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Abstract: In this paper, the existence and uniqueness of globally stable fixed points of asymptotically
contractive mappings in complete b-metric spaces were studied. Also, we investigated the existence
of fixed points under the setting of a continuous mapping. Furthermore, we introduce a contraction
mapping that generalizes that of Banach, Kanan, and Chatterjea. Using our new introduced
contraction mapping, we establish some results on the existence and uniqueness of fixed points.
In obtaining some of our results, we assume that the space is associated with a partial order, and the
b-metric function has the regularity property. Our results improve, and generalize some current
results in the literature.

Keywords: fixed point; globally stable fixed point; asymptotically contractive mapping; regularity
condition; order preserving mapping; altering distance function

1. Introduction

The research area of fixed point theory is playing an important role in finding solutions for some
nonlinear equations (differential equations). The stability of a solution(fixed point) determines the
long term effectiveness of the solution when subjected to a perturbation(usually small).

The early fixed point theorems were published between 1910-1945 [1]. The early fixed
points theorems were established by Brouwer (1912) [2], Banach (1922) [3], Schauder (1930) [4],
and Kakutani (1941) [5], see also [1]. Later in 1955, Tarski (Knaster-Tarski) fixed point theorem
emerged with an inclusion of order relation [6]. The advent of Tarski fixed point theorem brought an
alternative to the usage of a continuous or contractive mappings to establish the existence of a fixed
point. Since then, many researchers establish results that combine the usage of an order and weaker
contractive conditions on the mappings, see [7-9].

In the area of fixed point theory, the importance of famous Banach contraction mapping
theorem [3] can never be over emphasized. Banach fixed point theorem /principle centered around the
contraction of the mapping in discussion. Another importance of the Banach contraction principle is
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that, it allows the sequence of the successive approximation (picard iterations) to converge to a solution
of the problem in discussion [1]. The successive approximations developed by Picard in 1980 can
solve both linear and nonlinear problems [10]. Many authors established an analogue, generalization,
and improvement of Banach fixed point theorem, both from the perspective of the spaces and the
mapping in consideration, see [7-9,11-14]. In establishing the existence and uniqueness of a fixed
point, the mapping in discussion is very important.

In the same direction, Kannan in 1969 [15] brought to light a fixed point theorem with a different
contraction mapping compare to that of Banach [3]; i.e., he proves the existence of a fixed point in a
complete metric space (X, d) with a mapping T : X — X satisfying

d(Tx, Ty) < Ad(x,Tx)+d(y, Ty)), Vx,y € Xand A € [O,%).

Furthermore, Chatterjea in 1972 [16] introduce another fixed point theorem with a different
contraction mapping, if compare with both that of Banach [3] and Kannan [15]; i.e., he proves the
existence of a fixed point in a complete metric space (X, d) with a mapping T : X — X that satisfy

d(Tx, Ty) < A(d(x, Ty) +d(y, Tx)), Vx,y € Xand A € [0,%).

Very recently, in 2018, Zhou et al. [17] extend the result of Chatterjea [16] to a complete b-partial
metric space.

On the other hand, it is from the work of Bourbaki [18], and Bakhtin [12] that, the idea/concept of
a b-metric was initiated. Later in 1993, Czerwik [19] provide an axiom that is weaker than the
triangular inequality, and formally defined a b-metric space with a sole motive of generalizing
the Banach contraction mapping theorem [3]. Subsequently, the concept was improved by many
authors [20], others generalized the concept [21,22] and established some fixed point existence results
in b-metric spaces.

In 2013, Kamihigashi and Stachurski proved some existence and uniqueness theorems of a fixed
point in a complete metric space [8]. In 2017, Rezai and Dinarvand [23] established the existence of a
fixed point using a setting that generalizes the Chatterjea contraction mapping [16]. Recently in 2018,
Yusuf and Kumam [9] extend the work of Kamihigashi and Stachurski to a partial metric space. On the
other hand, in 2018, Du et al. [24] establish the existence results of a fixed point that generalizes results
of Banach [3], Kannan [15] and Chatterjea [16]. In this paper, motivated by Kamihigashi et al. [8],
Du et al. [24], Zhou et al. [17], and Yusuf et al. [9], we establish the existence of fixed points in a
complete b-metric space associated with a partial order. We also investigated the global stability of the
fixed points of an asymptotically contractive mapping.

