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Abstract: We analyze the modular geometry of the Lebesgue space with variable exponent, LF(").
Our central result is that LP(") possesses a modular uniform convexity property. Part of the novelty

is that the property holds even in the case sup p(x) = co. We present specific applications to fixed
xeQ)
point theory.
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1. Introduction

In this work, we prove a hitherto unknown modular convexity property of the Lebesgue spaces
with variable exponent, LP(*), which has far reaching applications in fixed point theory, remarkably
even in the case in which the exponent p(-) is unbounded.

Lebesgue spaces of variable-exponent (L? ()) were first mentioned in [1]. In the late 19" century
these spaces were brought into the center stage of mathematical research as they were realized to be
the natural solution space for partial differential equations exhibiting non-standard growth. The first
systematic treatment of variable exponent spaces was given in [2]. In 1997, while studying differential
equations in electromagnetism, V. Zhikov’s work [3] led to the minimization of integrals of the form

/ Ve (x)[PWdx,
(@)

which in turn leads to the corresponding Lagrange-Euler equation:

Ayyw = div (|Vw|P<'>—2Vw) —0. 1)

Because of the variability of p(x), Equation (1) is said to have non-standard growth. The natural space
for the solutions of such differential equations must take into consideration the dependence of p(x)
on the space variable x. It is at this point obvious that the classical L7 theory is not sufficient in this
situation and that a condition such as

/ IVu(x)|[PWdx < oo
o}

should be imposed as an a priori requirement.
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Similar considerations arise in the study of the hydrodynamic equations governing
non-Newtonian fluids [4,5]. These equations have non-standard growth and model, in particular,
electrorheological fluids, i.e., fluids whose viscosity can be changed dramatically and in a few
mili-seconds when exposed to a magnetic or an electric field. Electrorheological fluids are currently
the object of intense research activity in both theoretical and applied fields. Their applications include
medicine, civil engineering and military science [6-9].

Through these applications, then, there inexorably emerged the need for a deeper understanding
of these generalized functional spaces with variable integrability.

The article is organized in the following manner: In Section 2 we give the definition of a convex
modular and introduce the definition of the UUC2 condition. In Section 3 we lay the ground for
our main result by properly defining the Lebesgue spaces with variable integrability. In Section 4,
Theorem 3, which constitutes the main contribution of this work, is proved and in Section 5 we
present applications.

2. Modular Spaces

In the present section we introduce the standard definitions and terminology on modular spaces
to be used in the sequel. We also state the concept of modular uniform convexity. For a detailed
account of the ideas expounded here, the interested reader is referred to the monograph [10]. Let V be
a real or complex vector space. We denote the scalar field with K.

Definition 1. An s-convex modular (0 < s < 1) on a vector space V over K is a function
p:V — 0,00
that satisfies the following conditions:

1. p(x)=0 <<= x=0,
2. p(tx) = |tlp(x) foranyx € V, |t| =1,
3. pltx+ (1 —1t)y) <tp(x)+ (1—t)p(y)forall x,y € Vandt € (0,1].

In particular, if s = 1, the modular is said to be convex. A convex modular p on a vector space V is left-
continuous (right- continuous) if for any x € V the map

o — p(ax)

is left- continuous (right-continuous) on [0, 00) (or, on (0, 00) in the case of left continuity); if p is both left- and
right-continuous, it is said to be continuous.

If p satisfies conditions (1) and (2) but not necessarily condition (1), it is said to be a semimodular
on V. By reason of its relevance to the present work, the following standard example is noted: Consider
a domain () C R” and set M to denote the vector space of all Borel-measurable real-valued functions
on Q). Then, the functional

0, if u isbounded a.e.,
U — Poo(tt) = )

oo, otherwise,
is a semimodular on M. The following definition is standard [11,12]:

Definition 2. Let V be a real vector space and p be a convex modular on V. p is said to be uniformly convex if
for each € > 0 there exists § = 6(¢) > 0 such that, for every u € Vandv € Vwithp(u) =1, p(v) = 1 and
p(u —v) > g, it holds that p (42) < 1—6(e).
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Modular Uniform Convexity

A less stringent form of modular uniform convexity was introduced and studied in [10].
Specifically,

Definition 3. Let V be a real vector space and p be a convex modular on V. Letr > 0, & > 0. Set

D(re) = { () € VX Vip() <1, p0) <70 (57 2 e} )

and

(5(r,e):inf{1—1p (”;”) :(u,v)ED(r,s)}. )
If D(r,e) = @, we define 5(r,€) = 1. Notice that for € > 0 that is small enough, D(r,€) # @.

