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Abstract: In this paper, we extended the Hamy mean (HM) operator, the Dombi Hamy mean
(DHM) operator, the Dombi dual Hamy mean (DDHM), with the intuitionistic fuzzy numbers
(IFNs) to propose the intuitionistic fuzzy Dombi Hamy mean (IFDHM) operator, intuitionistic
fuzzy weighted Dombi Hamy mean (IFWDHM) operator, intuitionistic fuzzy Dombi dual Hamy
mean (IFDDHM) operator, and intuitionistic fuzzy weighted Dombi dual Hamy mean (IFWDDHM)
operator. Following this, the multiple attribute group decision-making (MAGDM) methods are
proposed with these operators. To conclude, we utilized an applicable example for the selection of a
car supplier to prove the proposed methods.

Keywords: multiple attribute group decision making (MAGDM); the intuitionistic fuzzy numbers;
intuitionistic fuzzy sets (IFSs); IFDHM operator; IFWDHM operator; IFDDHM operator;
IFWDDHM operator

1. Introduction

Multiple attribute decision making (MADM) is a key branch of decision theory. The definition
of intuitionistic fuzzy sets (IFSs) [1,2] has been utilized to deal with uncertainty and imprecision.
The introduction of intuitionistic fuzzy entropy by Burillo and Bustince [3] caught the attention of
researchers. Xu [4,5] developed a number of aggregation operators with intuitionistic fuzzy numbers
(IFNs.) Xu [6] defined the intuitionistic preference relations for multiple attribute group decision
making (MAGDM). Li [7] proposed the Linear Programming Technique for Multidimensional Analysis
of Preference (LINMAP) models for MADM. Xu [8] developed the Choquet integrals of weighted
IFNSs. Ye [9] gave some Cosine similarity measures for intuitionistic fuzzy sets (IFSs). Li and Ren [10]
considered the amount and reliability of IFNs for MADM. Wei [11] proposed some induced geometric
aggregation operators with IFNs. Wei and Zhao [12] gave some induced correlated aggregating
operators with IFNs. Wei [13,14] developed the gray relational analysis method for MADM with IFNs.
Zhao and Wei [15] defined some Einstein hybrid aggregation operators with IFNs. Garg [16] proposed
the generalized interactive geometric interaction operators using Einstein T-norm and T-conorm with
IFNs. Chu et al. [17] gave a MAGDM model that considered both the additive consistency and group
consensus with IFNs. Wan et al. [18] researched a novel risk attitudinal ranking method for MADM
with IFNs. Zhao et al. [19] proposed the VIKOR (VIseKriterijumska Optimizacija I KOmpromisno
Resenje) method using IFSs. Liu [20] proposed MADM methods with normal intuitionistic fuzzy
interaction operators. Shi [21] developed some constructive methods for intuitionistic fuzzy implication
operators. Otay et al. [22] studied the multi-expert performance evaluation of healthcare institutions
with intuitionistic fuzzy Analytic Hierarchy Process (AHP) and Data Envelopment Analysis (DEA)
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methodology. Ai and Xu [23] proposed the multiple definite integrals of intuitionistic fuzzy calculus
and isomorphic mappings. Montes et al. [24] defined the entropy measures for IFNs based on
divergence. Liu et al. [25] evaluated the commercial bank counterparty credit risk management with
IFNs. Some similarity measures and information aggregating operators between intuitionistic fuzzy
sets [26—41] and their extension [42-53] have been proposed.

Dombi [54] proposed the operations of the Dombi T-norm and T-conorm. Following this,
Liu et al. [55] proposed the Dombi operations with IFNs. Chen and Ye [56] proposed the Dombi
weighted arithmetic average and geometric average fuse the single-valued neutrosophic numbers
(SVNNs). Wei and Wei [57] gave some dombi prioritized weighting aggregation operators with
single-valued neutrosophic numbers.

Through existing studies, we can see that the combination Hamy mean (HM) operator [58,59]
and Dombi operations are not extended to IFNs so far. In order to develop Hamy mean operators and
Dombi operations for IFNs, the main purposes of this study are (1) to develop some Dombi Hamy
mean aggregating operators for IFNs and to investigate their properties, and (2) to propose two models
to solve the MADM problems based on these operators with IFNS.

To do so, the rest of this paper is organized as follows. In the next section, we introduce some basic
concepts of IFSs, Dombi operations and HM operators. In section three we propose some intuition
fuzzy Hamy mean operators based on Dombi T-norm and T-conorm. In section four, we have applied
these operators to solve the MAGDM problems with IFNs. In section five, a practical example for the
selection of a car supplier is given. In section six, we conclude the paper and give some remarks.

2. Preliminaries

In this section, we introduce the concept of IFS, HM operator, and Dombi T-conorm and T-norm.

2.1. Intuitionistic Fuzzy Sets

Definition 1. Let X be a fixed set, with a generic in X denoted by x. An intuitionistic fuzzy set (IFS) I in X is
following [1,2]:

I'={{x,pi(x),vi(x))x € X} )
where y;(x) is the membership function, and v;(x) is the non-membership function. For each point x in X, we
have p;(x),vi(x) € [0,1] and 0 < p;(x) + v;(x) < 1.

Foreach IFS Iin X, let 1;(x) = 1 — p;(x) — vi(x), Vx € X, and we call 7t;(x) the indeterminacy degree
of the element x to the set 1. It can be easily proved that 0 < 7;(x) < 1, Vx € X. For convenience, we call
k = (pg, vk) an IFN, where py € [0,1], v, € [0,1], and 0 < py + vy < 1.

Definition 2. Let k1 = (pq,v1) and ky = (p2,v2) be two IFNs, then operational laws are defined [4,5].

1. ki ®ky = (p1+ p2 — papa, viv2)
2. k1 ®@ky = (p1p2,v1 +v2 —v112)
5 A= (1-(=m) ), A0
4

k} = (yi\,l - (1 —1/1))‘), A>0

Example 1. Suppose that k1 = (0.40.5), ko = (0.60.4), and A = 4, then we have

1. ki @ky = (0.4+0.6— 04 x 0.60.5 x 0.4) = (0.76000.2000)
2. ki ®ky = (0.4 x 0.60.5+0.4— 0.5 x 0.4) = (0.24000.7000)
3. Ak = (1 —(1-04)%, 0.54) = (0.8704,0.0625)
4

K = (0441 (1-05)*) = (0.0256,09375)
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Definition 3. Let k = (g, vy ) be an IFN, then a score function is [60]:
S(k) = px — vk @

where S(k) € [—1,1], from (2), we can give the comparison method of IFNs on the basis of the above score
function. For the difference py — vy, the larger the S(k) is, the greater the IFN k is.

Example 2. Let ki = (0.50.4),kp = (0.6 0.2) be two IFNs, we can get the scores of ki and kp. S(k1) =
0.5—-04=0.1, S(kz) = 0.6 — 0.2 = 0.4, since S(ka) > S(ky), we get kp > kj.

Definition 4. Let k = (y, vi) be an IFN, then an accuracy function H of k can be defined as follows [61]:
H(k) = pr + vk ®

where H(k) € [0,1], for the difference yy + vy, the larger the H(k) is, the greater the IFN k is.
Xu and Yager [5] develop a comparison method of IFNs.

Definition 5. Let k1 = (p1,v1) and ky = (pa,v2) be two IFNs, S(kq) and S(ky) are the score function of kq
and ky respectively, H (k1) and H(ky) are the score function of ki and ky respectively. Then,

(k
(1) If S(kl) > S(ky), then ki > ko;
(2) IfS(kl) = (kz), then

(3) If H(ky) > H(ky), then ki > ky;
(4) IfH(kl) = H(kz), then kl = k.

Example 3. Let k1 = (0.6,0.3), k, = (0.4,0.1) be two IFNs, we can get the scores and the accuracy of ky and
ky. S(k1) = 0.6 —0.3 = 0.3, S(kp) = 0.4 — 0.1 = 0.3. Since S(k1) = S(ka), we can’t get the difference of kq
and ko, then H(k1) = 0.6+ 0.3 = 0.9, H(ky) = 0.4+ 0.1 = 0.5, since H(k1) > H(kz), we can get k1 > k.

2.2. HM Operator

Definition 6. The HM operator is defined as follows [58]:

x X
)y ITki,
1<ij < <iy<n \ j=1

HM (ki ka, -+ k) = & 4)
n

where x is a parameter and x = 1,2,--- ,n,iy, iy, - - - iy are x integer values taken from the set {1,2,--- ,n}
of k integer values, C;; denotes the binomial coefficient and C;{ = ﬁlx), The properties of the operator are
shown as follows:

(i)  Whenk;=k(i=1,2,---,n),HM™) (ky, ko, - - - k) = k;
(ii) Whenk; < mi(i=1,2,--- ,n),HM(x)(kl,kz,- cokp) < HM(")(ﬂl,nz, e TTy);
(iii)  When min{k;} < HM® (ky,ky, - - -k,) < max{k;}.

Two particular cases of the HM operator are given as follows.

n
(i) Whenx =1, HM(l)(al,az,- celp) = 1 Y. k;, it becomes the arithmetic mean operator.

i=1

=

(i) When x =k, HM®) (ky, ko, - - - ki) = (

T

kl-) , it becomes the geometric mean operator.
1
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2.3. Dombi T-Conorm and T-Norm

Dombi operations involve the Dombi product and Dombi sum, which are special cases of T-norms
and T-conorms, respectively.

