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Abstract: Hydraulic systems may involve both pipelines and open channels, which challenges the
hydraulic transient analysis. In this paper, a method of characteristics (MOC)-finite volume method
(FVM) coupling method has been developed with the pipeline modelled using the MOC and the open
channel modelled using the FVM. The coupling boundaries between these two simulation regions
are developed based on Riemann invariants. The simulated parameters can be transmitted from
the MOC region to the FVM region and in the reverse direction through the coupling boundaries.
Validation of the method is conducted on a simple tank-pipe system by comparing the simulated
result using 3D computational fluid dynamics (CFD) analysis. The new method is then applied to
a prototype hydropower station with a sand basin located between the upstream reservoir and the
turbines. The sand basin is modelled as an open channel coupled with the pipes in the system. The
transient processes are also simulated by modelling the sand basin as a surge tank. The comparison
with the results by the MOC-FVM coupling method shows the new coupling method can provide
more reliable and accurate results. This is because the flow velocity in the horizontal direction in the
sand basin is considered in the coupling method but neglected when the sand basin is modelled as a
surge tank in the MOC.

Keywords: hydraulic transient; open channel flow; hydropower; method of characteristics; finite
volume method

1. Introduction

Hydraulic transients occur regularly in hydraulic systems conveying fluids, such as
water distribution systems, pumping stations [1], subsea pipelines [2] and hydropower
stations [3]. They can cause large pressure surges which may damage the pipe assets
and lead to operation instabilities when a control system is in operation together with the
hydraulic system. Therefore, conducting hydraulic transient simulation is important to
facilitate the design of hydraulic systems [4].

Traditional methods to simulate hydraulic transient events include the method of
characteristics (MOC) [5,6], the finite-difference method, the finite volume method and
frequency domain methods (e.g., transfer matrix method [7]). The MOC gradually becomes
the most popular in real engineering practices. The transient simulation software programs
to solve engineering problems are mostly based on MOC with some exceptions (e.g., [8]).
One of the reasons for its popularity is its ability to consider complicated phenomena, such
as the fluid-structure interaction [9], pipe wall viscoelasticity [10] and unsteady friction [11].
Another reason is its simplicity to be integrated with the modelling of other subsystems
in a complicated system. For example, the transient simulation of a hydropower station
involves the modelling of the turbines, pressure surge control elements (e.g., surge tanks),
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the control system (to control the operation of guide vanes) and sometimes the electrical
system [3].

In engineering practice, some pressurized pipe flow in these hydraulic systems may
be coupled with free-surface open channel flow. For example, a division canal may be
used to deliver water to the inlet of a pump station. Another example used in some
hydropower stations is the sand basin which can also suppress the pressure surge during
the transient events. Traditional methods to simulate free surface open channel flow include
the finite element method (FEM), the finite-difference method (FDM) and the finite volume
method (FVM) [12]. Since the FVM possesses high efficiency and accuracy, modelling
flexibility and clear physical meaning [13], the FVM is adopted in this study for open
channel flow simulation.

One of the common measures in practice for simulating pipeline-open channel cou-
pling systems is to neglect the effects of the open channel on the pressure response of the
entire system. This is because the magnitude of the wave oscillation in the open channel is
relatively small compared with the pressure surge in the pressurized pipe. Such measures
are acceptable when the open channel is relatively short and only the pressure magnitude
in the pipe is of interest. However, such approximation may reduce the accuracy of the
simulation especially when the channel plays an important role in the transient response
(e.g., the channel is located between two pressurized pipes). Another solution to such issues
is the 1D-3D coupling simulation [14–17] with pipelines modelled using 1D MOC and other
parts modelled with a 3D CFD method. For example, the ANSYS-fluent package can be
used for 3D CFD simulation coupling with 1D MOC simulation in hydropower stations
and pump stations. This method shows its advantages when the 3D region possesses
a complicated geometry that is difficult to simplify to a 1D or 2D model, such as pump
turbines in [16]. However, this method requires high computational resources, which
conflicts with the requirement of fast computation and sometimes near-real time simulation
for many engineering cases (e.g., hydropower stations, pump stations) involving open
channels. The geometries of the open channels in these cases are relatively simple, and
mostly can be simplified into a 1D model.

