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Abstract: The main topic in this article is to define and examine new sequence spaces bs(F(s, 7))
and cs(F(s,r))), where F(s,r) is generalized difference Fibonacci matrix in which s,r € R\ {0}.
Some algebric properties including some inclusion relations, linearly isomorphism and norms defined
over them are given. In addition, it is shown that they are Banach spaces. Finally, the a-, - and
v-duals of the spaces bs(F(s,7)) and cs(F(s,r)) are appointed and some matrix transformations of
them are given.

Keywords: Fibonacci numbers; Fibonacci double band matrix; sequence spaces; difference matrix;
matrix transformations; «, , y-duals

1. Introduction

Italian mathematician Leonardo Fibonacci found the Fibonacci number sequence. The Fibonacci
sequence actually originated from a rabbit problem in his first book “Liber Abaci”. This sequence is
used in many fields. The Fibonacci sequence is as follows:

1,1,2,3,5,8,13,21,34, ...
The Fibonacci sequence, which is denoted by (f,,), is defined as the linear reccurence relation
fn = fa1+ fa-2.
fo=1,f1 =1and n > 2. The golden ratio is

lim fn+1 _ 1 + \/5
n—oeo  fy 2

= ¢ (Golden Ratio).

The Golden Ratio, which is also known outside the academic community, is used in many fields
of science.

Let w be the set of all real valued sequences. Any subspace of w is called the sequence space.
¢, cg and /. are called as sequences space convergent, convergent to zero and bounded, respectively.
In addition to these representations, ¢1, bs and cs are sequence spaces, which are called absolutely
convergent, bounded and convergent series, respectively.

Let us take a two-indexed real valued infinite matrix A = (a,;), where 4, is real number and
k,n € N. A is called a matrix transformation from X to Y if, for every x = (x;) € X, sequence
Ax = {A,(x)} is A transform of x and in Y, where

An(x) = Zankxk 1)
k
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and Equation (1) converges for each n € N.
Let A be a sequence space and K be an infinite matrix. Then, the matrix domain Ak is introduced by

Ak ={t=(f) €ew: Kt € A}. )

Here, it can be seen that Ak is a sequence space.

For calculation of any matrix domain of a sequence, a triangle infinite matrix is used by
many authors. So many sequence spaces have been recently defined in this way. For more details, see
[1-22].

Kara [23] recently introduced the F which is derived from the Fibonacci sequence (f;) and
defined the new sequence spaces ¢, (F) and («(F) by using sequence spaces ¢, and /«, respectively,
where 1 < p < oo. The sequence space £, () has been defined as:

A A
((F)={xcw: Fxel,}, (1<p <o),
where F = (f,) defined by the sequence (f,;) as follows:

_funa —
[ k=n-1,

fnk‘ fn+1/ k_n’
0, 0<k<n—1lork>n,

for all k,n € N. In addition, Kara et al. [24] have characterized some class of compact operators on the
spaces (,(F) and o (F), where 1 < p < co.

Candan [25] introduced c(F(s, 7)) and co(E(s, r)). Later, Candan and Kara [15] have investigated
the sequence spaces £, (F(s,r)) in which 1 < p < oo,

The -, B- and y-duals P%, PP and P? of a sequence spaces P are defined, respectively, as

P* = {a=(ay) €ew: at = (axty) € {1 forallt € P},
PP = {a=(ax) €w: at = (ayt) € csforallt € P},
P" = {a=(ay) €w: at = (axty) € bsforallt € P},

respectively.

In Section 2, sequence space bs(F) and cs(F) are defined and some algebric properties of them are
investigated. In the last section, the a-, 8- and -duals of the spaces bs(F) and cs(F) are found and
some matrix tranformations of them are given.

2. Generalized Fibonacci Difference Spaces of bs and cs Sequences

In this section, spaces bs(F(s,7)) and cs(F(s, 7)) of generalized Fibonacci difference of sequences,
which constitutes bounded and convergence series, respectively, will be defined. In addition, some
algebraic properties of them are investigated.

Now, we introduce the sets bs(F(s,7)) and cs(F(s,7)) as the sets of all sequences whose
F(s,7) = {fu(s,r)} transforms are in the sequence space bs and cs,

n
) (skak + rkaxkl) < oo} ,
k=0 f k+1 f k

cs(F(s,r)) = {x:(xk)EuJ: 3 (skak+rfk+1xk1>€c},

=0\ fem i

bs(E(s, 7)) = {x— (xx) €Ew: sup

neN
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where F(s,7) = {fux(s,7)} is

pln k=n-1,
fi’lk(sl 7’) = Sffn 7 k - n/ (3)
n+1
0, k<n—1lor0<k>mn,

for all k,n € N wheres,r € R\ {0}. Actually, by using Equation (2), we can get

bs(F(s,r)) = (bs)ﬁ(s,r) and cs(F(s,r)) = (cs)ﬁ(

sr)”

