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Abstract: Theories of quantum gravity suggest that Lorentz invariance, the fundamental symmetry
of the Theory of Relativity, may be broken at the Planck energy scale. While any deviation
from conventional Physics must be minuscule in particular at attainable energies, this hypothesis
motivates ever more sensitive tests of Lorentz symmetry. In the photon sector, astrophysical
observations, in particular polarization measurements, are a very powerful tool because tiny
deviations from Lorentz invariance will accumulate as photons propagate over cosmological distances.
The Standard-Model Extension (SME) provides a theoretical framework in the form of an effective
field theory that describes low-energy effects due to a more fundamental quantum gravity theory by
adding additional terms to the Standard Model Lagrangian. These terms can be ordered by the mass
dimension d of the corresponding operator and lead to a wavelength, polarization, and direction
dependent phase velocity of light. Lorentz invariance violation leads to an energy-dependent change
of the Stokes vector as photons propagate, which manifests itself as a rotation of the polarization angle
in measurements of linear polarization. In this paper, we analyze optical polarization measurements
from 63 Active Galactic Nuclei (AGN) and Gamma-ray Bursts (GRBs) to search for Lorentz violating
signals. We use both spectropolarimetric measurements, which directly constrain the change of
linear polarization angle, as well as broadband spectrally integrated measurements. In the latter,
Lorentz invariance violation manifests itself by reducing the observed net polarization fraction.
Any observation of non-vanishing linear polarization thus leads to constraints on the magnitude
of Lorentz violating effects. We derive the first set limits on each of the 10 individual birefringent
coefficients of the minimal SME with d = 4, with 95 % confidence limits on the order of 10−34 on the
dimensionless coefficients.

Keywords: Lorentz invariance; Standard-Model extension; polarization; Active Galactic Nuclei;
Gamma-ray Bursts

1. Introduction

Lorentz invariance is the fundamental symmetry of Einstein’s theory of Special Relativity. It has
been established by many classic experiments, such as Michelson–Morley, Kennedy–Thorndike,
and Ives–Stilwell [1–3], and tested to great precision by modern experiments [4]. Theories of quantum
gravity suggest that there may be minute deviations from Lorentz symmetry, which motivates ever
more sensitive tests [5–10].

Violations of Lorentz symmetry can lead to an energy-dependent vacuum photon dispersion
relation, birefringence as well as anisotropy of the vacuum [11]. All of these effects can be tested with
astrophysical observations, which are particularly sensitive because minuscule effects accumulate as
photons propagate over very large distances resulting in measurable effects [12]. Vacuum birefringence
leads to a wavelength-dependent change of the Stokes parameters, generally resulting in a rotation
of the linear polarization angle. Astrophysical tests of Lorentz symmetry include time of flight
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measurements (see, e.g., Refs. [13–17]) and polarization measurements (see, e.g., Refs. [18–20]).
The latter are generally more sensitive than time-of-flight measurements by the ratio between the
period of the light wave and the time resolution of dispersion tests, which is usually limited not by
the time resolution of the detector but by source-dependent flux variability time scales and photon
statistics.

The Standard-Model Extension (SME) is an effective field theory framework describing low-energy
effects of a more fundamental theory of quantum gravity, including violations of Lorentz and CPT
invariance [11,12]. It introduces additional terms in the Standard-Model Lagrangian, which can
in part be ordered by the mass dimension d of the underlying operator. Terms with d ≥ 5 are
non-renormalizable and generally thought to be suppressed by M4−d

Planck, whereas the minimal SME
with renormalizable operators of d ≤ 4 results in effects that are unsuppressed relative to conventional
physics, unless some hierarchy of scales exists. Operators of even d are CPT even, while odd-d
operators are CPT odd. In the photon sector, there are (d − 1)2 non-birefringent coefficients and
2(d− 1)2 − 8 birefringent coefficients describing photon propagation in vacuum for even d. For odd
d, there are (d − 1)2 birefringent coefficients. In general, these coefficients result in an anisotropy
of the vacuum, and time of flight or polarization measurements of a single astrophysical source
can only constrain combinations of these coefficients. A notable exception are measurements of the
polarization of the Cosmic Microwave Background, which resulted in extremely tight constraints on all
coefficients of d = 3 [21–23]. In previous papers, we used gamma-ray time-of-flight measurements and
optical polarization measurements from multiple sources to individually constrain all non-birefringent
parameters of mass-dimension d = 6 [16] and all parameters with d = 5 [20], respectively.

Here, we use the same optical polarization measurements of Active Galactic Nuclei (AGN)
and Gamma-ray Bursts (GRBs) as in Ref. [20] to individually constrain each of the 10 birefringent
coefficients with mass-dimension d = 4. The non-birefringent coefficients of d = 4 result in an
energy-independent anisotropy of the phase velocity of light. Laboratory searches using a variety
of resonating cavities have resulted in strong constraints on each of these coefficients [4], with the
strongest constraints from long-baseline gravitational wave interferometers [24]. On the other hand,
there are very few constraints of combinations of the birefringent coefficients, mostly from X-ray
polarimetry of GRBs [19].

The main challenge, compared to the analysis of the d = 5 case, is that unlike odd d at even
d the change of the linear polarization during propagation depends on the linear polarization
angle. Therefore, the analysis requires a different approach. As before, we make use both of
polarization measurements integrated over the relatively broad bandwidth of a telescope, as well
as spectropolarimetric measurements, which provide the Stokes parameters Q and U as a function
of wavelength.

