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Abstract: The generating functions of fourteen families of generalized Chebyshev polynomials
related to rank two Lie algebras A;, C; and G, are explicitly developed. There exist two classes of
the orthogonal polynomials corresponding to the symmetric and antisymmetric orbit functions of
each rank two algebra. The Lie algebras G, and C; admit two additional polynomial collections
arising from their hybrid character functions. The admissible shift of the weight lattice permits the
construction of a further four shifted polynomial classes of C; and directly generalizes formation of the
classical univariate Chebyshev polynomials of the third and fourth kinds. Explicit evaluating formulas
for each polynomial family are derived and linked to the incomplete exponential Bell polynomials.
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1. Introduction

The purpose of this article is to develop generating functions of fourteen types of bivariate
generalized Chebyshev polynomials [1-3]. There exist two families of polynomials corresponding
to the Lie algebra A;, four to the algebra G, and eight to the algebra C,. Explicit formulas for the
polynomials are deduced from their generating functions.

The four kinds of the of classical univariate Chebyshev polynomials [4] constitute a fundamental
part of polynomial numeric methods. Inherent relation of these polynomials to the standard
trigonometric functions forms the cornerstone of their theoretical and practical applications. As cosine
images of a finite part of the equidistant lattice [4], Chebyshev nodes play a special role. Orbit functions
related to the crystallographic root systems of Weyl groups [5,6] serve as multidimensional
generalizations of the trigonometric functions and induce specific multivariate versions of Chebyshev
polynomials [2,3]. Symmetric and antisymmetric orbit functions occur as a standard tool in Lie
theory and the form of the corresponding two kinds of polynomials, which appears already in [1],
specializes for the algebra A; to univariate Chebyshev polynomials of the first and second kind.

For any root system with two root-lengths, the concept of a sign homomorphism produces two
additional classes of hybrid character polynomials [3]. All four polynomial classes constitute special
cases of the Heckman—Opdam polynomials [7]. Discrete orthogonality relations of all four sorts of
orbit functions over distinct finite fragments of Weyl group invariant lattices are developed in [8-11].
Specific generalized cosine images of the finite fragments of multidimensional lattices form the sets of
generalized Chebyshev nodes [3,12-16]. Moreover, analysis of intrinsic discrete orthogonality relations
of orbit functions leads to a special type of admissible shifts of the weight lattices [17]. The admissible
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shift of the weight lattice doubles the number of polynomial families of C; and specializes for the
algebra A; to the Chebyshev polynomials of the third and fourth kinds [4]. Generating functions
of the multivariate Chebyshev polynomials are closely linked to the character generators of simple
Lie groups.

During the last century, the approach of generating functions was developed to resolve many
diverse problems in Lie theory and in the theory of finite groups. A wide range of applications of
generating functions in Lie theory can be traced to the definition of the generating function for the
characters of the representation [18]. Subsequently, the theory was developed further for the specific
types of the Lie groups [19-22]. The generating functions have a unique capability to provide answers
to questions that are inaccessible to any other methods. Typically, a generating function of a simple Lie
group G is a rational function of several formal variables built to solve a series of analogous problems
like decomposition of the product of two irreducible finite dimensional representations of G into the
direct sum of them, or reduction of any finite irreducible representations of G to the direct sum of
representations of a particular subgroup G’ C G. A number of other problems in group representation
theory are listed in the reference [23].

Developed into the power series, the coefficients of the series provide answers to infinite number
of computational problems involving the same Lie group [18,23-25]. A practical difficulty often is
the complexity of the generating functions for the higher ranks of G. So far, the generating functions
practically for all problems are explicitly derived by hand computation. The derivation becomes
particularly complicated when one wants to have the generating function in a positive form that
also provides the integrity basis for each problem [26] or in polynomial form involving fundamental
character functions. Direct calculation of generating functions as rational polynomial functions in
fundamental characters is utilized in the present paper. With efficient tools for symbolic computation
available in recent years, many more generating functions could be calculated.

Constructed generating functions and explicit formulas in the present article serve as theoretical
and practical means for handling the corresponding bivariate generalized Chebyshev polynomials.
Explicit evaluating formulas for the polynomials, derived from the explicit form of the generating
functions, permit straightforward calculation and computer implementation, considerably more
efficient than current recursive algorithms [14]. Cubature formulas for numerical integration,
polynomial interpolation and approximation methods corresponding to several current cases of
polynomials are recently intensively studied [3,12-16]. Since viability of these polynomial methods is a
direct consequence of the discrete orthogonality relations of the underlying orbit functions, extensibility
of these techniques to all fourteen cases of the studied bivariate polynomials is guaranteed.

The paper is organized as follows. In Section 2, the fourteen cases of the bivariate Chebyshev
polynomials are explicitly constructed and the lowest reference polynomials listed for each case.
In Section 3, generating functions are explicitly evaluated from their generic forms and tabulated for
each case. In Section 4, the K-polynomials are introduced, their form for each algebra calculated and
their utilization as components in evaluating formulas presented. Concluding remarks and follow-up
questions are contained in Section 5.

2. Chebyshev Polynomials Associated with Root Systems

2.1. Four Kinds of Univariate Polynomials of Ay

Throughout the article, the standard scalar product of the Euclidean spaces R and R? is denoted
by brackets (, ). Recall that the four kinds of the classical Chebyshev polynomials T}, (x), Uy (x), Vi, (x)
and Wj,(x) are for n € Z=° and a real variable x = cos 6 defined as [4]
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Ty (cos6) = cosné,

sin(n+1)0

Un(COSQ) - %
1

)0

Vi(cos6) — M
cos 56

. l 6

Wy (cosb) = sin(n + )6

1
sin 56

Suitable reformulating of the definitions of the four kinds of Chebyshev polynomials in terms of
quantities related to the root system A; leads directly to generalized Chebyshev-like polynomials of
rank two algebras. The cornerstone of this reformulation is the relation of the one-variable cosine and
sine functions to the orbit functions of the algebra A;, detailed in [27].

Integer multiples of the weight vector w = 1/v/2 € R determine the weight lattice P, non-negative
integer multiples of w yield the set of dominant weights P". In the present notation, the symmetric

(0)

orbit functions ¢, of A1, parametrized by any A € R, are of the form of the cosine functions,

(p&o) (z) = 2N 2) 4 o= 2 2) = 2 og 27t(A, z),

(1)

and the antisymmetric orbit functions ¢}’ become sine functions,
q)E\l)(z) = 2N z) _ pm2mi(Az) = oj sin27t(A, z).

The four generalized g-vectors of A;, stemming from the admissible shift 4 = w/2 of the weight
lattice in [17], are introduced by

Q(O,O) — O,
o10) — ¢,
00 %w,
ot = 1,

The fundamental character function of A; is simplified as

1)
Py o0 (2)
Xw(z) = wzrlg)& = 2cos27m(w, z) = 2cos b, 1)
GDQ(LO) (z)

where the substitution 6 = 271(w, z) is used. The four types of Chebyshev polynomials Ug{’k), labelled

by dominant weights A € P* and with the fundamental character (1) as their common variable,
are defined via relation

() (2)

; Pr ok
U9 (o (2) = 2H——, @
GDQ(]',IQ (z)

where the indices j, k are taking the values
Ap: je{0,1}, ke {0,1}.