With a basic calculation, we can find the inverse matrix of £(s, ) = {f,x(s,7) }. The inverse matrix
of E(s,7) = {fu(s, 1)} is F~l(s,7) = (f;kl (s,r)) such that

1(_ryn—k fap
fil(s,r) = s(=9)" o 0sk<mn 4)
0, k>n,

forall k,n € N. If y = (y,) is F(s, r)-transform of a sequence x = (x,), then the below equality is
justified:

v = (B(s,1)x)n = { . Y ©)
smxn + rf—nxn,l, n>1,
for all n € N. In this situation, we see that x,, = F~1(s, r)y,ie.,
S f721+1
Xn = k;)g(—g) Wyk (6)

foralln € N.

Theorem 1. bs(F(s,r)) is the linear space with the co-ordinatewise addition and scalar multiplation.
Proof. We omit the proof because it is clear and easy. [

Theorem 2. cs(F(s,r)) is the linear space with the co-ordinatewise addition and scalar multiplation.
Proof. We omit the proof because it is clear and easy. O

Theorem 3. The space bs(E (s, 1)) is a normed space with

1% s (s y) = sup

C (s Sk e
k;’) (sfk+1xk+r fr xkl)" )

Proof. It is clear that space bs(E(s, 7)) ensures normed space conditions. []

Theorem 4. The space cs(F(s,r)) is a normed space with norm Equation (7).

Proof. It is clear that normed space conditions are ensured by space cs(F(s,7)). O
Theorem 5. bs(F(s,r)) is linearly isomorphic as isometric to the space bs, that is, bs(F (s, r)) = bs.

Proof. For proof, we must demonstrate that bijection and linearly transformation T exist between the
space bs(F(s, 7)) and bs. Let us take the transformation T : bs(F(s, 7)) — bs mentioned above with the
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help of Equation (5) by Tx = E(s, r)x. We omit the details that T is both linear and injective because
the demonstration is clear. [J

Let us prove that transformation T is surjective. For this, we get y = (y) € bs.
In this case, by using Equations (6) and (7), we find

pis frn )
X\ ps(E(sr = su ——Xj +r——
ey = |35 (s imcs i
n k
fk 1 T'\k— sz+l
= su §——— ——(= j
neg lgz()[fk+l 1; S( S) flfl+ly

@ 71_1 k—i—1 fk .
o (g S )H

Zyk

k=0

= sup
neN

= [[Yllps -

This result shows that x € bs(F(s,7)). That is, T is surjective. At the same time, this result also
indicates that T is preserving the norm. Therefore, the sequence spaces bs(F(s,r)) and bs are linearly
isomorphic as isometric.

Theorem 6. The sequence space cs(F(s,r)) is linearly isomorphic as isometric to the space cs, that is,
cs(F(s,r)) = cs.

Proof. If we write cs instead of bs and cs(F(s,r)) instead of bs(F(s,r)) in Theorem 5, the proof will be
demonstrated. O

Theorem 7. The space bs(E(s,r)) is a Banach space with the norm, which is given in Equation (7).

Proof. We can easily see that norm conditions are ensured. Let us take that x = (x;{) is a Cauchy
sequence in bs(E(s,r)) for alli € N. By using Equation (5), we have

forall i,k € N. Since x’ = (x}) is a Cauchy sequence, for every & > 0, there exists 19 = n9(¢) such that

i .m _ fk i @ _m
’x * bs(E(sr)) ilelg 1;( fk+1(xk € fr (xk xkl))’
= sup Z(yk )| = v -y, <e
neN (k=

for all i, m > ny. Since bs is complete, y' — y (i — o) such that y € bs exist and since the sequence
spaces bs(F(s,r)) and bs are linearly isomorphic as isometric bs(F(s, 7)) is complete. Consequently,
bs(F(s,r)) is a Banach space. [

Theorem 8. The space cs(F(s,r)) is a Banach space with the norm, which is given in Equation (7).

Proof. We can easily see that norm conditions are ensured. Let us take that x = (x;() is a Cauchy
sequence in cs(F(s, 7)) for all i € N. By using Equation (5), we have
fr Jir1

yk - Sixk + Tixk 1

fera
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for all i,k € N. Since x' = (x;() is a Cauchy sequence, for every € > 0, there exists 19 = ny(¢) such that

x— x| = su ( fi xi —l—rM 1 — X )
‘ es(F(s,r) e k;) fk+1( k) Jr (o1 = 3i0)
= sup yi—yl <e
sup |3 (v~ #) -

for alli,m > ny. Since cs is complete, ' — y (i — o) such that y € cs exists and since the sequence spaces
cs(F(s,r)) and cs are linearly isomorphic as isometric cs(F(s, 7)) is complete. Consequently, cs(E(s, 7)) is
a Banach space. O