To address the engineering issue described above, this paper proposed a coupling
method to simulate such coupling systems. The 1D MOC method is still used to model
the pipes in the complicated system, the FVM is used to simulate the open channel flow in
the system, and the coupling boundary is developed based on Riemann invariants. Such
coupling method has been integrated into the comprehensive transient modelling software
program TOPSYS which has been developed by the transient research group at Wuhan
university [3,18] and validated through both model testing [19] and prototype testing [20].
This enables the simulation of complicated hydropower systems with considering the
effects of the open channel components in the system.

The structure of the paper is as follows: Following the literature review in the intro-
duction, the next section illustrates the methodologies to develop the coupling transient
simulation. The 1D simulation method is then numerically validated with a 3D CFD case on
a simple tank-pipe coupling system. The validated method is then applied to a prototype
hydropower station to solve an engineering problem associated with a sand basin. The
simulation results by the new method compared with the traditional transient simulation
method (MOC) in this hydropower system illustrate the distinctive effects of the sand
basin on both the magnitude and the period of the pressure surge wave as well as on the
operation stability of the hydropower system.

2. Mathematical Model and Verifications
2.1. Transient Modelling of Pipeline Flow

The continuity and momentum equations of the pipeline transient flows are given as
follows [21]:

∂H
∂t

+
a2

gA
∂Q
∂x

= 0 (1)
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∂H
∂x

+
1

gA
∂Q
∂t

+ f
Q|Q|

2gDA2 = 0 (2)

in which H is the piezometric head; Q is the discharge; x is the distance; t is the time;
a is the wave speed of the transient waves; g is the gravitational acceleration; f is the
Darcy-Weisbach friction factor; D is the pipe diameter; and A is the cross-sectional area.

The method of characteristics is widely used to solve Equations (1) and (2) and is
briefly introduced below. The partial differential equations can be transformed into ordinary
differential equations by:

C+ : (Qi −Qi−1) +
gA
a
(Hi − Hi−1) +

f
2DA

Qi−1|Qi−1|∆t = 0 (3)

C− : (Qi −Qi+1)−
gA
a
(Hi − Hi+1) +

f
2DA

Qi+1|Qi+1|∆t = 0 (4)

which are valid along with the positive (C+) and negative (C−) characteristic lines, as
shown in Figure 1. The subscripts i− 1, i and i + 1 represent the space steps. By rearranging
Equations (3) and (4), the following compatibility equations can be obtained:

C+ : Qi = CP − B·Hi (5)

C− : Qi = CM + B·Hi (6)

where CP = Qi−1 + B·Hi−1 − R·Qi−1|Qi−1|∆t; CM = Qi+1 − B·Hi+1 − R·Qi+1|Qi+1|∆t;
B = gA/a; R = f /2DA. Details of the method can be found in [21].
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According to the space-time plane as shown in Figure 1, the parameters Qi and Hi at
time step j + 1 can be calculated by using Equations (5) and (6) if Qi−1, Qi+1, Hi−1 and Hi+1
at time step j have already been obtained from the calculation in the time step j − 1 or are
already known from the steady state condition.

Apart from the MOC, the Preissmann four-point finite-difference method (FDM) can
be also used to solve Equations (1) and (2). By using a forward scanning method [21], a
linear relationship between the flow rate and the pressure head at each grid node can be
obtained as:

Qi = EEi·Hi + FFi (7)

where EEi and FFi are two terms that are related to the boundary conditions, the piezometric
head and the discharge at node i and at the time step j. Details of the method can be found
in [21].