The four types of polynomials Ug\j’k), with A = nw = (n), n € Z=° then directly become the four

kinds of the classical Chebyshev polynomials,
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(jrk

Thus, the four corresponding generating functions v(/¥) of the polynomials [U(n')) (x),
o) () = 3 UG G, ®

are obtained by substitution x — x/2 into the generating functions of the four kinds of Chebyshev
polynomials,

xu

000 (x, 1) = m, 4)
v(l'o)(x,u) = Faclm' ®)
0@ (1) = 1 —1x; j— u2’ ©)
oI (x,u) = % @)
The four generating functions vU¥) satisfy the following three symmetry relations,

000 (—y, —u) = 0(00) (x, u),

v(l'o)(—x, —u) = v(lfo)(x, u),

OV (—x, —u) = vV (x,u),

which generate the parity relations for the polynomials U*) of the form

Uy (—x) = (~1)"U0Y (x), ®)

UL (=x) = (~1)"U}) (), ©)

Uggf)”(—x) = (—1)”Ugi’)l)(x). (10)

For the case Aj, define the K-polynomials of two variables K;(y1,y2) and | € Z as

2k—1,,1—k

1
Ky 'y,
Kilyoy) = L e —wr
k=[4]
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where [ | denotes the ceiling function. The several first K-polynomials of A; are given as

Ko(y1,y2) =

Ki(y1,y2) =

Ka(y1,v2) 3/1 +v2,

Ks3(y1,y2) = 1 1+ 212,
Ka(y1,v2) =yi +3yiy2 + 5,
Ks(y1,y2) =3 +4yiya + 3y15.

The explicit forms of the Chebyshev polynomials [4] are in terms of K-polynomials expressed as

T (5) = Upy) (x) = Kulx,~1) = 2Ky 1(x, 1),
Un (5) = UGy ) = Kaz 1),

v (3) = U @) = Kl 1) - Ky a1,
W, (g) = U0 (x) = K, 1) + Ky (x,—1)

2.2. Rank Two Root Systems and Weyl Groups

The ordered set of simple roots A = (a1, a3) of a simple Lie algebra of rank two is a collection of
two vectors spanning a real two-dimensional Euclidean space R? [28]. The simple roots of A form a
basis of R>—they are fully specified by their lengths and the angle between them. The lengths of the
simple roots and the angles between them are in accordance with the standard convention listed in
Table 1. The coroots «;’ are defined as ;' = 2a;/ (a;, ;) , i = 1,2. The Cartan matrix C;; = <tx,-, tx]-v>
equivalently characterizes the root system A and the determinants

¢ =detC (11)

of rank two Cartan matrices are listed in Table 1. In addition to the a- and aV-bases, the weight w-basis
is defined by («),w;) = &;j, i,j € {1,2}. The weight lattice P and the cone of dominant weights P*
are of the form

P =Zw1 + Zwo, Pt = Zzowl + ZZOWZ.

The dual weight w"-basis is defined by <1x1-, w]V> dij, i,j € {1,2}, and the dual weight lattice
PV is of the form

V= Zw) + Zwy .

The reflection ry, & € A, which fixes the hyperplane orthogonal to « and passes through the origin,
is for x € R? explicitly written as r,x = x — (&, x)a". The Weyl group W is a finite group generated by
reflections r; = ry,, i = 1,2. Half of the number of elements of the Weyl group W is denoted by

_ W

and the values of p are listed in Table 1.
Admissible shifts p, 1V € R? of the weight and dual weight lattices P, PV are defined as vectors
which preserve the Weyl group invariance of the shifted lattices [17],

W'+ PY) = i 4 P,
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For any irreducible crystallographic root system, all admissible shifts are classified in [17].
The admissible shifts of rank two root systems are listed in Table 1.

The two standard sign homomorphisms ¢(?), 1) : W — {41} are defined for any root system
onw € W as

oM (w) = detw.

The short sign homomorphism c® . W — {£1} is defined for the root systems with two
root-lengths C; and G, by its values on the generators ry, & € A. To the 7, of the short simple root, « is
assigned the value —1; to the r, of the long simple root, « is assigned 1. The long sign homomorphism
o) is given similarly, assigning the value —1 to the r, of the long simple root «.

For all root systems, the generalized o-vector 0(00) is defined as zero and the vector o(1?) as half
of the sum of the positive roots,

Q(O,O) — O’
Q(l’o) = w1 + wy.
The short and long g-vectors ¢(29), 930) which are halves of the sums of the positive short or

long roots, respectively, are listed for C; and G, in Table 1.
For the root system C;, which admits the non-trivial admissible shift y = %wz, four additional
minimal g-vectors in the shifted weight lattice are given as

2
Q(lll) — Q(zll) — a)l _|_ 7(4)2
Table 1. Simple roots of rank two irreducible root systems, short and long minimal weights o(20), o(30),

admissible shifts y, yv and the determinants of the Cartan matrices c.

c o) B0 4 v

(a1, 1) (wa, @2) Zag, a2 p
Ay 2 2 s 3 3 - - - -
Cy 1 2 s 4 2w wy jwr Y
Gz 2 % 5?7[ 6 1 wy w1 —

2.3. Four Types of Orbit Functions

The four types of special functions which correspond to the Weyl groups are recalled [3,5,6,9].
Each of these special functions together with an admissible shift induces a family of orthogonal
polynomials. Up to four types of normalized orbit functions (pf\]) : R? — C are parametrized by A € R?
and given in general form as

(pg\j) (z) =), o) (w) 20N 2) - 7 e R?, (13)
weW

where j = 0,1 for the root system Ay and j = 0,...,3 for C; and G;.

2.3.1. Orbit Functions of A;

The two types of orbit functions of A; are explicitly evaluated for a point with coordinates in
aV-basis (z1,22) and a weight with coordinates in w-basis (A1, A7),
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q)Eg\)l ) (Zl/ZZ) :e2ni(zlftl+22)\2) + e—Zni(zlAl —2pA —2pA3) + eZni(zlA1+z1A2—z2A2)

—27mi(z1A A —27mi(z1A Ay —2zoA 27i(z1 A9 —22A1 —22A
4+ e 2zt 2wt de—2oh) | p27i(21da—20M 2 2),

(1)

q)()\l Az) (Zl/ZZ) :ezn’i(Z])L1+Zz)\2) _ 6727ri(zl)\1722)\1fzz)\2) _ ezTIi(Zl)\l*FZl)\z*Zz)\z)

_ e—2ni(zlA2+z2A1) + e—27‘ci(21/\1+21/\2—22/\1) + eZni(zl/\z—zzx\l—zzx\z)'

2.3.2. Orbit Functions of C,

The four types of orbit functions of C; are explicitly evaluated for a point with coordinates in
aV-basis (z1,22) and a weight with coordinates in w-basis (A1, A7)