Now, let A = (a,;) be an arbitrary infinite matrix and list the following:

sup)_ [a,| < oo, ®)
neN g
lilgnank =0foreachn € N, )
m
sup) Z Ak — Ap 1) | < 0, (10
m "k |n=0
lim) ‘a,, = a foreachk € N, x € C, (11)
"k
SUpY . |ank — Ay ji1| < oo, (12)
nok
lima,; = ay foreachk € N, o € C, (13)
n
sup | Y Y (@uk — nji1)| < 0, (14)
N,KeF |neNkeK
sup |3 Y (@ — ap-1)| < oo, (15)
N,KeF |neNkekK
lign(ank —ayk41) =aforeachk e N, a € C, (16)
nlglgo; |k — Anin| = Xk: ’T}iilgo(ﬂnk —Anii1)| s (17)
sup liinank < 09, (18)
n
r}l_l;&; @k — ay 41| = 0 uniformly in n, (19)
m
Y (@uk — appi1)| =0, (20)
=0
m
Z (ank - an,k+1) = Z Z(ank - an,k+1) ’ (21)
n=0 k| n
sup | Y ) [k — anpi1) — (@n—1f — Gn—1p11)]| < 0, (22)
N,KeF |neNkeK
m
sup limZank < (23)
meN | * 420
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Ja € C > Zank = oy foreach k € N, (24)
n

sup Z Z [(ank - anfl,k) - (”n,kfl - anfl,kfl)] < oo, (25)
N,KeF |neNkeK

where F denote the collection of all finite subsets of N.
Now, we can give some matrix transformations in the following Lemma for the next step that we
will need in the inclusion Theorems.

Lemma 1. Let A = (a,x) be an arbitrary infinite matrix. Then,

(1) A = (ay) € (bs, L) iff Equations (9) and (12) hold (Stieglitz and Tietz [26]),

(2) A = (au) € (cs,c) iff Equations (12) and (13) hold (Wilansky [27]),

(3) A = (ay) € (bs,lq) iff Equations (9) and(14) hold (K.-G. Grosse-Erdman [28]).

(4) A = (au) € (cs, 1) iff Equation (15) holds (Stieglitz and Tietz [26]).

(5) A = (ay) € (bs,c) iff Equations (9), (16) and (17) hold (K.-G. Grosse-Erdman [28]).

(6) A = (ay) € (cs, o) iff Equations (12) and (18) hold (Stieglitz and Tietz [26]).

(7) A = (au) € (bs,c) iff Equations (9) and (19) hold (Stieglitz and Tietz [26]).

(8) A = (au) € (bs,csg) iff Equations (9) and (20) hold (Zeller [29]).

(9) A = (au) € (bs,cs) iff Equations (9) and (21) hold (Zeller [29]).

(10) A = (au) € (bs,bv) iff Equations (9) and (22) hold (Zeller [29]).

(11) A = (au) € (bs,bs) iff Equations (9) and (10) hold (Zeller [29]).

(12) A = (au) € (cs,cs) iff Equations (10) and (11) hold (Hill, [30]).

(13) A = (ay) € (bs,bvy) iff Equations (12), (19) and (22) hold (Stieglitz and Tietz [26]).

(14) A = (ay) € (cs,co) iff Equation (12) holds and Equation (13) also holds with ay = 0 for all k € N
(Dienes [31]).

(15) A = (au) € (cs, bs) iff Equations (10) and (23) hold (Zeller [29]).

(16) A = (ay) € (cs,csp) iff Equation (10) holds and Equation (24) also holds with o = 0 for all k € N

(Zeller [29]).

(17) A = (ay) € (cs,bo) iff Equation (25) holds (Zeller [29]).

(18) A = (au) € (cs,bvy) iff Equation (25) holds and Equation (13) also holds with ay = 0 for all k € N
(Stieglitz and Tietz [26]).

Theorem 9. The inclusion bs C bs(E(s,r)) is valid.

Proof. Let x € bs. We must demonstrate that x € bs(F(s,7)). It means that F(s,7) € (bs,bs).
For F(s,r) € (bs,bs), F(s,r) must ensure to the conditions of (11) of Lemma 1. We see that

liinfnk(s, r) =0foreachn € N.

The other condition also holds as follows:

ls+r] |s+7] s + 7|
su s, 7) S, T = su hrn + +ot
pz Z fnk fn,k-i-l( ))‘ p ( fl f2 fZ.f3 fp+1.fp+2
= ﬁ |s + 1| < oo.

Consequently, the conditions of (11) of Lemma 1 hold. The proof is complete. [
Theorem 10. If |r/s| < 1/4, then bs(F(s, 7)) C fe is valid.