The paper is structured as follows. In Section 2, we summarize the theoretical background and
derive expressions for the observable effects that will serve as the foundation for the data analysis.
In Section 3, we lay out the analysis of both spectropolarimetric and spectrally integrated polarization
measurements and their interpretation in terms of the SME. In Section 4, we describe the Markov-Chain
Monte Carlo method we use to derive limits on the individual SME coefficients and give the results.
Finally, in Section 5, we discuss these results and give an outlook to future possibilities. Furthermore,
Appendices A and B list the astrophysical sources used in this analysis and distributions of the different
SME coefficients derived from these measurements, respectively.

2. Theory

The photon vacuum dispersion relation of the Standard Model Extension (SME) can be written
as [12]

E '
(

1− ς0 ±
√
(ς1)2 + (ς2)2 + (ς3)2

)
p (1)
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with the expansion in spin-weighted spherical harmonics sYjm and mass dimension d:

ς0 = ∑
djm

Ed−4
0Yjm(n̂)c

(d)
(I)jm, (2)

ς± = ς1 ∓ iς2 = ∑
djm

Ed−4
±2Yjm(n̂)

(
k(d)
(E)jm ± ik(d)

(B)jm

)
, (3)

ς3 = ∑
djm

Ed−4
0Yjm(n̂)k

(d)
(V)jm, (4)

where n̂ is the direction towards the origin of the photon. For odd d, there are (d− 1)2 coefficients k(d)
(V)jm

and, for even d, there are (d− 1)2 non-birefringent coefficients c(d)
(I)jm and (d− 1)2 − 4 birefringent

coefficients k(d)
(E)jm and k(d)

(B)jm each. In this paper, we restrict our attention to the birefringent coefficients
with d = 4 in the minimal SME, i.e.,

ς±
∣∣
d=4 =

+2

∑
m=−2

±2Y2m(n̂)
(
k(4)
(E)2m ± ik(4)

(B)2m

)
(5)

with a total of 10 coefficients k(4)
(E)2m and k(4)

(B)2m, which comprise a total of 10 real components since

k(d)
(E,B)j(−m)

= (−1)m(k(d)
(E,B)jm

)∗. (6)

The polarization of an electromagnetic wave is completely described by the four Stokes
parameters: intensity I; linear polarization Q and U, where U describes linear polarization at an
angle of 45◦ relative to Q; and circular polarization V. General elliptical polarization is described
by the Stokes vector s = (Q, U, V)T . The polarization of photons with energy E will change as they
propagate through a birefringent vacuum:

ds
dt

= 2Eς× s (7)

with the birefringence axis ς = (ς1, ς2, ς3)T . In the CPT-odd case, this axis is aligned with the V axis
and as a result, linearly polarized light remains linearly polarized, but the polarization position angle
will rotate as light propagates.

In the CPT-even case, the birefringence axis lies in the Q − U plane. Consequently, the
Stokes vector will generally rotate out of this plane and linearly polarized light will become
elliptically polarized during propagation. However, light with s parallel to ς will remain unaffected.
The eigenmode of propagation is described by the polarization angle (following the convention used
in Ref. [12])

ξ/2 =
1
2

arctan
(
−ς2

ς1

)
. (8)

The observed polarization of light emitted by a source at redshift z can conveniently be calculated
in a spin-weighted Stokes basis s = (s(+2), s(0), s(−2))

T with s(0) = V and s(±2) = Q ∓ i U and
ς = (ς+, ς3, ς−)T . Then, the observed Stokes vector s is related to the blueshifted Stokes vector sz

by [12]
s = Mz · sz (9)

with the Müller matrix

Mz =

 cos2Φz −i sin(2Φz)e−iξ sin2 Φze−2iξ

− i
2 sin(2Φz)eiξ cos(2Φz)

i
2 sin(2Φz)e−iξ

sin2 Φze2iξ i sin(2Φz)eiξ cos2 Φz

 (10)
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and, at d = 4,

Φz = E
∫ z

0

dz′

Hz′

∣∣∣∣∣∑m 2Y2m(n̂)
(
k(4)
(E)2m ± ik(4)

(B)2m

)∣∣∣∣∣ . (11)

For convenience, we define the following abbreviations:

S(n̂) = ∑
m

2Y2m(n̂)
(
k(4)
(E)2m ± ik(4)

(B)2m

)
, (12)

Lz =
∫ z

0

dz′

Hz′
, (13)

γ(n̂) = |S(n̂)|, (14)

ϑz(n̂) = Lzγ(n̂), (15)

so that
Φz = Eϑz(n̂) (16)

and

ξ = arctan
(
−=(S)
<(S)

)
. (17)

Most astrophysically relevant emission mechanisms are not expected to produce any significant
circular polarization. Hence, assuming 100 % linearly polarized light at the source with the polarization
angle ψz,

Qz = cos(2ψz) Uz = sin(2ψz) Vz = 0, (18)

the observer Stokes parameters are

Q = cos(2ψz) cos2(Eϑz(n̂)
)
+ cos(2(ξ − ψz)) sin2(Eϑz(n̂)

)
(19)

U = sin(2(ξ − ψz)) sin2(Eϑz(n̂)
)
+ sin(2ψz) cos2(Eϑz(n̂)

)
. (20)

Since the data used in this analysis do not contain any information about circular polarization, we
do not consider V. The change in Stokes parameters is:

∆Q = Q−Qz = −2 sin2(Eϑz(n̂)
)

sin ξ sin(ξ − 2ψz), (21)

∆U = U −Uz = 2 sin2(Eϑz(n̂)
)

cos ξ sin(ξ − 2ψz). (22)

The above expressions can be further simplified by realizing that the reference direction for the
polarization angle can be chosen freely. Rotating the coordinate system such that ξ ′ = 0, we express all
position angles as ψ′ = ψ− ξ/2 and find

∆Q′ = 0, (23)

∆U′ = −2 sin2(Eϑz(n̂)
)
U′z. (24)

All primed quantities are expressed in this rotated frame, while all polarization angles without
prime are given in a frame where a polarization angle of 0 corresponds to linear polarization in the
north/south direction and 90◦ to the east/west direction [25]. Quantities with subscript z refer to the
polarization of the source at redshift z, quantities without a subscript to the observer polarization
predicted by the SME, and quantities with subscript m, in the following, refer to measured quantities.