4)8)1//\2) (Zl,Zz) =2 COS(27T(21)\1 + 2214y — 2pA1 — Zz/\z)) + ZCOS(ZTL’(ZlAl — ZoA1 — Zz}\z))

+2 COS(ZTL’(Zl)\l + 22145 — Zz)\z)) + 2C08(27‘((Zl)\1 + Zz)\z)),
q)&)l’/\z) (z1,22) =2c0s(27(z1A1 4+ 221A5 — 2pA1 — 22A2)) — 2c0s(271(z1 A1 — 22A1 — 22A2))
- 2COS(27‘( Z1A + 22175 — 22/\2)) + ZCOS(ZTL’(ZlAl + Zz)\z)),

4’5?1,/\2)(21'22) = —2c0s(27(z1A1 + 22105 — 29A1 — 22A2)) — 2cos(271(z1 A1 — zaA1 — 22A2))

(3)

P00 (z1,22) = — 2cos

(
(27 (
+2c0s(27(z1 A1 + 2215 — 2pA3)) + 2cos(271(z1 A1 + 23A2)),
(271(z1A1 + 22145 — 20A1 — 22A0)) + 2 cos(271(z1A1 — 2oA1 — 22A2))
(27 (

—2c08(27(z1A1 + 22115 — 23A7)) + 2 cos(27(z1A1 + 22A2)).

2.3.3. Orbit Functions of G,

The four types of orbit functions of G, are explicitly evaluated for a point with coordinates in
aV-basis (z1,27) and a weight with coordinates in w-basis (A1, A7)
P 1) (71,72) =2008(27(221 M1 + 2140 — 3221 — 2242)) +208(27(221A1 + 212 — 322A1 — 222A2))

+2cos(27m(z1A1 + 210 — BzpA1 — 22pA5)) + 2 cos(27t(z1A1 — 32pA1 — 22A2))
+2cos(27(z1A1 + z1A2 — 2A3)) + 2 cos(27(z1 A1 + 22M2)),
(p&i/)\z) (z1,22) =2c0s(27(221A1 + z1Ap — 32A1 — 2pAp)) — 2c0s(271(221A1 + 212 — 3241 — 223A3))
+ 2C05(27‘L’(Z1)\1 + Z1)\2 - 322)L1 — 222/\2)) - 2COS(27‘[(21)\1 — 3ZQ)L1 — Zz)Lz))
—2c08(27(z1 A + z1A2 — 22A2)) 4+ 2cos(27(z1 A + 22M2)),
4)8\)1,/\2) (z1,22) =2i(—sin(271(2z1A1 + 21Xy — 3zpA1 — 22A3)) + sin(271(221 A1 + 212 — 3zoA1 — 220A5))
+ sin(Zn(zl/\l + z1Ap — 3zpA — 222)\2)) - sin(27r(zl)L1 — 325 — ZzAz))
—sin(27t(z1A1 + z1A2 — 22A2)) + sin(27(z1 A1 + 2272))),

408)1/)@ (z1,22) =2i(—sin(271(2z1A1 + z1A5 — BzoA1 — 2A)) —sin(271(221 A1 + z1A2 — 32pA1 — 22319))
+ Sil’l(ZT[(Zl/\l + Zl/\z - 322)\1 — 222)\2)) + sin(27r(zl)\1 - 322)\1 — Zz)\z))
+ sin(Zn(zl/\l +z1A — Zz/\z)) + Sil’l(Z?T(Zl)\l + 222\2))).

2.4. Discrete Orthogonality of Orbit Functions

The fundamental domain F of the affine Weyl group W2 and the dual fundamental domain F" of
the dual affine Weyl group W2 are for the rank two cases triangles with their vertices explicitly given
in [17]. For any sign homomorphism ¢, the boundaries of the subsets of the fundamental domains
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F7(u) C Fand F7V(u") C FY, with values of the admissible shifts ;z and " either zero or taken from
their classification in Table 1, follow from Equations (57) and (61) in [17]. The functions ¢ : R? -+ N
and hy; : R2 — N, M € N are determined by the orders of the affine stabilizers Stab,y.s(z) and
Stab ( ) via relations

Wi

) = Bty

hY,(z ‘Stabwaﬁ ( ]‘\Z/I) ‘ : (14)
The domains F7(j) induce discrete point sets F{;(u, ") C F,
Filn ) = |30+ PO nF o) (15)
and the domains F7" (u") determine the corresponding shifted weight sets

AL (u,u") = (u+P) N MF™ (). (16)

For any sign homomorphism ¢/) and any two labels A, A’ € A, (i, 1), the discrete orthogonality
relations of the rank two orbit functions are according to ([17] (Thm 4.1)) of the form

2 e(2)9V (2)9V) (2) = ¢ [W| M2, (M) 6y, (17)
ZGF" (W)

where c is the determinant of the Cartan matrix (11).

2.5. Orthogonal Polynomials

Common variables of families of orthogonal polynomials are for each root system defined via the
standard character functions ),

(P(l) (10)(2)
@) = —E——, rePh, (18)
(PQ(LO) (z)

The character functions are explicitly evaluated using the explicit forms of the antisymmetric
functions (p&”. The special role as variables of the orthogonal polynomials play fundamental characters
corresponding to the fundamental weights xw,, Xw,-

For a point with coordinates in aV-basis (z1,z2) and the fundamental weights w; and wy,

the fundamental character functions are explicitly calculated as

Ar: Yoo (21, 20) =203 4 o= 27ia1=22) | p2miz2 (19)
Xeoy (21, 22) =¢27i72 | 2ri(21=22) 4 p=27izy (20)
Cot X (21,22) =2c0827(2z1 — 2) + 2 cos(27z1) (21)
Xw,(21,22) =1+ 2cos27(2z1 — z3) + 2 cos(2mzy), (22)

Gyt X (21,22) =2+ 2c0os27(z1 — z3) + 2cos 27 (z1 — 2z5) + 2 cos(27zy)
+2cos27m(2z1 — 3zp) +2cos27t(z1 — 3z3) + 2 cos(27z1), (23)
X, (21,22) =1+ 2c0s27(2z1 — zp) + 2 cos 27(z1 — 2z3) + 2 cos(27zp). (24)

The fourteen families of two-variable orthogonal polynomials Uf\j’k) (

the dominant weights A € P, are induced by the relations

x1, x2), labelled uniformly by
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(1)
; @y Gk (z)
U89 (i (), 1 (2)) = 25—, A€ P,
(Pg(j,k) (z)

with the indices j, k taking the values

Ay: je{0,1}, k=0,
Cy: je€{0,1,2,3}, ke {0,1},
Gy: j€{0,1,23}, k=0.

