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Abstract: Fuzzy sets, rough sets and soft sets are different tools for modeling problems involving
uncertainty. Graph theory is another powerful tool for representing the information by means of
diagrams, matrices or relations. A possible amalgamation of three different concepts rough sets,
soft sets and graphs, known as soft rough graphs, is proposed by Noor et al. They introduced
the notion of vertex, edge induced soft rough graphs and soft rough trees depending upon the
parameterized subsets of vertex set and edge set. In this article, a new framework for studying
the roughness of soft graphs in more general way is introduced. This new model is known as the
modified soft rough graphs or MSR-graphs. The concept of the roughness membership function of
vertex sets, edge sets and of a graph is also introduced. Further, it has been shown that M SR-graphs
are more robust than soft rough graphs. Some results, which are not handled by soft rough graphs,
can be handled by modified soft rough graphs. The notion of uncertainty measurement associated
with MSR-graphs is introduced. All applications related to decision makings are only restricted to
the information of individuals only, not their interactions, using this technique we are able to involve
the interactions (edges) of individuals with each other that enhanced the accuracy in decisions.

Keywords: soft rough graphs; modified soft rough graphs; graph approximation space; uncertainty;
decision making

1. Introduction

For solving many problems involving uncertainty and vagueness in engineering, social sciences,
economics, computers sciences and in several other areas, our traditional classical methods are not
always absolutely effective. These traditional and conventional mechanism of reasoning, modeling and
computing are usually crisp and deterministic. Zadeh introduced a successful tool known as fuzzy
sets [1], based on the membership function. The situations concerning with the vagueness and
uncertainty were also been tackled by the effective tool of probability. However, this tool is valuable
only when the occurrence of event is totally determined by the chance. In contrast with fuzzy set
theory and probability theory, some other theories like rough set theory, soft set theory, neutrosophic
set theory and an amalgamation of these theories have been studied ([1-7], and the references therein)
to deal with uncertainty.

In 1982, Pawlak [3] introduced the concept of rough sets as a mathematical tool for imprecise and
uncertain data. The basic advantage of this theory is that it does not involve any additional information
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about the data like the membership in fuzzy sets. The rough sets theory defined by Pawlak is based on
partition or an equivalence relation. Many applications of rough set theory, probability theory, and
rough set theory can be seen in the followings [4,5,8-13], these include applications in data mining,
machine learning, pattern recognition and knowledge discovery. The blending of rough sets with
fuzzy sets and referring them to graphs with concepts of fuzzy sets or rough sets can be seen in [14-17].
The above said theories have different approaches to tackle vagueness, imprecision and uncertainty.
Each said theory has its own limitations and restrictions. While dealing with such theories, a question
arises, how to handle multi-attributes? Molodtsov [18] introduced a novel concept of soft sets as a
powerful mathematical tool for dealing multi-attribute uncertainty. This newer concept has enough
parameters, which make it free from those difficulties which the contemporary theories have and
that makes it popular among the experts and researchers working in different fields of research like
operation research, probability theory, smoothness of functions and many more. Later on the theory
has been modified in some aspects to handle many problems [19-21]. A number of applications were
established and used regarding decision making problems and multi-attributes modeling using soft
sets, [22-27].

Feng et al. [28] introduced the concept of soft rough sets which is a blend of soft and rough
sets. Clearly, in a rough set model, an equivalence relation is used to form the granulation structure
of the universe while a soft set can be used to form the granulation structure of the universe in soft
rough model. Huge number of applications, presented by many researchers in data labeling problems,
data mining, attributes reduction problems, knowledge based systems, some can be seen in [23,29-42].

A graph can be used to represent many real life problems in computer science especially, which
are otherwise abstract. Euler, known as father of graph theory, was universally credited when he
settled a famous Konigsberg Bridge problem [43] in 1736. After that, many mathematicians applied
graph theory in finite fields, for details readers are referred to ([44], and the references therein).

The concept of soft graphs and their basic operations are defined in [45], which were required to
handle multi-attributes problems related with graph theory. A number of generalizations of soft graphs
are available in [46—48]. Soft sets and rough sets are different approaches that provide efficient tools
for modeling the problems involving uncertainty and granularity in information system. Graphs are
another powerful tool for representing the information by means of diagrams, matrices or relations.
Particularly soft graphs serve this purpose fruitfully. Apparently no direct link exists between above
said theories. However an effort is made by [49] to establish some kind of linkage and to discuss
the uncertainty in soft graphs. He introduced the concept of soft rough graphs, where instead of
equivalence classes, parameterized subsets of vertices and edges serve the aim of finding the lower
and upper approximations. In such process, some unusual situations may occur like the upper
approximation of a non-empty vertex/edge set may be empty. Upper approximation of a subset
K of vertices or edges may not contain K . In our present article we endeavour to search a positive
answer to above unusual situations and shortcomings. To strengthen the concept of soft rough graphs,
a tgeneralized approach is presented, called modified soft rough graphs (MSR-graphs), whose lower
and upper vertex and edge approximations are different from those of Noor [49] but the elemental
concepts are closely akin. It is shown that the M SR-graphs are more precise and finer than soft rough
graphs. Uncertainty measurement is an important issue in the field of rough set theory. There are
many approaches available in literature for reasoning with uncertainty. We have discussed uncertainty
measures associated with MSR-graphs such as information entropy and rough entropy. The notion
of information granules is an important topic in rough set theory, which gives an idea about the
objects which are indistinguishable from each other. Here the concept of granularity measures for
MGSR-graphs has been introduced. The layout of this paper is as follows.

In Section 2, some basic concepts are revised. Section 3, is devoted to present the concept
of modified soft rough graphs (MSR-graphs), lower, upper MSR-vertex approximations, lower,
upper MSR-edge approximations and the roughness membership function for modified soft rough
graphs. Moreover, the notion of MSR-equal relations is proposed and the related properties are



Symmetry 2018, 10, 145 3 0f 20

explored. Section 4 is about uncertainty measurements associated with modified soft rough graphs
and it is shown how these are linked. Section 5 is concerned about the application of MSR-graphs.
An algorithm is developed in a realistic way to compute the effectiveness of some diseases among
colleagues working in same office. Vertices are denoted by the 20 colleagues and the interaction of
these colleagues are presented by the edges. Measure of optimality 7, (s) (xp) , and possibly measure

of optimality oSy (xp) are defined with the help of lower and upper MSR-vertex approximations of
the given graph and using marginal fuzzy sets as weights corresponding to each person, the persons
at high risk for having given diseases are found. Computations are made using MATLAB program.