Proof. Let x € bs(E(s,r)). Then, y = F(s,r)x € bs. We must demonstrate that x = F~1(s,7)y € (e
That is, F~1(s,7) € (bs,l). For E71(s,7) € (bs,{s), F~1(s,r) must satisfy the conditions of (1) of
Lemma 1. It is clear that

liinfn_kl(s, r) = 0 for each n € N.
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The other condition is also holds as follows:

supl |l (5) = fodia (6| < 25w |(f )] =[] (26)
k
< ;L;(tr) < oo,

Consequently, the conditions of (1) of Lemma 1 hold. The proof is complete. [
Theorem 11. The inclusion cs C cs(F(s,r)) is valid.

Proof. Let x € cs. We must demonstrate that x € cs(F(s,r)). It means that F(s,r) € (cs,cs).
For F(s,r) € (cs,cs), F(s,r) must satisfy the conditions of (12) of Lemma 1. Equation (10) has
been satisfied in Theorem 9. Now, we must demonstrate Equation (11). For every k € N,

hmenksr —hm( f f"“)

n—o0 fn+1 fn

S ro =14
4
such that £ € C exist. Consequently, the conditions of (12) of Lemma 1 hold. The proof is complete. [

Theorem 12. If |r/s| < 1/4, then cs(E(s,r)) C c is valid.

Proof. Let x € cs(E(s,r)). Then, y = E(s,r)x € cs. We must demonstrate that x = F~1(s,7)y € c.
That is, F~1(s,7) € (cs,c). For F71(s,r) € (cs,c), F~'(s,r) must satisfy the conditions of (2) of
Lemma 1. Equation (12) has been satisfied in Theorem 10. Now, we must demonstrate Equation (13).
Foreach k € N,

fn+1 1 f1+2
-1 . fn+1 r\nk fra1 fn+1n fir1
:1 _— p—
fuk (S’r)’ o Sfn ( s) fe rIzn Sfn HS fi
fn fir1
— fl+2 —k
su n
< lim I T | 2R o | iy fr <4r> =%0=0
n |S|fn1 =k lnflENSff n |S|fn 5

. 1 .
hrrlnfnk (s,7r) < lim

Thus, Equation (13) is also satisfied. [
Theorem 13. The inclusion cs(E(s,r)) C bs(F(s,r)) is valid.

Proof. Let x € cs(F(s,7)). Then, y = F(s,r)x € cs. Hence, Y E(s,7)x € c. ¢ C Lo, 50 it becomes
Y F(s,7)x € leo. That s, F(s,r)x € bs. Hence, x € bs(F(s,7)). Consequently, cs(F(s, 7)) C bs(E(s,7)).

Before giving the corollary about the Schauder basis for the space cs(F(r,s)), let us define the
Schauder basis which was introduced by J. Schauder in 1927. Let (X, ||.||) be normed space and be a

[e0]
sequence (a;) € X . There exists a unique sequence (Ax) of scalars such that x = Y} Arag, and
k=0

lim =0.

n—oo

X — Z/\kak

k=0

Then, (ay) is called a Schauder basis for X. O

Now, we can give the corollary about Schauder basis.
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Corollary 1. Let us sequence b®) = {b,ﬁ”} N defined in the cs(E (s, r)) such that
ne

1 r\n—k fr% 1
®) SR ek
bi’l = %’L};l, n = k,
0, n <k

Then, sequence {b(k)} N is a basis of cs(F(s,r)) and every sequence x € cs(F(s,r)) has a unique
ne

representation x = Yy, b¥, where y;. = (F(s,7)x)y.
k

3. The a-, B- and -Duals of the Spaces bs(F(s, 7)) and cs(F(s,7)) and Some Matrix Transformations

In this section, the alpha-, beta-, gamma-duals of the spaces bs(F(s,r)) and cs(E(s,r)) are
determined and characterized the classes of infinite matrices from the space bs(F(s,)) and cs(F(s, 7))
to some other sequence spaces.

Now, we give the two lemmas to prove the theorems that will be given in the next stage.

Lemma 2. Suppose that a = (a,) € w and the infinite matrix B = (b,y) is defined by B, = an(F~1(s,7))n,
that is,

by = anf&l(s, r), 0<k<n,
0, k>n,
forallk,n €N, 6 € {bs,cs}. Then, a € {5(E(s,7))}" iff B € (5,01).

Proof. Leta = (a,) and x = (x;) be an arbitrary subset of w. y = (y,,) such that y = F(s,r)x, which is
defined by Equation (5). Then,

ApXy = un(ﬁfl(s, Y)n = (BY)n (27)

for all n € N. Hence, we obtain by Equation (5) that ax = (a,x,) € ¢1 with x = (x,,) € 6(F(s,r)) iff
By € {1 withy € 4. Thatis, B € (4,¢1). O

Lemma 3. Let [32] C = (c,) be defined via a sequence a = (ay) € w and the inverse matrix V.= (v,x) of
the triangle matrix U = (upy) by

o = Z]V-lzk ajVj, 0<k<mn,
" 0, k>n,

forall k,n € N. Then, for any sequence space A,

A = {a=(a) ew:Ce (M)},
M= {a= (@) ew:Ce (L)}

If we consider Lemmas 1-3 together, the following is obtained.