2.5.1. Polynomials of A;

9o0f23

(25)

(26)

The lowest orthogonal polynomials (25) of variables x1, x5, given by relations (19) and (20), are for the first

kind USLO,O) of the following explicit form:

0,0
UEO,O; (xl, XZ) = 1,
0,0 1
UELO; (x1/x2) - gxll
(0.0) 1
Uy (¥1,22) = 332,
0,0 1 1
UEl,l; (x1,x2) gx1x2 5
0,0 1 1 1
UEm;("lf"Z) gx%xz - §x§ el
0,0 1 1 1
Ugmg (x1,%2) gxlxé - gx% g X

2.5.2. Polynomials of C;

The lowest orthogonal polynomials (25) of variables x1, x5, given by relations (21) and (22), are for the first

kind [USLO’O) of the following explicit form:

UE@S? (x1,x2) =1,

U ) = g,

U0 () = - 4,

UE%{;; (x1,x2) %quz — gxl,

V) = e pd - g g
UE%S; (%1, 22) = —ix% + %xlx% + %xlxz + %xl,
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and for the second kind U

The lowest polynomials of the short second kind U}

(1,0)
A

are of the form

Ugéjgi(xm) =1

Ugjgg(xlfxz) =X,

Ugé:(l);(xbxz) = x2,

Ugt(l);(xlij) =X1X — X1,

UE;Z?;(Xl’xz) = x%xz — x% — x% —xy+1,
[Ug’g;(xl,xz) = —x% + xlx% + x7.

(20)

and the polynomials of the long second kind U} are of the form

The lowest polynomials of the third kind U}

2,0
UEO,O;(xerQ) =1,
2,0
Ugl,oi(xbxz) =x,
(2,0 1
Ulon) (x1,%2) = 5302+ 5,
2,0 1 1
Ugl,li(xlrxz) 12— 51,
(2r0> 1 2 1 2 1 ) 1
Upn) (x1,22) = 5230 — 504 — 533 —x2 + 5,
2,0 1 3
UELZ;(XLJQ) - *X% + Exlxz + x1x2 + Exl/
(30)
3,0
Ugo,og (x1,x2) =1,
(3,0) 1
U(Lo) (x1,x2) = Exl’
3,0
Ugo,lg(xlfxz) =x—1,
3,0
Uglllg (x1,%2) = Jx1%0 — X1,
30 1, 1,
Ugllg(xl’xZ) = §x1x2 - Exl —-x5+1,
3,0 1 1 1
UELZ; G x2) = _Ex% + Exlx% ~pN%2 + x1.

(01 are of the following explicit form:

01
UgO,O; (xll x2) =1,
01 1
Ugl/(); (Xl, x) = §x1 1,
01
Ugollg (x1,%2) = —x1 + X2,
1 1 1
U((l)’i) (x1,%2) = —2%3 + 2x1%0 — 2x1 + 1,
1) 2 2 2
1 1 1
U0 (e, 20) = =228 + 2 + xp — B+ o3 — 12 +1,
21 2 2 2
01 1 1 1 3
Ugmg (x1,x2) = fix% — Zx%xz + Exlx% + Ex% -1,

are of the following explicit form:

10 of 23
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and the polynomials of the fourth kind [Ugll’l) are of the form

1,1
UEO,O; (xlz x2) =1,
1,1
UELO; (x1,%2) = x1+1,
1,1
UEOJ; (x1, %) =x1+x2+1,
1,1
UEM; (x1,%0) = x5 + x1x0 — 1,
1,1
UEZJ; (x1,%2) = %3 + x3x0 — Xy %0 — X3 — 2%] — 27,
vty (x1,%2) = —x% + x%xz + Xy %% — 2x% + x1x + 1.
12)

The lowest polynomials of the short fourth kind Ug\z’l) are of the following explicit form:

(x1,%2)
(x1,%2)
(x1, %) = —x1+x2+1,
( )= —xi+xx+1,

_ 3.2 2 _
( ) = —x7 + x7x2 + X1 — x5 + 2x1 — 2xp,
( ) = —x3 — x3xy + 11 %3 + 223 + x120 — 1,

and the polynomials of the long fourth kind [US?’U are of the form

Uggj(l);(xpxz) =1,

= Lo

Uion)ra22) =31+ 22

ST EYE N

Ugj;(xhxz) = %x‘;’ + %x%xz — X% = x5 - %xl —xtl
ViR = g+ g+ gud -2 1

2.5.3. Polynomials of G,

The lowest orthogonal polynomials (25) of variables x1, x2, given by relations (23) and (24), are for the first
kind TU(AO’O) of the following explicit form:

0,0
UEO,O;('XL X2) = 1/
0,0 1 1
Ugl,oi(xlf’@) =g
(00) 1.1
U(0/1>(x1/x2) - gxz g/
0,0 1 1 1 1 5
Uglrlg(xl,xz) = EX1X2 — 19(% + le + 69(2 + E,
00 1, 1, 1 1 1 1 1, 1. 1 1
ng,li(xlfb) =gt it lelx% + gx% + Ex% —ghxt gx% VL R e Ry
1 1 1 1 1 1 1 1
00 _ 4t o2 1t 3 12 1 1o t 1 1
(12) (0 X2) = 5N T 5 e N T MRt 3 - e T - g
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and for the second kind UE\I’O) are of the form

Uéé:g;(xl,xz) =1,

Uﬁ:g;(xlfxz) =xq,

U%:(l)g (x1,%2) = x2,

Uﬁ?; (x1,%) = X100 — %3 +x1 +1,

Uﬁiﬁ’i (x1,%2) = =3 + X3 + 003 + 03 + 22 +2x% — w0 — 1,
Uﬁg; (x1,%2) = X1%3 — X3 — %3 + x5 — x1 + X2

The lowest polynomials of the short second kind US\Z,O)

2,0
UEO,O% (xl/ xZ) = 1/
(20) L
Ul (¥, 22) = 521+ 520 — 5,
2,0
UEOJ; (x1,%2) =x2+1,
U(2r0)( )_1 _1 2+ - —
(1,1) X1,X2) = 2x1x2 sz X1 2x2/
2,0 1 1 1 3 1
UEz,lg(xl'XZ) =3+ Ex%xz +2x1x3 + ix% + Ex% + x1xp + Ex% x5
(2,0) 1 2 15 15, 1
U(l,z) (x1,x2) = S XX — 5X — 5 +x + 5

and the polynomials of the long second kind UE\3’O) are of the form
3,0
UEO,Oi(xl’ x) =1,
3,0
Uglloi(xl,xz) =x1—x+1,
(30) 11
U(O,l) (xll X2) 2x2 2/
3,0 1 1
UEl,l;(xl’xz) = §x1x2 - x% + Exl +x+1,
3,0 1 1, 33,1, 1 1
UEzlli(xl,xz) = —Ex% + 5¥1%2 + >%2 + F¥ ~ 5102 + S~ 2x9,
3,0 1 2 1 3 2 3 2 3 1 1
Ugllzi(xl,xz) = 5X10y — 5 = A + V2= 5¥ T 5N 5

2.6. Discrete Orthogonality of Polynomials

The X-transform is a mapping X : R> — C? defined for any x € R? as

X(x) = (Xeor (%), Xewr (%))

7xz_

12 0f 23

are of the following explicit form:

1
2/

For a non-trivial admissible shift y # 0, the point and label sets 0%1’1) (1V) and L%}l) (uV) are defined as

O3 ) = X (B () LY G0) = —a) + A% (o)

and for y = 0 the point and label sets Q%I’O) (uV) and L%fm (1) as

Ol () = X (R ), L3 () = =i + A% 0,1%).