3. Astrophysical Polarization Measurements

Essentially, birefringence leads to an energy and ψz-dependent rotation of the polarization angle
and change in linear polarization fraction, as illustrated in Figures 1 and 2. By measuring the linear
polarization of photons emitted by distant objects, strong constraints on birefringence can be obtained.
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In the analysis presented here, we make use of two kinds of measurements: spectropolarimetric
measurements, where polarization fraction and angle are measured as a function of photon energy,
and spectrally integrated measurements, where the polarization fraction is measured by integrating
over a broad bandwidth determined by a filter in the optical path. Both analyses are based on the results
from the previous section, but proceed differently. The goal of this section is to develop statistical
measures for each type of observation that allows us to quantify the compatibility of a set of SME
coefficients with the observation. The results are then combined in Section 4 into a joint probability
function that is used to derive confidence intervals for each individual SME coefficient.

ψz = 0°

ψz = 20°
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Figure 1. Difference of the observed polarization angle ∆ψ between photons of observer wavelengths
of 1033 nm and 443 nm that were emitted with the same linear polarization angle ψz = 0 (blue) and
ψz = 20◦ (orange) as a function of source red shift. The photons arrive from the direction of GRB 990510,

and <(k(4)
(E)21) = 10−32 with all other SME coefficients set to 0, resulting in an angle of the eigenmode

in the Q−U plane of the Stokes space of ξ = −24.8◦.
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Figure 2. Effective polarization of light observed through the HOWPol R-band filter arriving
from the direction of GRB 091208B if the light at the source is 100 % linearly polarized with a
wavelength-independent polarization angle as a function of source redshift. For this illustration,

the SME coefficients were set to 0, except for <(k(4)
(E)21) = 2× 10−32. The depolarization is due

to averaging over the bandwidth of the filter and the rotation of the polarization angle, as shown
for example in Figure 1, as well as the change of linear into circular polarization described by the
Müller matrix (Equation (10)). The combination of these two effects leads to the observed “ringing”.
As described in Section 2, the effect depends on the linear polarization angle ψz at the source.
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3.1. Spectropolarimetry

When measuring the polarization angle as a function of energy, ψ(E), we can directly compare
the result to the position angle resulting from Equations (19) and (20). Here, we reduce the problem to
comparing the change in polarization angle at a given wavelength as predicted by the SME given a set
of coefficients to the observed change over an instrument band pass. We start with a linear fit of the
measured polarization angle as function of energy,

ψm(E) = ψm(Ē) + ρm(E− Ē), (25)

where ψm(Ē) is the measured polarization angle at the median energy Ē = 2.26 eV of the fit range,
and ρm with the uncertainty σρ is the linear rate of change of polarization angle as a function of energy.
An example fit is shown in Figure 3.
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Figure 3. Example of a spectropolarimetric measurement. The figure shows the polarization angle of
4C 14.23 as a function of photon energy observed on 23 November 2009. The red line is a linear fit in
order to determine ρm for comparison with Equation (28) to calculate the probability in Equation (29).
All fit results are listed in Table A3.

To compare the measured rate of change ρm ± σρ with the prediction due to a given set of SME
parameters, we first find the source polarization angle ψ′z from the observed polarization angle ψm(Ē)
at the median energy of the detector band pass. From Equations (23) and (24), we have

Q′z = Q′m(Ē) and U′z =
U′m(Ē)

cos(2Ēϑ)
, (26)

where Q′m(Ē) = cos(2(ψm(Ē)− ξ/2)) and U′m(Ē) = sin(2(ψm(Ē)− ξ/2)), so that

ψ′z =
1
2

arctan
(

U′z
Q′z

)
. (27)

Then, we linearize the predicted change in polarization angle with energy as given by the Stokes
parameters in Equations (19) and (20), which is adequate for small changes over the bandwidth:

ρ̄ :=
dψ

dE
(Ē) =

dψ′

dE
(Ē) =

ϑ sin(2Ēϑ) sin(4ψ′z)

2
(
cos2(2ψ′z) + cos2(Ēϑ) sin2(2ψ′z)

) . (28)

An example of the rotation of the linear polarization angle as a function of one of the SME
coefficients is shown in Figure 4. The observer polarization angle in general oscillates around the
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source polarization angle and the roots of ρ̄ seen in the figure correspond to values of k(4)
(E)20 for which

this oscillation is extremal at Ē.
This allows us to quantify the compatibility of the measurement with a given set of SME

coefficients. The probability to observe a change of polarization angle ρ < |ρm| assuming a true
change |ρ̄| given by Lorentz violation according to Equation (28) and given the uncertainty of the
measurement, σρ, is:

P(ρ < |ρm|
∣∣|ρ̄|, σρ) =

∫ |ρm |

−∞

1√
2πσ2

m
exp

(
− (ρ− |ρ̄|)2

2σ2
m

)
dρ. (29)
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Figure 4. Rotation of the linear polarization angle with energy according to Equation (28) as a function

of the SME coefficient k(4)
(E)20 while keeping all other SME coefficients at 0. The source was assumed to

be at redshift z = 1 with a codeclination of θ = 90◦. Results are shown for three different values of
the polarization angle at the source, ψz. For ψz = 45◦, the Stokes vector rotates out of the Q−U plane,
but the linear polarization angle does not change because Q′z = 0 (see Equations (26) and (27)).