Definition 7. Suppose M = {(x, up(x), var(x))} and N = {(x, un(x), vn(x)) } are any two IFNs, then the
generalized intersection and generalized union are proposed as follows [54]:

Mg N = {(x, T(pm(x), pn(x)), T* (vin (x), vn (x)))x € X} ®)

MUt N = {(x, T*(pm(x), pn(x)), T(vm(x),vn(x)))x € X} (6)

where T denotes a T-norm and T* denotes a T-conorm.

Dombi proposed a generator to produce Dombi T-norm and T-conorm which are shown as follows.

TD,A (X, ]/) = (7)

Tpr(xy) =1— (8)

1
1+ ((1"x) + (1) )
where A > 0, x,y € [0,1].

Based on the Dombi T-norm and T-conorm, we can give the operational rules of IFNs as follows.
Suppose k1 = (p1,v1) and ky = (yp, v2) are any two IFNs, then operational laws of IFNs based on the
Dombi T-norm and T-conorm can be defined as follows (A > 0):

1. k@k=|1- 1 , 1
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3. nkp=|1- 1 , 1 (n>0)

1— 1 -,
_06 )2 07_\2\2
1)k @k = ”<(H’61) “e5))" | (0.7350,0.0384)
1
1+((L53)°+ (15%)°)
2) kQk = ( 21 1 21 - 1) = (0.5579,0.3069)
1+((55%8)"+(5%9)°) 1+((1247)"+(%5)°)
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3) nky=[1- 1 T, 1 + | = (0.7221,0.0603)
L (3x(1265)°)F 1+ (3x(58)°)°

4) k= 1 11— 1 - | = (0.4641,0.1613)
1+ (3x (L5%¢)%) ? 1+(3x (1%1)%)

3. Intuition Fuzzy Hamy Mean Operators Based on Dombi T-Norm and T-Conorm

In this section, we propose the intuitionistic fuzzy Dombi Hamy mean (IFDHM) operator and
intuitionistic fuzzy weighted Dombi Hamy mean (IFWDHM) operator.

3.1. The IFDHM Operator

Definition 8. Let k; = (yij, 1/1-].) (i=1,2,---,n) bea collection of IFNs, then we can define IFDHM operator
as follows:

1
1 X
IFDHM® (ky, ky, - - - k) = — S ® k. )
Cr \1<ij<<iy<n \j=1 7
where x is a parameter and x = 1,2,--- ,n,iy, 10y, - - - iy, are x integer values taken from the set {1,2,--- ,n} of
n integer values, C;; denotes the binomial coefficient and C;; = x!(:ix)!'

Theorem 1. Let k; = (‘ui],,vij> (i=1,2,---,n) bea collection of IFNs, then the aggregate result of Definition
8 is still an IFN, and have

1
IFDHM ™ (ky, ky, - - - kn) = & ® ( ® ki»)
1\ 1<ij<<iy<n \ j=1 /
(10)
— 1= 1 -, 1 .
A A
X -1 X N S
1 C’); 1§i1<;<i:(§n X 17”1']' A l+ C% 1§i1<;<i:(§ﬂ X Vi]' A
Y| =
= =\
Proof.
1. First of all, we prove (10) is kept. According to the operational laws of IFNs, we have
1 1
& ki = 1 ) (11)
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1
x * 1 1
]:1 . X 17”1']4 A\ A 1 X Vi]' A\ A
1+ EZ ]41‘. 1+ E Z 171/1‘.
j=1 ] j=1 ]
Moreover,
1
X X
D X ki-
1<iy<-<iy<n \ j=1 '
(13)
—_ 1— 1 T, 1 T
X X
1+ —x 1+ _x
1§i1<;<ix§n x (1—Vij))‘ 1§i1<;<ix§n x ( vij )A
_): L '): T—v;
j=1 ] j=1 Y
Furthermore,
1
(x) 1 k|
IFDHM (kl,k2,~ . kn) = ‘ @D . ® kl'].
T\ 1< << <n |\ j=1
(14)
—11= 1 T, 1 T
X X
1+ & — 1+ & . x
Can 1§il<~);<ixgn E(lﬂi]-))‘ C”lgil<;<ix§n f( i )A
=\ T =\
2. Next, we prove (10) is an IFN.
Let
1 1
a=1-— 1 rb = 1
A A
T1<ip<<iy<n & Hij "T1<ip < <iy<n & ij
i ( Hi ) Z (l—v-.)
=1 Y j=1 i

Then we need to prove that the following two conditions which are satisfied,

()0<a<1,0<b<T;

({)0<a+b<l.
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(i) Since pj; € [0,1], we can get

I+1& ¥ ——=| 21=1/|1+]|& ¥ ——F—= €[0,1]
T1<ij < <iy<n M "T1<iy < <iy<n ~Hi
P s L\
=1\ Y =1\ Y
1
A
=1-1/|1+| & )y —— €[0,1]
"1<i< - <iy<n 5 THy
=\ 1
Therefore, 0 < a < 1. Similarly, 0 < b < 1.
(if) Obviously, 0 < a+b < 1, then
1 1
1-— 1 + 1
A A
I+ & )y —— T+ | & )y PRV,
T1<iy<<iy<n £ 1=m; <ii<o<iz<n & [ Y
=\ =N
1 1
<1-— T T = 1
A A
I+ & — I+ & —
T <iy < <ix<n 5 (?) T <iy<<ix<n 5 (11 )
=1\ Y j=1 '

We get 0 < a + b < 1, so the aggregated result of Definition 8 is still an IFN. Next we will discuss

about some of the properties of the IFDHM operator. [

Property 1 (Idempotency). If k;(1,2--- ,n) and k are IFNs, and k; = k = (u;,v;) foralli =1,2--- ,n,

then we get
IFDHM™ (ky, ky, - - - ky) = k (15)

Proof. Since k = (j,v), based on Theorem 1, we have

1
x X
IFDHM ) (ky, ky, - - - k) = CL - <@<i » (j®1kij>
s x> =

Il
—_

I
4

1 :
I+ & )y — I+ &
1 1<iy <-<ix<n ( _Vi]v) il 1<iy <--<ix<n

L 3y
=1 =
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= 1 — T/ 1
X X
1+| & L L 1+ & r L
1*1‘;‘) 11<ip < <ix<n (11’1' )
: =7

—
—_
—_
+
N
|
~
—_
+
=

= (pi,vi) = (,v) =k

O
) be two sets of IFNs.

Property 2 (Monotonicity). Let k; = (‘ui].,vl-’.),m = (}lgj,l/gj)(i =12,---,n

If Hi; > Mo, Vi; < v@j,for all j, then
(16)

IFDHM™ (ky, ky, - - - , k) > IFDHM®) (714, 715, - - - , 71,1)

Proof. Since x > 1, Hi; > Ho; >0, Vo, > vi; > 0, then

X — U; A X 1_],{9 A X 1_‘1,[' A X ]_‘ue A
=y (—2) > !
B <20 =) e

%) j=1 j
X
== 2 VY
X :

=

X
C” 1<ii<--<iy<n  j=1

() sau BB

1+| 2
x

Cit 1<y <'m<iv<n x (1*%‘5)
j=1

1<ii<-<ixy<n j=1
1 1
x A
X 1 x 1
=1+ cr )3 71 s > 1+ cr r P
1<ip < <iy < i( 1i; ) 1<iy <+ <iy< i( Ho; )
1 =N 1 j=1 %
= T < T
A x
+l& & @ —L1 +|l& © ——L =
M1<ip<--<ix<n x 17}’1'] n1<ij<<ix<n x 17;49]_
5\ &\ 7
=1- L r>1- 1 .
x x
1 & ¢ 1
1<y <-~<ix<n £ (1*149].)

Hi;

j=1 j
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Similarly, we have

A A
X Vl] X X i
-5 2 vE(y) 2a L E vn()

n1<ip<-<iy<n  j=1

>|
==

X
sl L o
n1<ip<---<iy<n Y i
1—Vl'/.

j=1

X
>+l Y 7
n1<ip < <iy<n Z( b >
1-vy

j=1

>
>

1+|& ¢ 1+|& = L

<1 e~

M<ip<--<iy<n - (1”1j > T<iy<--<iy<n i <1"ej )

B —V;. . —Vp.
j=1 ij =Y

Let k = IFDHM®) (ky, ky, - - - ,ky), 1 = IFDHMY (711, 715, - - -, 71,) and S(k), S(7) be the score
values of k and 7 respectively. Based on the score value of IFN in (2) and the above inequality, we can
imply that S(k) > S(7), and then we discuss the following cases:

(1) 1f S(k) > S(n), then we can get IFDHM ™) (ky,ky, - - - ,ky)> IFDHM™) (71, 770, - - - , 773).
(2) If S(k) = S(m), then

1 1
1- T+ 1
A A
1 1
e L 1 A e L A
M<ip<--<ix<n x *Vi]- M<ip<--<ix<n x Ui]-
Ry Hi Ry T-v;,
J=1\C 1?1 '
1
= 1 — + 1
A A
1 X -t 1 X -
+ Ccx ): 1 A + cx 2 A
n]<ip<--<ix<n x *}'9]- n1<ip<--<ix<n x Vej
.): Ho. E 1—Lf9,
j=1 ] j=1 j