2. Preliminaries
Let X be a non empty set, R be the set of non negative real numbers and R be the set of real

numbers. The following definitions can be found in [8] unless otherwise stated.

Definition 1. Let < be a binary relation on the set X then, the relation < is

1. Reflexive if x < x, Vx € X.
2. Antisymmetricifx [yandy <x = x =y, Vx,y € X.
3. Tramsitiveifx Jyandy 2z=x <z, Vx,y,z€ X.

The binary relation < is called a partial order if it satisfies all of the above conditions (1-3), we call
the pair (X,=) a partial ordered set.
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Definition 2. In view of Kamihigashi et al. [8], a function ¥ : X x X — Ry is Regular if whenever
x Xy =Xz thenmax{¥(x,y),¥Y(y,z)} <Y¥(x,z), Vx,y,z € X, where (X, X) is an ordered space, max
function is from Ry x Ry to R.

Definition 3. Let (X, <) be an ordered space. Two elements x,y € X are said to be comparable if x < y or
y = x. Amapping T : X — X is order preserving if x < y = Tx <X Ty forall x,y € X. We say that a
sequence {x;}cn C X is increasing if x; < x;,1,Vi € N.

Definition 4. A metric on X isa functiond : X x X — R such that,
DD Vx,ye X, dx,y) =0 x=y.
(D2)Vx,y € X, d(x,y) =d(y,x).
(D3)Vx,y,z € X, d(x,y) <d(x,z)+d(z,y).
Definition 5. A b-metric on X is a function dy, : X x X — R such that,
(Dpl) Vx,y € X, dy(x,y) =0<=x=y.
(Dp2) Vx,y € X, dp(x,y) = dp(y, x).
(Dy3) There exist a real number s > 1, for which d,(x,y) < s [dy(x,z) +dy(z,y)], Vx,y,z € X.

It is clear to see that, every metric is a b-metric with s = 1, see [12].

Example 1. Consider the 1,(0 < p < 1) space [,(0 < p < 1),

L ={(xx) CR: Y |x,]F < o0},
n=1
together with the function
dilyxly =R, d(x,y) =Y |xu—yal?,
n=1

1

where x = (xp), ¥y = (yn) € lp. Then I, is a b-metric space, and d(x,z ) < 2P [d(x,y ) + d(y,z)].
Thus, s = 2P~1[12,25].

Lemmal. Leta,b € R, n € 2N. Then, (a + b)" < 2"~ 1(a™ + b").

The proof follows from the well known inequality

n
(a+b> <a"+b”
2 - 2

which follows from the Jensen’s inequality [26] since the function g(x) = x" is a convex on R.

Example 2. Let X = R, n € 2N. Defined, : X x X — Ry by dy, = (x —y)", Vx,y € X. Then, dy isa
b-metric with s = 2"~ and dyp, is not a metric.

Proof. The conditions Dj1 and D2 are trivial for all x,y € X, and n € 2N. Condition D,3 can be seen
as follows. Let x,y,z € R. Then,

dp(xy) = (x—z+z—y)" 1
(x=2)+(z-y)". )

Leta = (x —z), and b = (z — y). Without lost of generality, we assume a < b, from Lemma 1,
(1) and (2), we have
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dy(x,y) = ((x—2)+(z—y))"
(a+b)"

21" b

= 2"V (dy(x,2) +dy(z,y)).

IN

Thus, D3 is satisfied.
Furthermore, for all n € 2N, 2"~ =£ 1. Hence, d}, is not a metric. [

Definition 6. In view of Kamihigashi et al. [8], a mapping T : X — X is asymptotically contractive in a
b-metric space (X, dy) if

dy(T"x, T"y) — 0, Vx,y € X. (3)

Definition 7. A fixed point £ € X of an asymptotically contractive mapping T in a b-metric space (X, dy) is
globally stable if

dy(%, T"y) — 0. (4)

Example 3. Let x,y € X = [0,1). Define a mapping T : X — X by T(x) = xLH' and dy : X x X — Ry

by dy(x,y) = (x —y)'°.