An example of this probability as a function of one of the SME coefficients is shown in Figure 5.
The spikes are due to the roots of ρ̄, but their width decreases with increasing SME coefficients.
A single observation cannot be used to place constraints on the SME coefficients, unless additional
assumptions are made. However, combining multiple observations will lead to tight constraints
roughly corresponding to the width of the central peak, because the spikes at larger values of the SME
coefficients will not line up for different sources.
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Figure 5. Probability P(ρ < |ρm|
∣∣|ρ̄|, σρ) according to Equation (29) as a function of the SME

coefficient k(4)
(E)20 while keeping all other SME coefficients at 0. A measured change in polarization of

ρm = (0± 1) ◦/eV was assumed. Source distance and direction are the same as in Figure 4, and colors
have the same meaning. The roots of ρ̄ in Figure 4 lead to the spikes in the probability function
seen here.

The interpretation of the probability P is as follows. If |ρm| < |ρ̄|, a strong degree of cancellation
of the LIV-induced change of position angle with a source intrinsic change in position angle must have
occurred, resulting in a low probability and a strong constraint on the given value of ρ̄. On the other
hand, if |ρm| > |ρ̄|, there must be a strong source-intrinsic change of the polarization angle, irrespective
of ρ̄. Hence, P will be large and only a very weak constraint is placed on the given value of ρ̄. This has
deliberately been designed such that no claims of detection of Lorentz invariance violation will be
made, because we do not want to make any assumptions about source-intrinsic energy-dependent
changes of the polarization angle.

We applied this method to a large sample of publicly available spectropolarimetric measurements
of AGN [26] covering observer frame wavelengths between 4000 Å and 7550 Å. From all data published
in this archive until 30 March 2016, we selected all sources with redshift z > 0.6, which have at least
one observation with a spectrally averaged polarization fraction >10 %. For each source, we chose the
measurement that resulted in the largest average polarization fraction. We then fitted each polarization
angle measurement as a function (25) of photon energy in the range 1.77 eV to 2.76 eV with a linear
function centered at the median energy of this range in order to determine the change of polarization
angle ρm. The resulting dataset was further reduced by removing all sources with ρm/σρ > 3. The final
list of measurements is given in Appendix A (Table A3).

3.2. Polarimetry Integrated over a Broad Bandwidth

When integrating over the bandpass of a broadband polarimeter, vacuum birefringence will lead
to a reduction of the observed polarization compared to the polarization at the source due to the
rotation of the polarization angle. We derive the largest possibly observable linear polarization fraction
for an instrument with energy-dependent detection efficiency T(E), assuming that the emitted light
is 100 % linearly polarized with an energy-independent polarization angle ψz. We then quantify the
compatibility of this maximum possible polarization with measured polarization fractions and angles.
Any energy dependence of ψz will lead to an additional reduction of measured polarization, making
this a conservative approach. While it is in principle possible that birefringence and source-intrinsic
effects cancel, this is very unlikely, in particular when observing multiple astrophysical sources.
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We start by computing the effective Stokes parameters of a measurement for a given set of SME
coefficients and a 100 % polarized source. Additivity of Stokes parameters allows us to integrate them
over the detector bandpass,

Q′ =
∫

T(E)Q′(E)dE =
∫

T(E)(Q′z + ∆Q′(E))dE = Q′z
∫

T(E)dE = NQ′z (30)

and

U ′ =
∫

T(E)U′(E)dE =
∫

T(E)(U′z + ∆U′(E))dE

= U′z

(∫
T(E)dE− 2

∫
T(E) sin2(Eϑz(n̂)

)
dE
)
= U′zN

(
1−F (ϑz(n̂))

)
,

(31)

where we use the definitions in Equations (23) and (24) and introduce the instrument-dependent
normalization constant

N =
∫

T(E)dE (32)

and the instrument-dependent function

F (ϑ) = 2
N

∫
T(E) sin2(Eϑ)dE. (33)

These integrals must be computed numerically, since T(E) is typically measured for each
individual instrument. The advantage of formulating the problem in this way, however, is thatN solely
depends on the instrument being used, andF (ϑ) can be tabulated for efficient evaluation. The integrals
in Equations (32) and (33) were calculated in the range 1.2 eV to 2.8 eV. All source properties (distance
and direction) and SME coefficients are combined into the single instrument-independent parameter ϑ.

In this analysis, we used data from various optical telescopes employing a variety of filters.
The filter transmission curves used in this analysis are shown in Figure 6. Table 1 lists the resulting
normalization constants N and Figure 7 shows the tabulated functions F (ϑ). With those definitions,
the maximum observable polarization for a 100 % linearly polarized source is

Πmax =

√
Q′2 + U ′2
N =

√
Q′2z + U′2z

(
1−F (ϑ)

)2
=
√

1−U′2z F (ϑ)
(
2−F (ϑ)

)
, (34)

where we used Q′2z + U′2z = 1 in the last step. The corresponding observed polarization angle is

Ψ′ = Ψ− ξ/2 =
1
2

arctan
(
U ′
Q′

)
=

1
2

arctan

(
U′z
(
1−F (ϑ)

)
±
√

1−U′2z

)
, (35)

where the sign in the denominator is chosen to match the sign of Q′z.

Table 1. Integral of the filter transmission curves used in this analysis (see Equation (32)).

Instrument Filter N [10−10 GeV]

FORS1 R-band 3.840
FORS1 V-band 3.926
FORS2 RSpecial 4.548
ALFOSC R-band 3.135
EFOSCV V-band 3.763
HOWPol R-band 3.611
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Figure 6. Filter transmission as a function of photon energy for the instruments and filters used in this
analysis [27–31].
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Figure 7. Instrument-dependent modulation integrals F (ϑ) according to Equation (33) for the filter
transmission curves shown in Figure 6.