Since Hij > Mo, >0, Vg > vi; > 0, we can deduce that

1 1
1- T=1- .
A A
1 X 1 1 X 1
—"_ X Z A _'_ X Z A
Ci 1<i . x [ 14, Ca . . x [ 1-ng,
SH< <S¢ j IS <<ix<n ;
=\ =\
and
1 1
T 1
A A
1+ | & 1+1& ¢ 1

i A

1<ii<-<iy<n & i 1<ip<--<iy<n & b
K 1—v;. 171/9_
j=1 j=1 j

]
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Therefore, it follows that

10 of 39

H(k)=1- 1

1+ % )y 1

T
Chicip<<iv<n x (1 F‘]
):

Hij

=1— 1

1+ CX
n1<ip<-- <zr<n

X
§
1 _

o )y 1 X

C"1<11< <ix<n «x 177‘9]'
L7

%

1+
j=1
IFDHM ) (ky, ko, - - -
O

Property 3 (Boundedness). Let k; = (‘uij,vi],),kJr =

ki (,umml lenl ) then

k= < IFDHM®) (ky, ky, - - -

Proof. Based on Properties 1 and 2, we have

k)= IFDHM®™) (714, 715, - - -

(Vmaxzj Vmaxl )(l - ]' 2

1+ & y —1

cx A
Ch 1<ip<--<ix<n x V()]»
E —J
]

=1 T-vp.

/nVl)

-, k) be a set of IFNs, and

Jkn) <kt (17)

IFDHMY) (ky,ky, - - -, k) > IFDHM®) (k= k=, -+ k™) = k~,
IFDHM ) (ky, ky, - - -, ki) < IFDHMW®) (kT k*, - -+ kT) = k.
Then we have k= < IFDHM®) (k1, ko, -+ k) <kt. O
Property 4 (Commutativity) Let k; = (yi ,1/,»]) ( Mo, ) i =1,2,---,n) be two sets of IFNs.
Suppose (111, 709, - - -, Ty is any permutation of (k1,k2, ,kn), then
IFDHM ) (ky,ka, - - -, k) = IFDHM) (711, 710, - - -, 71) (18)
Proof. Because (7,7, -+ ,7my) is  any permutation of (ki kp,---,kn), then
1 1
CE( ® <®k> ) Cx( ® ®m> ),thus
"\ 1<ip <<y <n |\ j=1 g "\ 1<ip <<y <n |\ j=1
IFDHM™) (ky, ky, - - -, ky) = IFEDHM®) (711, 715, - - -, 71,).
O
Example 5. Let k; = (0.6,0.3),ky = (0.5,0.1), k3 = (0.7,0.2), ky = (0.8,0.1) be four IFNs. Then we use the

proposed IFDHM operator to aggregate four IFNs (suppose x =2, A = 2).
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Let
k = IFDHM® (ky, ks, - - -

11 of 39

X
cx._. .
1<ip<--<ix<n x

1+

po

X

Lo 7w E
)

Vi]-

1

T
A
T A X
i\ C"lgil<~~<ix§n X
by py
= j=1
1
2

7

NI

(0.5831,0.3355)

At last, we get IFDHM®) (ky, ky, k3, k4) = (0.5831,0.3355).

3.2. The IFWDHM Operator

The weights of attributes play an important role in practical decision making, and they can
influence the decision result. Therefore, it is necessary to consider attribute weights in aggregating
information. It is obvious that the IFWDHM operator fails to consider the problem of attribute weights.
In order to overcome this defect, we propose the IFWDHM operator.

Definition 9. Let k; = (yij,vij) (i=1,2,---,n) beagroup of IFNs, w = (w1, wy, - - -wn)T be the weight

n
vector for k; (i = 1,2, - - ,n), which satisfies w; € [0.1] and Y. w; = 1, then we can define IFWDHM operator
i=1

as follows:

IFWDHM (ky, ko, - -, k)

®
1<iy<-<ix<n

(19)
X 1-w;
® k; =T

i=1
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Theorem 2. Let k; = (;41-],, vl-j) (i=1,2,---,n) beagroup of IFNs, and their weight vector meet w; € [0.1]

n

and Y, w; = 1 then the result from Definition 9 is still an IFN, and have
i=1

1
LB <1ii ‘Uij> <_%’ki]v>'
IFWDHMY (ki Ky, -+ k) = S=siesnd =

Ci1
1— L T
i
_x N |1
i ETE <1 Elw’]) %(1“'7>A “
RO (e
— . A (1<x<n)
X
_x Yo |
1+ Cﬁ—llgi1<;<ixgn <l j§1w1f> x Vi A
gy
=\
or :
x —w
IFWDHM (ky, ko, - -+ k) = @ k; 71
i=1
(21)
= 1 ,1— 1 (x =k)

Proof. (1) First of all, we prove that (20) and (21) are kept. For the first case, when (1 < x < n),
according to the operational laws of IFNs, we get

1
® ki]. = 1= 5 (22)
j=1 x 1y A\ A x v A\ A
w(EG)) (B
j=1 j j=1 !
1
* 1 1
(é kl-],) = 1= 1 (23)
]:1 1 X 17}[1'. A\ A 1 X vi. A\ A
(502)) ()
j=1 j j=1 j
Thereafter,
]. - 1 17
A
X 1+ (1751%]) - ljm 5
x x x §1( Vivj)
1— 2 w; ® kij = 1 - ! (24)

j=1 /= T
A

1+ (1—j§]wij> - ’;I_j T

'51(1’”1’)
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Moreover,

1+
1 1<ip <---<ix<n j=1
X

X 17’*1" A
D 1-— Zl (Ui]. '® ki]. = 1 = / : (25)
= x

1<ip<--<iy<n j=1

X
1+ Z lfza),-. =3 1
1<iy<-<iy<n =1 1) x vij
.E TI—v;
=1 i
Therefore,
1
1 z X '
o (&%) 1- Y w; ®k1’.
n—=11<i; <---<iy<n =1 =1
1
1-— T/
x
1 X Z 1 i X
+| =& Y | —
C:—llgi]<m<ix§n j=1 V) o« 17”1']‘ A (26)
r -
. =1 th
- 1
T
x
1 X Z 1 i X
N Y w | —
Ci—11§i1<---<ix§n =Rty (Vij ))‘
1

For the second case, when (x = 1), we get

1-w;
kl = . 1/ 1- L 1 (27)
A A\ A
1-w; ) (1=p 1w, i
() (e (%))
Then,
X 1-w; 1 1
S50 7 rol- ; (28)
- X (1w \ M) Y X (1w, s \M)
1+<i§1(”1>< Hi ) 1+ igl(nfl)(lfvj)
(2) Next, we prove the (20) and (21) are IFNs. For the first case, when 1 < x < n,
Let
1
a=1-— 09)

>l

X
1+ ¥ [1-Tw ]
C’1*11§i1<---<ix§n j=1 J i (1*1’1'])
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b= (30)

X
g (1B
=1y < <iy<n j=1
v,

Then we need prove the following two conditions.
MH0<a<1,0<b<1.(I)0<a+b<1.
(I) Since a € [0, 1], we can get

>

S

1

1+ Eéf y (1_fy%> >1 (31)
Py

A
n—11<iy<-<iy<n j=1 <1_sz>
j=1 Hi

= + €[0,1] (32)
A
X o 1
]- + Cx ) Z . 1 - E wi]' 1—p; A
n=11<i) < <ie<n j=1 > ij
=\
1
=1- r€[01] (33)
x
- 1
1+ | & )y T=Y wi | ===
n=11<iy <<y <n j=1 £ < "t,-)
= Hi.
j=1 J
Therefore, 0 < a < 1. Similarly, we can get
1
- €1[0,1] (34)
x
X o 1
1+ £ ([1-Zw )1
n11<j) <om<iy<n =1 x ( i )
,Z T—v;,
j=1 Y
Therefore, 0 < b < 1.
(IT) Since 0 < a 4+ b < 1, we can get the following inequality.
1— 1 4 1 i
A A
X _ X . 1 X _ aS . 1
I+ G 1§i1<;<i,(§n (1 jglLUIf) . 1—;4,-j A I+ [ 1§i1<;<,-x§,, (1 j§1w1j> Y A
= A\
<1- ! r+ ! T (35)
A A
x - 1 X . 1
1+ o 1§i1<;<ix§n <1 jgw,j)ix ”ij X 1+ C£—115i1<-);<ixgn (1 j)zjlw,j> X L A
/El ﬁ jgl 1’Vi]
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For the second case, when x = n, we can easily prove that it is kept. So the aggregation result
produced by Definition 9 is still an IFN. Next, we shall deduce some desirable properties of [FWDHM
operator. [

Property 5 (Idempotency). If ki(i =1,2,--- ,n) are equal, i.e., k; = k = (u,v), and weight vector meets
k

w; € 10,1 and ¥ w; = 1 then
i=1

IFWDHMY (ky, ko, - -+ kn) = k (36)

Proof. Since k; =k = (p,v), based on Theorem 2, we get
(1) For the first case, when 1 < x < n.