It can be found from Equations (5)–(7) that a linear relationship between the flow rate
and the pressure head can be obtained in both MOC and FDM. Both linear equations can
be used to be coupled with the FVM which is used to solve the open channel flow. In the
case studies in this paper, the MOC was used to simulate the pipeline flow. But it should
be noted that the proposed coupling technique applies to FDM as well.
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2.2. Modelling of Open Channel Flow

The continuity and momentum equations of the open channel flow are given as [22,23]

∂U
∂t

+
∂F
∂x

= S (8)

with

U =

[
h
q

]
F =

[
q

uq + 1
2 gh2

]
S =

[
0

−τ − gh ∂z
∂x

]
(9)

in which U is the vector of conserved variables, F is the vector of fluxes and each of its
components is a function of the components of U, S is the source term, u is the flow velocity
in the x-direction which is along with the channel, h is the water depth, q is the discharge
per unit width, z is the bottom elevation of the channel, τ is a parameter on the friction
of the channel wall and can be expressed as τ = gn2u|u|/h1/3 with n representing the
Manning coefficient.

In this paper, this non-linear equation group is linearized locally and the fluxes at the
grid interfaces are calculated using the Roe–average parameters. The Godunov-type finite
volume method (FVM) [22,23] is applied to solve Equation (9). The grids in the FVM are
shown in Figure 2, in which the grid node i + 1/2 is defined as the shared node of grid i
and grid i + 1, and the subscripts L and R are the vectors on the left side and the right side
of a grid node, respectively, and the total number of the grids is N.
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Integrating the continuity equation and the momentum equation for the control
volume i gives:

d
dt

∫ i+1/2

i−1/2
Udx + Fi−1/2 − Fi+1/2 =

∫ i+1/2

i−1/2
Sdx (10)

By setting Ui and Si as the averaged values of the control volume i, Equation (10) can
be then rewritten as:

Uk+1
i = Uk

i +
∆t
∆x

(Fi−1/2 − Fi+1/2) + ∆tSi (11)

with the source term expressed as

Si =

[
0

−gn2ui|ui|/h1/3
i − ghi

zi+1/2−zi−1/2
∆x

]
(12)

in which the superscript k is the number of the time step, and the subscript i is the grid
number. It should be noted that i represents the number of the grid node in the MOC and
FDM. The symbols ∆t and ∆x are the duration of the time step and the size of the grid,
respectively. The following processes show the procedures to calculate the vectors of fluxes
Fi−1/2 and Fi+1/2 [22,23].
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Equation (8) can be rewritten as:

∂U
∂t

+ A
∂U
∂x

= 0 (13)

in which A is the Jacob matrix of the flux function F(U) and can be expressed as:

A =
∂F(U)

∂U
=

∣∣∣∣∣∣
∂q
∂h

∂q
∂q

∂(uq+ 1
2 gh2)

∂h
∂(uq+ 1

2 gh2)
∂q

∣∣∣∣∣∣ =
∣∣∣∣ 0 1
gh− u2 2u

∣∣∣∣ (14)

The linearization of Equation (14) gives:

∂U
∂t

+ A
∂U
∂x

= 0 (15)

in which A is a constant matrix and can be calculated based on the known UL and UR by

A =

[
0 1

gh− u2 2u

]
(16)

in which h =
√

hLhR. The eigenvalues of A are:

∆
λ1 = u−

√
gh = u− c (17)

∆
λ2 = u +

√
gh = u + c (18)

and the corresponding right eigenvectors are:

K1 = (1, u− c)T (19)

K2 = (1, u + c)T (20)

The wave strength, αi can be obtained using the following equation

∆U =

[
∆u1
∆u2

]
=

[
∆h

∆(hu)

]
=

[
∆h

h∆u + u∆h

]
=

2

∑
j=1

αj Kj (21)

with the solutions as:

α1 =
1
2

(
∆h− h

c
∆u

)
(22)

α2 =
1
2

(
∆h +

h
c

∆u

)
(23)

in which ∆h = hR− hL, ∆u = uR− uL. The flux Fi−1/2 and Fi+1/2 can be then obtained using

F =
1
2
(FL + FR)−

1
2

2

∑
j=1

αj
∣∣λj
∣∣Kj (24)

2.3. Boundary Condition Based on Riemann Invariants

A general m-dimensional quasi-linear hyperbolic system can be given as [22,23]:

∂W
∂t

+ A(W)
∂W
∂x

= 0 (25)
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in which W = [w1, w1, . . . wm] T is the vector of dependent variables. The corresponding
right eigenvector of the wave associated with ith characteristic field with eigenvalue λi is:

Ki =
[
k1

i , k2
i , . . . km

i

]T
(26)

The generalized Riemann invariants are relations that hold for each wave, leading to
m-1 ordinary differential equations as:

dw1

k1
i

=
dw2

k2
i

=
dw3

k3
i

= · · · = dwm

km
i

(27)

For the open channel equations, the right eigenvectors are:

K1 = (1, u− c)T (28)

K2 = (1, u + c)T (29)

Thus, substituting Equation (28) into Equation (27) gives

dh =
dq

u−
√

gh
(30)

By taking the relationship
q = hu (31)

into Equation (30), it gives

dh =
hdu + udh
u−

√
gh

(32)

which can be rearranged to

du +

√
g
h

dh = 0 (33)

The integration of Equation (33) gives

u + 2
√

gh = constant (34)

According to Equation (34), the flow velocity and pressure head at the downstream
boundary in the FVM region at the time step k+1 can be linked with those at the centre of
the last FVM grid in the downstream side at the time step k. The expression is given as:

uk+1
N+1/2 + 2

√
ghk+1

N+1/2 = uk
N + 2

√
ghk

N (35)

Similar processes can be conducted on the upstream coupling boundary using Equations (34)
and (29). The result can be obtained as

uk+1
1/2 − 2

√
ghk+1

1/2 = uk
1 − 2

√
ghk

1 (36)

It should be noted that the coupling boundary equations (Equations (35) and (36))
are only applicable to open channels with a subcritical flow which is the case for most
engineering applications.

2.4. The Simulation Process

With all the equations listed above, this section gives the processes of the coupling sim-
ulation using the grid schematic as shown in Figure 3. To include the coupling boundaries
that transmit data from both MOC to FVM and from FVM to MOC, a MOC-FVM-MOC
coupling system with 10 grids is used to illustrate the simulation process. The horizontal
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and vertical coordinates represent the space step and the time step, respectively. The dots
on the horizontal coordinate are the grid nodes. In the MOC regions, the solid diagonals
represent the calculation process of the C+ (Equation (5)) and C− (Equation (6)) equations
and the vertical lines which are superposed on the vertical coordinates mean the boundary
conditions that are determined by the system. In the FVM region, the vertical dot-dashed
lines represent the calculation process of Equation (11). The dash lines in the leftmost grids
in the FVM region represent the coupling boundary of Equation (36) and those in the right-
most grids in the FVM region represent the coupling boundary of Equation (35). Starting
from k = 0 with the initial parameters known, the simulation processes are represented by
these lines in Figure 3.
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3. Numerical Validations

As shown in Figure 4, a tank-pipe system was used to validate the MOC-FVM coupling
method. The tank at the upstream side of the pipe is 250 m in length and 5 m in width
with an initial water depth of 2 m. The bottom of the tank is horizontal. The pipeline
is 250 m in length with the area of the cross-section equal to 1 m2. The wave speed of
transient waves in the pipeline is 1000 m/s. The initial flow rate in the pipe is 0 m/s with
the valve fully closed at the downstream end of the pipeline. Water is transmitted to the
pipeline through the valve and the flow rate increases from 0 m3/s to 2m3/s in 5 s and
keeps constant at 2 m3/s after 5 s. The friction losses in the tank and pipeline are neglected
in this validation case.
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Two methods were applied to simulate this tank-pipe case. The first method (Method I)
is the proposed MOC-FVM coupling method. The time step in the simulation is 0.005 s
and the spatial step is 5 m for the 1D meshes. The 3D FVM method (Method II) is used
to validate the proposed coupling method. In Method II, the whole system including the
tank and the pipe is modelled in three dimensions using ANSYS Fluent (3D FVM based
simulation). The size of the meshes is 0.2 m and the fluid is assumed as inviscid.