Clearly, d, is a b-metric, T is an asymptotically contractive mapping. Also, 0 € X is the fixed point
of T. Furthermore, 0 is a globally stable fixed point of T.

Definition 8. [27] An altering distance function 1 : [0,00) — [0,c0) is the function satisfying the
following properties:

1. 4 is continuous and nondecreasing.

2. p(t) =0ifft=0.

Definition 9. Suppose  is an altering distance function, and ¢ : [0, +00) X [0,00) — [0, c0) satisfies both

(5) and (6),
p(x,y) =0<=x=y, and (5)
47(7122100 infa"’nETm infb,) < nETm inf¢(ay, by). (6)

Then, a mapping f : X — X is a (, ¢)s— weakly C-contractive if

plsd(r, fy) < o (FELDELELD) oo, )ty ). )

3. Main Results

In this section, the bellow assumptions were considered.
Assumption 1. Let dy, be regular, and < is a reflexive order defined on X.

Assumption 2. For any increasing sequence {x;};en C X converging to x € X, we have x; < x Vi € N,
and if there exists y € X such that, x; Xy Vi €N, then x X y.
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Theorem 1. Suppose (X, dy,) is a complete b-metric space, and for any x,y € X, we have
x <y = dy(T'x, T'y) — 0. 8)
Suppose also there exist u,v € X with T order preserving such that,

u
T'u

Tu, )

<
< v, VieN (10)

Then T has a fixed point.

Proof of Theorem 1. Now, let x; = T'u, Vi € N. It follows from (9) and order preserving condition
on T that, {x;};cn is increasing. Next we show {x;} is Cauchy using (8)-(10), and regularity of d,.
Let € > 0, from (8)—(10) there exists m € N such that d,(T"u, T"v) < e. Let j,k € N such that,
k>j>mand N =k — m. Using x,, < xj = X, we have

dy(xj,xx) < dp

VAN VAN |
[OTE S VN SV W
s = =
~
3
&
~
3
S

Hence, lim; ;o0 d4(xj, X¢) = 0, which implies that {x; };cy is a Cauchy sequence. By completeness
of (X,dy), there exists £ € X such that x; — %, i.e., lim, e dp(x;, 2) = 0.
Now, using Assumption 2, (9), and the order preserving condition on T, we have

u=<Tu=<2% VieN, (11)
by applying the order preserving property of T in (11), we have
Tiu < T < T#%, VieN. (12)
Using the regularity property of d, (11) and (12), we proceed as

db(Tﬁe,f) < 1ims(db(T32,xi) +db(xi,92))

i—
= S hm db(Tf, Xl')

1—00

< slimdy(T'%, T'u)
1—00

= 0.
The above relation permit us to conclude that, £ is a fixed point of the mapping T. [

Theorem 2. Suppose the mapping T : X — X is asymptotically contractive, £ € X is a fixed point of T,
and x, = T"u for some u € X and n € N. Then, we have

dy(xn, £) = 0 <= dp(xy, Txy) — 0.

Proof of Theorem 2. Let £ € X be a fixed point of T and s > 1.
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The forward case: Let d;(x,, £) — 0, we have

dy(xn, Txn) < s(dy(xn, ®) +dp(X, Txy))

— 0.
The backward case: Let dj,(x,,, Tx,) — 0, we have

dy(xn,2) < s(dp(xn, Txn) +dp(Txn, £))
s(dp(xn, Txn) +dp(Txn, T"%))

= s(dy(xy, Txy) +dp(T"(Tu), T" %))
— 0.

O

Theorem 3. Suppose T is asymptotically contractive self mapping in a b-metric space (X, dy,), and z € X isa
fixed point of T. Then, z is unique and globally stable.