IFWDHM (ky, ko, -+ k)

1
1-— T/
A
1| s y 1_§w, I B
cx ) . ] T—u; \ A
n=11<iy <--<ix<n j=1 7 £ Hij
_ =1\ M
= 1
1
x
X ;- 1
| &= r 1-Y wj, | ———%x
n—11<iy <-<ix<n =1 1) x Vij
.;l 1—1/1-,
. j= j
1-— T/
x
1+ =1— . 17{:(41' 1
c*x . . ) ij A
n—11<ig <---<ix<n j=1 J (%)
- 1
1
x
1+ =1— > 17%&1' 1
Cr-tl1<iy<<ix<n \ j=1 (ﬁ)A
1
1-— L7
A
1+ ==— (- r (iw> !
cx n . . . i A
n—1 1<iy < <iy<n \i=1 (%)
- 1
1
A
1 X S 1
I+ e Ci- v <Z wi) X
n—1 1<iy <-+<iy<n \i=1 (111/)
1
1-— 1
x
X
1+ | = (Cr—ciol w'> !
+(Cﬁl( . ”7151 ' (1;14)/\
_ 7
1
1
N x
14| & <C§*Cf,:%zwi) H
i S ()
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k

16 of 39

Since ) w; =1, we can get

i=1

(2) For the second case,

IFWDHMY (ky, ko, -+ k)
1 —

1
%/
1+(Cﬁl (Cﬁfcz:%) (11}‘)/\)
_ Iz
1
%
1+<C;1 (C%—C;%)(Vlv)A>
1- : T
1+( (n—1)! 1'(<kn:]1*)!x)! 1—1;4 A)
_ *I(k=1—x)! (T)
1
1)! %
l+< (n11>l x!((l:l:lzx)' 1/1 A)
xl(k—1—x)! ( _L)
1-— T/ T
A A
= 1 1 1+( ! A)
((W‘)A) )
= ]/l, V)

when x = n,

IFWDHM (ky, ko, - -, k)

—_
+
T
[INss
Yy
=T
- &
SN—
Yy
—_
=|
=
SN—
-
S~
>
[
+
/N
3|2
I‘\
—
—~
—
Q
>
S~
>|—

= (wv)
—k

which proves the idempotency property of the IFWDHM operator. [

Property 6 (Monotonicity).

Let k; = (‘uij,v,-j),n,- = (ygj,vgj) (i =1,2,---,n) be two sets of IFNS.

k
If wi; > o, vi, < vp, for all j, and weight vector meets w; € [0,1] and Y w; =1, the k and 7t are equal, then

we have

i=1

IFWDHM (ky, ko, - -+, k) = IFWDHMY (711, 713, - -+, 70) (37)
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Proof. Since x > 1, Hi; > Ho; >0, Vo, > vi; > 0, then

x A\ — x 0; A
E(5) < () = vE(E) = vE(S)
; .“x/ Mo, =1 ]

j=1

X A X x [1- yg
=>(1- % w; 1/z(¢ ) >(1- % w;i 1/2( >

=1 =1 Hi; =1 ]

X X 7]4, X x [1- 9 A
= |1-Lw 1/2( ) > r w; 1/21( o

= Hij = =

= =
1< < <ix<n

X X 1—;4,-j x X 17”9;‘ A
L 1= % wy |1/ L Z o L 1= % wiy |1/ X
j=1 j=1 ] 1< <<y <n j=1 j=1 ]
1
A

A
X 1 X 1
=1+ CY 2 1_2(‘}1 A >1+ 1—2(4)]'. —
1 ; 7 1-p 1 : ] 1-u
1<y <o <iy<n =1 )f( zj) G- 1<ip <+ <1Y<n =1 i (J)

]
1 <

>

X

X X
1 1
I+ & r =Y wy | ——x I+ | & r =Y wi | —7—x
n—11<ig <-<ix<n =1 (*;I,‘j) 1n-11<iq <-<ix<n =1 (*H@)

1 217

I

—
\

i

4

x
2 1
T+ & Y 1- ¥ w;, et 1+ & Y 1- 2 wi;
n—11<iy <--<ix<n =1 )5( 7/‘1']') n—=11<iq<---<ix<n j=1
j=1

Similarly, we have

x v, \ ve; A x vii \* X w \*
)3 (17; ) S Z (1 v, ) =1/x (17; ) RS> (171]/9
=1 ij j j=1 i =1 /
x v \* X d w \*
= |1- X wj 1/42 (17]%.) 2 (1-Lwy )1/ L (1759.) :
=1 =1 j j=1 j=1 /
A

x X X vij X x x v, A
' =1 j=1 j n= 11<11< <zx<n j=1 j
1
x

n=11<i) < <iy<n j

x x
=1+ | & r 1- Y wy | ———x| 21+ 1= L wy —
n=11<ij < <ix<n j=1 2 ( ‘ij ” 11<11< <ix<n j=1 i (&)
=] i

1 <

D

X
1 1
I+ & z 1—Zw, —_— I+ & T 1- ¥ w;, 1
n—11<iq <-<ix<n =1 S ( i ) n—11<iy <--<ix<n =1 f( vo; )
i =L
j =1 j

Let a = IFWDHMY (ki ks, - - ,ky), © = IFWDHMY (711, 71, - - -, 714) and S(k), S(r7) be the
score values of 4 and 7t respectively. Based on the score value of IEN in (2) and the above inequality,
we can imply that S(k) > S(7), and then we discuss the following cases:

(1) If S(k) > S(7), then we can get

IFWDHM.Y (k1 ka, - -+, kn) > IFWDHMY (711, 710, - -+, 711
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(2) If S(k) = S(7), then

1 1
1- T 1
A A
X 1 X 1
1+ | & X 1*2‘*’1‘,- e I+ | & r 1*):‘01‘,- AR
n—1 1<ii<--<iy<n j=1 i P’zj n—1 1<ip<---<iy<n j=1 X ij
=\t =
1 1
= 1 — — 1
x x
X x 1 X x 1
1+ & )y 1_Zwij PPN 1+ | &= )y 1_Zwij y X
P < <ix<n j=1 5 "o n=11<i <<y <nn j=1 £ (2
=\ =AY
Since Hij > Mo, >0, v, > vi; > 0, and based on the Equations (2) and (3), we can deduce that
1_ 1 =1 1
x x
14| = v -y 1 14| = v -5 !
+ -y Wi | ——— +| &=x— — ) Wi, | —————
Citiciy<cisn 51 0) o« (101 Citiciy<cian \ 21 1) x (1M )
; M. ; Ho.
=1 i j=1 ]
and
1 _ 1
T = T
A A
X S 1 X d 1
I+ &= r 1-Y w, | ————x I+ & > 1-Y w, | ———x
n—11<iy <-~<ix<n =1 1) x Vij n—11<iy <-~<ix<n =1 1) x v;
E T—v; ; T-vp.
j=1 ! j=1 i}

Therefore, it follows that H(k) = H(n), the IFWDHMY (ky,ky, -+ ,k,) = IFWDHM.Y
(ry, 72, -+, 71y), When x = n, we can prove it in a similar way. O

Property 7 (Boundedness). Let k; = (‘uij,vl-].),k+ = (Mmax ijs Vmax i],)(i =1,2,---,n) beaset of IFNs, and

n
k™ = (Mmin ij» Vmin i].), and weight vector meets w; € [0,1] and ¥ w; =1 then
i=1
k= < IFWDHMY (ki ko, - -+ k) < k* (38)

Proof. Based on Properties 5 and 6, we have

IFWDHM.Y (k1 ka, -+, kn) > IFWDHMY (k= k=, -+ , k™) =k~
IFWDHM.Y (ky, ko, - - , k) < IFWDHM (k+, k*, -+ k*) = k*

Then we have k- < IFWDHMY (ky, ko, - -+ ky) < k+. O

Property 8 (Commutativity). Let k; = (pti].,vi].>, T = (;4@],,1/9].) (i =1,2,---,n) be two sets of IFN.

Suppose (11, 100, - - -, Ty is any permutation of (ky,ka,- -, ky), and weight vector meets w; € [0,1] and

k
Y. w; =1, the k and mt are equal, then we have
i=1

IFWDHM (ky, ko, - -+, k) = IFWDHMY (11, 713, - -+, 70) (39)
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Proof. Because (711, 713, - - - , 71y ) is any permutation of (kq,kp, - - - , ky), then

X 3 . b
1<i i <k<1 L J)( 1k/> 1<i o <1<<1 L if)( 1 'f>
<ty <--<iy < i=1 <y <<y < =1
— .- = =1 - = (1<x<k)

-1 Ck—l

x 1- xk 1-w;
Rk = @ (x = k)

i=1 i=1

(4)

Thus, IFWDHMY (k1 ks, - - - , k) = IFWDHMY (11, 712, -+ , 710). O

Example 6. Let k1 = (0.8,0.2),k; = (0.6,0.1),k3 = (0.7,0.3), ks = (0.4,0.2) be four IFNs, the weighting
vector of attributes is w = {0.2,0.3,0.4,0.1}. Then we use the proposed IFWDHM operator to aggregate four

IFNs (suppose x = 2,A = 2).
%
A > <J®1k1>

Let
( ) 1<i <@<‘ < <
IFWDHM,,” (k1 ko, - -+ kn) = =4 :
1— 1 ,

X
| & r -y w, | —L1—
n-11<ip<-<ix<n \  j=1 J '(1*141‘]')
T
X

X
1+ C+ Z 1—- ): wi.
n—11<i <-<iy<n =1

. A
X .
£
1 " '
1-— T,
2
2 2 1
1+ e Z' 1—_2 wi]. TN Z
4-11<ip<-<ip<4 j=1 2 Hi
by ]
_ =i\ M
- 1
1
2
2 2 1
Cil11<ij<<ip<4 =) 2y
L 1-v
j=1 i
1

1-02-03 ., 1-02-04 3
(5528)° +(102‘6) (158%) +(5%%)
N Y s S £, 10304
’ (1008) +H(554)" T (59%8) +(%%)
Z203-0.1 120.4-0.1
_ (%)ZJF(%)j (5592)"+(55%2)°
1 1-02-03 | 1-02-04 3
(%52 123(21%11)2 (1252 12+0(3197§34)2
W R (2R () ()
+< ~03-0.1 +< 120.4-0

= (0.5302,0.1952)

At last, we get IFWDHM (k1 ko, ks, ky) = (0.5302,0.1952).