Results are shown in tables. Conclusion of the paper is presented in Section 6.

2. Preliminaries

In this section, we will review some relevant definitions and concepts which will helpful for rest
of the paper.

Definition 1 ([44]). A graph G* is a triple consisting of a vertex set V (G*), an edge set E (G*) , and a relation
that associates with each edge two vertices called its endpoints.

Definition 2 ([44]). An edge whose endpoints are equal, is called a loop and multiple edges are edges having
the same pair of endpoints.

Definition 3 ([44]). A graph G* is called simple if it has no loops or multiple edges. A simple graph is specified
by its vertex set and edge set, treating the edge set as a set of unordered pairs of vertices and writing e = xy or
e = yx for an edge e having end points x and y.

Definition 4 ([44]). A directed graph or digraph G* is a triple containing a vertex set V (G*), an edge set
E (G*), and a function assigning each edge an ordered pair of vertices. The first vertex of the ordered pair is
called the tail of the edge and the second is called the head ; together, they are the endpoints.

Definition 5 ([20]). Let A be the set of parameters. A pair (&, A) is called a soft set over the set U of universe,
where & : A — P (U) is a set valued mapping and P (U) is the power set of U.

Definition 6 ([28]). Let S = (&, A) be a soft set over U. Then, the pair A = (U, S) is called soft approximation
space. Based on the soft approximation space A, we define

WA(X):{uGU:EaEA,[uG(:(a)QX]},

aprx 4 (X) ={ucU:Jac A uc(a),i(x)NX #D|}

assigning to any set X C U, the sets aprx A (X) and aprx 4 (X), are called soft A- lower approximation and
soft A- upper approximation of X, respectively.
The sets

Pos (X) =aprx , (X),
Neg (X) = —aprE 4 (X),
and Bnd (X) = aprx 4 (X) —aprx , (X)

are called the soft A-positive region, the soft A-negative region, and the soft A-boundary region of X, respectively.
Ifaprx 4 (X) = aprx 4 (X), X is said to be soft A-definable; otherwise X is called a soft A-rough set.

Definition 7 ([45]). Let G* = (V,E) be a simple graph and A be the set of parameters. A quadruple
G = (G*, ¢, ¢, A) is called a soft graph, where

(1) (¢, A) is a soft set over V,
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(2) (¢, A) is a soft set over E, and
(3)  (&(w),y(a)) is asubgraph of G*, forall « € A.

Definition 8 ([49]). A graph & = (G*,F,, K., F*,K*, A, X) is called soft rough graph if it satisfies the
following conditions:

(1) G* = (V,E) is a simple graph.

(2) A bea non-empty set of parameters.

(3) X be any non-empty subset of V.

(4)  (F*(X), F«(X), A) be a soft rough set over V .

(5)  (K*(X),K«(X),A) be a soft rough set over E.

(6) H*(X)= (F(X),K*(X)) and H«(X) = (F«(X), K«(X)) are subgraphs of G*. A soft rough graph
can be represented by & = (F,, Ky, F*,K*, A, X) = {H*(X), H«(X) }.

3. Modified Soft Rough Graphs

In this section, based on the properties and usefulness of both rough sets and soft sets,
we introduce the notion of Modified Soft Rough Graphs(MSR-graphs). Basic properties and results
of such graphs are investigated and discussed which enable us to put these graphs to more effective
practical use.

Definition 9. Let G = (G*,i,¢,A) be a soft graph. Let w : V. — P(A) be a map such that
u(x) = {a € A : x € &(a)}. Denote by Q. = (V,u) and call it Modified soft rough vertex
(MSR-vertex )approximation space. Based on Qn, = (V, ), we define two sets, called the lower MSR-vertex
approximation and the upper MSR-vertex approximation respectively as follows:

%gm(X):{XEXJl(x)#y(y)forallyexf},XC:V_X

and
aprig, (X) ={x €V :p(x) = p(y) forsomey € X}
Ifaprx . (X) =aprxy, (X), then X is called MS-vertex definable set and the graph

m

Ggq,, '= (V,E) is called M S-vertex definable graph otherwise X is called MSR-vertex set and Gg, is
called MSR-vertex graph. Define and denote the lower and upper MSR- vertex approximations of Gq,, by

Gq,, = (aprx . (X),E)

and

Gq,, = (aprxgm (X),E)
forany X C V.

Definition 10. Let Gg,, := (V, E) be a MSR-vertex graph. Then the vertex roughness membership function
of X C V is denoted and defined as

aprx_ (X)’
e (X)=1—Z|1++—"——].
m 2 ‘aprxﬂm (X)’

It can be seen that if aprx (X) #aprxg, (X) then Moy (X) = 0. So the graph Gq,, is MSR-vertex
definable graph. i.e., there is no roughness.
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Example 1. Let G = (G*,¢,,A) be a soft graph over a simple graph G* = (V,E), where V
{x1, %2, x3, %4, X5,%x6,%7} and E = {ey,ep,e3,64,65,66,7,€8,69,610} as shown in Figure 1. Let (&, A) be
a soft set over V with A = {a,,a,,a,, a4} as the set of parameters such that ¢ (v,) = {x1,x3,%5,x7},

C(ay) ={x1,xa,x7}, C(ay) = {x2, %6}, (0a) = {x2,x3, x5}, as shown in Table 1.
Let X = {xq,x2,x5,%¢}, X = {x3,x4,x7}. Let u : V. — P (A) be a map such that u (x) = {a : x €

g(“)} So V(xl) = {0(1,0(2}, V(XZ) = {063,064}, V(x3) = {061,064},}1(301) = {’Xz}' V(XS) = {“1'“4}/
p(xe) = {as} and p (x7) = {a, &, }. Here p (x1) = {ay, 0, } = p (x7) and p (x3) = {a), 0, } = pu (x5).
Therefore

aprxg (X) = {x2, %}
and
aprxg (X) = {x1,x2,x3,%5,%6, X7}
showing that aprx. (X) #aprxg, (X), so Gg,, = (V,E) is MSR-vertex graph, where

GDm = (aprxﬂm (X)/E> = ({le X6},{€1,€2, €3,¢€4,65,€6,€7,€8,€9, 610})

and
Ga, = (aprxﬂm (X),E) = ({x1,x2,x3,x5,x6, %7}, {e1,€2, 3,4, 5,6,€7,€8,€9,€10}) -

Furthermore, Meq, (X)=1-1 — (X)‘
Q

m

aprx (X)‘ 1 ’
14— | =1—3[1+2] =0.333.