The restricted X-transform XI(\]/‘I’k) (#"), which produces the transformed point sets ()

and (28), is one-to-one [16] and therefore the numbers of points and labels coincide [17],

(j.k)

27)

(28)

() via relations (27)
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ik ik
1 ()] = L3 ()1 29)

The discrete function € : Qg{l’k) (4V) — Nis defined for any y € Q%’[’k) (#V) by relation

. k -1

ft) =< (x5 0) ).
The polynomial weight functions w(/¥) (x;, x,) are defined by

. 2

W) (i (2), 1 (2)) = [0 (2)]
The weight functions w(00) (x1, x2) are constant,
w09 (x1,x5) = [W|? = 4p7,

and the non-constant polynomial weight functions w(/%) (x1, x;) are given explicitly as

0) X1,X2

C2 : w(lo

—xlxz 4x1 — 4x2 + 18x1xp — 27,

— 4x} + x3x3 + 22x3xy — 4x5 — 7x3 — 20x3 — 12x5 + 36,
—=4x2 — 16x, + 16,

) X1,%X2
0 (x1, %2
30) (x1,x7) = — 1633 + 4x3 + 24x, + 36,

: (x1,%2)
(x1,x2)
(x1,x2)
(x1,x2)
w(o’l)(xl,XZ) =8x1 +4xy +12,
(x1,%2)
(x1,x2)
(x1,x2)
(x1,%2)

) X1,X2) = —2x1 +x1x2+3x1 + 8x1x2 —4x2 8x1 — 8xp + 12,
2.1) X1, %) :2x1 + xle + 3x1 — 8x1xp — 4x2 + 8x1 — 8xp + 12,
) X1,X2) = —8x1 +4x, + 12,
. (1,0 _ 3 g2 2 3 4702
Gy:w X1,X2) = 4x2 + x1x2 + 26x1x2 7x2 4x] — 38x7xp + 26x1x5 + 32x5; — 47x7 — 58x1x7

— 1023 — 42x1 — 28x, + 49,
w29 (x1,x7) = — 4x3 + 1631 — 8x + 28,
w3 (x, x2) =16x3 — 4x3 — 40x1x, — 4x3 — 40x; — 8x + 28.

The discrete orthogonality of Weyl orbit functions (17) induces for all A,A’ € ng/}k)(yv) the discrete
(jik)

orthogonality of the bivariate polynomials Uy

Y #@y)wi () U ) U0 (y) = o (W] M2 (A + U0 -5, 00
yeQy (n)

3. Generating Functions

3.1. General Form of Generating Functions
(irk)

The method for constructing generating functions of bivariate polynomials Uy closely follows the method
for the classical Chebyshev polynomials in Section 2.1. Taking two supplementary variables 17, u; € R and
A = AMwy + Aws = (A1, Ag) € PT in w-basis, the corresponding generating functions oK) of UEQII()M)(xl,xz),
with indices j, k given by (26), are defined standardly as '

UK (31, 30, 101, 1) = Z U ' e X2)uy U2, (30)
A1,Ar=
The families of polynomials UEZ\’T)/\Z) (x1, xp) are from the power series vk (x1,xp, 11, up) generated by the

standard differentiation
1 oM o9k

2
)\1'/\2 au/\l au/\z (xl’ X2, 0, 0) (31)

UEZ\’];,)M) (21, 12) =
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The infinite sum in the defining relation (30) can be further evaluated. Considering |u1], |uz| < 1 and using
the formula for infinite geometric series, the following finite sum is obtained:

)
. Tt 9y (,k)(z)
00 (e (2), e ()11, m2) = )5 =gt

MA2=0 P ik (2)

1 o) (w) 2 we™,2) 32)
T e )
The functions in (32) need to be expressed as functions of
xl = X(Ull x2 = sz‘ (33)

It appears that the form of the resulting generating functions vU/%) is analogous to fractions (4)~(7). For each
vUk), there is a numerator function NU) of the form

j L ki, k
N(],k) ('xl/ X, Uq, uz) = Z [X({(ll,kz) (xll x2)u11 u22/ (34)
k1,k2=0

(k)
7 (kka)
and D,, common for all v(]'k), are of the form

with polynomial coefficients « (x1,x2) and the parameter p given by (12). Two denominator functions Dy

4
Dy (x1,x0,um) =1 — Z u;(m) u}fw m=1,2. (35)
k=1

The resulting general form of v(/¥) is

} (]r )( 2 )
0 B N k X1,X2,U1,Up 36
v X1,X2, U1, U2 Xo, U '

( 1 2 1 ) Dl()(l,)(z,u])Dz(x1/ 27 2) ( )

In the following, the explicit forms of the generating functions are listed. The explicit forms of all generating
functions are straightforwardly verified by substituting (33) into (36) and comparing the result directly to (32).

3.2. The Lie Algebra A;

The two numerator functions N(0) and N(19) are given as

6N(00) (x1, X2, 17, up) =6 — 4xpupy — dxquy + 2x1u% + (Bx1xp — 3)uquy
+ 2x2u% + (—Zx% + 2x2)u1u% + (—Zx% + 2x1)u%u2 + (%120 — 3)u%u%, (37)
N(l’o) (ul,uz) =1-— Uiy, (38)

and the denominator functions Dy, D, are

Dy (xl,xz, ul) =1—xqu + xzu% — u:f, 39)

Dy(x1,xp,up) =1 — xpup + xlu% — ug (40)

3.3. The Lie Algebra C;

The four coefficients txéi’ol
142
(1)
(k1/k2)
example, that the function N

) from (34) of the four numerator functions N (9) are listed in Table 2 while

of the four numerator functions NU-1) are listed in Table 3. From this table, one can see, for
(1,0)

coefficients «
is given as

N(1'0>(x1,u1,u2) =1+ up — xququp + u%uz + u%u%
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The two denominator functions Dy, D; are given as

Dq(x1,x,u1) =1 — xquq + (x2 + 1)u% - xlui3 + u%,

Dy (x1,%0,u2) =1+ (—x2 + V)ug + (3 — 2x2)u3 + (—xp + 1)u3 + 5.

Table 2. Coefficients a ’02{2) of the numerator functions (34) of C,.