Corallary 1. Let B = (b)) and C = (cyy) such that

-1 n 2
anf . (s,r), 0<k<n 1, riig f]+1
b = nk d = E (==Y .,
" { 0, k> O =k S ( s* frfien K
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If we take tq, ty, t3, ta, t5, te, t7 and tg as follows:

t = {a:(ak)ew: sup ZZ wk — k1) <oo},
N,KeF |neNkeK

t, = a—ak)Ew:sup 22 nk — nkl <00},
N,KeF |neNkeK

t3 = hmcnk = 0} ,

a= :da e C> lim (¢, — ¢ :a},
€ 9,Hoo( nk = Crj+1)

{
ts = { lirrolo; |Ccnk = 1| = ; ‘nli_rgo(cnk - Cn,k+1)‘}/
{

te = a= Hzxe(Climcnk:zx,forallkeN},
n—oo
b o= w: supY e — enn]| < oo},
neN g
tg = qa=(ay) €w:sup limcy| < o0 p.
neN

Then, the following statements hold:

(1 {bs(E(s, 1)} =t

(2) A{ces(F(s,r))}* =t,

(3) {bS(ﬁ(S,T’))}ﬁ =1t3MNtgNts,
(4) {cs(E(s,r)}P =t Nty,

(5) {bs(E(s,7))}7 =t3Nty,

6) {cs(E(s, 7))} =ty Ntg

Theorem 14. Let A € {bs,cs} and u C w. Then, A = (a;) € (A(E(s, 7)), 1) iff

D" = (d™) € (A,c) forall n € N, (28)
D = (du) € (A, 1), (29)
where ,
1 i—k i1
dm = Lmes (25 gy 0 k<m, (30)
0, k>m
and
= 1 k ;2+1
Z(—_ ] j 31
g ) fifern " Gh)

forallk,m,n € N.

Proof. To prove the necessary part of the theorem, let us suppuse that A = (a,) € (A(F(s, ), 1) and
x = (x¢) € A(E(s,7)). By using Equation (6), we find

i“ _ v - } Tk fem )
akXk =) Ank Z . y (32)
k=0 j=o

k=0 S fifi™

2
LA

- izs(_s)jkfkffk o= Ly =i )
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for all m,n € N. For each m € Nand x = (x;) € A(F(s,7)), An(x) exists and also lies in c.
Then, D,(,m)also lies in ¢ for each m € N. Hence, D(") € (A, ¢). Now, from Equation (32), we consider
for m — oo, and then Ax = Dy. Consequently, we obtain D = (d,x) € (A, u).

If we want to prove the sufficient part of the theorem, then let us assume that Equations (28)
and (29) are satisfied and x = (x;) € A(F(s,r)). By using Corollary 1 and Equations (28) and (32), we
obtainy = F(s,r)x € Aand DS[”) (v) =X, d%)yk =Y il Ank Xk = A,Sm) (x) € c.Hence, A = (a4 )ken
exists. In addition, in Equation (32), if we consider m — co. Then, Ax = Dy. Consequently, we obtain
A= (ag) € AFE W A

In Theorem 14, we take A(F(s,r)) instead of u and p instead of A(F(s,7)), and then we get the
following theorem. [J

Theorem 15. Let A € {bs,cs} and y be an arbitrary subset of w and A = (a,y) and B = (byy) be infinite
matrices. If we take
fn+1 fn (33)

a ,LkJrS Ak
fﬂ " fn+l "

forallk,n € N, then A € (u, A(F(s,7)))iff B € (1, A).

bnk =r

Proof. Let us suppose that A € (u, A(E(s,7))) and Equation (33) exist. For z = (z;) € u, we obtain
Az € A(F(s, 7)) from A € (u,A(E(s,7))). Hence, E(s,7)(Az) € A. On the other hand, we have

m m
Y bpz=Y, (rf”+1 Ay 1)+ s—fn ank) Zk (34)
k=0 k=0 fn fn+1

for all m,n € N. If we carry out m — oo to Equation (34), we obtain that

(Bz)n = ((F(s,7)A)z), = (E(s,7)(Az2)), . (35)

Since F(s,r)(Az) € A, we find Bz = (Bz), € A for z = (z;) € p from Equation (35). Hence, we
obtain that B € (p, A).This is the desired result. [J