Table 1. Tabular representation of soft set ({, A).

a1 0 1 0 1 0 1
ap 1 0 0 1 0 0 1
a, 0 1 0O 0 O 1 0
ag O 1 1 0 1 0 o0

Figure 1. G* = (V,E).

Definition 11. Let G = (G*,{,¢,A) be a soft graph. Let A : E — P(A) be a map such that
Ale) ={a € A:e € p(a)}. Denote by Ry, = (E, A) and call it Modified soft rough edge approximation
space. Based on R, = (E, A), we define two sets, called the lower MSR-edge approximation and the upper
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MSER-edge approximation respectively as follows:

aprig. (Y)={eeY:A(e) #A(f) forall f € Y}, Y =E-Y

and
aprxg, (Y) ={e €Y :A(e) =A(f) forsome f €Y}

Ifaprx,, (Y) =aprxy (Y), thenY is called MS-edge definable set and the graph Gy, = (V, &) is
called MS-edge definable graph otherwise Y is called MSR-edge set and G, is called MSR-edge graph.
Define and denote the lower and upper MSR- edge approximations of G, by

Gon, = (Voapray,, ()

and
Ga,, = (V,Wm,,, (Y))

foranyY C E.

Definition 12. Let Gy, := (V,&) be a MSR-edge graph. Then the edge roughness membership function of
Y C E is denoted and defined as

1+‘

aprxg. (Y)’]
‘Wmm (Y)‘ .

It can be seen that ifaprxmm (Y) # aprxy, (Y) then Mo, (Y) = 0. So the graph G, is MSR-edge
definable graph. i.e., there is no roughness.

Example 2. From Example 1, let (y, A) be a soft sets over E as shown in Table 2.
Let Y = {ep, e3,e4,66,€9,€10} C E then

aprx . (Y) = {ez,e3,¢4,¢6,€9, €10}

m

and
aprie (Y) = {e2,e3,e4,6,€9,€10}

Clearly aprx . (Y) =aprxy, (Y),for Y CE,SoY is MS—edge definable set and the graph

Gy, = (V, &) is MS-edge definable graph . Also
1 aprag, (Y)
Moy, (Y):l_i 1+g =0.
" aprEy,, (V)]

That is, there is no roughness.

Table 2. Tabular representation of soft set (1, A).

el e e3 €4 €5 € €y eg €9 €10

[y

RU?NQR
O Rk OO
O O = O
_ O e
co R~ -
oL OO
—_ o o -
[ =)
o~ oo
—_o o
—_ oo

N
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Definition 13. The roughness membership function 11, (G**) of any subgraph graph G** = (X,Y) can be
found by

‘aprx aprx,, ‘

ol |
’aprxQ ‘ ’aprxm ‘

ok 1

Definition 14. A soft graph G = (G*, ¢, ¢, A) is called MS-definable if

(1)  Xis MS-vertex definable i.e., aprx o (X) =aprxy, (X)and
(2)  Yis MS-edge definable i.e., aprx TY) =aprxy, (Y).

Definition 15. A soft graph G = (G*,¢,¢,A) is called MSR- graph if
(1) Xis MSR-vertex set i.e., aprx. (X) #aprxgy, (X)
(2)  Yis MSR-edgesetie., aprx, (Y # aprig (Y).

A MSR-graph is denoted by G = (Gg,, Gy, ) -

Definition 16. By a lower and upper approximations of the MSR- graph Gy = (G, , Gy, ), we mean

aprx (Gm) = (aprx (X), aprx,, (Y)) and aprx (Gp) = (aperm (X)), aprxg (Y)) respectively,
forany X C Vand Y C 'E.

Proposition 1. Let G = (G*,{,,A) be a soft graph such that Qn = (V,&) and R,, = (E, §) represents
respectively, the MSR- vertex approximation space and MSR-edge approximation space, then

(i) aprx (G*) = G* = aprx (G*)
(ii)_aprx (@) = aprx (@) = @

(iii) If G1 C Gy then aprx (Gy) C aprx(Gy) and aprx (G1) C aprx(Gy)
(iv) aprx (G1 N Gy) C aprx (Gy) Naprx (Gy)
(
(
(

v) aprx (G1 N Gy) = aprx (Gy) Naprx (Gy)
vi) aprx (G1 U Gyp) 2 aprx (Gy) Uaprx (Gy)
vii) aprx (G1 U Gp) = aprx (G1) Uaprx (Gy) , where Gy and G, are subgraphs of G*.

Proof. (i) and (ii) directly follows from the definitions of MSR-vertex/edge approximations.
(iii) Let G1 C G so (X1,Y1) C (X2, Y2) or X1 € Xp and Y; C Ya. Let (x,e) € aprx (Gy) =
(aprxQ Xy, aprx,, Yl) such that x € aprx, Xiande € aprx,, Y1 Thatis, x € Xy with p (x) # u (z)

forallz € X{and e € Y] with A (e) # A (h )forallh € Yf. SmceX1 CXoand Y] C Y5, s0x € Xy
with p (x) # p(z) forall z € X§ and e € Y, with A (e) ;é/\( ) forallh € Y5. Thus x € aprx Xz

and e € aprx " Y, showing that (x,e) € (aprx Xa,aprx,, ) = aprx(Gz). Hence G C Gy 1mphes
aprx (G1) C aprx(Gg). Similarly one can show if G CG then 7p7¥ aprx (G1) C aprx(Gy).

