <n

frOg—1ymsi) = 4m(2k —1) +4i+2,1 <k <n—1,1 <i < m. That is the labels of vertices
(1)

of the most inner circle Cy,” are assigned by f*(v;) = 4m + 4i + 2, the label of vertices of the circle

n—1
Cf,lz ) are assigned by f*(v,,+;) = 12m + 4i 4 2, the labels of vertices of the circle Cy, ¢z
( n+l )

by f*(v = +l) = 4mn — 8m + 4i + 2, the labels of vertices of the circle C;, 2

n+3
F (U mn-3) +i) = 4i + 2, the labels of vertices of the circle C,(n )
mn-3)

are assigned

are assigned by
are assigned by f*(v mort1) ) =
8m +4i+2,...,the labels of vertices of the circle C,(nnfl) are assigned by f* (v, (y_2)4i) = 4mn —12m+
4i+2,1 <i < m and the labels of the vertices of the outer circle C,S? ) are assigned by f*(v,,(4—1)1i) =
4mn —12m +2i+2,1 < i < m. The label of the center vertex vy is assigned by f*(vy) = 2mn +
2m(2k — 1), when k = 31, we have f*(vg) = 0.

SubCase (ii) m = (8k —5)mod4dn, 1 < k < 73, m # 3

3n+4k—1
In this subcase the vertex Uy (Btho1) (midy in the circle C,(n i)
4 2

will repeat with the center vertex
vp. To avoid this problem we replace the labels of the two edges v, (Bmtdh=1) (mi1 VW (Bnidk=1) (mo1)
and v METTEI (mzl)vm(w)f('"f) Thatlsf( (it (%)vm(%)%%l)) = 2mn + m[2k —
23]+ 1 and f(v, (Buttiot) (%)vm(%)i(%g)) = 2mn + m[2k — 3] — 1 and we obtain the
labels of the correspondmg vertices as follows f*(v (=) (1 )) = 2mn + 4m(2k — 1) +
2, f*(v,, (Bt (,,,21)) = 2mn +4m(2k — 1) + 4, f*(v,, (Bsdhety (e )) = 2mn +4m(2k — 1) + 6,
and the label of the center vertex vy is assigned by f* (Uo) = 2mn + 4m (2k — 1). That rest vertices will
be labeled as in subcase (i).

Figure 11. Cont.
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Figure 11. The polar grid graphs P35, Pi35, P115, P79, Pi55 and P; 5.

-1
Remark 4. When n = 3mod4 and m = 3, we have the vertex 03(% )41 in the circle C,(n gy will repeat
with the center vertex vy. To avoid this problem we replace the labels of the two edges Us(an-1) U331 ) 4 3

and vy 1) 403 1) o THAE S f(D33001) 4 p03(3001) 43) = 3CT) + 6 and f(0y(anct) 1103(301) 1) =

3(3%5-L) + 4 and we obtain the labes of the corresponding vertices mod4mn are as follows: f* (Ug(ﬂ ) 1) =
4

6n + 10, f*(v3(%)+2) =6n+18, f*(UB(WT*l)H) = 6n + 20 and the label of the center vertex vy is assigned

by f*(vo) = 6n+12.

Note that P53 is an edge even graceful grapg but not follow this rule. See Figure 12.

20

Figure 12. The polar grid graphs P3 3.
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SubCase (iii) m = (8k — 1)mod4n, 5> <k < 1,
=)

4k—n—1
In this subcase the vertex v, (#h=n=1y_(mi1) in the circle C,(ﬂ * 7 will repeat with the center vertex
4 2

vp. To avoid this problem we replace the labels of the two edges Opp(mp=1y (m1) Uy ko (1

AN D, 1)1 O gty THAEES F(0, sy O igm (1)) = (= m+Land

f(vm(‘“‘jf”—l)f('”z;l)vm(ﬁin—l)f(%i) (2k — 1)m — 1 and we obtain the labels of the corresponding
vertices as follows: f*(vm(%)—("%l)) = 2m(4k - 1) +2, f*(v, (dkopely (LEl)) = 2m(4k — 1) +4
and f*(v,, (dene1) (mT,g)) = 2m(4k — 1) 4 6. The label of the center Vertex vp is assigned by f*(vp) =
2m(4k — 1) The rest vertices will be labeled as in subCase (i).

SubCase (iv) m = (8k — 1)mod4n, 1 < k < ”Tfl

(n+%lk+1)

In this subcase the vertex v () (et in the circle C,, will repeat with the center vertex
4

vp. To avoid this problem we replace the labels of the two edges v (L) (1) Oy ki) (1) and

D4t () P (253) THALES F(0) i) (1) 0y usgpsn) (mp2)) = (2K + 273 )me T and
f(ov (L) (1)U, i) )_(,,,72,3)) = (2k+ ”;1) — 1 and we obtain the labels of the corresponding
vertices as follows f*(vm(%m),(%ﬂ)) = 2mn + 8km +2, f*(v,, (ki1 (,,,T,l)) = 2mn + 8km +
4, f*(v,, (bl ) (o3 )) = 2mn + 8km + 6 and the label of the center vertex v is labeled as f*(vg) =
2mn + 8km The rest vertices will be labeled as in subCase (i).

Remark 5. If k = ”H we have f* (v ( (ke ('”T“)) = 8km —2mn+2, f*(v ( (k1) (mT,l)) = 8km —

2mn +4, f*(v, n+4k+1)7(73)) = 8km 2mn + 6 and the center vertex vy is labeled as f*(vg) = 8km —
2

2mn.

SubCase (v) m = (2n — 3)mod4n

In this subcase the vertex v,,,_1 in the outer circle C,(n” )
To avoid this problem we replace the labels of the two edges v}, —20y,—1 and VmnOp(n—1)41- That is
f(Omn—20mn—1) = 2mn — 4, f(vmnvm(n_1)+1) = 2mn and we obtain the labes of the corresponding
vertices as follows:

f(Vmn—2) = 4mn —2m+2, f*(vp—1) = 4mn —2m+ 4, f*(vun) = 4mn —2m — 2 and
f*(Om(n-1)41) = 4m(n — 1) and the label of the center vertex vy is assigned by f*(vg) = 2m(2n —1).

The rest vertices will be labeled as in subCase (i).

will repeat with the center vertex vy.

Illustration. The edge odd graceful labeling of the polar grid graphs P37, P37, Pioy, P11y and Pis;
respectively are shown in Figure 13.
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Figure 13. The polar grid graphs P57, P37, Pi97, P117 Pi57.

3. Conclusions

This paper gives some basic knowledge about the application of Graph labeling and Graph Theory
in real life which is the one branch of mathematics. It is designed for the researcher who research in
graph labeling and graph Theory. In this paper, we give necessary and sufficient conditions for a polar
grid graph to admit edge even labeling. In future work we will study the necessary and sufficient
conditions for the cylinder Py, x Cy, torus C;; X Cy; and rectangular Py, x P, grid graphs to be edge
even graceful.
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