(K1,
(0,0) (2,0) (3,0) (1,0)
(kl’ kz) Sa(kllkz) a(klrkZ) u(klrkZ) a(khkz)
(0,0) 8 1 1 1
(0,1) —6x5 +6 —ix+3 0 1
(0,2) 4x2 — 8xy —1x+3 -1 0
(0,3) —2xy 42 1 0 0
(1,0) —6x7 0 —Ix 0
(1,1) 5x1xp — 7x1 —x1 f%xl —X1
(1,2) —4X% + 9x1x2 + x4 %X1x2 — %xl X1 0
(1,3) 2x1%p — 4x7 —x1 0 0
(2,0) 4x, + 4 -1 1 0
(2,1) 2x2 —4x2 —2x,+ 6 X7 a2 —xp+1 1
(2,2) 3x2x) + X3 — 633 —8x2+6  —x2+3x)+ 3 —x 1
(2,3) 2x2 —2x3 —2x, +4 $x0+ 3 0 0
(3,0) —“2x; 0 0 0
(3,1) 2x1xp — 4x7 0 — %xl 0
(3,2) —2x3 + 52135 + 13 0 %x1 0
(3, 3) X1Xp — 3.’X1 0 0 0
Table 3. Coefficients “8;113(2 ) of the numerator functions (34) of C,.
k1, k2) a(orl) a(lfl) a(zll) a(3/1)
(ka, k2 (k1 k) (F1.k2) (k1 k) (Fk1.k2)
(0,0) 1 1 1 1
(O,l) —x1+1 x1+2 —x1+2 x1+1
(0,2) x—1 1 1 —x—1
(0,3) -1 0 0 —1
(1,0) —1x -1 1 -1 —Ix +1
(1,1) a2 —x +x —X1—Xy —Xx+x —3xa3 —x1 —x
(1,2) —x2 4+ 1x 41, —x¥1—X —X+x 2+ —x
(1,3) x—1 1 -1 x+1
(2,0) fx1+1 0 0 —Ix+1
(2,1) %x%— %xlxz—xl—xz—&—Z 1 1 %x%+%x1x2+x1—x2+2
(2,2) 12+ dxpxg — 21 + 1 X1 +2 —x1+2 $x2 — Ixpxg — 210 +1
(2,3) %xl —x 1 1 —lx1—x
(3,0) ~1 0 0 1
(3,1) —%xl—‘er 0 0 —lxl — X
(3,2) —%x%—&—xg 0 0 %x%—xz
(3,3) tx —1 0 0 tx+1
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3.4. The Lie Algebra Gy

The coefficients (X(O,O) of the numerator function are listed in Table 4, the coefficients a(l’o) , a(z’o) are
(k1.k2) (k1,k2)” ™ (k,kz)
listed in Table 5 and the coefficients “EZOIEZ) are listed in Table 6. The two denominator functions Dy, D, are

given as

D1(x1,x2,u1) =14+ (—x1 +x0 + 1)ug + (x% —3x1% —2x1 — xp + 1)u%
+ (Zx% — x% —4x1x9 — x% —4x; —2xp + 1)u? + (x% —3x1% —2x1 — xp + 1)u‘1L
+ (=% +x0 + 1wl +ub,

Dy (x1, %, u2) =1+ (=x2 + Dug + (x1 + 1)u3 + (=33 +2x1 + 1)u3
+ (1 + D)ud + (—x2 + 1)u3 +ub.

Table 4. Coefficients 0422’1())2) of the numerator function (34) of G,.

(K1, k2) 12 "‘é%ﬁ?cz)

12
—10x, + 10
8x1+8
—6x% +12x1 + 6
4x1 +4
—2xp +2
—10x1 4+ 10x, + 10
9x1xp — 113 — 5x1 + 2x + 13
2x§ — Bx% + 3x1xp — x% +x14+2x+9
6x1x5 — 6x3 — 1223 + 10x1xp — 4x3 4 631 + 2x7 + 12
—4x% + 4xq1x0 + Zx% — 2%y +8
2X1xp — Zx% —2x1 —2xp+ 4
8x3 — 24x1xp — 16x1 — 8xp + 8
—8x5 +25x1 %3 + 7x3 — 2x3 — 6x1x2 + 7x3 — 17x7 — 11xp + 9
7x1xg - x‘% - 21x%x2 + 3x1x% + 11x]% - 19x% —29x1xp — 5x§ —13x1 —7x, 4+ 10
—6x3 + 30x1x3 — 35x3x2 + 11x1x3 + 16x3 — 27x% — 35x1xp — 11x3 — 12x1 — 2%, + 11
4x1x5 — 12x3xp — x93 +3x5 — 8x3 — 8x1x0 — x5 — 7x1 + X2 +5
—2x% + 6x1x% + Zx% — X1Xx2 + 3x% —9x1 —6x —1
12x5 — 6x3 — 24x1xp — 6x3 — 24x7 — 12x, 4+ 6
—12x5 + 6x3x + 23x7x3 + 19x3 — 4x7 — 2xyxp + 7x3 — 23x1 — 23x, 45
13x7x5 — 3x5 — 633 — 26x2x5 + 2x7x5 + 13x3 — 30x7 — 40x1xp — 17x7 — 13xp + 11
—10x3 + 5x5x3 + 40x1x5 + 5x3 — 10x3 — 42x3x; + 14x7x5 + 26x3 — 47x7 — 62x1x,
—14x3 — 1631 — 16x + 17
9xyx3 — 3x5 — 4x3 — 18x%xp + 4x1x5 + 9x3 — 20xF — 28x1xp + 2x3 — 11x7 — 9xp +9
—436‘2l + 2x%x2 + 7x1x% + 7x% —2x1x7 + 3x% —7x1 —11xp +1
4x3 — 12x1xp — 8x7 —4xp +4
—4x§ + 12x1x3 + 4x3 — 3x1x7 4+ 5%3 — 13x7 — 10xp + 1
4x1x§ — 12x%x2 — xlx% + 3x% - 8x§ — 8x1xp — x% —7x1+x2+5
—4x3 + 20x1x3 — 23x3xp + 7x1x3 4+ 125 — 1933 — 2521 x5 — 9x3 — 12x1 49
3x1x5 — x5 — 9x3xp 4+ 3x1x3 + 7x5 — 11x% — 13373 —5x5 —9x1 —3x2 + 6
—2x§ + 7x1x§ + x% — Zx% + x% —5x1+x+3
—2x1+2x +2
2x1xp — 2x3 — 2x1 — 2xp + 4
—2x2 4 2x1x9 + Zx% —4x, +6
2x1x% - ng - 4x% + 2x1xp +2x1 —2xp + 8
Zx% —2x7 — 3x1x2 — x% +x1—4x+3
X1Xp — 3x§ +3x1 +2x +5

=}
o

D N N N

~

AR aSE S N DN
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POWWLORWNNNNMNNNRPR,RPRPRPPRPPRPPRPOOO000
NN GNEN NSNS NN 2 NN R AN R 2NN )

W NP, QUL WN P, OOk WNRFE OO WN -

s
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. . 1, 2, .
Table 5. Coefficients uthO]ZZ), “§k10)2 ) of the numerator functions (34) of G,.
(20) (1,0)

