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Abstract: Changhee polynomials were introduced by Kim, and the generalizations of these polynomials
have been characterized. In our paper, we investigate various interesting symmetric identities for
Carlitz’s type g-Changhee polynomials under the symmetry group of order # arising from the fermionic
p-adic g-integral on Z,.
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1. Introduction

For an odd prime number p, Z,, Q;, and C, denote the ring of p-adic integers, the field of p-adic

rational numbers, and the completions of algebraic closure of Q, respectively, throughout this paper.

The p-adic norm is normalized as |p|, = %, and let g be an indeterminate in C, with |g — 1], <
_1

p P~1. The g-analogue of number x is defined as

)

Note that lin% [x]g = x for each x € Zj.
q—

Let C(Zy) = {f|f : Zpy — R is continuous}. Then, a fermionic p-adic g-integral of f (€ C(Zy))
is defined by Kim as [1-6] :

Ig(f) = [, Fdng() = Jim | 2 fuey (v + "2

Y F(x)(—g)" @
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On the other hand, it is well known that the Euler polynomial E,(x) is given by the Appell
sequence with g(t) = 1 (¢! + 1), giving the the generating function
——e =Y E.(x)—,
et +1 = n!
(see [7-17]). In particular, if x = 0, E,, = E;(0) (n € N) is called the Euler number.
As a g-analogue of Euler polynomials, the Carlitz’s type g-Euler polynomial &, 4(x) is defined by

[e°]

" ¥
Y Engl) g = [ ety (y), ©
: 4

(see [2,13-17]). In particular, if x = 0, £y, = £14(0) is called the g-Euler number.
By (3), the Carlitz’s type g-Euler polynomial &, 4(x) is obtained as
Enq(x) = [ [x+ulidp—g(y), (n20). @
y

From the fermionic p-adic g-integral on Zj, the degenerate g-Euler polynomial &, 5 ,(x) is defined
as [16]:

[x+y]q

T Eunalo) = [, (10" iy () ®)

]
By the binomial expansion of (1 + /\t) , we get

[x+y] a
/(1+/\t) 7 :2/\”/ <["+
Zp n=0 JZp

where (a), =a(a —1)--- (0« —n+1) forn € N, and by (5) and (6), we have

“) dy—q@/)ﬂ ©6)

n!’

n [x+y]q
En =A du_q(y), N). 7
(%) ép( ) dpt), (e )
Since
(@) =a(a—1)---(a —n+1) ESlnl 8)

Enpg(x) =A" 251 /Z <[xt\y]q)ld#—q(y)

= 2 /\”’lsl(n,l)é'l/q(x),
=0
where Sq (1, m) is the Stirling number of the first kind (see [2,7,8,12,17,18]).
Now, we apply these polynomials to Changhee polynomials, introduced by Kim et al. [19].
The Changhee polynomial of the first kind Ch, (x) is defined by the generating function to be

[e¢] tn .
3 Chnlx) :/z,,(l ) dp (1)

2
— (141~
2t

)

(see [20,21]).
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In view point of (3) and (9), Carlitz’s type g-Changhee polynomial Ch,, 4(x) is defined by

) #n
Y- Chiug(x) = [ (140 hdp_ (), (10)
n=0 ! P

(see [18,22]).
By the binomial expansion of (1 + )X *¥ls,

(e tn
R [x+y]
3 Chua(2) /Zpu + Dl (y)

. g a1
:V;)/Zp ([x +y]q)ndﬂ—q(y)mr
and so the equation (10) and (11) yield the following:
Cling(x) = | (lx+ ), d—g(), (12)

p

(see [20,21]).

In the past decade, many different generalizations of Changhee polynomials have been studied
(see [19,20,22-32]), and the relationship between important combinatorial polynomials and those
polynomials was found.

Symmetric identities of special polynomials are important and interesting in number theory, pure
and applied mathematics. Symmetric identities of many different polynomials were investigated
in [5,10,14,16,32-39]. In particular, C. Cesarano [40] presented some techniques regarding the
generating functions used, and these identities can be applicable to the theory of porous materials [41].

In current paper, we construct symmetric identities for the Carlitz’s type g-Changhee polynomials
under the symmetry group of order n arising from the fermionic p-adic g-integral on Z,, and the proof
methods which was used in the Kim’s previous researches are also used as good tools in this paper
(see [5,10,14,16,32-39]).