The function F (ϑ) determines the reduction of the observable linear polarization. It shows only
a minor dependence on the exact shape of the transmission curve (compare for example the FORS1
R-band and the FORS2 RSpecial filters), but a clear dependence on the energy range covered by the filter
can be seen: for small values of ϑ, the V-band filters lead to larger values of F (ϑ) than the R-band
filters, and hence stronger sensitivity to Lorentz invariance violation. It is easy to show that in the limit
of large SME coefficients

lim
ϑ→∞

F (ϑ) = 1 (36)

and it is obvious from Figure 7 that F (ϑ) oscillates around this value as ϑ increases. In these cases, i.e.,
for F (ϑ) = 1, one finds

Ψ′ =

{
π
2

π
4 ≤ ψ′z <

3π
4

0 else
and Πmax =

√
1−U′2z . (37)

This result implies that only certain effective polarization angles Ψ can be observed in case ϑ is
large. Hence, the observed polarization angle itself already places constraints on the SME coefficients.

Given a set of SME coefficients, source distance Lz and direction n̂, we use Equations (34) and (35)
to find the largest possible polarization fraction Πmax given a measured polarization angle Ψm. It is
important to note that this does not imply the assumption of 100 % polarization at the source, but simply
reflects the fact that we do not want to make any assumptions about the astrophysics of the source.
In realistic models, the polarization of optical emission from blazars is expected to be at most on
the order of 20–30 % [32,33]. Using such models as input, significantly tighter constraints would be
possible. However, optical polarization of blazars is highly variable (see, e.g., [34]), and in case of
GRB afterglows significantly higher degrees of polarization are possible [35]. To be conservative and
to avoid systematic uncertainties, we decided against using detailed source models, and follow the
approach used in previous work [19,20].
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We numerically solve Equation (35) for U′z by requiring Ψ′ = Ψ′m, where Ψ′m = Ψm − ξ/2 is the
measured polarization angle in the rotated frame. Figure 8 illustrates this for different values of F (ϑ)
as function of the observed polarization angle Ψ′m. The result is then used to calculate Πmax from
Equation (34), shown as a function of Ψ′m and F (ϑ) in Figure 9. These results were also tabulated in
the range 0.01 ≤ F (ϑ) ≤ 1 in steps of δF (ϑ) = 0.005 and δΨ′m = 1◦ for fast lookup at later stages of
the analysis. Values of Πmax for arbitrary F (ϑ) and Ψ′m can be found from this table using bilinear
interpolation. Figure 10 shows an example of the maximum theoretically possible net polarization for
GRB 091208B as a function of one of the SME coefficients.

0 50 100 150
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0.5

1.0
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m

′ [°]


z′

ℱ(ϑ) = 0.5

ℱ(ϑ) = 0.9

ℱ(ϑ) = 1.1

ℱ(ϑ) = 1.8

Figure 8. Source Stokes parameter U′z as a function of Ψm calculated by numerically solving
Equation (35) for Ψ′ = Ψ′m for different values of the function F (ϑ).
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Figure 9. Maximum observable polarization as a function of measured polarization angle Ψ′m and the
oscillation integral F (ϑ).
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Figure 10. Maximum observable polarization fraction of GRB 091208B as a function of the SME

coefficient k(4)
(E)20 when keeping all other coefficient at 0.
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The probability to observe a polarization Π given a true polarization Π̂, can be written as [36,37]:

P(Π|Π̂, N) =
NΠ

2
exp

(
−N

4
(Π2 + Π̂2)

)
I0

(
N Π Π̂

2

)
=

NΠ
2

exp
(
−N(Π− Π̂)2

4

)
i0

(
N Π Π̂

2

)
,

(38)

where I0 is the modified Bessel function of order zero, i0(x) = exp(−|x|)I0(x), and N is related to the
statistical quality, e.g., the number of photons detected in a photon counting experiment. Use of the
scaled modified Bessel function i0(x) is advantageous for numerical implementation. Expectation
value and standard deviation of Π are then

Π̄ =

√
π

16N
exp

(
−N Π̂2

8

) [
(4 + N Π̂2)I0

(
N Π̂2

8

)
+ N Π̂2 I1

(
N Π̂2

8

)]
, (39)

σ̄Π =

(
Π̂2 +

4
N
− Π̄2

)1/2
, (40)

where I1 is the modified Bessel function of order 1. For each polarization measurement Πm ± σm, we
determine N by numerically solving σ̄Π = σm for N assuming Π̂ = Πm. This allows us to calculate the
cumulative probability by numeric integration of Equation (38):

P(Π ≤ Πmax|Πm, N) =
∫ Πmax

0
P(Π|Πm, N)dΠ. (41)

This result quantifies the probability that a given set of SME coefficients is compatible with the
measurement. Typical examples of the integral as a function of the upper limit Πmax are shown in
Figure 11. In practice, we replace P(Π|Π̂, N) from Equation (38) with a simple Gaussian distribution
with mean Πm and standard deviation σm if Πm/σm > 10 due to numerical issues when evaluating the
Bessel functions for large values of N. The error in this case is PGauss(x < 0|µ > 10σ) < 7.7× 10−24.
An example of this cumulative distribution as a function of one of the SME coefficients is shown in
Figure 12.