(1, k2) % (s k) % (ks k)
(0,0) 1 1
(0,1) 2 1
(0,2) —X2 +1 0
(0,3) 2 0
(0,4) 1 0
(1,0) —3x 30+ ) Y +1
(1,1) —x3—3x1+ 3%+ 3 —x3+x1 +x2+2
(1,2) X1%2 — X3+ x4+ 1 x+1
(1,3) —2x1 +xp +2 —xy+1
(1,4) —x1+x+2 1
(2,0) —Ixxp+ g+ i+ xo +1
(2,1) %xlx%Jr%ng %x%f?)xlxzf %xl — %X2+1 7x%+xz+1
(2,2) —x‘21+3x1x§+3§—%x%—%xlx%-&-x%—xl—%xz-&-% xlxz—x§+x1+2x2+1
(2,3) 2x§27x1x27%§57791c1 7x23+% —x5+x+1
(2,4) x21—3x1x2— gxl +3x0+ 5 x+1
(3,0) L, MmNy ) 1
(3,1) \ :z;‘lxz + ixzzf %X13x2 B x% — ?x% —2xp — H . —xp +1
(3,2) —x21+ S XX 4+ 2x1x5 + 713(2 — X7+ ix%l— 2x1 — 5%+ 5 x1+1
(3,3) 7x1x§+%x372x%7 73x1x27x%7 X 72x2+% fx%+x1+x2+2
(3,4) 2xg—x%—%x1x2— %x%—%)q —2x2+% X +1
(4,0) X1 — 5% — 3 0
(4,1) qlxlszr%x%f %xl —x3 71% 0
(4,2) FX] — 3X1X2 — X| — 5X2 — 5 0
(4,3) —Inad+ 33+ 13 —3xxy — Sy — 41 1
(4,4) ngjx]xzf%ng 5x1 7x2+% 1
(5,0) 1 0
(5,1) X 0
(5,2) —X1 — Xo 0
(5,3) x% 71 %xl 71 %XZ t% 0
(5,4) —53X1— 53X+ 5 0

Table 6. Coefficients oc(3’0122> of the numerator function (34) of G,.

(k1
(3,0)
(1, k2) (k1 k2)
0,0 1
, —3 g
, %xz - %
, -1
2

1,2 5
PR R
%5 1— 5X1X2 ;&- 5X1 3— 5X2 1&- 1
—3X1X2 + X1 — 3X2 + 2
1
35 -t
1 1
—§X2+§
—x1+x+1
3 3
xlxz—zx%+x2+7
-3 -xd+xn+i
1,,2_ 1,37 12 1,2 1 1
L A N T BT A R
—§1x22+x1xz+x2+§
2% M X2 g
2
7%9{24’%
7%x%+2x1+x2+%
1 2.5 3 3
—5Xy + 5X1X2 + X1 + 5X2 + 1
PRI R )

—xp+1
x1+1
7x§+2x1+2
X1—%XZ+%
—%xz-ﬁ-%

AR ERRRPRE OOV ONNNNNNR, R, RRrRr R, RPO0 0
Gk QNP OUTd WN = OOl WN P OU kR WN PR OWN -
T I S L S D S S o S D D S o o o D D o o o oo

Py
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4. Explicit Formulas for Polynomials

4.1. General Form of Evaluating Formulas

The goal of this section is to derive the explicit formulas of the two-variable orthogonal polynomials
from their generating functions. The explicit formulas are derived by generalizing an evaluation procedure for
Chebyshev polynomials of the first and the second kind [4] and using the Bell polynomials. The incomplete
exponential Bell polynomials B; ; are defined [29,30] for a sequence of variables (1, t,,...) and a set of indices

]'1,]'2,... c 720 . ‘
I tl)h (t2>/2

Bip(ty,ta,...) = — — = 41

Le(ti,ta, ) Mz;”:k AR (1! 5 (41)

]‘1+2]‘2+...:l

The sequence of K-polynomials of p variables K;(y1,...,yp), | € Z, with the number p associated to the
Weyl group of each rank two algebra by relation (12), are introduced via the Bell polynomials By for I € Z=0 as

K[(yl, . /yP l' Zk'Blk 1'y1,2|y2,.. ,p! yp,O 0,. ) (42)

and for !l € Z<9 as
Ki(y1,--.,yp) = 0. (43)

Using the K-polynomials, the general form of the evaluating formulas is for each class of two-variable
polynomials determined in the following theorem.

Theorem 1. The two-variable polynomials (25) are of the form

o (,x) -y & K @ el K, @, e, (44)
k],kz 0

with the numerator coefficients ol ( 3{ ) determined by (34) and the denominator coefficients ak deflned by (35).

Proof. Applying the Faa di Bruno’s formula [29] to expand each function 1/D,, as power series of u,,, the
following expansions involving K-polynomials (42) are obtained:

L NS m im0
D—m:ZKI(ul P Yuy,, m=1,2.

Taking into account the convention (43), the generating function of the form (36) is then expanded into the
power series as

NGk
D1D2 IIZ: Kj (a ,...,ag,l))Klz(af),...,a;))ulllulzz
1,42
E e NNt R (N C N N A
- Z Z D‘(kl,kz)Kh(“l sy Ky (@™, ey ud g
11,12=0 k1 k2 =0
O Gk MW @ @y n
=Yy Y ’X(khkz)K/\rkl(al R PR SN [ P g LA TAK (45)

)\1 ,)\210 k1 ,k2=0
Comparing the resulting power series expansion (45) to defining relation (30) yields the result. [

The K-polynomials are for each rank two case further explicitly evaluated in the following sections.
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4.2. K-Polynomials of A

For the case A, the K-polynomials of three variables K;(y1, Y2, y3) are brought to the compact form

o~

I L5
Ki(yy2,y3) = )

k= [é] Jjz=max

2k—I+js 1—k—2j5_j3
J k! vy Yo Y3

0,1—2k} ( l+]3) (l _k_2j3)!j3!,

*MN\

where [ ] and | | denote the ceiling and the floor function, respectively. The several first K-polynomials of A; are
given as

Ko(y1,v2,¥3

Ki(y1, Y2, ¥3 ]/

Ka(y1,v2,¥3 2 b,

K

Ka(y1,y2,y3) =y1 +3yiva + 2v1y3 + 3,

v +4yiy2 + 3ytys + 3y1yz +2y2y3,
=18 + 5y1y2 + 4y3ys + 6y3Y5 + 6y1v2y3 + 13 + V3-

( )=
( )
( )=
3(y1,¥2,93) =V + 2192 + v3,
( )=
Ks(y1,y2,¥3) =
Ke(y1,¥2,y3)

Example 1. Utilization of K-polynomials in evaluation formula (44) is demonstrated for the polynomials U 3) and U g
of Ay. Taking into account the numerator coefficients in (37), (38) and denominator coefficients (39) and (40), the polynomml
u0 ;

(23) is calculated as

6U 5 (31, %2) =6Ka(x1, — 2, 1)Ks (xa, —31,1) — 40:Ka (x1, —x2,1)Ka (22, —x1,1)
—4x1Ky (x1, —x2, 1)K3(x2, —x1,1) + 2x1 Ko (x1, —x2, 1)Ky (22, —x1, 1)
+ (3x1x2 — 3)Kq (1, —x2, 1)Ko (x2, —x1,1) + 2x2Ko (x1, —x2,1)K3(x2, —x1, 1)
+ (=227 + 2xp) Ky (31, —x2, 1)Kq (32, =1, 1) + (=225 + 2x1 ) Ko (x1, —x2, 1)Ky (x2, —x1, 1)
+ (x1x2 — 3)Ko(x1, —x2,1)Kq (x2, —x1,1)

=x3x5 — 3x3xp — 2x3 + 6x123 + 3x7 — 7x,

and similarly the polynomial Ugg; is calculated as

1,0
U§2,3; (xlr x2) :KZ(XI/ —X2, 1)K3(X2, —X1, 1) - Kl (xl/ —X2, 1)K2(X2, —X1, 1)

=x3x3 — 2x1x2 — x5+ x5 4203 — xp.