Proof of Theorem 3. Let z,y € X be any two fixed points of T. For T asymptotically contractive
mapping we have o
dy(z,y) = dp(T'z, T'y) — 0, (13)

hence, the fixed point is unique.
Also, let z € X be a fixed point of T and y € X be any point. For T asymptotically contractive
mapping we have
dy(z, T'y) = dy(T'z, T'y) — 0, (14)

hence, z is a globally stable fixed point of T. [
Corollary 1. [8] Suppose (X, d) is a complete metric space, and for any x,y € X we have
x <y = d(T'x, T'y) — 0. (15)

Suppose also there exist u,v € X with T order preserving such that (9) and (10) are satisfied. Then, T has
a fixed point.

Corollary 2. [8] Let (X, <) be a partially ordered set, (X,d) be a complete metric space, and ¥ : [0, 00) — [0,00)

be an increasing function such that lim;_,o, ¥'(t) = 0 for each t > 0. Suppose that, for any comparable x,y € X
we have ‘
x Xy =d(T'x, T'y) <¥'(d(x,vy)). (16)

Then, T has a fixed point.
By dropping Assumption 2, the below existence theorem follows.
Theorem 4. Suppose (X, dy,) is a complete b-metric space, and for any comparable x,y € X we have
x <y = dy(T'x, T'y) — 0. (17)

Suppose also there exist u,v € X with T continuous and order preserving such that, (9) and (10) are
satisfied. Then, T has a fixed point.
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Proof of Theorem 4. For showing the sequence {x;};c is Cauchy, we use similar arguments as those
given in the proof of Theorem 1. The limit of the Cauchy sequence {x; };cxy can easily be seen as the
fixed point of T using the continuity of T. O

Furthermore, the uniqueness and global stability of the fixed point can be established with T
continuous and asymptotically contractive without Assumption 2.

Theorem 5. Let (X,dp) be a complete b-metric space with s > 1, and associated with a partial order <.
Suppose for all comparable elements x,y € X, the mapping T : X — X is order preserving and satisfies the
below condition

ll)(db(Tx,T]/)) < IIJ(DC <db(x/y)+db(xlTx)+db(sx/+’1—i/)+db(y/Ty)+db<lex))>

—min{¢({dy (x, Tx), dy(y, Ty)), $({dp(x, Ty), dy(y, Tx)) } (18)

for some a € [0, ), where y = min{slz, S 4% ¢ satisfy (5), and ¢ a distance altering function. If there exists
xg € X such that xy < Txg, then T has a unique fixed point in X.

Proof. Let us start by showing the uniqueness of the fixed point of T. For the sake of contradiction,
we assume that, x1,xp € X are two distinct fixed points of T. Then,

P(dp(x1,x2)) = P(dy(Txy, Txz))
dy(x1,%2) +dp(x1, Txy) + dpy(x1, Txz) + dpy(x2, Txp) + dpy(x2, Tx1)
s v s+4
—min{¢(dy(x1, Tx1), dp(x2, Tx2)), ¢(dp(x1, Tx2),dp(x2, Tx1)) }
(lx <db(x1/x2) +dy(x1, Tx1) +dp(x1, Txa) + dp(x2, Txz) +dp(x2, Tx1) ))
¥ s+4

- (lx (db(x1/x2) +db§xJ1rlicz) +db(X2,X1))) (19)

IA

= ¢<5T4dh(x1/x2)>
< v (St

(% (%db(x1/x2)> :

Thus, from the property of ¥, inequality (19) implies dy(x1,x2) < gdh(xl,xz). Hence, a

IN

contradiction. Therefore, if a fixed point of T exist, then it is unque.

Next, we show the existence of the fixed point. Let xg € X be such that, xg < Txq. If xg = Tx( then
xo is the fixed point. Suppose that xy # Txg. Then, define a sequence x, C X by x, = Tx,_1, Vn € N.
For T being order preserving and xog < Txg, we have

X0 X Txg=x1, 1y 2Txy =22, 0 X Txp =23, -+, % =2 Txy = Xy 41.