2. Symmetric Identities for the Carlitz’s Type g-Changhee Polynomials

I
Let t € C, with |t|, < p 7T, and let S,, be the symmetry group of degree 1. For positive integers
wy, Wy, ..., w, withw; =1 (mod 2) for eachi = 1,2,...n, we consider the following integral equation
for the fermionic p-adic g-integral on Z;

(TS wi)y+ (T i) 3o T (H7_11 wf) ki]
j# ‘Yd‘uiqwlwz--wn,l (y)

/Z(l—i—t)

P

13
( ?;11 zu,)(m+zuny)+( " w,)x+wn Zfl( ;’;11 w]-) ki] (13)
q

Rl ws1?Vo -1
=—T1——1im Y Y (1+¢) i#
2 N—oo m=0 y=0

« (_ 1)m+wnqulwz~~~wn,1 (m+wny) )
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From (13), we get

n—1 wy—1 wn Y3 (H" iwl)k
# H Z (— 1)2” 1k,q 1,#]

[Z]qwlwz-uwn71 =1 k=0

(I )y (T ) vaon £ (H}’ ]lw]) ]

X / (1 + t) 17 qdﬂ7q2¢ylz¢72...w7171 (y)
N (14)
n—1 ZUmfl w”71 pN_l (Hn 1 wl)(m+wﬂy)+(n?:1 w,‘)Xern (Z_’];:l ]) ]
J7t q

=1lim J] Y Y Y (1+¢

N=0 3 k=0 1=0 y=0

(o) (T )0 (H#I w) ’

« ( 1)2 1k +l+yq ]
If we put
2 n—1wy—1 o1 Wn Zn ! (Hi wi) k]
F(wl/w2/"-/wl’l) :27_ Z ( ]‘)Z k]q l#]
[ ]qwlwz““”"*l m=1 ky,=0
(15)
(H?;f wi)y"'(nzn:l wi)x—i-wn Ny (H}'_l] w]') ki]

X /% (1 + t) ]#Z qd,uqulwl“wnfl (y)/

r

then, by (14), we know that F(wy, wy, ..., wy) is invariant for any permutation ¢ € S,,.
Hence, by (14) and (15), we obtain the following theorem.

Theorem 1. Let wq, wy, ..., wy be positive odd integers. For any o € Sy, F(wU(l), We(2)r -+ wa(n)) have the
same value.

By (1), we know that

n—1
[Twi| k| - @6
q i=1 i :1
j#i g

Il
N
—7
kS
N———
<
_|_
N
=
S
N————
=
+
S
=
gl

n—1 k
y+wpx+wy Y —-
i Wy Wy 1

n—1
i
i=1
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From (5) and (16), we derive the following identities.

(0 ) (T ), 1(“] 1 ) ]
j#i

qd}’lqulwzmwn—l (y)

P
; ]/+wnx+wn Z;:l 571 W1 Wy W
:(1 +t l 1 i qé ! l}q 192 n-l d”—qwle”wnfl (y)
’ (17)
00 [H:Z 1 wl} 00 n=1p.\ gm
I
= l;) < q)t Z Chm,qw1w2‘“wn—1 WpX + Wy ; all %
= m=0 i=1
(=] m n—1 n—1 m
m ki t
= Y lH wi] < )(jhr,qwlwzu.w1 (wnx +wn ) l) —
m=0 \r=0 \ li=1 1,/ r i—1 Wi m:

for each positive integer n. Thus, by Theorem 1 and (17), we obtain the following corollary.

Corollary 1. Let wy,wy, ..., wy, be positive integers with w; = 1 (mod 2) for eachi = 1,2,...,n, and let m
be a nonnegative integer. Then, for any permutation T € Sy,

2 m n—1 w‘r(l) -1 - (n) Z;’;ll ():;’_11 ZUT(]')) ki
e D1 ) I BN CE (LY 2

n—1 m n-1 k;
| [T (r)Chr,q”r<1>”’m>'““’f<n1> W)X+ () 1, 70
i=1 q i=1 “7(i)
have the same expressions.