Definition 4. The modular p is said to be UUC2 (or type 2-uniformly convex, xsee [10]) if for each s > 0,
e > 0, there exists 1 (s, €) > 0 such that for arbitrary r >s > 0

d(r,e) > n(s,e).
3. Lebesgue Spaces with Variable Exponent

In what follows, we delve into the question of uniform convexity of the Lebesgue spaces of
variable exponent. We start by stating the basic definitions ([2,13-15]). Given a domain ) C R", M (Q)
will stand for the vector space of all real-valued, Borel-measurable functions defined on (). We will
denote by P(Q)) the subset of M that consists of all functions

p:Q—[1,00].

As usual, if A is a Borel set A C R", its Lebesgue measure will be written as | A|.
Fix such a function p, define the sets:

Ol'={xecQ:px) =1}
Q% ={xecQ:p(x) =00}

O’ ={xcO:1<px) < oo},
1},

and set

p— = ess inf p(x) and p4 = ess sup p(x)if ‘QO‘ > 0.
xeQ0 xeQo

Theorem 1. The function
pp : M(Q) — [0,00],

op(w) = [ )Py + sup fu(x),
QouO! xeor

defines a convex, continuous modular on M(Q}).

Proof of Theorem 1. See [2,14]. O

On the subspace V of M (Q) defined as

V={veV:3A>0:p,(Av) <o},
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the functional
||u||p:inf{)x>0:pp()flu) gl} )

is a normy; it is called the Luxemburg norm. Furnished with the Luxemburg norm, V becomes a Banach
space. In particular, if the function p is constant, this space coincides with the Lebesgue space L”.
For this reason, V is called the Lebesgue space of variable exponent or of variable integrability and
denoted by LP()(Q)).

To the author’s best knowledge, the first reference to the modular given in Theorem 1 is to be
found in the work by Orlicz [1]. We refer the reader to [2,13,14] for a systematic treatment of the
variable exponent Lebesgue spaces. Notice that if [(0°] = |Q!| = 0, then p) = peo.

We point out in passing that LP()(Q) is the Musielak-Orlicz space corresponding to the
Musielak-Orlicz function

¢: Q% [0,00) — [0,00)
p(x,t) = (),

These spaces were introduced by Nakano in 1950 [16]; we refer to the surveys [11,13,15] for more
detailed information on this vast topic.

If p is constant in (), the modular py, is simply the p'" power of the Luxemburg norm (5). For this
reason, when working whether with the norm or with the modular, one faces essentially the same
technicalities. If p is non-constant, however, the situation changes radically. In this case, the handling
of the norm presents technical challenges and its often desirable to work with the modular whenever
possible. This is especially true when dealing with uniform convexity.

4. Uniform Convexity

We recall the following standard definition: a normed space (X, || - ||) is defined to be uniformly
convex iff given any € : 0 < ¢ < 2 one has

Ox(e) = inf {1 -

X+

<t <1 -yl 2 ef >0

The number 6 (¢) is known as the modulus of uniform convexity of X (see, for example, [17,18]). For
the variable exponent spaces L?(") (0), uniform convexity is fully characterized. The reader is referred

to [14,19] for the proof of the next Theorem. Notice that it follows that the uniform convexity of the
Luxemburg normnin expression (5) is equivalent to the Ay-condition.

Theorem 2. The following statements are equivalent for any function p € P(Q):

(i) LPU)(Q) is uniformly convex;
(i) 1<p-<py<os;
(iti) ~ The modular p, satisfies the Ax-condition. More precisely, there exists a positive constant K such that for
any v € LPU)(Q) it holds that pp(20) < Kop(0).

5. Modular Uniform Convexity

Though it follows from Theorem 2 that there is no hope for norm-uniform convexity of LP(*) (Q)
if the exponent p is unbounded, we will show in this section that even when p = oo, the modular p,
still exhibits the uniform-convexity property UUC2 introduced in Definition 3. As will be discussed in
Section 6, this property has far-reaching implications.