GRB 021004 (Πm = 0.0209, N = 5.3×104)

GRB 091208B (Πm = 0.104, N = 3.1×103)

PKS 1303-250 (Πm = 0.0091, N = 6.8×105)

Πmax

P
(Π

<
Π

m
a

x
|Π

m
,

N
)

Figure 11. Three typical examples of the integral in Equation (41) as function of the upper limit Πmax.
The three cases illustrate a range of measured polarization fractions Πm and uncertainties σm.
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Figure 12. Probability that the observed polarization fraction of GRB 091208B is smaller than the
maximum theoretically possible polarization fraction according to Equation (41) (see Figure 10) as

function of the SME coefficient k(4)
(E)20 when keeping all other coefficients at 0. The measured polarization

fraction is 0.104(25).

We applied this method to a large sample of polarization measurements of AGN [38,39]. From
this catalog, we selected 36 sources for which polarization was measured with at least 5σ significance.
Furthermore, we included optical polarization measurements of eight GRBs [40–51]. This selection
of measurements is identical to the data used in Ref. [20] with the exception that we were unable
to use data from GRB 090102 because no polarization angle was published [52]. Details about all
astrophysical sources and measurements used here are shown in Tables A1 and A2 in Appendix A.

4. Results

The goal of this work is to obtain constraints on the individual coefficients k(4)
(E)2m and k(4)

(B)2m. From
the measurements described in the previous section, we find the combined probability distribution

P(k(4)
(E)2m, k(4)

(B)2m) = ∏
measurements i

Pi(k
(4)
(E)2m, k(4)

(B)2m), (42)

where the Pi(k
(4)
(E)2m, k(B)2m(4)) are the probabilities that each measurement is compatible with the

given set of SME coefficients calculated as described in the previous section (Equations (29) and (41)).
The product goes over all measurements of both types, listed in Tables A1–A3 in Appendix A.

To calculate constraints on each SME coefficient, we evaluate the probability in Equation (42)
and marginalize over all other coefficients. Using the Metropolis-Hastings Markov Chain Monte
Carlo method [53] with a normal distribution with σ = 6× 10−35 for each coefficient as the proposal
distribution g(δk(4)

(E)2m, δk(4)
(B)2m), we sample the combined distribution. At each step t, we randomly

choose a new set of parameters k(4)
(E,B)2m,t+1 = k(4)

(E,B)2m,t + δk(4)
(E,B)2m according to g and calculate the

acceptance ratio α = P(k(4)
(E)2m,t+1, k(4)

(B)2m,t+1)/P(k(4)
(E)2m,t, k(4)

(B)2m,t) according to Equation (42). The step

is accepted if u ≤ α for a uniform random number u ∈ [0, 1], otherwise we set k(4)
(E,B)2m,t+1 = k(4)

(E,B)2m,t.

In this way, we iteratively construct a set of coefficients k(4)
(E,B)2m that can be shown to be distributed

according to the probability density in Equation (42).
The choice of proposal distribution g leads to a step acceptance rate of about 13 %. Starting from

all coefficients set to 0, we discarded the first 10,000 steps to reduce the dependence of the result on
the initial set of coefficients, and then took 107 steps recording each set of selected SME coefficients.
The distribution of these sets of coefficients is proportional to P(k(4)

(E)2m, k(4)
(B)2m). From the distribution

of values of each individual coefficient, we then find the 5th and 95th percentile as lower and upper
limits. The resulting distributions are shown in Figure A1 in Appendix B and the corresponding
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upper and lower limits on the SME coefficients are listed in Table 2. The constraints turned out to be
symmetrical around 0 within at least two-digit precision.

We also derived constraints from each of the two methods individually as a cross check. When
using only the spectrally integrated measurements described in Section 3.2, the upper limits on the
coefficients are about a factor 100 larger than those in Table 2. Consistently, we found that the results
obtained when only using the spectropolarimetric results from Section 3.1 differ from the final ones on
the order of 1 %.

By combining multiple spectropolarimetric measurements, the probability spikes in Figure 5
are eliminated as their location depends on source distance, direction, and measured polarization
angle. The “ringing” observed in the probability distribution derived from each spectrally integrated
measurement seen in Figure 12 cancels to some degree when combining multiple spectrally
integrated measurements. Furthermore, the spectropolarimetric measurements are significantly more
constraining than the spectrally integrated results. Combined, these effects result in the relatively
smooth probability distribution of each SME coefficient shown in Figure A1.

Figure A2 in Appendix B shows the correlation between the different coefficients. There is
significant correlation among most pairs of coefficients most likely due to the non-uniform sky coverage.
Therefore, the best way to improve on these results is to improve the sky coverage particularly with
spectropolarimetric measurements, which at this point were not available for most of the Southern sky.

Table 2. Limits at the 95 % confidence level on all independent SME parameters k(4)
(E)2m and k(4)

(B)2m

obtained in this analysis. The dependent parameters k(4)
(E)2(−m)

and k(4)
(B)2(−m)

can be calculated
according to Equation (6).

|k(4)
(E)20| < 2.4× 10−34

|Re
(
k(4)
(E)21

)
| < 1.0× 10−34

| Im
(
k(4)
(E)21

)
| < 1.6× 10−34

|Re
(
k(4)
(E)22

)
| < 2.4× 10−34

| Im
(
k(4)
(E)22

)
| < 2.6× 10−34

|k(4)
(B)20| < 1.5× 10−34

|Re
(
k(4)
(B)21

)
| < 2.2× 10−34

| Im
(
k(4)
(B)21

)
| < 1.4× 10−34

|Re
(
k(4)
(B)22

)
| < 1.9× 10−34

| Im
(
k(4)
(B)22

)
| < 2.5× 10−34

5. Discussion

Using optical polarization measurements of 63 AGN and GRBs, we searched for signals of Lorentz
invariance violation. We derived 95 % confidence level limits on each of the 10 coefficients with mass
dimension d = 4 of the minimal SME on the order of 10−34, as listed in Table 2. The results summarized
in Table 2 are the first constraints on the individual SME parameters in this sector. Furthermore,
the results are based on highly significant polarization measurements with well quantified uncertainties.
In comparison, the limits published in [19] only constrain combinations of SME parameters, and are
based on measurements of the polarization of the X-ray emission from GRBs with large systematic
uncertainties.