(iv) Since (G N Gy) is contained in both G; and Gy, so by (iii) aprx (G1 N Gy) C aprx (G1) and
(G1

(v

prx (G1 N Gy) C aprx (Gy) . Therefore aprx (G N Gy) C aprx (Gy) Naprx (Gy) .
) Since G1 NG, € Gy and G1 NGy C Gy so by (iii) aprx (GiNGy) C aprx(Gy) and
aprx (GyNGy) C aprx (Gy). Hence aprx (GiNGy) C aprx (Gi) Naprx (Gy). Now for reverse
inclusion, we suppose (x,e) € aprx(Gi) N aprx (Gy). Which implies (x,e) € aprx (G1) and
(x,e) € aprx(Gy) such that x € aprx Xl, e € aprig Vi and x € aprx Xa, e € aprx, Y.
So x € X with p(x) # u(y )forally € X{ and x E X2w1th;4( ) # y()forallz € X§
implies x € (X;NXp) with u(x) # pu(y) for ally € Xf UXS. Which shows x € (X3 NXp)
with p(x) # p(y) forally € (X;NXy)5, sox € aprx o (X1 N Xy). Similarly we can show
e € aprx (Y1NY,). So (x,e) € aprx (G1NGy). Thus aprmx (Gy) Naprx (Gy) C aprx (G1NGy).
Hence aprx (G1 NGy) = aprx (Gy) Naprx (Gy) .

(vi) Since G; € G UG, and G C Gy UGy so by (iii), aprx (Gy) C aprx (G UGy) and
aprx (Gp) C aprx (G1 UGy) . Hence aprx (G, U Gp) D aprx (Gy) Uaprx (Gy) .
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(vii) It is easy to show, by using (iii), that aprx (Gy) U aprx (Ga) C aprx (GiUGy).
Conversely suppose that (x,e) € aprx (G UG,) = (mgm(xl UXp),aprxy, (1 UYZ)) then
X € aprig (X1 U Xp) and e € aprxy (Y1 UY2). Which implies x € (X3 U X2) with p (x) = p ()
forsomey € (X3UXy) ande € (YUY,) with A(e) = A(f) forsome f € (YUY, ).Sox € X3
with p(x) = u(y) for some y € X; or x € Xp with yu(x) = u(y) for some y € Xp. Both these
conditions shows x € aprxy Xj or x € aprxg Xp. So x € (mgm& UapWQsz). Similarly,

it can be shown that e ¢ (aprxmmYl UaprxmmYz). Thus (x,e) € (aperle,aprxmmYl) or

(x,e) € (aprxgmxz,aprxmmb) . Which means (x,e) € aprx (Gy) or (x,e) € aprx (Gy). That is,
(x,e) € aprx (G1) Uaprx (Gy) . Thus aprx (G U Gp) C aprx (G1) Uaprx (Gp). O

Remark 1. In the proof (v) of Proposition 1, we have proved aprx (G1 N Gy) = aprx (Gy) Naprx (Gy). If we
want to prove this result by the approach used by [49], we have to employ a strong condition on soft sets (&, A)
and (1, A) to be intersection complete. However in our approach, no such condition is required.

Now in the following, we define some relations associated with modified soft rough graphs.

Definition 17. Let a soft graph be G = (G*,&,y,A) . Then for two MSR- graphs Gy = (G, , G,, ) and
Gy = (Ggm, G;m>, we define
(i) G =~ G, ifand only if aprx (Gp) = aprx (G},)
(il) G =~ G, if and only if aprx (G,,) = aprx (G}
(iii) Gy = Gy, if and only if aprx (Gy,) = aprx (G;;,) and aprx (G,,) = aprx (Gy,) .

The above relations (i) to (iii) are respectively called, the lower MSR- equal relation, the upper MSR-
equal relation and the MSR- equal relation.

Proposition 2. The relations ~, ~ and = defined on MSR- graphs are equivalence relations.

Proposition 3. Suppose G = (G*,&,,A) is soft graph defined on simple graph G* = (V,E). Then for two
MSR- graphs G = (Gq, , Gy, ) and Gj = (GDGm) the following hold:

(i) G = G;;, if and only if Gy, = G U Gy, = Gy,

(i) If Gym =~ Gy and Gy = Gy, then Gim U Gym =~ Gy U Gy

(i) If G C Gy, then (G U (G3)°) = G*,

(iv) If Gy C G}, and G,y = G*, then G}, = G*.

Proof. (i) Let G, ~ G, then aprx (G,) = aprx(G;,). However, from Proposition 1(vii),
aprx (G UG,,) = aprx (Gy) U aprx (G,,) which implies that aprx (G, UG,,) = aprx (Gp) U
aprx (Gy,) = aprx (Gp) Uaprx (Gy) = aprx (Gy) = aprx (G;,), so Gy =~ G, UG, and G, UG;, =
G,, showing that G, = G, U G}, = G;;,. Conversely suppose that G;; =~ G, U G;;, = G;,. Since <~ is an
equivalence relation, so it is transitive. Thus, G, ~ G;,,.

(ii) The proof is similar to the proof of (i).

(iii) Suppose G ~ G,, then aprx(G,) = aprx(G,,). Then by Proposition 1(vii),
aprx ((Gm) U (Gy,)°) = aprx (Gw) Uaprx (Gy,) = aprx (Gy,) Uaprx (Gy,)" = aprx (G;, U (Gy,)") =
aprx (V,E) = aprx (G*) . Therefore (G, U (G;;,)°) ~ G*.

(iv) Suppose G C G;, and G, ~ G*, then by definition aprx (G,) = aprx (G*). which
implies aprx (G*) = aprx (Gn) C aprx (G;,). So aprx (G*) C aprx (G;,) . However, G;;, C G* shows
aprx (G,,) C aprx (G*) . Hence aprx (G;,) = aprx (G*) or equivalently G;;, ~ G*. O

Proposition 4. Suppose G = (G*,,p,A) is soft graph. Then for two MSR- graphs Gy = (G, ,G
and G, = (G;m /Gy, ), the following hold:

(i) G ~ G}, ifand only if Gy, ~ G, NGy = G-

(it) Gym = Gy and Gy == G, then Gy 0 Gym = G, NGy,

Rim )
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(iii) If G C Gy, then (G N (G})¢) ~ @, where G* = (V, E) is a simple graph.
(iv) If G C Gy, and Gy, ~ G*, then G}, ~ G*.