To tackle the modular uniform convexity property aim, the following auxiliaries inequalities are
necessary:

Lemma 1. Let a,b, p € R. Then:
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(i) Ifp > 2[17], it holds that

a+bl? |a—b 1
2 2 ’ < 5 (lal? =+ 617).
(i)  If1<p<2and|a|+ |b| # 0[20], then
a+blP pp=1) ] a=b *Pla-blP 1 » »
2 | T 2 | 2 E('“' +|b‘>

A detailed proof of (ii) is given in [15].
We next set out to state and prove Theorem 3, which is the central aim of this article.

Theorem 3. Let O C R" be open and p € P(Q). If |QA°| = 0and p— > 1 then the modular
pp  LP(Q) — [0,0),
pp(@) = [ [P
Q
satisfies the UCC2 condition.

Remark 1. The condition |Q)®| = 0 cannot be removed, as it is easily shown that L*(Q)) does not have the
UUC2 property if |Q] > 0.

Proof of Theorem 3. Fix a domain Q) C R" and p € P(Q); let p, be as in Theorem 1.
Letr > 0, ¢ > 0 and consider u,v € D(r, ), that is, assume that

u-—o
pp(u) <7, pp(0) <7, pp <2> > er.

On account of the convexity of p, we have ¢ < 1: indeed,

u—ou
rsgpp <2) <r.

Let O := {x € Q: p(x) > 2}. Then, either

_ (x)
/ u(x) . o(x)|? x> % ©)
M
or "
u(x) —o(x) "™ re
Q\/Q _ dx> 2. @)

If inequality (6) holds, one has, by virtue of inequality (7) in Lemma 1:

!

1

p(x)
dx

p(x)

u(x) —v(x)
2

1(0/'” |P<x>dx+/|v e )

v(X)
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It is thus concluded that, in this case,

u(x) +o(x) (x> 1 )P e re
/ > E/\u x)| dx+/|v x)| 5
M
Thus,
u+o u(x) + o(x) [PY u(x) +v(x) [P
N IOy IO ETC
Q] Q\Ql
1 ' re
= p(x) p(x) =
<> (ﬂ/ ()| dx+/|v(x)\ dx) &
1 0]
[ @+ [ jope)
O\ O\
1 re
5 (op (1) +pp(v)) — >
€
7 (1 — 5) .
On the other hand, if inequality (7) holds, we define
€
0y = {x € O\ Oyt fu(x) —o(@)] < S(lu@)| + o)}
With this notation, it follows that
u(x) —o(x) |PX) € N .
/ % dx < 5 (n/ |u(x)|17( )dx+/|v(x)|p( ))
0] 2 0]
€ re
< 5 (pp(w) +pp()) < -
The validity of statement (7) implies in particular that
[ |He)e) o [ |Halet) e [|)=et) "
2 N 2 2
O\(1U) O\ M
e _re_re
-2 4 4
It follows from inequality (ii) in Lemma 1 that, if x € O\ ()1 U );), one has
() +o() " gy ) =) Y
- [p@) 0@ Y p)(p(x) = 1) (E) |1 o) "
2 2 4 2
[ +o@) [ p)(p(x) ~1) | ux) —o(x) PP u(x) ~o(x)
- 2 2 lu(x)| + [v(x)] 2

(Ju(@)PY) + [o(x)[P).

NM—‘

6 of 14
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Integrating the last inequality over O\ () U()y), it is easily concluded that

p(x) _ p(x)
/ u(x) —|2—v(x) dx+ (p — 1)2 / u(x) . v(x) ix
O\(U0,) O\(UQ,)
5| [ wwrae [ peron
O\(QU) O\(U)
We arrive thus at
/ ‘u<x> +ol) e
O\(UDy)
L (x) (x) e
<5 ) m@rWas [ jerP@ | - (- -1 oo
O\ UQ,) O\ UQ,)
In all
p(x) p(x)
p(u+v> _ / u(x)+ov(x) x4 / u(x)+v(x) iy
2 2 2
01UQ2 Q\(Qluoz)
<3 { [ @i [ |v<x>f’<x>dx]
01UQZ 01002
41 / () [P D dx + / lo(x)|PX) dx
2 | Jay(@umy)
0\, U0,
2
€
—(p-—1) 3"

2 2
gr—(p_—l);zr—r<1—(p_—1)§2).