The water depth at position P in Figure 4 is monitored in both simulations. The
variations of the water depths from these two simulations are compared in Figure 5, which
shows the simulated results are almost identical. The comparison illustrates the proposed
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MOC-FVM coupling method is able to simulate the unsteady flow for a pipeline-open
channel coupling system.
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4. Transient Simulation of a Hydropower Station with a Sand Basin
4.1. System Configuration and Modelling

The schematic of the hydropower station is shown in Figure 6. There are three Francis
turbines in the station and they share one main penstock on the upstream side. A rectangle
open channel is planned to build between the upstream reservoir and the turbines to serve
as a sand basin. The length of the sand basin is set as Ls and the width is w. The initial
water depth in the sand basin is h. the Manning coefficient in the sand basin is 0.014. The
length of the tunnel between the upstream reservoir and the sand basin is L1 and the length
of the penstock between the sand basin and the bifurcation is L2. The sum of L1 and L2 is
3370 m and the diameter of the tunnel and penstock are both 8.7 m. The wave speeds of
the transient wave in the pipelines are calculated based on the theoretical equation [5] and
are around 1100 m/s. The Darcy-Weisbach coefficient is 0.02. Some other basic information
about the hydropower station is shown in Table 1.
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Table 1. Basic information about the hydropower station.

Runner Inlet
Diameter (m)

Guide Vane
Height (m)

Upstream
Water Level (m)

Downstream
Water Level (m)

Rated
Rotational Speed

(rpm)

Rated Output
(Mw)

Rated Flow Rate
(m3/s)

Rotational
Inertia (t.m2)

2.3 0.7 1073 829 429.6 10.54 29 726

The proposed MOC-FVM method has been integrated into the hydraulic transient
simulation program–TOPSYS as shown in Figure 7. The pipe system in the hydropower
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station is simulated using the proposed MOC-FVM coupling method. The tunnel, penstock,
upstream reservoir and branch pipes are simulated using the MOC with the sand basin
simulated using the FVM. To simulate the hydraulic transient process of the hydropower
station, the turbines and the controller of the servomotor that drives the guide vanes are
also modelled with details of the modelling shown in [3]. The characteristic curves are
adopted to model the turbines and a PID controller is used to control the movement of the
guide vanes.
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4.2. Full Load-Rejection
4.2.1. Simulation Results

In this case, all the three turbines reject their loads simultaneously. The guide vanes of
the turbines are closed linearly within 10 s. The transient waves caused by the closure of
the guide vanes will be partially reflected by the sand basin and the reflected waves will be
superimposed with the incident waves. The wave reflection and superposition process will
be affected by the position of the sand basin. Thus, three scenarios with L1 = 1600 m, 2000
m and 2400 m, respectively, were simulated to illustrate the effects of the position of the
sand basin on the transient performance of the hydropower station. The pressure heads
at the inlet of the spiral case for these three scenarios were compared in Figure 8, which
shows the maximum water hammer pressure decreases when the sand basin gets closer
to the turbines. The wave fluctuations after 10 s are the water hammer waves and their
periods are associated with the wave traveling time in the penstocks.
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Figure 8. Comparison of the pressure heads at the inlet of the spiral case with different positions of
the sand basin.

Another two scenarios with L1 = 2400 m were conducted by changing the bottom
elevation and the width of the sand basin, respectively. The comparison of the pressure
heads at the inlet of the spiral case for these two scenarios with the original scenario is
shown in Figure 9. The results show that the bottom elevation and width of the basin do
not distinctively affect the water hammer pressure. This is because the pressure reaches its
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maximum shortly (within 5 s) after the load rejection, while the wave oscillation caused by
the sand basin has a much large period (as shown in Figure 10).
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The water level variations at the central point of the tank with L1 = 2400 m are
compared in Figure 10 for different sizes of the sand basin. The comparison shows the
bottom elevation of the sand basin has a slight effect on the water level fluctuation. The
width of the basin, however, affects the water level variation significantly with the period
of the oscillation increasing and the magnitude decreasing for a wider basin.