4.3. K-Polynomials of C
For the case Cp, the K-polynomials of four variables K;(y1,y2,y3,y4) are of the form

1,

=~

[y Ok—I+j3+2js 1—k—2j3=3js_j3_ ja
: > kv Yo Y3Ys

(2k — 1+ j3 + 2j)' (1 — k — 2j3 — 3j3)!j3lja!”

‘MN\

!
(yllyzly?)l y4 Z
k=[11 73

0 jy=max{0,[ “551}

The several first K-polynomials of C; are given as

Ko(y1,¥2,Y3,Y4) =

Ky (y1,v2,¥3,Y4) y

Ka(y1,¥2,y3,¥4) = 1 1+,

K3(y1,y2,y3,y4) =¥ + 2192 + 3,

Ky(y1,y2,¥3,¥a) =Y +3¥7v2 + 20193 + Y5 + Ya,

Ks(y1,Y2,¥3,¥a) =Y3 +4¥3Y2 + 3¥7ys + 3y193 + 2y194 + 2Y2Y3,
( )=

Ko (y1,Y2,Y3,v4) =Y + 5y1y2 + 4y3y3 + 6y1y3 + 3yiys + 6y1v2y3 + 3 + 2y2y4 + 3.
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4.4. K-Polynomials of G

For the case Gy, the K-polynomials of six variables K;(y1, Y2, Y3, Y4, Y5, Y¢) are of the form

2k— 1+]3+2]4+3]5+4]6 1—k— 2]3 3]4 4]5 5]5 ]3 ]4 ]5 ]5
kyy Y2 Y3Y4Ys5Ye

(2k =1+ j3 + 2ja + 3js + 4j6) 11 — k — 2j3 — 3js — 4j5 — 5j)!ja!ja!js !

Ki(y1,v2, 93,9295, Y6) = Y
k,j3,ja.j5.J6

with the indices in the sum taking values

k:H L,

j=0... %
j1=0... %
js =0... % ,
jo —max_{o, V_Zk_]’34_2f4_3f51},,. V_k_21'35— 3j4—4j5J .

The several first K-polynomials of G, are given as

Ko(y1,Y¥2,Y3, Y4, Y5, Y6) =1,
K1(y1, Y2, Y3, Y4, Y5, Y6) =41,
K2 Y1,Y2,Y3, Y4, Y5, Ye yl + Y2,

( )

( )

( )
K3(y1,Y2,Y3, Y4, Y5, Y6) =Y + 212 + V3,

( )

( ) =

( ) =

K4 Y1,Y2,Y3, Y4, Y5, Ye 1+3y1y2+2}/1y3 +}/z +y4/
Ks(y1,Y2, Y3, Y4, Y5, Ve 3 +4y3y2 + 3ytys + 3y1y3 + 201ya + 2923 + ys,
Ko (y1,Y2,Y3, Y4, Y5, Y6) =Y§ + 5Y1v2 + 4y3y3 + 6y1y5 + 3y7va + 6y1y2Y3 + ¥3 + 2415 + 2Y2¥a + Y3 + Ye-

5. Conclusions

The explicit evaluating formulas (44) comprise the family of p-variate case-dependent polynomials K;. The
construction of the K-polynomials from truncation formula (42) relies on solving the two indices” equations
inside definition (41) of Bell polynomials B; , with respect to j; and j,,

i+t +ip=k
i +22+-+pjp=1L

Compared to calculation by a direct differentiation from (31) and by recursive formulas, the Formula (44)
indeed represents efficient and straightforward means of evaluation of any given polynomial Ugj’k).

Two distinct renormalizations of polynomials Ugf’k), inherited from normalizations of the underlying orbit
functions, are mainly used throughout the literature [2,3,31-33]. Between the normalized orbit functions
(13), summed over the entire Weyl group W, and orbit functions @E\j), added over the group orbit O(A) only,

holds the following relation:
o =mgy,

where 11y = |StabyyA| denotes the order of the stabilizer of A € R? in the group W. Thus, the two polynomials

UE\ ") and the polynomials U( % induced by q)( /) are intertwined as
k) _ Mae 561k
Uy = Uy™.

Ry
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e  Three principal choices of the variables of the polynomials Ugf’k) and @ﬁ\j’k) and their corresponding generating
functions are available. The present fundamental character variables x; and x;, the fundamental normalized

symmetric orbit functions variables ¢; = ¢E(1)>0), = (pgg)l ) and the fundamental symmetric orbit functions
0) = _ 50

variables ¢] = ¢ (10 2 = P(o1) satisfy the following linear transformations:

Ay 0 =201 = 2xq,
cp =20 = 2x7,

Cp: 1 =207 = 2x7,
Cp =20 = 2xp — 2,

Gy : ¢ =201 = 2x1 —2xp — 2,
Cp =20 = 2xp — 2.

e  Generating functions represent an efficient tool for analyzing the symmetries of the generated polynomials.
The symmetries of the C, generating functions

v<j,0) (_x1, X2, —Uy, MZ) = UU/O) (Xl, uy, uq, uZ)/

0O (—xy, x5, —ug, up) = 0OV (x1, Uy, u1, up),

L) (7x1/ X2, —U1, u2) = 0(2,1) (xll Ui, uq, le),

v(
generalize the parity properties of the classical Chebyshev polynomials (8)—(10) for the case C; in the
following six relations:

(7.0) (
Ui, (
0,1 /1
UEM,)M) (—x1,%0) = (—1)/\11[}2/\13\2) (x1,x2),
( (
( (

U ;’11,))\2)(—351,362) = (-nMU

(~x1,7) = (~1)NU

Similar parity properties do not appear for the cases A, and Gy.
e  The advent of generating functions in the representation theory of Lie groups can be traced to papers of

Cayley [34] and Sylvester and Franklin [35], which predate the emergence of the representation theory of
Lie groups. In the terminology that is challenging to a contemporary reader, they calculated the generating
functions for the structure of polynomial rings, where the variables are transforming under irreducible
representations of SU(2) of dimensions 2,3, .. .,13. A group theoretical "interpretation’ of their results came
a century later [26]. Invaluable information provided by such generating function is about the existence,

degrees and structure of the syzygies that are present in such rings.

e  The current fourteen generating functions of bivariate polynomials include for completeness the five bivariate
cases from [31-33]. The present calculation procedure as well as the procedure in [31-33] is based on
case-by-case analysis of the given Lie algebra. Expressing the general form of character generators [19]
in rational polynomial form potentially yields the polynomial generating functions v(1%)

Specific polynomial form of character generators together with the polynomial generating function of the

remaining polynomial classes deserve further study. Even a more challenging and deep problems poses

formation of polynomial generating functions for the entire class of Heckman-Opdam polynomials [7].

for any case.
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