We conclude that, for any r > 0, ¢ > 0 and arbitrary u,v € D(r,¢) as specified in Definition 3,

it holds that )
1 u+ov . € €
_ - > S (p_—1)=—

1 rpp< > )_mm{z,(p 1)32}>O,

and it is concluded by definition that LP(") (Q)) is UUC2. [

6. Applications

A remarkable fact about the above discussion is that the UUC2 property holds even if p =

sup p(x) = oo, that is, in the absence of the A, condition. This observation makes the UUC2 condition
xeQ)
a valuable tool for dealing with certain applications that have been hitherto heavily A,-dependent.

For an exhaustive treatment of the interplay between modular spaces and fixed point theory, we refer
the reader to the monograph [10].
Norm convergence is equivalent to modular convergence in LP()(Q) if and only if pp fulfills the
Ay condition [13,15]. Bearing this fact in mind, we introduce some terminology before proceeding any
further: a subset W € LP() (Q) will be called pp-bounded if, for some constant C > 0 and any u € W,
the inequality
pp(u) <C
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holds. W is said to be p,-closed if whenever

Pp
Uy — U

one has u € W. Notice that, if p; = oo, then p-closedness and p-boundedness are strictly weaker than
norm-closedness and norm-boundedness, respectively.

The next observation is of particular importance in the sequel. Let u € LP()(Q), v € LP()(Q) and
let (v,) be pp-convergent to v. Fatou’s Lemma yields the following inequality

py(u — ) < liminfp, (u — v,).

For obvious reasons, the above is known as the Fatou property of the modular p,,.

Theorem 4. Let p: QO — (1,00); assume p_ = in(f)p(x) > 1. Let W € LPU)(Q) be convex and pp-closed
xe

and u € LPU)(Q) satisfy
dp, (u, W) = inf {p,(u —v) :0 € W} < oo. (8)

Then, there exists a unique vy € W for which
dp, (u, W) = pp(u —v9).

Proof of Theorem 4. One can clearly assume that u ¢ W, otherwise there is nothing to prove. Under
this assumption, one must have d(u, W) > 0, due to the p,-closedness of W. Let (v,) C W be such that

pp(u—vy) < d(u,W) (1 + 111) .

Then, the sequence (%) must be p,-Cauchy, i.e., it must necessarily hold that p, (27 (v, — v)) — 0
as m,n — co. The latter follows by contradiction. Indeed, if otherwise, there would exist § > 0 and
strictly increasing subsequences (1 )x>1 and (my),>1 with 1 > my for every k such that

o (U"kzvmk> >4 9)

for each k € N. Since ny > my, it would then hold that

max{pp (1 — ow,), 0y (t — 0, )} < d(u, W) (1 + ni}() —

Together with the bound (9) and in by virtue of Definitions (3) and (4) and of Theorem 1, there exists
7 > 0 such that

1 (Omy + Ony.)

- — -] >

1 PP (u 5 >1n >0,

for any k € N. Though not mentioned explicitly there, the proof of Theorem 1 contains the fact that #
is independent ry. Since W is convex by assumption, the last inequality above yields

d(u, W) < pp <u — W) <r(1—y)

my

— d(u, W) <1 4 1) (1—n).
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Letting k tend to oo one clearly reaches a contradiction: in conclusion, the sequence (%) is p,-Cauchy,
as claimed. Since LP()(Q)) is pp-complete, we define v as
nh_r)rolopp(v 27 v,) = 0.
Notice that ;
Op (20— (v—i—jk)) — 0 as k — oo;

for fixed k € N, (@) converges to 4 + v. The convexity and p,-closedness of W imply then that

n
% + v € W for each k and invoking again the closedness of W we conclude that 2v € W. On account

of the Fatou’s property for the modular p,, one concludes that

d(u, W) < pp(u — 20) < liminfp, (u - (v+ @»

k—00 2
. . . . vn + vk
< —
< hgglfh]{gglfpp (u ( 5 ))

< lim inflim inf = (op (1 —v4) + pp(u —vg))

n—0 koo 2

=d(u,W).

It follows that
d(u, W) = pp(u —20).

Ifw e Wandd(u,W) = pp(u — w), it is therefore concluded that

d(u, W) < pp <u - 20;—10) < % (op(u —20) + pp(u —w)) = d(u, W).

Since p, has the UUC2 property, it is strictly convex. Hence, w = 2v, which yields the
uniqueness statement. [J

It should be emphasized at this point that Theorem 4 can be restated as the following
minimization result:

Theorem 5. In the notation and under the hypotheses of Theorem 4, there exists a unique solution uy € W to
the minimization problem

u—weW

inf lw(x) P dx (10)
/

(notice here that u € LP()(Q))).