By transitivity of <, we have

If x, = Txy, for some n € N, then x,, is a fixed point of T. Suppose x, # Tx, foralln € N.
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Now, let ¢, = dy(xn, X, 11), we show that, ¢, is a non-increasing sequence and

Jggogn = Jg’f(}o db(xn/anrl) =0.

So, we proceed as follows,

(dp(xn, Xn41))

IN

IN

IN

lp(db(Txn—l/ Txn))
¥ (Dé (db(xn—lr xn) + db(xn—ll Txn—l) + db(xn—ll Txn) + db(xn/ Txn) + db(-xn/ Txn—l) ))

s+4
— min{¢(dy (xn—1, Txn—1), dp(xn, Txn)), p(dp(xp—1, Txn), dp(xn, Txn-1)) }
" (lx (db(xnflr Xn) +dp(xn—1, %n) + dp (X1, Xp1) + dp (X, Xpp1) + 0))

s+4
7min{qb(db(xﬂ*l/xn)/db(xnlxn+l))/¢(db(xn71/ xn+1)/o)}
¢ (a (Zdb(xn—lrxn) +dp(Xp—1,Xp41) + db(xn/x;1+1)))
s+4

¢ (sa 2dy (X1, %n) +dp(xn—1, %) +dp(xn, Xu 1) +dp (X, ¥n41)
s+4

" (sa (3db(xn,1,xn) +2db(xn,xn+1))> .

s+ 4

For 1 nondecreasing coupled with the immediate above inequality, we have

_ 2
db(xn/ xn+1) < sa <3db(xn 1/ xi’l) + db(xi’lr xn+1)> . (20)
s+4
From the above inequality (20), we have
3sa
dp(xn, Xny1) < mdb(xn—lrxn)- (21)

From inequality (21), and for « € [0,), we conclude that {g, }_; is a nonincreasing sequence in
X which is bounded below by 0. Thus, lim,—co dp (X, x,41) = 0 [28].
Next we show that, {x,}°"; is a Cauchy sequence.

(dp (2, Xm))

IN

IN

lp(db(Txnflz Txmfl))
" (lX (db(xnflrxmfl) +dpy(xp—1, x0) +dp(Xn—1, Xm) + dp(Xp—1, Xm) + db(xmflrxn)>)

s+4
—min{¢(dy (xy—1, Xn), dp(Xm—1, Xm)), P(dp (Xn—1,Xm), dp(Xm—1, %n)) }
" (soc (db(xn,l,xn) +dy(xn, xm—1) +dp (X1, %0) + dp (X1, Xn) + dp (X0, Xi) ))

s+4

» ( (duxmfl,xmgi jbumﬂ,xn))) 22)

 (sa 3db(xn—lr xn) + Zdb(xn/ xm—l) + db(xnr xm) + db(xm—lx xm)
s+4

¥ (Sza (3db(xn71/ X ) + 2dy, (Xu, X)) 4 2dp (X, Xm—1) + dp (X0, Xim) + dp(Xp—1, Xm) ))
s+4

¢ 24 3dy(xy—1, %n) + 3dy (%0, Xm) + 3dp (Xm, Xp—1)
s+4 '

Now, from the property of ¢ and inequality (22), we have

dp(xXp, xm) < as? (

3db(xn71/ xn) +3db(xnr xm) +3db(xm, xm1)> (23)

s+4
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inequality (23) implies

dp(xp—1,%n) + dp(Xm, Xp—1)
d < 3as? [ 201 m . 24
b(%n, Xm) < 3as ( s+4_3as2 (24)

From the fact that, « € [0,7), we have s + 4 — 3as2 > 0. Taking the limits of both sides of (24),
we have

lim  dy(xy, xm) = 0. (25)

n,m—00

Thus, {x,}{>_; is Cauchy. For (X, d},) being complete, there exist £ € X such that lim;, e x4 = %.
Next, we show that, T£ = £. We proceed as follows,