The water levels at different positions (left side L, central point M and right side R)
of the sand basin are compared in Figure 11 when L1 = 2400 m, h = 10 m and w = 10 m.
The comparison shows the overall trend of the water level oscillations at these three points
are the same, but different wave oscillations with a short period are superimposed with
the low-frequency oscillation. This is caused by the wave propagating in the horizontal
direction along the sand basin during the transient process.
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Figure 11. Comparison of the water levels in the sand basin at different positions (L1 = 2400 m,
h = 10 m, w = 10 m).

4.2.2. Comparison with the Results by Modelling the Basin Tank as a Surge Tank

In the previous section, the sand basin is treated as an open channel which is modelled
using the FVM. Another modelling method of the sand basin is to simplify it as a surge tank
in the hydropower station. With the length of 250 m and width of 10 m for the sand basin,
the equivalent area of the surge tank used to model the sand basin is calculated as 2500 m2.
The simulated results by treating the sand basin as a surge tank and those by modelling the
sand basin as an open channel are compared in Figures 12 and 13. When the sand basin
is close to the turbines (L1 = 2400 m), a slight difference can be found in the period and
magnitude of the water level fluctuations in the sand basin. A more distinctive difference
can be observed when the sand basin is far away from the turbines (L1 = 400 m). Such
differences can be ascribed to the fact that the flow velocity and friction in the sand basin
along the horizontal direction are neglected in the surge tank modelling but incorporated
in the FVM when modelling the sand basin.
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4.3. 5% Load-Rejection with Frequency Regulation
4.3.1. Simulation Results

In this case, the loads of all the turbines are reduced by 5% simultaneously. The
guide vanes of the turbines are controlled by the servomotor with a frequency regulation
process. The parameters of the controller are shown in Table 2 with the assumed zero load
self-regulation coefficient of the power grid. The details of the controller can be found in [3].
Three scenarios with L1 = 1600 m, 2000 m and 2400 m, respectively, were simulated to
illustrate the effects of the position of the sand basin on the transient process. The rotational
speed of the turbine and the water level in the sand basin for these three scenarios are
compared in Figures 14 and 15, respectively. Similar to having a surge tank in the system,
the comparisons show that a shorter distance between the sand basin and the turbines can
facilitate the stability of the transient process.

Table 2. Parameter setting for the PID controller.

Temporary Droop Differential Time
Constant

Time Lag in
Servomotor Dashpot Time Constant

0.3 0.3 s 0.05 s 5.0 s
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4.3.2. Comparison with the Results by Modelling the Basin Tank as a Surge Tank

With L1 = 2000 m, the simulated rotational speed of the turbine and the water level
fluctuations in the sand basin are shown in Figures 16 and 17, respectively. They are also
compared with the results by modelling the sand basin as an open channel. Similar to the
full load rejection simulation, the differences observed in the comparison can be ascribed to
the neglected flow velocity and friction in the sand basin along the horizontal direction in
the surge tank modelling. It can be concluded that treating the sand basin as a surge tank
in the modelling may overestimate the operation stability of the system.
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5. Conclusions

A MOC-FVM coupling method is developed in this paper to simulate pipeline-open
channel coupling transient flow in hydraulic systems including hydropower systems.
Pipelines in the systems are modelled using the MOC and the open channel is modelled
using the 1D FVM. The coupling boundaries between the MOC simulation region and the
FVM simulation region are developed based on Riemann invariants. 3D CFD simulation on
a tank-pipe system has been conducted with the result almost identical to that simulated
by the proposed coupling method. The proposed method is then applied to a prototype
hydropower station with a constructed sand basin. The main conclusions include:

1. The MOC-FVM coupling method can accurately simulate the pipeline-open channel
coupling transient flow with the simulated parameters transmitted successfully at the
coupling boundaries.

2. The coupling method has been successfully applied to a hydropower station with a
sand basin constructed between the upstream reservoir and turbines. The sand basin
can be modelled as an open channel.

3. The effects of the sand basin on the transient process are similar to a surge tank which
can relieve water hammer pressures during load rejection scenarios and can benefit
the frequency regulation process. By modelling the sand basin as an open channel, the
flow velocity and the friction in the horizontal direction, which are neglected when
modelling the sand basin as a surge tank, can be considered, and thus more reliable
and accurate results can be obtained.
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