At this stage, let us consider almost convergent sequences spaces, which were given by
Lorentz [33]. This is because they will help in calculating some of the results of Theorems 14 and
15. Let a sequence x = (x;) € lw. x is said to be almost convergent to the generalized limit ¢ iff

Wlllggo Yito ;”j;’i = { uniformly in n and is denoted by f —limx = ¢. By f and fy, we indicate the

space of all almost convergent and almost null sequences, respectively. However, in this article, we
use ¢ and ¢y instead of f and fj, respectively, in order to avoid any confusion. This is because the
Fibonacci sequence is also denoted by f. In addition, by ¢s, we indicate the space of sequences, which
is composed of all almost convergent series. The sequences spaces ¢ and ¢, are

m—oo m-+1

m
& = {x = (x¢) € loo : lim Y Tntk Ouniformlyinn},
k=0

%
I

m
{x = (x;) €l :H €C> "11—1;%0];) ;"_tkl = { uniformly in n} .

Now, let A = (a,;) be an arbitrary infinite matrix and list the following conditions:

Jap € C> f —lima,, = ay foreach k € N, (36)
1 q n+i

lim) —— ) A Z(a]-k —ag) || = 0 uniformly in n, (37)
LAral e e S [
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Lemmad. Let A =

(1)
(2)
(3)
4
(5)
(6)
(7)
(8)
9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)

SN N N N N N S N N N N NS N S NI S

= Ak
= (nk

Ank
Ank

= (4nk

Ank
Ank

= Ak

Ank

= Ak
= Ak

Ank
Ank

= (Ank
= (nk
= Ak

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

S
S
S
S
S
S
€
S
S
S
S
S
S
€
S
S

(ank

(
(cs
(
(
(cs
(
(
(
(
(
(¢
(
(
(
(
(

sup)

neN g

A Lzo,k]

n
Jap € C> f—1lim ) ajx = ay foreach k € N,
=0

sup)

neN g

n

Y | < oo

j=0

Jap € C> chlnk = forallk € N,
n k

e B -»

sup) Z”Jk < o0, 1= L
neN g ]
m
sup | Y au| < oo
mmneN [n=0
sup Z Zﬂnk
mlEN |n=0k=
m 1
sup | Y ) au| <o
m,lEN |n=0k=0
[ee]
Z Auk| = 0,
n=m
ZZank, convergent,
n k
m
Agr;or;)(ank —ay41) =, foreachk € N, a € C.

Let us give some matrix transformations in the following Lemma for use in the next step.

~—

be an infinite matrix for all k,n € N. Then,

cs) iff Equations (24) and (40)—(42) hold (Bagar [34]).

¢) iff Equations (12) and (36) hold (Bagar and Colak [35]).

\/\_/\_/

) iff Equations (38) and (39) hold (Basar and Colak [35]).
bs) = (c,bs) = (co, bs) iff Equation (40) holds (Zeller [29]).
pr bs) iff Equation (43) holds (Jakimouski and Russell [37]).
¢, bs) iff Equation (44) holds (Zeller [29]).
bv, bs) iff Equation (45) holds (Zeller [29]).
by, bs) iff Equation (46) holds (Jakimovski and Russell [37]).
oo, CS) iff Equation (47) holds (Zeller [29]).
¢, cs) iff Equations (11), (40) and (48) hold (Zeller [29]).
cso, ¢s) iff Equations (10) and (49) hold (Zeller [29]).
£y, cs) iff Equations (11) and (43) hold (Jakimouski and Russell [37]).
¢, cs) iff Equations (11) and (44) hold (Jakimouvski and Russell [37]).
bv, ¢s) iff Equations (11), (44) and (46) hold (Zeller [29]).

¢,
cs,
bs,
bs, és) iff Equations (9) and (37)—~(39) hold (Bagsar and Solak [36]).
cs,
loo
14

¢) iff Equations (9), (12), ( 36) and (37) hold (Basar and Solak [36]).

11 0f 17

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)
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(17) A = (au) € (bvy, cs) iff Equations (11) and (46) hold (Jakimovski and Russell [37]).

(m)

12 of 17

Now, let us list the following condition, where d,; and d, * are taken as in Equations (30) and (31):

liindfg(l) =0foralln € N,

Yy € C 3 lim (dly) —alfy

nk-i—l) - dnk forallk,n € N,

lim Z ’dn';:)