3.3. The IFDDHM Operator
Wau et al. [59] proposed the dual Hamy mean (DHM) operator.
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Definition 10. The DHM operator is defined as follows [59]:

Lagl
ke

DHM®) (ki, ko, -+ ky) = H j=1

1<ii<..<ix<n

(40)

where x is a parameter and x = 1,2,...,n,i1,1y,. .., iy are x integer values taken from the set {1,2,...,n} of

n integer values, C;; denotes the binomial coefficient and Ci = x!(kkix)!.

In this section, we will propose the intuitionistic fuzzy Dombi dual Hamy mean DHM
(IFDDHM) operator.

Definition 11. Let k; = (yij,vij)(i =1,2,---,n) be a collection of IFNs, then we can define IFDDHM
operator as follows:

IFDDHM®™ (ky,ky, - - - , k) = ®

1< <-<ig<n| X

(41)

where x is a parameter and x = 1,2,...,n, 1,10y, ..., i, are x integer values taken from the set {1,2,...,n} of

n integer values, C;; denotes the binomial coefficient and Ci = x!(kkix)!.

Theorem 3. Let k; = (p;,v;)(i = 1,2,- - - ,n) bea collection of the IFNs, then the aggregate result of Definition
10 is still an IFNs, and have

5k, o
IFDDHM™ (ky, ko, - - -, ky) = 2 =l
1<ip <+ <ix<n
(42)
A X
& — X I R
v Cﬁlg"“&’*ﬁ” x ( Wi )A " Cﬁlii1<;<ixﬁn . <1Vij>)\
Py T—u;, x v
A =1\
Proof.
(1) First of all, we prove (42) is kept. According to the operational laws of IFNs, we get
X 1 1
Sk=11- -, : (43)
=1 1 . A v /1o N
1+<2<1_;.)> 1+<2<V‘/>>
j=1 'j =1\
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X
Dk 1 1
]:
—=|1- - T (44)
1 X HI/ A A 1 X 171/,‘]. A A
[ DS T+l X (=
j=1 ] =1 ]
Moreover,
X
Sk
® =
1<iy<---<iy<n
(45)
1 1
= T,1- T
A A
1+ r — 1+ r ——
1<ij<-<iy<n x [ Mi; 1<iy<<iy<n x 17V
)y 17] > Vv]
=1\ TH; =
Furthermore,
. 1
@ ki, Ci
Dk
IFDDHM®) (ky, ko, - - - k) = ® =
1<ip<--<iy<n
(46)
1 1
= 1= T
A A
s oy 1 s oy
Cﬁl§i1<««»<ix§n TR C51§i1<m<ix§n + [T\ ?
Y 17] ) - ]
s\ T =i\
(2) Next, we prove (42) is an IFN.
Let
1 1
a = 1 Ib = 1 - 1
A A
X X X 1
I+l X TN K I+l X —F
1<ii<-<iy<n & g 1<ii<-<iy<n & i
=1 17]411/, j=1 Vi

Then we need to prove that the following two conditions which are satisfied.
H0<a<1,0<b<

({0<a+b<1.

(i) Since pj; € [0,1], we can get

.

1+ | & Y — ] >1= 1 - €0,1]
1<iy<-<ix<n & ( Hij ) A
=1

Hlfj

! & ¢
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Therefore, 0 < a < 1. Similarly, we can get 0 < b < 1.

(if) Obviously, 0 < a+ b < 1, then
1 1
il T
X x
1+ X X 1+ X Z 1
s <eiesn 5 (1 \ gy <eivsn g (170))
X\ 1= REN
114 j AN
= T - =1
X X
+| & = x s 0y 1
Cii<ip<Teivan x (1701 Cii<i<Teiven 5 (170
): v, Z vi.
AN =1\

We get 0 < a4+ b < 1. so the aggregated result of Definition 10 is still an IFN. Next we will discuss

some properties of IFDDHM operator. [

Property 9 (Idempotency). If k;(1,2--- ,n) and k are IFNs, and k; = k = (u;,v;) foralli =1,2--- ,n,
(47)

then we get
IFDDHM Y (ky,ky, - - - k) = k

Proof. Since k = (j,v), based on Theorem 3, we have

1<ip<--<iy<n

IFDDHM(X) (kll er Tty kn)

& L 1l & ¢
Hi<iy<<ixsn x (M M1<ip<-—<iy<n x 1*%']-
Y\ 1= r

=1\ 1H; =1

I ]

~
—_
|
>

I+ & = ! +|& ¢ X
M1<ip < <ix<n 1*”1']-
Vi

C"1§i1<«~<ix§n F’i]- A
11’
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Property 10 (Monotonicity). Let k; = (yij,vij>, o= (l/lg].,VQj) (i =1,2,---,n) be two sets of IFNs.
Ifyl-j 2 Poj Vip < vej,for all j, then

IFDDHM ™) (ky, ks, - - -, kn) > IFDDHM™) (711, 712, - - -, 71) (48)

_>A

P‘el
Ho

P‘ej
2

M=
N
|
=
=|=
\Q
~_
>
—_
>
gl
7 N
-
A=
N~
>~

S

Proof. Since x > 1, Hi; > Ho; >0, Vo, > Vi, > 0, then
X
>1/y (1
i=1
1/

A
X Wi
Z <1l]' ) S
j=1 Hij j=1 j=

x A x ) A
I 1/2(.) x4 ¥ Z( )
E y i<y < Tip<n =1 1=re;

T<ip<<iy<n - j=1

1 1
X 3 Hij "\ X 3 1o g

=1+|& ) 1/Y, = >14+ | & ) /5 T,
"<ij<-<iy<n  j=1 ’j "<ij<<ix<n - j=1 j

Similarly, we have

X 1—1/1-]. A X 1—1/9]. A 1—1/,-]. A X 1—1/9]. A
E(w) =E(w) = Vi) <vE(SY)
j=1 ] j=1 ] j=1 ] j=1 ]

X /\ )L
~x ¥ 1/>:<V__f> <& ¥ 1/,2(%])

T1<ij<<iy<n - j=1

1 1
X [1-v;. AN A x [1-vy. AN A
=1+(& ¥ 1y(? <1+|& L UY(—?t
"<ij<<iy<n - j=1 ' "<iy<--<iy<n  j=1 i
1 1

= i 1
x 1=y, M\ A 1-vp. AN A
& ¥ VL|—=7 +l& © vy
n1<iy<<iy<n  j=1\_ j Hi<ij<<ix<n  j=1\ 9
=1- 1 <1- 1

1 1

v (1 A\ A v [1-vp, AN A
i +& L Uy 1/9_7
] Mi<ip<--<ix<n  j=1 i

1+ (5% L VL
Mi<ip<--<ix<n  j=1
Let k = IFDDHM ™) (ky, ky, - - -, ky), 1 = IFDDHM) (714, 713, - - -, 71,) and S(k), S(7) be the score
values of k and 7 respectively. Based on the score value of IFN in (2) and the above inequality, we can
imply that S(k) > S(7r), and then we discuss the following cases:
(1) If S(k) > S(7), then we get IFDDHM®) (ky, ky, - - -,k )> IEDDHM®) (111, 715, - - -, 71,).
(2) If S(k) = S(m), then

1 l+1_ 1
A

T
A
+l& & @ —L1 +l& © —X—
1<y <-—<iy<n £ Mij M 1<iy <-<ix<n £ 1=v;
j? 1=h; /'?1 ij
= T+1- T
by A
+l& = —L +(& £ —1
n

X
Cii<civ<n g (Mo
j=1

X
it 1<y <'o<ix<n x (149}.)
T—pug.
6] 1

. Vg.
=1\ 9
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Since p;. > up. > 0, Vg, > vi; > 0, we can deduce that

1 _ 1
1= T
A A
1 X -1 1 X N S
tla,_ X 7 +tla, X —
1<ip <o <ix< i( Hij ) 1<y <+ <iy < i( *o )
j=1 ] j=1
and 1 1
1-— T — 1- 1
x x
1+ & —1Ll 1+ | & —L
+ Ci Z 1-v; \ + Ci Z 1-v, A
T <iy <<y <n )f( r;) T <iy < <iy<n f( 9;)
= Vi, = Vp.
= ] j=1 ]
Therefore, it follows that
H(k) = ! r+1- T
x x
+l& . —t— & ¢
M1<ip<--<ix<n x Vi]- M1<ip<--<ix<n x -
L z
1 - J 1 !
= T + 1 — T = H(ﬂf)
A
+|& ¢ L. +|& © —1—
icip<<ix<n x [ Mi<ip<<iy<n x (1 v,
P L\
j=1 j j=1 j
,Ty). O

Then IFDDHM®) (ky, k», - - - , k)= IFDDHMY) (714, 715, - - -
-, k) be a set of IFNs, and

Property 11 (Boundedness). Let k; = (yi].,v,-].),k+ = (Mmax ij+ Vmax i].)(i =1,2,

k== (,umln ijr Vmin i ) then
(49)

k= < IFDDHM™ (ky,ky, - - -, kn) < kT

Proof. Based on Properties 9 and 10, we have

,k¢) > IFDDHM®™) (k= k=, - - -
,k¢) < IFEDDHM®™ (kt, k- - -,

IFDDHM®™) (ky, kg, - - - k) =k,
IFDDHM ™) (ky, ky, - - - kt) =kt
° ,kn) < k+. |:|

(}19 Vo )(z =1,2,---,n) be two sets of IFNs.