While there may not be a theory of quantum gravity currently under active consideration that
predicts a form of Lorentz invariance violation described by these coefficients, there is no generally
accepted quantum gravity theory, either. A broad search for possible effects is, thus, warranted as
neither the form of potential Lorentz invariance violation, nor its degree is known a priori. Given the
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tight constraints on the SME coefficients of d = 4 presented here and in prior work [4], any significant
violation of Lorentz symmetry at the Planck scale must be strongly suppressed at lower energies. If a
hierarchy of scales exists, suppression with (Mlow/MPlanck)

n is possible, where Mlow is the lower mass
scale and n is some power. SUSY-breaking is one scenario that could provide such a hierarchy [54].
Given extensive direct searches for deviations from the Standard Model of particle physics at energies
up to about 1 TeV [55], Mlow � 1 TeV must be assumed. A model with Mlow = 10 TeV and n = 2
would lead to a suppression of the order of 10−30. In this scenario, Lorentz invariance violating effects
of order unity at the Planck scale due to operators of mass dimension d = 4 can be ruled out by
the constraints presented here. For a similar model to be viable and to result in significant Lorentz
invariance violating effects at the Planck scale, one must assume that either n > 2 or Mlow � 10 TeV.

While optical polarization measurements are a powerful tool to constrain coefficients of d = 4 and
d = 5 [20], at higher mass dimension polarization measurements at higher energy will be significantly
stronger due to the Ed−3 dependence of the polarization signature. The Imaging X-ray Polarimetry
Explorer (IXPE, [56]) to be launched in early 2021 will provide highly significant X-ray polarization
measurements of a large number of astrophysical objects and one can expect that a similar analysis
with those data will significantly improve on the results presented here. Future Compton gamma-ray
telescopes, such as the proposed All-sky Medium-Energy Gamma-ray Observatory (AMEGO [57]) or
the Compton Spectrometer and Imager (COSI [58]) will be sensitive to gamma-ray polarization up to
MeV energies. These future instruments will significantly enhance our capability to search for Lorentz
invariance violation in the photon sector.
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Appendix A. Astrophysical Sources

Tables A1–A3 list all astrophysical sources used in this analysis, where the spectropolarimetric
results are given in Table A3.

Table A1. Sources observed by Sluse et al. [38,39], including the coordinates and redshifts listed in the
reference. All observations were made using the EFOSC2 instrument.

Source RA Dec. Redshift Polarization Position Angle
J2000 [◦] J2000 [◦] z [%] [◦]

SDSS J0242+0049 40.591 +0.820 2.071 1.47(24) −13(5)
FIRST03133+0036 48.328 +0.606 1.250 1.48(29) −55(6)
FIRST J0809+2753 122.256 +27.895 1.511 1.75(20) 73(3)
PG 0946+301 147.421 +29.922 1.220 1.65(19) −66(3)
PKS 1124-186 171.768 −17.045 1.048 11.68(36) 37(1)
He 1127-1304 172.583 −12.653 0.634 1.32(13) 46(3)
2QZ J114954+0012 177.479 +0.215 1.596 1.57(22) −24(4)
SDSS J1206+0023 181.615 +0.393 2.331 0.94(15) −57(5)
SDSS J1214-0001 183.673 +0.027 1.041 2.40(32) −77(4)
PKS 1219+04 185.594 +4.221 0.965 5.56(15) −61(1)
PKS 1222+037 186.218 +3.514 0.960 2.51(22) −82(2)
TON 1530 186.364 +22.587 2.058 0.92(14) −11(4)
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Table A1. Cont.

Source RA Dec. Redshift Polarization Position Angle
J2000 [◦] J2000 [◦] z [%] [◦]

SDSS J1234+0057 188.616 +0.966 1.532 1.35(23) 2(5)
PG 1254+047 194.250 +4.459 1.018 0.84(15) −4(5)
PKS 1256-229 194.785 −22.823 1.365 22.32(15) −23(1)
SDSS J1302-0037 195.534 +0.626 1.672 1.37(20) 35(4)
PKS 1303-250 196.564 −24.711 0.738 0.91(17) −75(5)
FIRST J1312+2319 198.056 +23.333 1.508 1.10(16) −14(4)
SDSS J1323-0038 200.769 +0.649 1.827 1.13(21) 15(5)
CTS J13.07 205.518 −17.700 2.210 0.83(15) 20(5)
SDSS J1409+0048 212.328 +0.807 1.999 3.91(28) 30(2)
HS 1417+2547 215.055 +25.568 2.200 1.03(18) −66(5)
FIRST J1427+2709 216.765 +27.161 1.170 1.35(25) 80(5)
FIRST J21079-0620 316.990 −5.664 0.644 1.12(22) −33(6)
SDSS J2131-0700 322.912 −6.996 2.048 1.78(32) 44(5)
PKS 2204-54 331.932 −52.224 1.206 1.81(26) −50(4)
PKS 2227-445 337.735 −43.725 1.326 5.26(48) 18(3)
PKS 2240-260 340.860 −24.258 0.774 14.78(21) −49(1)
PKS 2301+06 346.118 +6.336 1.268 3.69(26) −17(2)
SDSS J2319-0024 349.995 +0.414 1.889 1.85(30) −16(5)
PKS 2320-035 350.883 −2.715 1.411 9.56(20) 90(1)
PKS 2332-017 353.835 −0.481 1.184 4.86(19) −88(1)
PKS 2335-027 354.489 −1.484 1.072 3.55(30) −70(2)
SDSS J2352+0105 358.159 +1.098 2.156 1.59(26) 27(5)
SDSS J2356-0036 359.120 +0.601 2.936 1.81(34) 16(5)
QSO J2359-12 359.973 −11.303 0.868 4.12(20) −29(1)

Table A2. Optical GRB measurements.