‘ < oo uniformly in 7,
n—o0 X

n k+1
liindnk =0foralln €N,

supz |dnk - dn,k+1 | < o,
nok

dd, e C> lgn (dnk — dn,k+1) =d; forallk,n € N,
n—sco

JeeC> nh_r)rgo; |dnk - dn,k+1’ = a uniformly in n,

sup)

meN k

Z nk — nk+l)

n=0

m
Z n k+1

< oo,

=L

k

Z(dnk - dn,kJrl) ’

n

lirrnn;

m
Z (dnk - dn,kJrl) =0,
n=0
sup Z Z nk — nk+1 < 0,
N,KeF |neNkeK
sup | Y Y (duk — 1) — (du1j — dy—1x41)| < 0,
N,KEF |neNkeK
SUPZ nk B nk+l’ < %,

g € C > limd\}) = dy forallk,n € N,

limd, ;| < o0

7

sup
neN

Jdy € C 3 limd,y, = dy forall k,n € N,

sup hmZdnk

meN | K =0
supz Z nk = nk—l) < o0,
meN k |n=0

ddp, e C> Zdnk = dj foreach k € N,
n

Y (due —dyj—1)

kek

up ¥
N,KeFneN

< 00,

(50)

(51)
(52)
(53)
(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)
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dd, € C> f —limd,; = dy foreachk € N, (70)
sup | Y Y (duk —dy—1x) — (duj—1 —dp_1x-1)| < o0, (71)
N,KeF |neNkeK
n+i
hmz P Z A [Z ik — ock)] | = 0 uniformly in n, (72)
n
supz Zd]k < (73)
neN'k |j=0
€ C>) ) dy =diforallk €N, (74)
n k
|J2 k—“k)H =0, (75)
0
n
supz A lzdjk] (76)
neN j=0
n
Jd, € C> f —lim Zd]-k =d; foreach k € N, (77)
j=0

Now, we can give several conclusions of Theorems 14 and 15, and Lemmas 1 and 4.

Corallary 2. Let A = (a,) be an infinite matrix for all k,n € N. Then,

(1) A = (au) € (bs(E(s,1),co) iff Equations (50)~(53) hold and Equation (56) also holds with & = 0.

(2) A = (ay) € (bs(E(s,1),cs0) iff Equations (50)~(53) and (59) hold.

(3) A = (ay) € (bs(E(s,r),c) iff Equations (50)~(53), (55) and (56) hold.

(4) A = (a) € (bs(E(s,r),cs) iff Equations (50)~(53) and (58) hold.

(5) A = (au) € (bs(E(s, 1), L) iff Equations (50)—~(54) hold.

(6) A = (ay) € (bs(E(s,r),bs) iff Equations (50)—(53) and (57) hold.

(7) A = (au) € (bs(E(s, 1), 1) iff Equations (50)—(53) and (60) hold.

(8) A = (ay) € (bs(F(s,r),bv) iff Equations (50)~(53) and (61) hold.

(9) A = (au) € (bs(E(s,1),bv) iff Equations (50)~(52), (54) and (61) hold and Equation (56) also holds
witha =0

Corallary 3. Let A = (a,) be an infinite matrix for all k, n € N. Then,

(1)

2)

(3)
4)
(5)
(6)
(7)
(8)
9)

A = (au) € (cs(F(s,7),co) iff Equations (54), (62) and (63) hold and Equation (65) also holds with
dy =0forallk € N.
A = (ay) € (cs(E(s,1),cs0) iff Equations (57), (62) and (63) hold and Equation (68) also holds with

A = (ay) € (cs(F(s,r),c) iff Equations (54), (62), (63) and (65) hold.

A = (ay) € (cs(F(s,r),cs) iff Equations (62), (63), (67) and (68) hold.

A = (au) € (cs(F(s,7), o) iff Equations (54) and (62)—(64) hold.

A = (ay) € (cs(F(s,r),bs) iff Equations (57), (62), (63) and (66) hold.

A = (ay) € (cs(F(s,7),41) iff Equations (62), (63) and (69) hold.

A = (ay) € (cs(F(s,r), bv) iff Equations (62), (63) and (71) hold.

A = (ay) € (cs(F(s,r), bvy) iff Equations (62), (63) and (65) hold and Equation (71) also holds with
dy =0forallk € N

Corallary 4. Let A = (a,) be an infinite matrix for all k,n € N. Then,

(1)

A = (ay) € (bs(E(s,r),¢) iff Equations (50)~(54), (70) and (72) hold.
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(2) A = (ay) € (bs(E(s,7),¢0) iff Equations (50)~(54) hold and (70) and Equation (72) also hold with
ax = 0in Equation (70) and dy = 0 in (72).

(3) A = (ay) € (cs(F(s,r),¢) iff Equations (54), (62), (63) and (70) hold.

(4) A = (ay) € (cs(F(s,r),0) iff Equations (62), (63) and (54) hold and Equation (70) also holds with

Kj = 0.
(5) A = (au) € (¢ cs(E(s,r)) iff Equations (68) and (73)—(75) hold with by, instead of d,,;., where b,y is
defined by Equation (33).

(6) A = (ay) € (bs(E(s,r),¢s) iff Equations (50)~(53), (72), (76) and (77) hold.
(7) A = (au) € (cs(F(s,r),s) iff Equations (62), (63), (76) and (77) hold.