Note that, by the definition of [x]g,

n—1 k;
Y+ wex +wy, Y 1]
i—1 Wi g2 W1

wn): Hn 1w k (18)
[wn]q n=1 [ n-1 j=1"7
W X; 1_[ w] ki + q ]7&1 [y + ZUHX]qtvltv2»»-w;171
i= =
i=1 1 q i o
By (12), we get
n—1 ki
Chm,qwlu’Z“‘wn—l WyX + Wy Z —
i—1 Wi
ne1 (19)
= Y + WyX 4 Wy Z j d‘lxl_qwlwzmwn71,
Zp =1 1 qwlwz Wy, 1 "
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and by (8) and (18),

n—1 k:
Y+ wpx + wy Z i
i=1 wi qwlw2'“w 1
m
n—1 n—1
[wnlq nl el wn Lisy (H] 1 /)
- n—1 H wj ki +4q j#i []/ =+ wnﬂqwﬂuzmwnfl
{ i=1 wl} i=1 1;1
! Wy
] q N
n—1
S [wnlg nlf el wn Lisy (H] 1¢ /)
=) Si(m,1) N Yol T1wi| ki +4q j#i [y + W] oy,
1=0 { ?__1 w,} i=1 | j=1
i o
I—i I—i
UL ! n—=1 [ n-1
I [wnlg
_IZOSl(m,l) ; <l) T L lj[ w; k;
- i=1 Hi:1 wj i=1 1
1 /7&1 qeon

iton 2?11( ;1“’/)"
X q j#i v+ wnx]

From (4), (19) and (20), we have

n—1 k
Chm,qwle..-wn_l WX + Wy 2 —L

i—1 Wi

qu Wy *

I—i

—isl(m,l)zl:(l) |:[ZU;I]q:| T;l ﬁwj k;
q

1=0 i=1 \! [T5) wi =1
1751 qwn
n—1 n—1
1wy Zif] (Hj_l w]) ki
X q Jj#i [y‘i‘ZUn ] W Wy d}’l g2 n— 1(y)

1—i I=i

B m i 1 [wn] n—1 [ n—1 ‘ ‘
=Y Sim DY () T 1 | L | Tw |
q ]7&1 qwn

6 0f 9

(20)

(21)
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From (21), we have
in e e (Z# )
(—1 i=1 g J71
[z]q‘”m M r=01=1 k;=0
n—1 n—1
m k:
X [H wi‘| ( )Chr,qwlwz”wnl (wnx + Wy Z l})
i=1 ], r i—1 Wi
m-—r
m n—1w—1 . wn Ty ():;lll w/) ki n—1 -
)3 (1)t big j#i [H ZUi] ( )
[z]qwlwz =0 1=1 k;=0 i=1 q r
m-—r
p—i p—i
l — n—1
! [wn]
x Y Si(rp Z(z) nnq Yo TTwj|k
= i=1 {H =1 wz} = j=1
j#i geon
iwy, Z:’ll( ;’;11 wj) k; (22)
xq I# Ch; gorwz-wy_1 (wnx)
p—i
m r m 1 w n—1
LY L5 ( r) <1> Lﬂ [H wi] Chj gy, (WnX)
r=01=0i=1 [H 1 w,L i=1 i) .,
p—i
2 n—1w;—1 o (1+i)wn i Z] 1% 01
ol p— [TY (—)rikg i# Hw] ki

g2z =1 =0 i

I
=

] ?él geon

n—1
[H Wi] ) Chi,qwlwz»‘«wn,l (wnx)Fn,qwn (ZU1, e, Wy |l + 1),
9/ m—r

where

n—1 1 p_l_l
2 n—1w;—1 - X ):f‘ n—1 | n—1
Fuog(wi, ..., Wy i) = mr————TT Y (-1)k=1g 17 Y| [Tw |k
[Z]qwlwz...wﬂ 1=1 k=0 =1 i
j#t q
Theorem 2. For each nonnegative odd integers wy, wy, . .., wy, and for any permutation o in the symmetry
group of degree n, the expressions




Symmetry 2018, 10, 634 80f9

have the same.

3. Conclusion

The Changhee numbers are closely related with the Euler numbers, the Stirling numbers of the first
kind and second kind and the harmonic numbers, and so on. Throughout this paper, we investigate
that the function F(w, (1), Wy (2), - - -, We(n)) for the Carlitz’s type g-Changhee polynomials is invariant
under the symmetry group ¢ € S,. From the invariance of F(wy(1), Wy(2), -+, We(n)), © € Sn, We
construct symmetric identities of the Carlitz’s type g-Changhee polynomials from the fermionic p-adic
g-integral on Z,. As Bernoulli and Euler polynomials, our properties on the Carlitz’s type g-Changhee
polynomials play an crucial role in finding identities for numbers in algebraic number theory.
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