Proof. Proof follows from Proposition 1 and 3. [

Remark 2. In order to show the similar results in Propositions 2 and 3, in case of soft rough graphs of proposed
in [49], the soft sets (§, A) and (¢, A) must be intersection complete but in case of our proposed model of
modified soft rough graphs, no such condition is required on (&, A) and (¢, A).

Proposition 5. Suppose G = (G, , Gy, ) be a MSR- graph and G = (G, Gy) be a soft rough graph
then aprx (G) C aprx (Gy) .

Proof. To prove aprx (G) C aprx (G,,), we have to prove only aprx (X) C aprx (X,,) and aprx (Y) C
aprx (Yp), where X C Vand Y C E. o

Let x € aprx(X) thenx € ¢ («) C X fora € A, which shows x € X and a € y (x). Suppose on
contrary, x ¢ aprx (Xy). Then p (x) = pu(y) for somey € X¢ = V- X.Sincew € p(x) soa €
i (y) which implies y € ¢ («). However, ¢ (¢) € X soy € X. Which is a contradiction because
y € XC.So x € aprx (Xy) . Hence aprx (X) C aprx (Xy,) . Similarly if e € aprx(Y) then we can show
aprx (Y) C aprx (Yy,) . Hence we conclude that aprx (G) C aprx (Gp). O

Remark 3. From above Proposition aprx (G) C aprx (Gy,), it is clear that granules of information in MSR-
graph Gy = (G, , Gy, ) are finer than soft rough graph G = (Gg, Gy ) . Thus MSR- graph are more robust
than soft rough graph.

4. Uncertainty Measurement in Modified Soft Rough Graphs

Different membership functions for reasoning with uncertainty has been proposed in
literature [50-53]. In this section, some uncertainty measurements such as information entropy,
naive granularity measure, elementary entropy and rough entropy of modified soft rough graphs are
proposed. Further, some theoretical properties are obtained and investigated.

Definition 18. Let Q, = (V,u) be MSR- vertex approximation space and « € A, then the set

Cq,, (@) = {p(x) : x € & (a)} is called the soft association of parameter a € A.

Definition 19. Let Q,, = (V, it) be M SR- vertex approximation space and « € A. Then the soft neighborhood
of a is denoted N, («),and is defined as N, () = N{p (x) :x €5 (a)} = NCqy, (a).

Definition 20. Let Q,, = (V, u) and Q;,= (V, u*) be two MSR- vertex approxlmatzon spaces with
(i) Forall y(x) € Cy, (a),thereexists u* (x) € C ( ) such that yu (x) C p* (x) and
(ii) For all p* (x) € C (w), there exists y (x) € Cy, () such that y (x) € p* (x). Then we say Q3 is
finer than Q,, and denote it by Q,, < Qj,.
Note that a similar definition can be made for MSR-edge approximation spaces.

Proposition 6. Let Q,, = (V, u) and Q= (V, u*) be two MSR- vertex approximation spaces such that
Qm 29y, Then N, (a) € N, (a).

Proof. (i) Supposez € N, (a) =N{u(x):x€(a)} =NC,y, (a). Thenz € p(x) forany u(x) €
Cy,, («). By Definition 4.3, forany y* (x) € C} (), there exists yi (x) € C,, () suchthatz € p (x) C
p* (x). Hence z € y* (x), forany p* (x) € C3 («).Thus,z € NCY (a) = N, («).Consequently,

Qi
N, (a) C N, («).
0
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Proposition 7. Let R, = (E,A) and R;,= (E,A*) be two MSR- edge approximation spaces such that
Rm 2R}, Then Ny, (a) € N, (a).

Proof. The proof is similar to the proof of Proposition 6. [J

Note: From now onwards, G, = (G, , Gy, ) will represent a MSR-graph with Q, = (V, )
and R, = (E,A) as MSR- vertex approximation space and MSR- edge approximation space,
respectively unless stated otherwise.

Definition 21. Let G,y = (G, , Gy, ) be a MSR-graph. Then the neighborhood information entropy of G

is defined
1 [Nas,, (2]
+ 1— o
L l ]

€E

New (Gm) = 2 |1|

xeV

[Na, (@)]
1— 1 9m A0
Vi

Proposition 8. Suppose G, = (G, ,G,, ) and G, = (Ggm,G;m) are two MSR-graphs such that
Qm j Q:;’l and mm j m;’l Then }7Ent (Gm) Z ;7Ent (G;’Ik’l) .

Proof. From Propositions 6 and 7, we have N (o) € N,

a,
Which implies
N, (« ‘ ‘
ZL 1_‘Dm()} > 27 and
vev 1V M wev V] v
1 Ny, (@] 1 ’Nm;«n (a)’
7 1 _ m 2 1 _
ot |El |El ot |El |El
L No, @) 1 [, N, @) [, [Ny @)
— 1= m + 1-— u > — |1 +
sev V] Vi et |El |E v V] Vi
L[ [N @)
— 1=
oct | El |E|
Which shows that 17, (Gn) > 1., (Gy)
0
Remark 4. The neighborhood information entropy 1., (G ) attains the maximum value 2 — \V\ ﬁ when
INg,, (2)| =1 =|N,, ()| and achieves the minimum values 0 when [N, («)| = |V|and |Ny, ()| =

|E|, fora € A.

Definition 22. Let Gy, = (G, Gy, ) bea MSR-graph. Then the naive granularity measure of Gy, is defined
| Dm | | |
tom ) = [ BN ST

Proposition 9. Suppose Gy = (G, ,G,, ) and G, = (Ggm,G;m) are two MSR-graphs such that
Qm j Q;kﬂ and mm j m;’l Then T]Grun (Gm) S 17Gra11 (G:;Z) .
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Proof. The proof is similar to the proof of Proposition 8. [

Remark 5. The granularity measure 1, (Gm) achieves the maximum Ualue 2 when ]N ] = |V| and

|Ny,,, («)| = |E| and attains the minimum values P+ \E| when [Ny, ()] =1 =[Ny, (

V] V

Proposition 10. Let G, = (G, , Gy, ) bea MSR-graph. Then 1, (Gm) + 15,0, (Gm) = 2.