Corallary 5. Let A = (a,) be an infinite matrix for all k, n € N. Then,

(1) A = (ay) € (boo,bs(F(s,7)) = (c,bs) = (co, bs) iff Equation (40) holds with by, instead of a,, where
by is defined by (33).
(2) A = (ay) € (Lp, bs(
(3) A = (ay) € (£,bs(
Equation (33).
(4) A = (ay) € (bv,bs(E(s,r)) iff Equation (45) holds with b,y instead of a,y, where by is defined by
Equation (33).
(5) A = (ay) € (bvo,bs(E(s,r)) iff Equation (46) holds with b, instead of a,y, where b,y is defined by
Equation (33).
6) A = (ay) € (boo,cs(E(s, 1)) iff Equation (47) holds with b,y instead of a,y, where b,y is defined by
Equation (33).
(7) A = (an) € (c,cs(F(s,r)) iff Equations (11), (40) and (48) hold with b, instead of a,, where by is
defined by Equation (33).
(8) A = (au) € (cso,cs(E(s,7)) iff Equations (10) and (49) hold with b,y instead of a,y, where by is
defined by Equation (33).
(9) A = (ay) € (£y,cs(E(s, 7)) iff Equations (11) and (43) hold with b,y instead of a,, where by is
defined by Equation (33).
(10) A = (ay) € (¢,cs(E(s,r)) iff Equations (11) and (44) hold with by instead of a,, where by, is defined
by Equation (33).
(11) A = (ay) € (bv,cs(E(s,r)) iff Equations (11), (44) and (46) hold with b, instead of a,y, where by is
defined by Equation (33).
(12) A = (ay) € (bvg,cs(F(s,r)) iff Equations (11) and (46) hold with b,y instead of a,y, where b,y is
defined by Equation (33).

(s, 1)) iff Equation (43) holds with by, instead of a,, where b, is defined by (33).

£(s,
E(s, 7)) iff Equation (44) holds with b, instead of a,y, where by is defined by

4. Discussion

The difference sequence operator was introduced for the first time in the literature by Kizmaz [38].
Kirisci and Basar [4] have characterized and investigated generalized difference sequence spaces.
The Fibonacci difference matrix F , which is derived from the Fibonacci sequence ( f,), was recently
introduced by Kara [23] in 2013 and defined the new sequence spaces ¢, (F) and f(£), which are
derived by the matrix domain of F from the sequence spaces ¢, and (o, respectively, where 1 < p < c.
Candan [25] in 2015 introduced the sequence spaces c(F(s,r)) and co(F (s, r)). Later, Candan and Kara
[15] studied the sequence spaces Ep(ﬁ (s,r)) inwhich 1 < p < oco. In addition, Kara et al. [24] have
characterized some class of compact operators in the spaces £, (F) and £ (F), where 1 < p < oo.

The study is concerned with matrix domain on a sequences space of a triangle infinite matrix.
In this article, we defined spaces bs(F(s, 7)) and cs(F(s,)) of Generalized Fibonacci difference of
sequences, which constituted bounded and convergence series, respectively. We have demonstrated
the sets of bs(F(s, 7)) and cs(F(s, 7)), which are the linear spaces, and both spaces have the same norm

i (skak + kaka—l)

=\ Sk fr

7

[Jx[| = sup
neN
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where x € bs(F(s,r)) or x € cs(E(s,7)). In addition, it was shown that they are normed space and
Banach spaces. It was found that bs(F(s, 7)) and bs are linearly isomorphic as isometric. At the same
time, cs(F(s,7)) and cs are linearly isomorphic as isometric. Some inclusions’ theorems were given
with respect to bs(F(s, 7)) and cs(E(s, 7)). According to this, inclusions bs C bs(F(s, 7)), cs C cs(F(s,7))
are valid. In addition, if |r/s| < 1/4, then bs(F(s,7)) C e and cs(F(s,7)) C c are valid. It was
concluded that cs(F(s, 7)) has a Schauder basis.

Finally, the a-, B- and y-duals of the both spaces are calculated and some matrix transformations
of them were given.

5. Conclusions

In this article, we have defined spaces bs(F(s,7)) and cs(E(s, 7)) of Generalized Fibonacci
difference of sequences, which constituted bounded and convergence series, respectively. We have
demonstrated that the sets of bs(E(s, 7)) and cs(F(s,r)) are the linear spaces and both spaces have the
same norm. In addition, it was shown that they are Banach spaces. Some inclusions theorems were
given with respect to bs(F(s, 7)) and cs(F(s,r)). It was concluded that cs(F(s, 7)) has a Schauder basis.
Finally, the a-, 8- and 7y-duals of the both spaces were calculated and some matrix transformations of
them were given.
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