Property 12 (Commutativity). Let k; = (yi/.,vil,), TT;
1y is any permutation of (kyi,ka,- -+, ky), then

k) = IFDDHMY) (114, 715, - - - , 71

Then we have k= < IFDDHM®) (kq, ks, - -

Suppose (111, 702, + -,
(50)

IFDDHM®™) (ky, ky, - - -

Proof. Because (711, 71p, - - - , 7Ty ) is any permutation of (ky,kp, - - - , k), then
. 1 . 1
Cxy Cit
@ k;. D 11;,
; ] =1 ]

X

®

1<ip<--<iy<n 1<ii<-<iy<n
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thus
IFDDHMY (ky,ky, - - -, ky) = IFDDHMY) (711, 713, - - -, 71,,)

O

Example 7. Let ky = (0.7,0.3),k, = (0.4,0.1), k3 = (0.5,0.2), kg = (0.6,0.2) be four IFNs. Then we use the
proposed IFDDHM operator to aggregate four IFNs (suppose x =2, A = 2).

Let .
k. \ \ &
i=1
IFDDHM®™ (ky, ky, - - - k) = ® =
1<ip<--<iy<n
= ! 1= ! T
A A
1+ X 1 1+ = -1
g1§f1<;<1‘x§ﬂ x [ A C%1§i1<;<ix§n x 1’Vi]v A
T\ |
j=1 j =N
= ! /1 ! T
2 2
1+| % 1 1+| % 1
* Cii<iy<i<ip<4 4 Hij : * C21§i1<;<[4§4 a (1 4
L T=p. L\
j=1 'j j=1\
1 : 1 2
+ +
(B () )+ (25
1+ 2 2 7+ 2 +
 (2%%7) 8e) (r5a) ﬂ(%)z
+
_ (r2) +(1%86)"  (1%95) + (%)
1- 1 .
1 1 2
57 1o T o a2 T
. (%)ZT(%)ZJF(%);(%LL
| GRS R ()
+
(E) ()" () (TR

= (0.5617,0.1596)

At last, we get IFDDHM™) (kq, ky, k3, kg) = (0.5617,0.1596).

3.4. The IFWDDHM Operator

The weights of attributes play an important role in practical decision making, and they can
influence the decision result. Therefore, it is necessary to consider attribute weights in aggregating
information. It is obvious that the IFWDDHM operator fails to consider the problem of attribute
weights. In order to overcome this defect, we propose the IFWDDHM operator.
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Definition 12. Let k; = (y,-j,vij) (i=1,2,---,n) beagroup of IFNs, w = (wy,ws, - - - wy)" be the weight

vector for (i = 1,2, - - -, n), which satisfies w; € [0.1] and
i

as follows:

®
1<iy <-+<ix

n

Y w; =1, then we can define IFWDDHM operator

)

1

x X
17):(01‘

<n i=1

( ) <fié1kif

IFWDDHMY (k1 ko, - - k)
l—wi
X kl
=1

1=

n—1

o (1<x<n) (51)

Theorem 4. Let k; = (y,-]., 1/1-].) (i=1,2,---,n) bea group of IFNs, and their weight vector meet w; € [0,1],

then the result from Definition 12 is still an IFN, and has

1
1<i <@<i <n <17i wi) <'a§1kif>
TFWDDHM. (ky, kg, - - k) = ===y 21 22
n—1
1 %/
1 ¥ 1-% w 1
N C1’1711§i1<~~<ix§n< i§1w> x (M A (52)
_ !El 17“"/' 1<
- 1— 1 ( sx< 71)
1
i
_x . 1
H Cr11<iy <<iv<n <1 i)::lwl> );£<1Vij)A
=\
or R
IFWDDHMY (k1 ky, -+ k) = & ki1
i=1
(53)
=|1- ! 17 : 1 (x = 71)
X (1-w; 5 A\ A X (1—w;\ (1-y; A\ A
1+<i§1<”71)<1g’”> ) 1+<,‘)::1("71)< Vi ) )
Proof.
1 1
Sk = |1- . 1 (54)
=1 x 1. A\ A x [/1-v;, A\ A
1+ Z(l;) 1+ ):(ﬁ)
j=1 i j=1 i
1
x * 1 1
(@ ki]) =|1- T T (55)
=1 e A\ 7 L& (1 A\ 7
T+ E‘Z (1;4,-_) 1+ xz( Vi, )
j=1 ] j=1 ]
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Thereafter,
1
17
A
1+ 1— s ; - x
1 ( iglw) x Vi A
X x * 'El 1711/1',
1— Z wl']. @ kl']_ = 1 ] 1 1 (56)
j=1 =1 - T
A
I (17121%) X li}‘i» A
|t
H(W)
Moreover,

1+ (17
1<ip<-<ix<n i=1

1 meo\"
Y ) Eiﬁ#)
® 1-— ]; wij; j@ ki], = 1- 1 ! (57)

1<ip<--<iy<n =

>/

1+ v <17 v wi> —

1<iy<-<ix<n i=1

Therefore,

1

1 a3 X ’
cx & 1-— Z Wi S7) ki'
n=1 1<ij <--<iy<n i=1 j=1"

1
%/
1+ o 1§11<;<ix§n (1_i§1wi> x 'm]. A (58)
Y\ 1
= ]7] l]
1- ! T
X
" Cim11<iy < <iven (171‘;1“)") x (1’1,1,]_>A
L |
=1\ Y
For the second case, when (x = 1), we get
1-w; 1 1
ki = i AN T )
1-w; 1—p; 1-w; i
() () (G ()
Then,
Lwj 1 1
‘éhWJZ 1— -, - (60)
= s 1-w; Hi A\ A as 1-w; 1-v; A1
(£ ) ()) e (5 o) ()

Next, we prove the (52) and (53) are IFNs. For the first case, when 1 < x < n,
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Let

>l

1+~ ¢ <1—ﬁwi>x

M<ij<<iy<n

N

1+ x¢ (1—flwi>x

”*11§i1<---<ix§n i=

Then we need prove the following two conditions.
MH0<a<1,0<b<;

Mmo<a+b<1.

(I) Since a € [0, 1], we can get

>l

1+ | & Y (1—2@)“ >1
n11<iy <o <iy<n i=1 ( Hi; )
= 1 € [0,1]

1+ xx Z (17% a;i) -

n—11<iy <-<ix<n i=1

Therefore, 0 < a4 < 1. Similarly, we can get

1-— T € [0,1]
x
X o 1
Ity L (I-Lw)——r
=< < <ixy<n i=1 X ( ’j)
|+
j=1 Y
Therefore, 0 < b < 1.
(IT) Since 0 < a 4+ b < 1, we can get the following inequality.
! 1 +1- ! 1
x X
X 1 ¢ X 1
1+ % Z (1—2(4}1')7/\ 1+ C% Z (1—2(4)1')7/\
1—11<iy <-<ix<n i=1 x (M n—11<iy <--<ix<n i=1 x (17
.E T—u; _Z Vi,
=\ =1\
S + 1 1 + 1 - 1 1
X X
X X
+| & by (17 )y wi> —L— I+ & by (17 by wi> —L—
n—11<iy<---<ix<n i=1 X }‘i]- n—11<iy < <ix<n i=1 X Vi]-

| 1= X 1=
j=1 V’j j=1 V’j

=1

For the second case, when x = n, we can easily prove that it is kept. So the aggregation result
produced by Definition 9 is still an IFN. Next, we shall deduce some desirable properties of [FWDDHM
operator. [
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Property 13 (Idempotency). If k;(i = 1,2,--- ,n) are equal, i.e., k; = k = (p,v), and weight vector meets
k

w; € 0,1 and Y w; =1 then

i=1

IFWDDHMY (ky, ko, - - k) = k

Proof. Since k; = k = (y,v), based on Theorem 4, we get
(1) For the first case, when 1 < x < n.