Proof.
1 [Na, (@)] 1 [Naw,, (@)]
n G + ran (G ) = 7 |1— i + 1- ¥ +
Vo (Go) e (Gn) =\ Doy [V~ | Y | TR
1 [Ng, @] 1 Y | o (8)]
Vi VI Elig IE
1 1
= VI+ g [El =2
Vi |El
O
Definition 23. Let Gy, = (Gg, , Gy, ) be a MSR-graph. Then the neighborhood elementary entropy of Gy,
is defined
[Na,, ()] [Nas,, (@)]
Ny (Gm) = log, —2m "1 log, —2—-.
v On) =~y Lot —ty7 gy Lo

Proposition 11. Suppose Gy, = (G, , Gy, ) and G,, = (G;m, G;m) are two MSR-graphs such that
Qu 2y, and Ry 2R, Then 1y, (G) <17, (Gmi) -

Proof. From Propositions 6 and 7, we have N, (a) C N, (a) and Ny (a) € N. (a) fora € A.
Which shows

[Ng, @)] [Ny, @)
v Dlom g 2y Dlos yy— and

xeV xeV

[N, @] [N, @]
lo L > lo
ELee B L
[N, (] (M, (0] [N (] [N 0]
lo lo '” > lo lo
WL E L WEeE v E 5
Consequently, 77, (G) < 17, (Gm)-
O

Remark 6. The nezghborhood granularzty measure 17, (Gm) achieves the maximum Ualue log2 V] +
log, |E|, when [Ny (a)| = 1 = |N,, (a)| and attains the minimum values 0 when INg,, (@)] = |V|

and [Ny, (a)| = |E|, fora € A.
Definition 24. G, = (G, , Gy, ) bea MSR-graph. Then the neighborhood rough entropy of Gy, is defined

1]
Nngeen (Gm) = — 2 |V| log, ’7 -

xeV Qm lx ’

Z log, L

ecE |E| | mm |

Proposition 12. Suppose Gy, = (G, , Gy, ) and G, = (G;m, G;m) are two MSR-graphs such that
Qu 2 Q5 and Ry 2R, Then g g (Gm) < g (G -
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Proof. The proof is similar to the proof of Proposition 11 by using Proposition 6, Proposition 7 and
Definition 24 O

Remark 7. The neighborhood rough entropy 11,y ;... (Gm) achieves the maximum value log, |V |+ log, |E|,
when |N (0)| = |V| and ‘N (0)| = |E| Also fypp (G) attains the minimum values O when
INg,, ()] =1 =[Ny

Proposition 13. Suppose G, = (G
log, | V| +log, |E|.

Gmm) be a MSR-graph. Then 1y ¢, (Gm) + g gy (Gm) =

Qm’

Proof.
n (Gm)+77 (Gm) = Zlog | 0€| Zl ‘ (“)‘ +
N—Ent NR-Ent ‘V| = 2 |V| ‘El = |E|
R O TR S (T
[ L, @ L e, a|]
B N, (@) Ny, (a)
= - m L e \H [iEigeZE gzllEHN !H
=~ |m e )| - [|E|§E g2[|E|H

= log, [V|+log, |E].
0

5. Application of Modified Soft Rough Graphs

In this section, an algorithm is formulated for decision making problems based on modified soft
rough graphs. To show the application of modified soft rough graphs in decision making, an example
is constructed. Suppose V = {x1,x,...,x, } be the set of n objects(persons) and A = {a,,&,,...,an}
be the set of m parameters(diseases). Let G* = (V, E) be a simple graph whose vertex set is V and
edge set is E. Let (¢, A) and (i, A) be two soft sets over V and E respectively such that for each i,
Gi = ((a;), (a;)) is a subgraph of G* showing that G = (G*,¢,i,A) is a soft graph. Where

&(w;) = {xj€V:xjmayhave viral disease ; } , and (1)
¥ (a;) = {xxj € E: x; with disease «; has interaction with x; } )
For basic evaluation, let S = {S1, Sy, ..., S, } be the set of r experts and let (p, S) be a soft set over

V. Let Qy = (V, u) be MSR-vertex approximation space then aprx o (p(Si)) and aprxy (o (Si))
can be calculated by

aprx. (p(Si) = {xe€Sj:u(x)#u(y) forally € S7},S; =V —S; and
aprxg (p(Si))) = {x€V:u(x)=pu(y) forsomey € S;}.

Now we compute the fuzzy functions 7,5 (x,) and ) (xp) given by

1< 1<
Mo(s) (xp) = ;k;%m (x,,) and Motsy (xp) = ;k;xp(sk) (x,,)
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where x and x—_ are a kind of indicator functions, defined by
o(5x) o(Sk)
lif xpisinaprx _ (o (Sk))
— r 'y
x = n and

X@ ( P ) { 0, otherwise
(x) = Lif xp isinaprxg (o (Sk))

Totsy \Yr) = 0, otherwise

Now the marginal weights for each x,, can be computed by;

6(xp) = % [6r (xp) +6c (xp)] for p =1,2,3,...,n, where
k
6 (xp) = )Y x: (xpx;),is the measures of interaction of x,with x;, and
i=1
k
5 (xp) = Z Xe (xixp) is the measures of interaction of x;with x,.

I
—

where x, is an indicator function on E, defined by

_J Tif x;xp form an edge
Xe (vexp) = { 0, otherwise

Finally, we calculate the evaluation function given by ©(x,) = % [7//{)( 5) (xp) + 155 (xp)} 5 (xp).
The person x; is at high risk if x; = max {@(x;)},i =1,2,3,...,n. One can apply this algorithms
1

in other related problems.

5.1. Pseudo Code

Step 1: Input is the soft graph G = (G*, ¢, ,A).

Step 2: Find MSR-vertex approximation space Q.,, = (V, u).