Proof of Theorem 5. It is immediate from Theorem 4 that the unique solution is given by
w=u—vy U

Aiming at presenting further applications of the UUC2 property for LP()(Q0), we state and prove
Theorem 6:

Theorem 6. Consider a non-increasing sequence (Cy,), of pp-closed, convex, nonempty subsets of LrO(Q)
and assume that
p- > 1.
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Suppose that for some v € LPC) (Q) it holds that sup d(v, Cy) < co. Then,

n>1
N Cu # 2.
n=1

Proof of Theorem 6. It is sufficient to assume that, for some 1y € N, it holds that v & C,,; otherwise
there would be nothing to prove. From the p,-closedness of C;,, it is easily derived that d (v,Cyy) > 0.
Since the sequence (Cy), is non-increasing by assumption, the inequalities

co > supd(v,Cy) > d(v,Cy) = inf d(v,u) > inf d(v,u) =d(v,Cy_1)
n>1 ueCy ueCy,_1q

are clear for any n > 1. Thus, the sequence d(v,C,) is non-decreasing and bounded. Let L =
limy, 00 d(v, Cy) < oo; clearly L > 0. For each n € N, let u, € C, be chosen so that p,(v — u,) =
d(v,Cp). As in Theorem 4, one can prove that the sequence (%) , 18 pp-Cauchy in LP ()(Q)) and hence

it pp-converges to, say, u/2 € LP0)(Q). Fix k € N. Then, the sequence (%), is contained in Cy and

pp-converges to 5, which implies that 5 € Cy, since Cy is p-closed. In conclusion,
u oo
5 € ) Cn,
n=1
ie., N Cy # @, asclaimed. [
n=1
To facilitate the proof of the following theorem, we recall the following:
Definition 5. A family (C;);c; of sets is said to have the finite intersection property if for every finite subset

k
{i1, iy} C I it holds that N Ci], + Q.
=1

Theorem 7. Assume that p— > 1 and suppose that @ # C < LPO)(Q) isa pp-closed, pp-bounded, convex set,
then if let (C;)ic; C 2C is a family of subsets of C having the finite intersection property, it necessarily holds that

NG # @.

iel
Proof of Theorem 7. C is p,-bounded; it is therefore immediate that, forany u € Candi € I,

d(u,C;) = vigépp(u —0) < sulgpp(u —7) < 0.
t [4S

dA:d u,ﬂCj .
JEA

Notice that if A and B are finite subsets of I and if A C B, then ) C]- cnN C]-. Consequently,
jeB jeA

For any finite subset A C I, let

d (u, ﬂ Cj) = inf pu(u,0) < inf pu(u,0),

jeA UemjeACj UGﬁjEBC]'
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ie., dy < dp. Write

dIme{d(m(]Q) ]clzmwﬂc;¢@}.

icJ i€]

Let (A, ) be the sequence defined by

d[—1<dAn§d[.
n

n oo
Write B, = U Arxand | = U By. It is clear then that, for each n € N, the set N C; is pp-closed,
k=1 n=1 ieBn
convex and non-empty and that the sequence ( N CZ-) is non-increasing. Hence, Theorem 6 applies
i€B,

and we have

S=Ci #.

ic]

By definition, for each n € N, it holds that

NG< G

ie] i€Ay

and it follows that for each n one has
1
dr — E < dAn < d(u,S) <dj.

Thus, d(u,S) = d;. On account of Theorem 4, there exists a unique z € S which satisfies p, (1 — z) = d;
and, therefore, for any index iy € I, one has

SQSF\ICZ‘O: ﬂ C #£©;
ie]u{ip}

it is seen immediately that d; < d(u,S) <d(u,SN Cio) <dj.Inall,
d(u,S) =d(u,sNC)
and by Theorem 4 there exists a unique w € S N C;;, for which
pp(u—w) =d(u,SNC;,) =dj.
In particular, w € S, thus, invoking the uniqueness part of Theorem 4, one must necessarily have
w = z. Since i is arbitrary, it is concluded that z € (| C; and hence the latter intersection is non-empty,

i€l
as claimed. O

The following theorem is another consequence of the ULIC2 property for LP() (Q)).