& d n/A +d /T +d n/TA +d ArTA +d A/T n
ey < (o (T Sl ) 1510 (7))
— min{g(dy (¥, Txn), dy(2, T2)), §(dy (¥, TH), dy (2, Txa)) } (26)
S lP(Kl)r
where Ki = & (db(xnrx)+db(xn1xn+l)+db£x—7_rfx)+db(x/ Tx)+db(x,xn+1))_ So, from the

property of ¢ and (26), we have

e Te) < o () ) T + 8, T8) o)

s+ 4
< 4 <(s + D)dp(xn, ®) + dp(xn, Xny1) + (5 + 1)dp(£, TR) + dyp (£, xn+1)>

s+ 4

Therefore, from the above inequality we have

dp(2,T%) < s(dp(®, xp41) +dp(xp41,TR))
= s(dp(%,x041) +dp(Txn, TX))
< s (dy(

(

where K, — ( xn,x)+db(x,Tx))—l—db(x,Tx)—o—db(x,an)). By

s+4
further simplification, we have

do(5,TH) < s* +4s (s +4+a)dy (%, xpp1) + a(l +5)dp(xn, %) + ady(xn, Xp41) @7)
AN S+4— s —as? s+4

It is clear that, for & € [0,7) s +4 — as — as? > 0. So, by taking limit of both sides in (27), we have
dy(%,T%) = 0. Thus, £ is a fixed pointof T. [

Corollary 3. ([15], Theorem 2) Let T be a continuous mapping of a compact metric space (X, d) into itself, and
T satisfies

A(Tx,Ty) < 1 (d(x, Tx) +d(,Ty),

forall x,y € X. Also, if a € X then the sequence of iterates of a by T will be written as {T"a}. Then, T has a
unique fixed point in (X, d).

Corollary 4. [16] Let (X, d) be a complete metric space. Suppose that T : X — X satisfies

d(Tx, Ty) < A(d(x, Ty) +d(y, Tx)),
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forallx,y € X, and A € [0, %) Then, T has a unique fixed point.

Corollary 5. Let (X,d) be a complete metric space associated with a partial order <. Suppose for all comparable
elements x,y € X, the mapping T : X — X is order preserving and satisfies the below condition

(vc (d(x,y) +d(x, Tx)+d(x, Ty) +d(y, Ty) +d(y, Tx)))

P(Tx,Ty) < ¢ -
— min{p({d(x, Tx),d(y, Ty)), p({d(x, Ty),d(y, Tx))}

1 4
for some a € [0,7y), where y = min{s—z, %}, ¢ a function satisfying (5), and v a distance altering function.
If there exists xg € X such that xo = Txg, then T has a unique fixed point in X.

Corollary 6. ([29], Theorem 2.1) Let (X, =<,d) be an ordered complete metric space. Let f : X — X bea
continuous nondecreasing mapping. Suppose that for comparable x,y € X, we have

vz, g) < o (ELDTRELDY — gata, ), o, 1)),

where

1. ¢ :[0,+00) — [0, +c0) is an altering distance function.
2. ¢ :[0,+0c0) x [0, +00) — [0, +00) is a continuous function with ¢(x,y) = 0if and only if x =y = 0.

If there exists xg € X such that, xg < fxo, then f has a fixed point.

Corollary 7. ([23], Theorem 3) Let (X, d, <) be a partially ordered b-complete b-metric space with parameter
s > 1. Let f : X — X be a continuous, and nondecreasing mapping with respect to <. Suppose that, f is a
(¢, ¢)s-weakly C-contractive mapping. If there exist xg € X such that xo < fxo, then f has a fixed point.

4. Conclusions

In the first theorem of our main results, the existence of a fixed point £ € X of the mapping
T : X — X in a complete b-metric space is guided upon the existence of some important two
elements u,v € X, satisfying the conditions provided in Theorem 1. The uniqueness and global
stability of the fixed point £ € X of T can be obtained if the mapping T is asymptotically contractive.
Furthermore, our result in Theorem 5 generalizes the result of Rezai and Dinarvand ([23], Theorem 3),
and extends both the result of Du et al. ([24], Theorem 8) and results of Shatanawi ([29], Theorem 2.1).
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