Step 3: Find lower MSR-vertex approximation aprx (p (Si)) \ \ according to Definition 9.
ol

Step 4: Find upper M SR-vertex approximation aprxy ( Si)) \ \ according to Definition 9.
Step 5: Compute the fuzzy functions 7,(5) (xp) and 5 (xp) given by

Mo(s) (xp) = ZX o(S0) (xp) and o5y (xp) = ;ZX@ (xp) -
Step 6: Apply the marginal function ¢ for all vertices x;, given by

5 (xp) = [0 (xp) +3: (xp)]

Step 7: Apply the evaluation function © for all vertices x, given by

O(xy) = 5 [1ats) () + 71757 ()] & ().

The vertex xj is optimal if x; = max{®(x;)},i=1,2,3,...,n
1
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5.2. Example

Suppose during the annual medical checkup of persons working in an office, five viral diseases
found in a group of 20 people V = {x1, x2, x3, ..., X2}, through different sources such as body fluids
contaminated with a virus, having sex with an infected person, eating contaminated food, breathing air
polluted by a virus and insect bite. The above process of infection results in a diversity of symptoms
that vary in severity and character, depending upon the individual factor and the kind of viral
infection. Suppose A = {a1,ap, a3, a4, a5} be the set of parameters such that a1 represents “ body
fluids contaminated with a virus”, a, represents “entering of virus in human body through having sex
with an infected person”, a3 represents “entering of virus in human body through eating contaminated
food”, a4 represents “entering of virus in human body through breathing air polluted by a virus” and
a5 represents “entering of virus in human body through insect bite” . It is also assumed that a person
xj may have more than one viral disease. Suppose G* be a simple digraph having vertex set V of
20 persons and edge set E.

Let (¢, A) be a soft set over V as shown in Table 3 such that

& (a;) = {xj € V : xj may have viral disease ;},
¢ (w1) = {x4, x5, X6, X7, X, X9, X16, X18, X19, X20 },
& (a2) = {x1, x2, X4, X10, X12, X13,X14, X15, X19 }

& (a3) = {x2,x3, X5, X5, X9, X11, ¥17, X20 }
¢ (ayg) = {x1, %, X7, X8, X13, X15, X17, X18, X19 },

¢ (as5) = {x2, x3, X5, X9, X10, X11, X13, X18, X19 }

Table 3. Tabular representation of soft set (¢, A).

X1 X2 X3 X4 X5 X X7 Xg X9 X10 X11 X12 X13 X14 X15 X1 X17 X18 X19  X20

a; O 0 0 1 1 1 1 1 1 0 0 0 0 0 0 1 0 1 1 1
a1 1 0 1 0 0 0o 0 0 1 0 1 1 1 1 0 0 0 1 0
a3 0 1 1 0 1 0 0 1 1 0 1 0 0 0 0 0 1 0 0 1
ag 1 0 0 0 0 1 1 1 0 0 0 0 1 0 1 0 1 1 1 0
as O 1 1 0 1 0 0 o0 1 1 1 0 1 0 0 0 0 1 1 0

Let (¢, A) be a soft set over E such that
¥ (a;) = {x;x; € E : x; with disease ; has interaction with x; } ,
¥ (a7) = X8X19, X8X20, X8X7, X8X4, X8X6, X4 X5, X4X8, X4X18, X4X20, X16X4, X16X5, X16X6, X16X7, X16X19, X16X20 3)
X16X4, X7X5, X7X16, X5X8, X5X9, X6X7, X6X16, X6X18, X6X19, X6X20, X6 X5, X6X4, X7X9, X7X20

X4X2, X4X13, X2 X4, X1X15, X1X19, X1X14, X10X12, X10X13, X10X15, X10X19, X10X1, X10X2, X12X1
P (1"2) = X14X4, X14X10, X14X12, X12X10, X12X15, X14X1, X14X2, X12X2, X12X4, X12X19, ’ (4)
X14X13, X14X15, X14X19, X15X10, X15X14

X2X17,X3X8, X3X9, X3X20, X3X11, X5X11, X5X3, X8X17, X11X17, X15X17, X15X18, X15X19, X15X8, X17X2,
P (a3) = XgX9, X9X2, X9X3, X9X11, X9X20, X9X5, X11X2, X11X3, X11X20, X11X5, X17X11, X17X20, , (5)
X20X2, X20X5, X20X11, X20X9, X17X3

X1X7,X1X8,X1X17, X6X1, X6X13, X6X17, X7X8, X7X1, X13X1, X13X6, X13X8, X17X18, X17X19,
X18X19, X18X1, X18X13, X18X15, X18X17

() (“5) = {xzxn/xzxm, X2X19, X3X18, X3X19, X3X10, X5X19, X9X10, X10X18, X10X3, X19X13, x19x9}
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Let u : V. — P(A) be a map such that u(x) = {a : x € ¢ (a)}. Then p(x1) = {a,, a4} =
H (x15) B (xZ) - {0‘2'“3'“5}' H (X3) = {“3'0‘5} =M (xll) U (X4) = {“1'0‘2'“4}1 H (x5) = {“1'0‘3'“5} =
M (X9) =M (xZO)r M (XG) =K (x7> = {“110‘4}r H (Xg) = {041/043r0¢4}};ﬂ (xlO) = {“2/0‘5}1 M (x12) =
i(x1a) = {a,} and p (x13) = {a,,a,, a;}. Let (p,S) be the soft set (can be seen in Table 4) which
shows whether a staff member is at high risk or not, giving the values 1 or 0 respectively. Where S is
the set of 3 expert doctors .i.e.,, S = {S1, Sy, S3}.

Table 4. Tabular representation of (p, S).