IFWDDHMY (k1 ko, - - k)
1

1+

X
1
o= r <1*Zwi) T
n—11<iy <-<ixy<n i=1 ( Hij )

= 1 1

1+

X
¢ 1
ot X (1* Y wi) n T
n—11<iy <—<ix<n i=1 ¢ ( ’”i»)

A
1 L 1
1+ X r (1_Zwi> x
n—11<i) <--<ix<n i=1 ( 1 )

1— 1

T
A
1 & 1
I+~ ¢ <1— > w,-) .
n—11<iy <-<iy<n i=1 (54)

k
Since ) w; =1, we can get

i=1

IFWDDHM. (k1 ko, - -+ , kn)
1

T
x
1 -1 1
- (Gi-cio1) (JV)A>

(61)
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(2) For the second case, when x = n,

IFWDDHM. (k1 ko, - -+ , kn)
1— 1 , 1-— 1

1+<i21(1n11 )(#£5) ) B 1+<Z%1(’TV)A>A S —
/ )
(£ () (") (= 02))

i=1

which proves the idempotency property of the IFWDDHM operator. [

Property 14 (Monotonicity). Let k; = (yi/,vi/), T = (]/19].,1/9],) (i=1,2,---,n) be two sets of IFNs. If

k
Mi; 2 Mej Vi; < Vg, for all j, and weight vector meets w; € [0,1] and Y w; = 1, the k and 7t are equal, then we
i=1
have
IFWDDHMY (ky, ko, - -+, ky) > IFWDDHMY (711, 710, - -+, 71) (62)

Proof. Since x > 1, Hij > Mo, >0, Vg, > v, > 0, then

i X Ho
j
=1 <1 I‘-x) 2';(17 0;
(1—2@])1/2( )
X x Hij X as & He; g
=> Z 1/ Z (1—;4,;) < Cx_ . 2 . 1- Z wif 1/2 (17}19‘>
G- 11<11< <iy<n = j=1 / "TH<i <<iy<n =1 =1 !
1 1
X X Hi; A\ A X S He; "\
=1+ )y - Y |1/ Y| = S L 1- Zw’j‘ VY 1,
G- l1<11< <iy<n j=1 j=1 ij "1<iy < <iy<n j=1 j=1 !
1 > 1
T 2= 1
1| x 1= 5w V175 (L " 14| == - 5 (o Ak
+ Gt l§i1<;<ix§r1 77§1w,/. J')::l = * Ci1 1§i1<;<"x5” 721“)’] ): Hy i‘a]

Similarly, we have

x [1-v;. A X 1-vp. A 1—v; A X 1-vp.
(L) 2o(+2) =1/ 1) <1/% (-
= i, = 0. Vi, = Vp.
j=1 i j=1 i j ] = /

Mx

-

[}
=
|
™
£
—
- ~
[INsg!
N
=)
N
A
——
— —
el
£
>W A
—
- ~

-

= L

Mv\_/
>

I
§N><

X x /1 vi; X 71/9 A
= v [1-sfe)us(5E) < - L )1/E
T<ip<<iy<n j=1 j=1 'j n=11<iy < <iy<n j=1 j=1 v
1 1
X x [1-vy; AN A *VB A\
=1+ C’ Y 1- Y w;, 1/Z<U,l> <1+ Cf Y 1—2(0,-. 1/2( )
n=11<) < <iy<n =1 =1\ 1=11<j) <o <iy<n =1 Y%

Leta = IFWDDHMY (k1 k», - - - , ky), 7 = IFWDDHM.Y (711, 713, - - - , 71) and S(k), S(77) be the
score values of 4 and 7t respectively. Based on the score value of IEN in (2) and the above inequality,
we can imply that S(k) > S(7), and then we discuss the following cases:

(1) If S(k) > S(7), then we can get

IFWDDHM (ky, ko, - -+, ky) > IFWDDHMY (711, 710, - - - , 71) (63)
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(2) If S(k) = S(7), then

1
1
x
x 1
1+|= ¢ - Yw | ——
n—11§i1<...<1‘x§n ]‘:1 X ( h,. )
A\ T,
j=1 i
1
= 1
p
z 1
1+ C% y 1-) wi/
1<y < <iy<n j=1 X

}‘6]- A
r 1”‘6,-

j=1

31 of 39
1
1- T
A
1 X Z 1 i 1
+ | = - Y w | ———=
Ch11<i) <i<ip<n = X(ﬂ)A
=\
1
1_
X
X 1
R 1- Y w, |—L1—
1=11<j) <o <iy<n =1 7 5 v
=R

Since i > Mo, >0, Vg, > vi; > 0, and based on the Equations (2) and (3), we can deduce

1 _ 1
1 1
x x
X 1 X 1
1+| & -y wp, | —t— I+ -y wp, | ———
n—11<iy <-<ix<n =1 ) x Hij n—11<iy <--<ix<n =1 1) x Fo;
L\ T, L T—pg,
j=1 lj j=1 i
and
1 _ 1
1-— T =1- 1
x x
2 1 L 1
14| =& 1- ¥ w; X 4| & -y w, | —1——
n—11<ip <-<ix<n =1 1) «x 1*sz n—11<ip <--<ix<n =1 1) x 1"’H]~
£ E | v
j=1\ Y j=1 j

Therefore, it follows that H(k) H(n), IFWDDHMS‘ ) (k1, ko, -+ kn)
(11, 712, -+, 71n), When x = n, we can prove it in a similar way. O

IFWDDHMY

Property 15 (Boundedness). Let k; = (i, Vi,), k* = (pmaxi;s Vmaxi;) (i = 1,2, - - ,n) be a set of IFNs, and

n
k== (yminij,vmin,-j), and weight vector meets w; € [0,1] and Y- w; =1
i=1

k= < IFWDHMY (ki ko, - -+, kn) < k* (64)

Proof. Based on Properties 13 and 14, we have

IFWDDHM.Y (k1 ko, - - - , k) > IFWDDHM (k= k- - -
IFWDDHM.Y (ky, ko, - - , ky) < IFWDDHM.Y (k+ k- - -,

Then we have k- < IFWDHMY (ky, ka, - -+, ky) < k+. O
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Property 16 (Commutativity). Let k; = (yi],,vi],), T =

Suppose (11,115, - - +
k

Y. w; =1, the k and mt are equal, then we have
i=1

IFWDDHM (k1 ko, -+, k)

Proof. Because (711, 71, - - -

, Ty ) is any permutation of (ky,ky, - - -

, Ty is any permutation of (kq,kp, - - -

,ky), and weight vector meets w;

= IFWDDHMY (711, 713, - - -

,ky), then

>? (1<x<k)

1
X x X
® 1-Y w 69 k;. ® 1-Y w;. @ 7T
e = AV _igip<ecix<k\ =1 1) \=1
G k-1
1-w; X 1-w;
@ k = @ 7"[1 k-1
i=1 i=1

Thus, FWDHMY (k1 ks, - - -, k)

Example 8. Let k; = (0.6,0.1),k, = (0.5,0.4), k3 =

= IFWDHMY (711, 713, - - -,

).

(0.8,0.3), ks = (0.7,0.2) be four IFNs. Then we use the

32 0f 39

n) be two sets of IFNS.
€ [0,1]) and

(65)

IFWDDHM operator to fuse four IFNs, the weighting vector of attributes be w = {0.2,0.3,0.4,0.1} (suppose

x=2,A=2).
Let
) 1<iy<-<ix<n (17/')::1“]‘/) (]
IFWDDHM,;’ (ky, k2, - -+, kn) = cr
n—1
1 -,
x
x P DR B
v G 1§i1<;<ix§" (1 /Elwxj) x (1 !
i Al
1—
A
1+ !

X
C'Y E
n=11<iy<--<ix<n j=1

1

1— 1

1+ C% )3 1- ):w, A
31<iy<-<ip<4 =1 7/

2 2
Z. . Y - wi;
31<ip<--<ip<4 j=1

) % l—]/,»j 2
=1
1

]

[T

1

Vl]
10204
2 2+

1—(; —0.3 , 4
(S5, + (25T (%) + ()
1+ | 2x+ + ien
T G )fo*g(iﬁi ;o )T
- (B BT | e (T
1—
—0.2—0.3 1-0.2-04
JF
(ﬁé;g;ofw () + (8"
1+] 5% (1(011)72;3(7 [2)12) + (16(4)41) 34(100]3)2+
)+ (58 T )+ (58T
= (0.6592,0.2153)

At last, we get IFWDDHM.2 (ky, ka, k3, ky) =

(0.6592,0.2153).
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4. A MAGDM Approach Based on the Proposed Operators

In this section, we will apply the proposed IFWDHM (IFWDDHM) operator to cope with
the MAGDM problem with IFNs. Let X = {x1,xp,---,x5} be a set of alternatives, and C =
{c1,¢2,- -+ ,cn} be a set of attributes, the weighting vector of attributes be w ={w1,wy---,wn},
meet w; € 0,1,;j = 1,2,---,n, ;-1:1 wj = 1. There are experts Y = {y1,¥2, - - yz} who are
invited to give the evaluation information, and their weighting vector is w = {wy, w», - - - wZ}T with
wy € 0,1],(t=1,2,---,z),Y 7 ws = 1. The expert y; evaluates each attribute ¢j of each alternative

x; by the form of IFN af]- = (y%,v%) (i=1,2,---,m,j=1,2,---,n), and then the decision matrix
A = (Ef) = ((;4?,%)) (t=1,2,---,z) is constructed. The ultimate goal is to give a ranking
1) mxn 1" "U) ) mxn
of all alternatives.
Then, we will give the steps for solving this problem.
Step1: Calculate the collective evaluation value of each attribute for each alternative by

f; = WWDHML (), 2%, - - ) and &; = FWDDHM{! (a3, - -

Step2: Calculate the overall value of each alternative with the IFWDHM (IFWDDHM) operator
3 = IFWDHM{) (30, i, - - - Bin), 8 = IFWDDHMY (30, i, - - - )

Step3: Calculate the S(a) and H(a).
Step4: Sort all alternatives {x1, xp, - - - , X; } and choose the best one.