Source Instrument RA Dec. Redshift Polarization Position Angle Refs.
J2000 [◦] J2000 [◦] z [%] [◦]

GRB 990510 FORS1 R-band 204.532 −80.497 1.619 1.6 ± 0.2 −84± 4 [41–43]
GRB 990712 FORS1 R-band 337.971 −73.408 0.430 2.9 ± 0.4 −59± 4 [44]
GRB 020813 FORS1 V-band 296.674 −19.601 1.25 1.42± 0.25 −43± 4 [47,48]
GRB 021004 NOT/ALFOSC 6.728 +18.928 2.330 2.1 ± 0.6 −7± 8 [45]
GRB 030329 NOT/ALFOSC 161.208 +21.522 0.169 2.4 ± 0.4 65± 7 [46]
GRB 091018 FORS2 32.192 −57.55 0.97 3.25± 0.35 57± 6 [49]
GRB 091208B HOWPol 29.410 16.881 1.06 10.4 ± 2.5 −88± 6 [50]
GRB 121024A FORS2 70.467 −12.268 2.298 4.83± 0.20 173 [51] †

† No uncertainty of the position angle was specified in the paper. We are able to use this measurement because
we always find the position angle the source to exactly match the observed position angle, irrespective of its
uncertainty.

Table A3. Sources selected from the Steward Observatory spectropolarimetric monitoring project [26].
The second column lists the highest observed polarization fraction during cycles 1–7 of the monitoring
program. Coordinates have been obtained from the SIMBAD database [59]. Individual references are
given for the red shifts. The last two columns give the position angle at the median energy of the linear
fit and the differential change in position angle.

Source Pmax RA Dec. Redshift PA at 2.26 eV ρ
[%] J2000 [◦] J2000 [◦] z [◦] [◦/eV]

3C 454.3 18.83 343.491 +16.148 0.859 [60] 61.19(23) −0.3(10)
4C 14.23 20.32 111.320 +14.420 1.038 [61] −34.42(18) −0.7(7)
4C 28.07 30.30 39.468 +28.802 1.206 [61] −62.36(9) 0.46(32)
AO 0235+164 39.79 39.662 +16.616 0.940 [62] −20.25(5) 0.16(17)
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Table A3. Cont.

Source Pmax RA Dec. Redshift PA at 2.26 eV ρ
[%] J2000 [◦] J2000 [◦] z [◦] [◦/eV]

B2 1633+382 27.26 248.815 +38.135 1.813 [63] −3.71(7) −0.69(26)
B2 1846+32A 28.88 282.092 +32.317 0.800 [61] 2.39(5) 1.49(18)
B3 0650+453 16.16 103.599 +45.240 0.928 [61] 79.3(5) 3.4(18)
B3 1343+451 10.07 206.388 +44.883 2.534 [61] 35.6(6) −0.7(26)
BZU J0742+5444 21.73 115.666 +54.740 0.723 [64] −87.84(19) 2.2(6)
CTA 26 26.21 54.879 −1.777 0.852 [65] 67.49(7) −0.13(24)
CTA 102 23.97 338.152 +11.731 1.037 [66] 64.81(9) 1.29(34)
MG1 J123931+0443 33.61 189.886 +4.718 1.760 [63] −72.28(8) −0.02(32)
OJ 248 18.09 127.717 +24.183 0.941 [63] −79.23(11) −0.9(4)
PKS 0420-014 28.67 65.816 −1.343 0.916 [67] 10.23(9) 0.44(31)
PKS 0454-234 35.27 74.263 −23.414 1.003 [60] 2.49(6) 0.22(20)
PKS 0502+049 17.59 76.347 +4.995 0.954 [68] −87.82(13) 2.1(5)
PKS 0805-077 28.27 122.065 −7.853 1.837 [60] 41.7(4) −1.4(11)
PKS 1118-056 22.54 170.355 −5.899 1.297 [60] 37.26(9) 1.4(7)
PKS 1124-186 10.49 171.768 −18.955 1.048 [62] −83.18(19) 0.2(7)
PKS 1244-255 13.97 191.695 −25.797 0.638 [60] −14.07(11) 1.9(4)
PKS 1441+252 37.70 220.987 +25.029 0.939 [61] −72.34(8) 0.51(28)
PKS 1502+106 45.16 226.104 +10.494 1.839 [63] 65.43(12) 0.1(4)
PKS 2032+107 12.36 308.843 +10.935 0.601 [61] 68.4(10) 9.2(34)
PMN J2345-1555 32.69 356.302 −15.919 0.621 [61] −0.46(4) 1.30(15)
S4 1030+61 37.71 158.464 +60.852 1.400 [63] −59.69(12) −1.3(4)
SDSS J084411+5312 18.72 131.049 +53.214 3.704 [63] 8.4(4) −2.0(17)
Ton 599 33.16 179.883 +29.246 0.724 [63] −52.69(7) 0.86(26)

Appendix B. Coefficient Distributions and Correlations

Figure A1 shows the probability distributions for all 10 SME coefficients with d = 4 derived in
this analysis. Figure A2 shows the correlations between coefficients.
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Figure A1. Distributions of all coefficients derived using the MCMC sampling of the coefficients
space, marginalized over the nine other coefficients. The constraints listed in each panel are 5th–95th
percentile.
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Figure A2. Correlations between SME coefficients found this analysis.
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