Doctors

Patients St 52 S
X 1 0 1
X3 1 0 0
X3 1 0 0
X4 1 0 0
X5 0 1 0
X6 0 1 0
X7 0o 0 O
xs 1 0 0
X9 0 1 1
X10 1 0 1
X11 0 0 0
X12 0 0 0
X13 0 0 1
X14 0 0 0
X15 0 0 0
X16 0 0 1
X17 0 1 0
X18 1 1 0
X19 0 1 1
X20 1 0 1

A MATLAB code is developed to perform all the calculations. Let Q,, = (V, ) be MSR-vertex
approximation space. If we consider the technique proposed in [49] then we have the following lower
and upper approximations as

N
wn

@Dm(si) = {xeV:3acAlxel(a) it
aprxg (Si)) = {xeV:3Ja€A[xeg(a),§(a)NS; # D]}

Thatis, aprx, (p(S1)) = aprx, (0(S2)) = aprx, (p(S3)) = {} and
aprxg, (p(S1)) = aprxg, (p(S2)) =aprxy, (p(S3)) = V.

From these lower and upper approximations, we get no information with uncertainty about the
patients from experts. Now we apply lower and upper approximations of our proposed model.

aprx (p(S)={x€S;:u(x)#u(y) forally € 57},5; =V —5;

That is,
aprx. (0 (S1)) = {x2, x4, x5}

aprx, (0 (52)) = {x17, %18, X19}

aprx, (0 (53)) = {x10, ¥13, X16, X19}
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and
aprxg (0 (Si)) ={x € V:pu(x) =pu(y) forsomey € S;}.
gives
aprxg (0 (S1)) = {x1,x2, X3, x4, X5, X8, X9, X10, X11, X15, X18, X20 }

aprxg (0 (S2)) = {xs,x6, X7, X9, X15, X17, X18, X19, X20 }
aprig, (p(S3)) = {x1,x5, %9, X10, X13, X15, X16, X19, X20 } -

It can be seen that aprx_ (0 (S;)) € aprxg, (o (Si)) for i = 1,2,3. That is, the properties of
Pawlak [3] rough sets have been translated into the proposed model whereas it cease to happen in
model proposed in [49]. Now we compute the fuzzy functions 7,(s) (x,) and UFG) (xp) given by

Mo(s) (xp) = ;Exp(sk) (xp) and 505y (xp) = ;kle— (xp) -
Which implies

1 1
Mo(s) (V1) = O,1fp(s) (x2) = 3 1p(s) (¥3) = 0,71y (s) (¥4) = 5,71() (¥5) = 0
0(S) o(S) Mo(s) U

1 1
Mo(s) (x¢) = 0=71 (S) (x7), (S) (xg) = 5,77 (S) (x9) =0, 0(S) (x10) = 3’
)

1
Togs) (¥11) = Otgp(s) (¥12) = 0115 (x13) = 3, 11p(5) (¥14) = O,17(5) (x15) =0,

Mo(s) (X16) = %ﬂ@ (v17) = %/W@(xls) = %/Uﬂ(xw) = 2/’7@ (x20) = 0.
oy (1) = 30ty (02) = 3505y (58) = 31505y (5a) = 3157 (3) =
oy (X6) = % = o5y (¥7) = o5y (38) /1155y (%9) = 1,775y (X10) = %
s () = 57 (412) = O,y (419) = 5.5y (18) = 0,557 (1) = 1,
oy (X16) = %/’7@(9@7) = %/ﬂm(xw) = ;ﬂm(xw) = gfﬂﬁ(xzo) =1

Clearly G = (G*,&,i,A) is a soft graph. The interaction of all persons with each other and the
marginal fuzzy sets for rows and columns are given in Table 5.
Now we calculate the evaluation function given by

O(xy) = 5 [1ats) () + 71757 ()] & ().

By simple calculations, it is found that

@ (x1) = 0250, © (xp) = 0.200, © (x3) = 0.108, © (x4) = 0.117, © (x5) = 0.275,
O (xs) = 0.175,0 (x;) = 0.083, © (xg) = 0.217,0 (x9) = 0.275,0 (x19) = 0.375,
@ (x11) = 0.067, © (x12) = 0.000, © (x13) = 0.167,O (x14) = 0,0 (x15) = 0.275,

@ (x16) = 0.150, © (x17) = 0.183,0 (x15) = 0.225,0 (x19) = 0.467, © (x29) = 0.175

For a threshold B € [0, 1], it can be seen that the all person x; are at optimum for all 7, in which
© (x;) > B. The person xy is at high risk if x; = max{®(x;)},i = 1,2,3,...,n. So by calculations,
1

the person x19 is best optimal.
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Table 5. Tabular representation of interaction of all persons.

X2 X3 X4 X5 X6 X7 Xg Xo X1p X11 X12 X13 X4 X15 X16 X17 X18 X19 X20 Of

X1

Persons

X1

X2

X3

X4

X5

10

X6

X7

X8

X9

X10

X11

X12

X13

X14

X15

X16

X17

X18

X19

X20
Jc

13
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6. Conclusions

A possible fusion of three concepts rough sets, soft sets and graphs, known as soft rough graphs,
is introduced by [49]. During this attempt, some shortcomings become the part of the theory. In order
to remove these shortcomings, a new approach is being introduced to study the roughness of soft
graphs and the resulting graphs are called modified soft rough graphs. The theory of approximation
of a soft graph is also investigated to obtain MS&R-vertex graph and MSR-edge graph. The related
properties of both soft rough graphs and modified soft rough graphs are surveyed. It is shown that the
MGSR-graphs are more precise and finer than soft rough graphs. Different uncertainty measures like
information entropy and granularity measures are discussed for MSR-graphs. A real life example
of decision making problem is formulated to optimized the diagnosis process of some diseases in
an office where we have compared the robustness of the proposed model with soft rough graphs
proposed by Noor in [49]. An algorithm is developed in a realistic way to compute the effectiveness
of diseases among colleagues working in same office. The set of edges has been used to describe the
interaction between the persons. This interaction may cause the spreadness of diseases among the staff
members. Using the concepts of lower/upper MSR-vertex approximations, the fuzzy sets 1,5y and

11,5y are introduced, while the marginal fuzzy sets & (xp) and é; (x) are used to find the measure of
interaction of any staff member x; with x; and vice versa. Finally, the evaluation function has pointed
out the optimal carriers of diseases. All the calculations are made on MATLAB program.

We hope that our results in this article would constitute a base for DM problems of real life
based on soft rough graphs. In future work it is also under consideration, how the upper and lower
MSR-edge approximations can be used to optimized the algorithm.
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