Theorem 8. Letp_ > 1,0 #C C Lr0) (Q) be a convex, pp-closed, p, bounded and assume that C is not a
singleton (i.e., C at least two distinct points). Then, there exists u € C for which

sup pp(u —v) < diam(C),
veC

where as usual diam(C) = sup pp(a — b) stands for the p,-diameter of C.
abeC
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The property established in Theorem 8 is commonly referred to as the p,-normal structure property.
Theorem 8 can thus be rephrased as asserting that, if p_ > 1, then L? ()(Q) has pp-norma structure.

Proof of Theorem 8. The assumptions imply that §(C) > 0 and that there exist two distinct points
ueC,veC, u#v. Forany w € C, invoking the UUC2 property, it follows at once that, for J as in
the definition of UUC2, (Definition (3)),

(50 ) o ()
< diam(C) (1 —5 (diam(C), chani(C))) .

The arbitrariness of w in concert with the convexity of C yields the claim. [J

Theorem 9. If p— > 1and @ # C C LP1)(Q) is convex, pp-closed and p,-bounded, it follows that any map
T:C—C

for which the bound
pp (T(u) = T(v)) < pp (u —0)

holds for any u € C,v € C, has a fixed point. In other words, under the above conditions, there exists w € C
such that
T(w) = w.

Proof of Theorem 9. It is obvious that the theorem is true if C is a singleton. Thus, it can be assumed
that the cardinality of C is at least 2. Let

F={@®#KcCC:Kis ppclosed and T(K) C K}.
Since C € F, F # @. Moreover, F is partially ordered by the order relation
X<Y < YCX.

If G is a totally order subfamily of F, then G possesses the finite intersection property and, on account
of Theorem 7, it follows that

) X#9;

Xeg

this clearly implies that (| X € F, hence (| X is an upper bound for G.
Xeg Xeg
Zorn’s Lemma yields the existence of a maximal element Xy € F. We set about to prove that Xy

contains exactly one point. Denote the intersection of all p,-closed, convex subsets of C that contain
T(Xo) by cono’r (T(Xp)). In particular, since Xy € F,

@ (T(X0)) € Xo.
On the other hand, the set cono’» (T (X)) belongs to F because it is convex, p,-closed and it holds that
T (@ (T(X0))) € T(Xo) C @M (T(Xp)).-

As a consequence of the maximality of X with respect to the indicated inclusion, one has

conofy (T(Xo)) = Xp. (11)
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Theorem 8 yields the existence of an element xy € X such that

ro = sup pp(xo — u) < diam(Xp). (12)
ueXo

Let By, (a,s) denote the pp-ball of radius s centered at a; we remark the obvious fact that the convexity
and the Fatou property of the modular p, imply that By, (4, s) is pp-closed and convex. Set

M= ﬂ Bpp(v,ro) NXgp= {u € Xp : sup pp(u—v) < 70};
veXy UEXO

then, M is p,-closed and convex and M C X,. Moreover, if x € M, then for any v € Xj

In other words, if v € Xo, pp(T(v) — T(x)) < ro, ie, T(Xo) C By, (T(x),70). By definition of
conofr (T(Xp)), it is plain that:

I (T(Xo)) € By, (T(x), 70);
from equality (11), it follows that
Xy = cono® (T(Xo)) € By, (T(x),70);
that s, for any v € X, p,(T(x) —v) <o, ie., T(x) € By, (v, 79). It is clear that, by definition of M,
T(M) C M,
so that M € F and, since M C Xy and X is maximal, one has a fortiori:
Xy = M.

By definition, then, if w € X,
pp(w —xg) < ro;

this forces the inequality diam(Xy) < rp, which contradicts the strict inequality (12) unless diam(Xy) =
0. Hence, diam(Xy) = 0 and Xy = {a} is a singleton. Since also T(Xp) C X, necessarily

T(a) =a.
In conclusion, T has a fixed point. 0O

7. Conclusions

The main results in this work can be summarized as follows: Theorem 3 asserts that, if p_ > 1,
then the variable exponent space LP(")(Q) has the UUC2 property.

It follows from Theorem 7 that, if p_ > 1and C C LP()(Q) is a nonempty, pp-closed, pp-bounded,
convex set, then any family of subsets of C that has the finite intersection property has nonempty
intersection.

In Theorem 9, it is proved that, if p_ > 1, then any non-expansive map T on a nonempty, p,-closed,
pp-bounded, convex subset of LP0)(Q) has a fixed point.
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