5. An Illustrate Example

In this section, we give an example to explain the proposed method. A transportation company
wants to pick a car and there are four cars as candidates M; = (My, My, M3, My). We evaluate

v

each supplier from four aspects E; = (Ej, Ey, E3, E4), which are “production price”, “production

a7

quality”, “production’s service performance”, and “risk factor”. The weight vector of attributes is

w = (0.1,0.4,0.3,0.2)". There are four experts, and the weight vector of the experts is (0.3,0.4,0.2,0.1).
Then the decision matrix R; = (af]») 4(t =1,2,3,4) are shown in Tables 14, and our goal is to rank

4x
four cars and select the best one.

Table 1. Decision matrix R;.

El E2 E3 E4
M, 0.50.3) (0.6 0.3) 0.50.2) (0.6 0.4)
M, 0.7 0.3) 0.90.1) 0.80.1) 0.70.2)
Ms 0.702) (0.50.4) (0.6 0.1) (0.40.2)
M, (050.3) (0.3 0.4) (05 0.4) (0.4 0.5)

Table 2. Decision matrix Rj.

Ey E; E3 Eq4
M, (0.6 0.2) (0.7 0.1) (0.6 0.2) (0.6 0.3)
M, (0.9 0.1) (0.8 0.2) (0.7 0.1) (0.6 0.4)
M, (0.50.2) (0.6 0.3) 0.70.2) (0.8 0.1)
M, 0.70.2) (0.4 0.3) (0.5 0.5) (0.6 0.3)
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Table 3. Decision matrix Rs.
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El Ez E3 E4
M; (0.6 0.4) (0.7 0.2) (0.6 0.3) (0.50.4)
M; (0.8 0.6) (0.70.1) (0.6 0.4) (090.1)
M3 (0.50.2) (0.40.5) (0.40.3) (0.50.4)
My (0.20.5) (0.50.4) (0.70.2) (0.50.4)

Table 4. Decision matrix Ry.

El E2 E3 E4
M, (0.60.2) (0.50.4) (0.60.4) (0.4 0.5)
M, (0.7 0.3) (0.80.1) (0.6 0.2) (090.1)
M3 0.60.4) (0.3 0.6) (0.2 0.6) (0.50.3)
My (0.30.5) (0.20.7) (0.50.4) (0.30.6)

5.1. Decision-Making Processes

Step 1: Since the four attributes are of the same type, thus, we don’t need to normalize the matrix

Ry ~ Ry.

Step 2: Use IFWDHM operator to fuse four decision matrix Ry = (afj) into a collective matrix
mxn

R = (a’?-) which is shown in Table 5 (suppose x = 2, A = 2).
) mxn

Table 5. The collective decision matrix R.

G1 G G3 Gy
A (0.2976 0.3875) (0.3504 0.2771) (0.2156 0.2689) (0.3996 0.3304)
A (0.5818 0.2103) (0.5000 0.1638) (0.4172 0.1781) (0.4554 0.2073)
Az (0.3282 0.2872) (0.4554 0.3079) (0.3095 0.2316) (0.2857 0.3472)
Ay (0.2411 0.5299) (0.3671 0.2684) (0.1813 0.2504) (0.0371 0.7363)

Use IFWDDHM operator to aggregate four decision matrixes Ry

t

matrix R = (’11‘]‘

) , which is shown in Table 6 (suppose x =2, A = 2).
mxn

Table 6. The collective decision matrix R.

(afn) into a collective
] mxn

G1 Gz G3 G4
Aq (0.5372 0.0288) (0.6100 0.0063) (0.5618 0.0043) (0.6535 0.0116)
Ay (0.7000 0.0021) (0.6667 0.0006) (0.6422 0.0009) (0.6646 0.0012)
As (0.6300 0.0066) (0.6344 0.0105) (0.6066 0.0025) (0.5969 0.0196)
Ay (0.5827 0.1360) (0.6729 0.0052) (0.5818 0.0035) (0.4172 0.6485)

Step 3:

a;;,a';i(j = 1,2,3,4) and get the comprehensive evaluation value (suppose x = 2, A = 2).

a; = (0.0694,0.4051), a, = (0.5357,0.2264), a3 = (0.1464,0.3736), a5 = (0.0330, 0.6366).
a'y = (0.8010,0.0103), ', = (0.9380,0.0011), 4’3 = (0.8584,0.0087),a’s = (0.6690,0.0290).

Step 4: Obtain the

5(
S

score values.

@) = —0.3357,5(az) = 0.3093, (a3
!/

)

= —0.2272,5(az) = —0.6036.

(a'1) = 0.7907,5(a") = 0.9369,S(a'3) = 0.8497,5(a’'y) = 0.6399.

Use the IFWDHM (IFWDDHM) operator to aggregate all the attribute values
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Step 5: Rank all alternatives. a, > az > a1 > a4, then the best choice is a5.

Considering the different parameter values of an IFWDHM operator that may have an impact on
the ranking results, we calculated the scores produced from the different x and the results are listed in
Table 7.

Table 7. Score and ranking of the alternatives with different parameter values x.

x Score of S(a;) Ranking
S(a1) = —0.0073,S(az) = 0.0352,

S(az) = —0.0002, S(as) = —0.0383.
S(a1) = —0.3357,5(ay) = 0.3093,

ap > az > a] > a4

e S(a3) = —0.2272,5(as) = —0.6036 ay - a3 = a1 > ay
x=3 S(a1) = —0.2988,5(ay) = —0.1265, o

- S(as) = —0.2595, S(ay) = —0.4853. 2 a3 -4y - ay
x=4 S(ay) = 0.1391, S(ay) = 0.3007, b oo

S(as) = 0.1860, S(dy) = —0.1440.

Considering the different parameter values of an IFWDDHM operator that may have an impact
on the ordering results, we calculated the scores with different x and the results are listed in Table 8.

Table 8. Score and order of the alternatives with different parameter values x.

x Score of S(a;) Ranking
N S(ay) = 0.0437,5(ap) = 0.0915, o e g e
S(az) = 0.0548, S(ay) = 0.0110. SRR A e
> S(ay) = 0.7907, S(az) = 0.9369, o g at e
S(az) = 0.8497, S(ay) = 0.6399. 2ol m
r—3 S(ay) = 0.2059, S(ap) = 0.3597, e e a
S(a3) = 0.2397, S(ay) = 0.0320. LA RO
v—1 S(ay) = 0.2398,S(ay) = 0.3695, o e g e
S(az) = 0.2477,5(ay) = 0.0424. LA SO

From Tables 7 and 8, we get following conclusions.

When x = 1, the sorting of alternatives is a, > a3 > a1 > a4, and the best choice is a;.

When x = 2, 3, 4, the sorting of alternatives is a, > a3 > a1 > a4, and the best choice is a5.

Although there is the same best selection, the ranking is different. When x = 1, the
interrelationship between the attributes is not considered, and when x = 2,3,4, we can consider
the interrelationship for different number of attributes. So these results are reasonable for these
two conditions.

5.2. Comparative Analysis

Following this, we compare the proposed method with IFWA operator [4], IFWG operator [5],
IFWMM operator [62], and IFDWMM operator [62] and the comparative results are depicted in Table 9.

Table 9. Ordering of the green suppliers.

Ordering
IFWA ay > az > ai > aq
IFWG ay > az > ay > ag
IFWMM Ay > az > ay > ag
IFDWMM ap > az > ay > ag

From above analysis, we arrived at the same results. However, the existing operators, such as
IFWA operator and IFWG operator do not consider the relationship between arguments, and thus
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cannot eliminate the corresponding influence of unfair arguments on decision result. The IFWMM
operator, IFDWMM operator, IFWDHM and IFWDDHM operators consider the relationship among
the arguments.

6. Conclusions

In this paper, we investigated the MADM problems with IFNs. Following this, we utilized
the HM operator, DHM operator, DDHM operator, WDHM operator, and WDDHM operator to
develop some novel operators with IFNs: Intuitionistic fuzzy DHM (IFDHM) operator, intuitionistic
fuzzy WDHM operator, intuitionistic fuzzy DDHM (IFDDHM) operator, and intuitionistic fuzzy
WDDHM (IFWDDHM) operator. The prominent characteristic of these proposed operators were
studied. Moreover, we have utilized these operators to develop some models to solve the MAGDM
problems with IFNs. Finally, a practical example for the selection of a car car supplier was given. In the
future, the application of the IFNs needs to be explored in decision-making processes [63-72], risk
analysis [73,74], and other fuzzy environments [75-80].
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